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Abstract

Driven by the need for resiliency, scalability, and plug-and-play operation, distributed
decision-making is becoming increasingly vital. This thesis develops a comprehensive
framework to address the challenges in distributed decision-making, focusing on dis-
tributed optimization and control of multi-agent networks. It combines theoretical
insights, algorithmic tools, and experimental validation to enhance decision-making in
networked dynamical systems (NDS) with applications aimed at advancing clean and
renewable energy systems. The proposed solutions emphasize distributed consensus,
distributed optimization under practical constraints, and resilience against malicious
agents and natural disasters in modern power systems.

Achieving consensus in multi-agent systems is a cornerstone of distributed decision-
making. The first part of this thesis makes a significant contribution in the development
of distributed average consensus algorithms in multi-agent networks. By analyzing the
geometry of the ratio consensus algorithm, this thesis introduces a finite-time distributed
stopping criterion that guarantees convergence within any specified tolerance, regard-
less of the dimensionality of the state variables. The approach leverages the mono-
tonicity of network state polytopes indexed by time. Additionally, the thesis presents
a finite-time stopping criterion for networks with dynamic interconnection topologies,
demonstrating that global maximum and minimum values remain strictly monotonic,
even with dynamic links. The practicality of these algorithms is showcased through
MATLAB simulations and experiments with Node.js-based agents. To address commu-
nication noise in the cyber-physical components of NDS, a resilient average consensus
algorithm is proposed. Each agent updates its estimates using local information while
incorporating weighted, noise-free initial values during iterations. The resilient average
consensus algorithm has a geometric-rate of convergence under noiseless conditions and
almost-sure consensus under noisy communication. Numerical experiments confirm its
effectiveness under varying noise scenarios and parameters.

Part two of this thesis introduces a framework for distributed multi-agent opti-
mization problems involving a common decision variable. A novel optimize then agree
approach decouples optimization and consensus steps, ensuring disagreement between
agents’ estimates remains below a predefined tolerance; existing algorithms do not pro-
vide such a guarantee which is required in many engineering scenarios. For the class
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of distributed optimization problems with local linear equality, inequality, and set con-
straints, we develop an algorithm that works over directed communication topologies
and accrues all the benefits of the Alternating Direction Method of Multipliers approach.
The algorithms synthesize distributively, communication overhead remains within a log
factor of the lower bound, and guarantees strong convergence properties, achieving
global geometric convergence rates for strongly convex and Lipschitz differentiable func-
tions and global sublinear convergence rates for general convex functions. The efficacy
of this framework is demonstrated through comparisons with state-of-the-art algorithms
on distributed optimization and learning problems.

The last part of the thesis, focuses on developing methods for clean and renewable
energy adoption in power systems. We develop a distributed controller for secondary
control in microgrids with grid-forming inverter-based resources (GFM IBRs). The con-
troller uses distributed optimization, enabling decentralized measurements and neigh-
borhood information exchange to achieve voltage regulation and reactive power shar-
ing. Additionally, a framework for distributed detection and isolation of maliciously
behaving agents is proposed for resilient power apportioning between distributed en-
ergy resources (DERs). To address challenges posed by the absence of power grids in
catastrophic events, this thesis introduces a net-load management engine (horizon of
viability (HoV) engine) that ensures reliable power supply to critical infrastructure over
a given time-horizon by generating cost-optimal portfolios of local generation sources
and loads using mixed-integer convex programming. Controller-hardware-in-the-loop
(CHIL) platforms validate the proposed secondary controller, the resilient power ap-
portioning protocol, and the HoV engine across diverse DERs and loads, demonstrating
the robustness of the developed methods.
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List of Definitions

Here, we present the definitions for the notions of graph theory and linear algebra which
are essential for the development of this thesis. Detailed descriptions of graph theory,
linear algebra, and convex analysis are available in [1]–[3] respectively.

Definition 1. (Directed and Undirected Graph) A directed graph (also digraph) G is
a pair (V, E) where V is a set of vertices or nodes and E is a set of edges, which are
ordered subsets of two distinct elements of V. If an edge from j ∈ V to i ∈ V exists then
it is denoted as (i, j) ∈ E.

An undirected graph G is a pair (V, E) where V is a set of vertices or nodes and E
is a set of edges such that for every pair of distinct nodes i ∈ V and j ∈ V, if (i, j) ∈ E
then (j, i) ∈ E.

Definition 2. (Path) In a directed graph, a path from node i to j exists if there is a
sequence of distinct directed edges of G of the form (k1, i), (k2, k1), ..., (j, km).

Definition 3. (Diameter of a Graph) The diameter D of a directed graph G(V, E) is
the longest shortest directed path between any two nodes in the graph G.

Definition 4. (Strongly Connected Graph) A directed graph is strongly connected if it
has a path between every pair of distinct nodes i ∈ V and j ∈ V.

Definition 5. (In-Neighborhood) The set of in-neighbors of node i ∈ V is called the
in-neighborhood of node i and is denoted by N−

i = {j | (i, j) ∈ E}.

Definition 6. (Out-Neighborhood) The set of out-neighbors of node i ∈ V is called the
out-neighborhood of node i and is denoted by N+

i = {j | (j, i) ∈ E}.

Definition 7. (Union of digraphs) Given a collection of digraphs, {G1,G2, . . . ,Gm} (for
some m ≥ 1), of the form G(k) = (V, E(k)), k = 1, 2, . . . ,m, the union of digraphs is
defined as G(k)1,2,...,m = (V,∪mk=1E(k)).
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Definition 8. (In-neighborhood of node i at instant k) The set of in-neighbors of node
i ∈ V at instant k is denoted by N−

i (k) = {j : (i, j) ∈ E(k)}.

Definition 9. (Out-neighborhood of node i at instant k) The set of out-neighbors of
node i ∈ V at instant k is denoted by N+

i (k) = {j : (j, i) ∈ E(k)}.

Definition 10. (Out-degree of node i at instant k) The out-degree of a node, i, at any
instant, k, is equal to the cardinality of the set of out-neighbors of i, |N+

i (k)|.

Definition 11. (Column Stochastic Matrix) A matrix P = [pij ] ∈ Rn×n is called column
stochastic if 0 ≤ pij ≤ 1 and

∑n
i=1 pij = 1 for all 1 ≤ i, j ≤ n.

Definition 12. (Row Stochastic Matrix) A matrix P = [pij ] ∈ Rn×n is called row
stochastic if 0 ≤ pij ≤ 1 and

∑n
j=1 pij = 1 for all 1 ≤ i, j ≤ n.

Definition 13. (Doubly Stochastic Matrix) A matrix P ∈ Rn×n is called doubly stochas-
tic if it is both column and row stochastic.

Definition 14. (Irreducible Matrix) A n × n matrix P is said to be irreducible if for
any i, j ∈ {1, ..., n}, there exists m > 0 such that (Pm)[ij] > 0.

Definition 15. (Primitive Matrix) A non-negative matrix P is primitive if it is irre-
ducible and has only one eigenvalue of maximum modulus.

Definition 16. (Cardinality of a set) The cardinality of a given set S denoted by |S| is
the number of elements of the set S.

Definition 17. (Diameter of a set) For a norm ∥ · ∥ and a set K ⊂ Rd define the
diameter of K with respect to the norm ∥ · ∥, diam∥·∥(K) := sup

x,y∈K
∥x− y∥.

Definition 18. (Affine hull of a set) The affine hull Aff(S) of a set S is the set of all
affine combinations of elements of S,

Aff(S) =
{∑k

i=1 θixi | k > 0, xi ∈ S, θi ∈ R,
∑k

i=1 θi = 1
}
.

Definition 19. (Relative interior of a set) Let K ⊂ Rd. A point x ∈ K is in the relative
interior of K, if K contains the intersection of a small enough ball centered at x with
the Aff(X), that is, there exists r > 0 such that

Br(x) ∩Aff(K) := {y | y ∈ Aff(K), ∥y − x∥ ≤ r} ⊂ K.

xix



The set of all relative interior points of K is called its relative interior denoted by
relint(K).

Definition 20. (Convex Set) A set C is convex if the line segment between any two
points in C lies in C, i.e.

for all x, y ∈ C, for all θ ∈ [0, 1], θx+ (1− θ)y ∈ C.

Definition 21. (Convex Hull) For a set U ⊆ Rd, the convex hull of U is the smallest
convex set containing U ,

co(U) =
⋂

{F convex :U⊆F}

F.

Definition 22. (Convex Function and it’s Epigraph) A function f : Rd → R is convex
if dom(f) is a convex set and if

for all x, y ∈ dom(f), for all θ ∈ [0, 1], f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y),

where, dom(f) is the set of inputs accepted by the function f . The epigraph of a function
f : Rd → R is the set of points epi(f) = {(x, t)|x ∈ dom(f), t ≥ f(x)}.

Definition 23. (Lipschitz Differentiability) A differentiable function f : Rd → R is
called Lipschitz differentiable with constant L > 0, if the following inequality holds:

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥, ∀ x, y ∈ Rp.

Definition 24. (Strongly Convex Function) A differentiable function f : Rd → R is
called strongly convex with parameter σ, if there exists σ > 0 such that for all x, y in
the domain of f :

⟨∇f(x)−∇f(y), x− y⟩ ≥ σ∥x− y∥2, ∀ x, y ∈ dom(f).

Definition 25. (Restricted Strongly Convex Function [4]) Given, x̃ ∈ Rd, C ⊆ Rd, a
differentiable convex function f : Rd → R is called restricted strongly convex with respect
to x̃ on C with parameter σ > 0, if the following inequality holds:

⟨∇f(x)−∇f(x̃), x− x̃⟩ ≥ σ∥x− x̃∥2, ∀ x ∈ C.
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Definition 26. (Critical and Deferrable Load) We call a load a critical load (CL) if it
does not have any flexibility associated with its control (on/off) and its power requirement
must be met whenever requested during the time of operation. We call a load deferrable
load (DL) if the power delivery to the load can be deferred. The jth DL being on/off
implies that the power delivered to the jth DL is equal to nonzero/zero power.

Definition 27. (State of Charge and State of Energy) The state of charge (SOC) of
the jth battery, denoted by sbj , is the level of charge of an electric battery relative to its
capacity. Similarly, the state of energy (SOE) of the jth stand-alone diesel generator,
denoted by sgj , is the amount of energy equivalent fuel remaining relative to its reserve
capacity.

Definition 28. (Net-Load Resource) A collection of resources including distributed
energy resources like battery inverter systems, stand-alone diesel generators, renewable
energy sources, and deferrable loads is called a net-load resource.
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Chapter 1

Introduction

1.1 The Dual Imperative: Centralized Efficiency and Dis-
tributed Resilience

Centralized systems have long served as the bedrock of modern infrastructure, celebrated
for their remarkable efficiency, uniform standards, and streamlined control [5]–[8]. This
centralized approach has revolutionized industries, driving unprecedented gains in pro-
ductivity and elevating living standards across the globe. Nowhere is this efficiency
more evident than in the centralized power grid, which boasts an extraordinary 99.95%
reliability under normal conditions in the United States. Yet, this optimization comes
with a significant trade-off: vulnerability to disruption.

1.1.1 Cracks in the Armor of Centralization

The fragility of centralized systems becomes glaringly apparent in times of crisis. Ma-
licious cyberattacks, such as the devastating breaches of the Ukrainian power grid in
2015 and 2016 [9], left over 225,000 people without power, starkly illustrating how cen-
tralized systems can become prime targets for external threats and are succeptible to
single points of failure. Compounding this vulnerability are natural disasters fueled by
accelerating climate change—floods, hurricanes, and earthquakes—that have triggered
catastrophic events. The 2021 Texas winter storm [10] and ongoing wildfires in Califor-
nia [11] left millions in the dark, exposing the cascading failures inherent in centralized
architectures. These incidents underscore a pressing reality: when a single point of fail-
ure is compromised, the consequences ripple through the entire system with alarming
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speed and scale.

1.1.2 A Paradigm Shift: The Promise of Distributed Systems

As vulnerabilities in centralized models grow more apparent, distributed systems are
emerging as a transformative alternative—particularly within the power sector. Inno-
vations in renewable energy and battery storage have accelerated the adoption of dis-
tributed energy resources (DERs), which decentralize energy generation and bolster sys-
tem resilience. Unlike centralized grids, distributed systems can operate autonomously
in “islanded” modes, sustaining local energy delivery even when the broader network
fails. This localized control fosters quicker recovery and adaptive responses during
emergencies, reducing dependency on centralized nodes.

Distributed systems also align seamlessly with global sustainability imperatives. By
leveraging renewable energy sources, they contribute to reduced carbon emissions while
ensuring stability and reliability. Grid-forming (GFM) DERs autonomously regulate
network voltage and frequency, offering robust performance even under heterogeneous
conditions. Meanwhile, grid-following (GFL) DERs dynamically complement central-
ized systems by responding to energy demands. Together, these advancements reimagine
distributed architectures as not merely an alternative, but as an indispensable counter-
part to traditional centralized models.

As we progress toward a future shaped by increasingly complex and interconnected
infrastructures, a pivotal question emerges: Can networked dynamical systems (NDS)
achieve the levels of efficiency and optimization traditionally associated with central-
ized operations, while simultaneously leveraging distributed architectures to ensure the
resiliency needed to withstand crises and foster a sustainable future?

This conundrum represents the frontier of innovation—where efficiency and resilience
must converge to meet the challenges of a rapidly evolving world. My thesis work pro-
vides answers to aspects of the above issue via a mathematical formalism based on
optimization and distributed agreement. The resulting analytical and synthesis tools
are leveraged toward distributed decision-making for the grid of the future, enabled by
DERs, which is corroborated by at-scale-experimental demonstration. The highlights
of my thesis are:
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1.2 Optimal Operation and Agreement in Distributed NDS

Modern, data-rich networked dynamical systems (NDS) are driving innovation and com-
petition in various fields enabling higher levels of autonomy. The demand for innovation
necessitates research to address complexities in NDS dynamics and distributed compo-
nents, paving the way for robust decision-making mechanisms. In centralized systems,
decision-making involves a central entity with complete information, responsible for
achieving specific objectives. Enabled by low-cost sensors, distributed computation,
and storage, multi-agent systems (MAS) are now integral to modern NDS across di-
verse applications [12]–[22]. MAS necessitate distributed decision-making structures
where agents collaboratively determine system-wide objectives [21]–[23].

Distributed decision-making can be formulated in a setup, where multiple agents
(computing units) work in parallel, sharing intermediate results to compute a final out-
come. This setup is essential for scenarios involving spatially dispersed input data, such
as IoT sensor networks [24], or when rapid computation is required, such as distributed
machine learning (ML) problems [25]. Effective control of distributed environments
further requires global insights without complete system knowledge [26]–[28]. Early
works [14], [29] formalized distributed optimization problem where agents iteratively
communicate and update their solutions to achieve consensus—a key requirement for
distributed protocols. Consensus, the agreement among agents on a specific value, has
been widely studied in systems and control theory [30], [31]. A notable form, average
consensus, involves agents agreeing on the average of their initial values. Consensus
protocols, which define interaction rules for information exchange, are fundamental for
distributed computation. Similarly, distributed optimization arises in applications such
as sensor network inference [32], multi-agent coordination [33], and distributed ML [25].
These problems involve minimizing a shared cost function f across a network of n
agents, formulated as:

minimize
x∈Rp

f(x) =

n∑
i=1

fi(x), (1.1)

subject to x ∈ X

where, x ∈ Rp is a common decision vector, and X is the decision constraint set. This
thesis develops a framework for high-confidence distributed decision-making in NDS,
focusing on:
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• establishing theoretical foundations for distributed decision-making, and,

• designing scalable, robust algorithms for distributed consensus and optimization,
capable of operating under constraints such as communication noise and dynamic
interaction links, while ensuring finite-time feasibility and performance.

1.3 Management and Control of Distributed Energy Re-
sources

The traditional power grid is generally reliable, delivering electricity through large,
centralized, fossil-fuel-based generation systems. However, natural disasters and security
breaches can result in significant blackouts, causing devastating and costly disruptions.
For instance, between 2000 and 2021, approximately 83% of major outages (over 1,500
incidents) in North America were linked to weather-related events such as winter storms
and tropical cyclones. These events increased sharply-—by about 78%—-between 2011
and 2021 compared to the preceding decade [34]. A stark example is Puerto Rico, which
suffered an island-wide blackout following Hurricane Maria in 2017, leaving many areas
without electricity for nearly 11 months [35].

To address vulnerabilities of the centralized power grid, there is a growing need for
more distributed and resilient methods of power generation, and distribution. Increas-
ingly, utilities and companies are adopting “microgrids”—self-sufficient power systems
capable of operating independently from centralized power grids. A typical microgrid
setup includes a variety of loads, such as residential buildings, battery energy storage
systems, and renewable energy sources (RES). Microgrids have long been recognized
as vital for ensuring power resilience during outages. The development of power elec-
tronics and advanced digital control systems has made inverter-based resources (IBRs)
integral to modern microgrids. These IBRs enable the seamless integration of renew-
able DERs such as solar panels, wind turbines, and energy storage systems like fuel cells
and supercapacitors. Depending on their control schemes and associated DERs, IBRs
can operate in either grid-following (GFL) mode or grid-forming (GFM) mode. GFL
IBRs, typically paired with renewable DERs, deliver maximum available power to the
grid. Conversely, GFM IBRs, often used with battery storage, ensure stable voltage
and frequency, particularly during islanded mode operation [36].

Microgrids typically follow a hierarchical control structure based on the ANSI/ISA-
95 international standard [37]. This structure consists of four levels (zero → primary
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→ secondary → tertiary level), with each level providing supervisory control to the one
below and receiving oversight from the one above. To ensure stability, bandwidth re-
quirements decrease at higher levels, minimizing the impact of commands and reference
signals between layers. This thesis focuses on designing secondary-level control schemes,
which compensate for voltage and frequency deviations introduced by primary-level con-
trol [36]. Aggregating multiple IBRs to function as a cohesive unit can enable distributed
IBRs to supply diverse loads. An area of ongoing research is improving microgrid capa-
bilities for disaster response and recovery. Natural disasters severely impact the power
grid, causing prolonged outages and damaging critical infrastructure (CI). Power dis-
ruptions to CI pose significant threats to economic stability, public health, and safety.
In such scenarios, microgrids provide a reliable and adaptable power source, supporting
emergency response operations and facilitating recovery efforts.

1.4 Software-hardware testbed for Emulating NDS

Practical implementation of distributed decision-making algorithms in NDS requires
validation through experimental prototypes. This thesis develops a Software-hardware
testbed to test and validate distributed decision-making methods utilizing a Controller
Hardware-in-the-Loop (CHIL) based framework. CHIL is a cost-effective and low-risk
approach for testing algorithms in realistic conditions. CHIL involves a Digital Real-
Time Simulation (DRTS) setup that integrates a microcontroller-based hardware with
a physical dynamical system or a real-time simulator (RTS) (emulating the dynamical
system), creating a testbed that emulates real-world NDS with physical components,
communication capabilities, and software layers. This setup enables rigorous evalua-
tion of the developed distributed methods across diverse applications, facilitating their
deployment in the field.

1.5 Contributions and Overview of the Thesis

1.5.1 Algorithms and Testbed for Distributed Decision-Making

The theoretical and algorithmic contributions of this dissertation focus on the devel-
opment of robust, distributively synthesizable optimization and learning algorithms for
NDS. In this context, a group of intelligent subsystems–each with its local cost function–
collaborate to minimize a global cost function, defined as the aggregation of all local
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objectives, while communicating over a constrained connectivity graph. Within this
distributed framework, I have developed novel algorithms that address various practical
scenarios:

■ Chapter 2 of the thesis introduces a framework for controlled agreement in
NDS. A new class of algorithms, termed convex decreasing algorithms, is proposed,
characterized by their monotonic decay properties. For higher-dimensional deci-
sion variables, we design a finite-time distributed stopping criterion to determine
convergence to a predefined tolerance. This approach is highly efficient, featuring
minimal communication overhead and remaining independent of the dimensional-
ity of the decision variables.

The finite-time stopping criterion is further extended to handle time-varying inter-
connection topologies between agents. For practical scenarios with communication
noise, we develop a distributed algorithm that reliably achieves average consensus
on the initial state values under bounded noise. This algorithm combines noise-
free local decisions of the agents with noisy updates from neighbors, effectively
recovering the true global average. Notably, it is the first algorithm to achieve
such robust noise resilience.

■ Chapter 3 of the thesis focuses on a framework for resource management
in NDS. Specifically, we introduce an every-iterate-feasible distributed method
that decouples the computations of individual subsystems from the information-
mixing interactions with others. Building on this novel framework, we propose a
distributed algorithm, termed GradConsensus, where each subsystem computes a
local optimization solution and updates it using the finite-time terminated prac-
tical agreement protocol developed in Chapter 2.

The GradConsensus algorithm is highly versatile, with applications in estimation
and decision-making across domains such as power systems and social networks.

Chapter 3 introduces an effective algorithm for optimal distributed decision-
making under operational and systemic constraints. This novel approach is based
on the Alternating Direction Method of Multipliers (ADMM) and is specifically
designed to function effectively even in unidirectional communication networks.
Departing from traditional optimization techniques, the proposed algorithm in-
corporates a lower-complexity consensus algorithm (detailed in Chapter 2) and
adaptively controls the disagreement between decision variables across all agents.
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These innovations enable the algorithm to achieve optimal non-asymptotic com-
putational rates, representing the first instance in the literature to attain such
performance guarantees.

Deploying distributed algorithms directly in real-life NDS, such as power grids
or transportation systems, poses risks to system performance and stability. To
mitigate these risks and enable seamless testing and deployment, this dissertation
introduces an experimental testbed that integrates physical hardware components,
real-time emulated simulators, and a software engine executing the proposed op-
timization and learning algorithms.

This testbed empowers users–ranging from graduate students in research labs to
engineers at utility companies–to rigorously validate their methods before real-
world implementation. The developed open-source software package, written in
Python and Node.js, is freely available on GitHub. It can be readily deployed on
microcontrollers or Raspberry Pi devices to interface with physical hardware in
NDSenvironments. More details about the experimental testbed are provided in
Appendix A.1.

1.5.2 Resilient and Clean Power Grid of the Future Enabled by Infer-
ence and Control

Another significant contribution of this thesis is to facilitate the transition of the existing
power grid to a modern, clean energy system while maintaining the reliability of energy
delivery. This thesis emphasizes the design of innovative schemes for the aggregation
and optimization of Distributed Energy Resources (DERs) to achieve this goal.

■ Chapter 4 introduces a framework for the optimal and resilient operation of
inverter-based resources in power and energy systems. This chapter establishes
a cooperative setup for aggregating Renewable Energy Sources (RES) owned by
individuals and commercial entities. A distributed energy management algorithm
is developed to optimize the amount of local energy support provided to the power
grid while ensuring stability and regulatory compliance within the physical net-
work of DERs. To address potential threats from malicious behavior among par-
ticipating DERs, a resilient aggregation method is proposed. This method appor-
tions power among DERs to provide ancillary support to critical infrastructure.
Additionally, the framework includes a distributed malicious behavior detection
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algorithm, enabling DERs to identify irregular or malign behavior from neighbor-
ing DERs effectively.

In another thrust, this dissertation focuses on developing resilient methods for
managing and controlling DERs in power systems. The increasing frequency of
power blackouts caused by natural disasters has highlighted the unreliable avail-
ability of power grids and the severe consequences of disruptions to critical infras-
tructure, such as hospitals. To address these challenges, an intelligent optimization
scheme is developed using mixed-integer convex optimization techniques. This
scheme provides energy dispatch decisions for RES and energy storage systems to
ensure a sustained and reliable energy supply during grid outages. By carefully
balancing the conservation of energy storage for future use with the utilization of
available renewable generation, the algorithm ensures the long-term viability of
critical infrastructure even under adverse conditions.
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Chapter 2

Controlled Agreement in
Networked Dynamical Systems:
Practical Average Consensus
Over Networks

2.1 Gist of the Chapter

Consensus protocols are critical in distributed MAS, requiring agents to agree on a
shared value. One example is average consensus, where agents aim to agree on the
average of their initial values. These protocols are designed using graph theory, where
agents are nodes, and their interactions are modeled as edges in a graph. The challenge
lies in achieving consensus under various conditions such as communication noise, dy-
namic topologies, or higher-dimensional states. Many existing protocols, such as the
PushSum algorithm, struggle with noisy environments and dynamic topologies, mak-
ing it difficult to ensure reliable consensus. Additionally, real-time decision-making
requires the ability to detect convergence within a finite time, particularly in dynamic
communication settings.

Traditional consensus protocols like PushSum work well under ideal conditions but
fail under noise or dynamic topologies. This chapter proposes solutions for achieving
consensus under these conditions, including the NR-PushSum algorithm and methods for
determining approximate consensus in dynamic settings. This chapter also introduces
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novel geometric insights and distributed stopping criteria, which are vital for practical
applications in resource allocation, sensor networks, and autonomous systems. The
algorithms ensure efficient, real-time consensus while minimizing communication costs.
The research work presented in this chapter is published in the articles [38]–[41].

2.2 State-of-the-art on Consensus Algorithms

Distributed protocols require every agent to agree on the final decision or state value.
When agents within a network unanimously agree on a particular quantity of interest,
they are said to have reached a consensus. The challenge of achieving consensus in multi-
agent systems has been explored in systems and control theory, with roots tracing back
to the seminal works [22], [29], [30]. A notable instance of consensus among agents
occurs when the agreed-upon value represents the average of all initial state values,
termed average consensus. A formalized rule governing the interaction between agents
to achieve consensus is termed a consensus protocol. A consensus protocol models the
multi-agent system as a graph, with each agent represented as a node. Each agent in
the graph makes a tentative decision or evaluates its state value, communicating this
to neighboring agents. Subsequently, each agent updates its decision or state value
concurrently, considering information from other agents.

Consensus algorithms can be categorized based on their assumptions about the graph
topology and the relative emphasis on information exchange among different agents (see
[42]–[48] and references therein). A common assumption in consensus algorithms across
the literature is the balanced flow of information into and out of the agents, often
represented by a doubly stochastic weight matrix [49], [50]. However, employing a dou-
bly stochastic matrix poses challenges for decentralized consensus algorithm synthesis.
With this weighting scheme, agents cannot independently determine the weights to as-
sign to the neighbors using only local information. The requirement for the sum of
entries in all rows and columns to equal 1 introduces a need for centralized coordina-
tion. Achieving a doubly stochastic matrix in practice assumes that an agent’s in and
out-neighborhoods are identical, implying an undirected communication topology [50].
Furthermore, if identical weights are used for neighboring agents, network balance (i.e.,
each node having the same in and out-degree) is necessary, which is generally not the
case.

The article [42] introduces the PushSum/Ratio-consensus algorithm, which is de-
signed to achieve average consensus within a directed interconnection structure. A
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notable feature of the PushSum algorithm is its ability for local synthesis by each agent,
eliminating the need for global coordination. Operating through a column stochastic
weighting rule, the algorithm involves two states that are updated iteratively. The esti-
mation of the consensus variable is derived from a non-linear update based on the ratio
of these two states. In addition to average consensus scenarios, the literature also ex-
plores general agreement problems in which the consensus value differs from the average
of initial state values. This is achieved using a row stochastic weighting rule. Here, the
sum of the agent state values during the algorithm updates does not remain conserved,
precluding the achievement of an average consensus [51]. The PushSum protocol, by the
use of a column stochastic matrix, circumvents this limitation. However, the non-linear
nature of its updates complicates analysis. Addressing this challenge, the authors in
[52] proposed an algorithm with linear updates, effectively achieving average consen-
sus. In their approach, agents utilize both column and row stochastic weight matrices,
guaranteeing convergence and enhancing analytical tractability.

Consensus protocols have been applied across various fields in the literature, serving
diverse purposes. These applications span various domains, including the synchroniza-
tion of coupled oscillators [53]–[55], the study of flocks of mobile dynamic agents [56]–
[58], distributed sensor fusion in IoT networks [59], [60], formation control of vehicle
and multi-robot systems [20], [61], [62], and distributed resource allocation in power
networks [16], [63], among others. Depending on the nature of these applications, con-
sensus protocols must address various challenges, such as dynamic interaction topologies
between the agents, time-delayed and asynchronous communication, and the presence
of communication noise among others.

To accommodate these challenges, numerous works in the literature propose modifi-
cations and improvements to consensus protocols. For instance, authors in [45], [64], [65]
proposed consensus protocols that converge to the average of initial state values despite
bounded time delays between communicated state values. Algorithms introduced in
[64], [65] achieve average consensus even in the presence of dynamic underlying network
topologies. The article [66] extends the PushSum algorithm to dynamic graph topolo-
gies under the condition that the union of the communication graphs at different time
instants remains strongly connected infinitely often. The authors provide asymptotic
guarantees for agreement between the states of the agents.

The works [67]–[102] focus on extending the consensus algorithms to scenarios with
communication noise. The articles [67]–[100] focus on symmetric undirected graphs
utilizing doubly stochastic matrices. The consensus protocols in [81], [101], [102] utilize
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a row stochastic update. In most schemes communication noise is assumed to be a zero
mean random variable independent across different agents and time instants [67]–[71],
[73]–[82], [86]–[94], [96]–[105]. Article [70] considers the channel noise to follow a Poisson
distribution, while [72] assumes a zero median communication noise. Additionally, [101]
analyzes the algorithm under the assumption of communication noise with bounded p-th
moments i.e., E|wt|p <∞, p ∈ (1, 2]. In [95], a multiplicative noise model is considered,
where the noise intensities depend on the relative states of agents and form a martingale.
A bounded noise model is assumed in [83]–[85], [88], where the communication link
noise is allowed to randomly vary within upper and lower bounds. Articles [67]–[71],
[73], [77], [79]–[82], [87], [90]–[95], [97]–[102], provide guarantees about weak consensus,
where the agreement between the agents is reached in the mean square sense; the works
in [67], [72], [74], [75], [77], [78], [90], [91], [95], [99], [101], [102], [104], [106] establish
a strong consensus guarantee, ensuring an almost sure agreement between the agent
states. However, no analysis about the proximity of the asymptotic consensus value
to the average of the initial values of the agents is provided; under the assumption of
bounded unknown noise, the analyses in [83]–[85], [88], [96], [105] offer an upper bound
on the state residuals (differences between the estimates of different agents); however
the agent estimates not necessarily achieve consensus.

The consensus protocols discussed earlier were designed for scenarios where each
agent’s state is a scalar value and may not be directly suitable for large-scale applica-
tions. However, situations involving higher-dimensional states arise in various practi-
cal scenarios. For example, in distributed resource allocation problems, where a fixed
amount of resource needs to be allocated among multiple agents while minimizing a con-
vex cost associated with each resource [16], a higher-dimensional consensus protocol is
required. Other applications requiring higher-dimensional data include diffusion learn-
ing, where local agents conduct model training using parallel local datasets [107]. After
completing the training process, model parameters are shared with neighboring nodes
to facilitate faster dissemination. Similarly, recent frameworks for unsupervised learn-
ing like Generative Adversarial Networks aim to train robust learning models against
adversarial attacks [108]. Methods proposed by [109] scale adversarial training to large
datasets in a distributed setup, where each agent trains a discriminator model on local
data, and a shared generator model is trained based on feedback from different agents’
discriminator models. These applications often require sharing high-dimensional pa-
rameter vectors, typically of the order of 32× 32× 3 ∼ 1024× 1024× 3. Furthermore,
applications such as spectrum sensing in ad hoc cognitive radio networks [24] and the
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control of autonomous agents like unmanned aerial vehicles (UAVs) for search and sur-
vey operations [27] also rely on implementing higher-dimensional consensus protocols.
Article [110] introduces a consensus protocol for vector-valued state variables, based
on a leader-follower architecture. In this framework, agents are divided into anchors
and sensors, where anchors, with fixed states, act as leaders, and sensors adjust their
states via a convex combination with neighboring agents’ states. This approach ensures
convergence to the state of the anchors.

Termination of consensus algorithms in finite time provides an advantage of get-
ting an approximate consensus while saving valuable computation and communication
resources. For the scalar average consensus protocols, the works [111]–[115] focus on
the design of a finite-time stopping criteria for distributed consensus algorithms with
discrete-time updates over static communication topologies. In [111], the final consen-
sus value can be computed by each node using the minimal polynomial associated with
the weight matrix in the state update iterations. However, this method requires each
node to execute n (the total number of agents) distinct linear iterations for at least n+1

time steps to calculate the coefficients of the minimal polynomial. On the other hand,
[112] achieved finite-time consensus based on the network observability matrix, necessi-
tating significant storage and computational capabilities for matrix inversions and rank
calculations at each node. In contrast, authors in [113]–[115] devised computationally
efficient distributed detection mechanisms to determine the convergence of average con-
sensus algorithms under static interconnection topologies. They demonstrated that the
sequence of global maximum and minimum state values of the agents, following a con-
sensus algorithm, forms a monotonic sequence converging to the consensus value when
the network topology is fixed. To achieve finite-time consensus within a specified toler-
ance margin, a distributed maximum and minimum protocol was proposed to propagate
these global extreme state values. This approach enables each node to detect progress
toward consensus by having additional states corresponding to the global maximum
and minimum values. Consequently, each node can detect convergence simultaneously
within a finite time, leading to the termination of the consensus protocol at the same
iteration across all nodes.
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2.3 Research Questions

Research Focus 1:

A major challenge in applying consensus protocols in multi-agent systems arises from
the presence of noise in wireless communication channels between the agents. Noisy
communication links can obscure the true states of agents and potentially push their
estimates far from the original consensus value (the average), or even cause the con-
sensus protocol to diverge. Despite the extensions of the applicability of the PushSum
algorithm under more flexible graph and communication scenarios in articles such as
[43]–[48], [116], the performance guarantees of the PushSum algorithm in the presence
of communication noise remains unaddressed. In light of this, this chapter of the thesis
aims to tackle the following open research questions:

1. Can the celebrated PushSum algorithm, which is widely utilized in distributed
decision-making applications over directed graphs, work under communication
noise?

2. If the PushSum algorithm does not perform well under noisy communication, then
design a consensus algorithm that has guarantees for agents to achieve consensus
and converge towards the average of their initial values, even in the presence
of communication noise. This new algorithm should also have all the appealing
features of the PushSum algorithm, including distributed synthesis and implemen-
tation.

Research Focus 2:

Real-time distributed decision-making hinges on the timely availability of a consen-
sus value for each agent, enabling them to proceed with subsequent tasks or actions.
Therefore, establishing a finite-time distributed stopping criterion holds paramount im-
portance in numerous applications. Additionally, if agents can autonomously detect
convergence within a predefined tolerance margin of the consensus value, they can
cease algorithmic execution, conserving valuable power and computational resources.
The state-of-the-art methodologies presented in [113]–[115] offer a means to achieve
approximate consensus within finite time under an invariant graph topology for scalar
variables during consensus algorithm updates. In this context, in the current chapter
also focuses on addressing the following key research questions:
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1. Can the state-of-the-art algorithms [113]–[115] be adopted to determine an approx-
imate consensus in finite time when the communication topology among agents is
dynamic?

2. If not, then how to design a criterion to detect when the agents achieve (approxi-
mate) consensus to the average of their initial values when the graph topology is
dynamic?

3. What geometric properties do the consensus algorithms need to satisfy in higher
dimensions?

4. Can these geometric insights be leveraged towards a computation and communi-
cation efficient criterion for achieving practical consensus in higher dimensions?

2.4 Contributions of the Chapter

The current chapter makes the following contributions toward the two research focuses
outlined above:

2.4.1 Contributions Towards Research Focus 1:

1. We establish that the PushSum algorithm fails to converge under imperfect com-
munication with additive noise and is not applicable as such in these scenarios.

2. We propose the Noise Resilient PushSum (NR-PushSum) algorithm, which en-
hances and extends the PushSum algorithm by accommodating practical settings
with noisy communication channels. Notably, this is the first and only such ex-
tension present in the literature.

3. The developed NR-PushSum algorithm possesses the following features:

i. In contrast to the existing algorithms in the literature that focus on achiev-
ing average consensus under noisy communication, the proposed NR-PushSum
algorithm achieves average consensus over general directed graph topologies.
Importantly, it doesn’t necessitate restrictive assumptions regarding the com-
munication graph’s symmetry and/or weight-balance.

ii. The NR-PushSum algorithm can be synthesized in a distributed manner. No-
tably, using decentralized information, NR-PushSum can be designed (rather
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than solely implemented distributively). This noteworthy advantage facili-
tates the seamless integration of new agents into the network.

iii. The NR-PushSum algorithm attains average consensus at a geometric rate
when communication is noiseless. In the presence of communication noise, the
agents’ estimates under the NR-PushSum algorithm achieve consensus (perfect
agreement) almost surely. Additionally, the algorithm parameters can be
adjusted to ensure the consensus value is close to the average of the agents’
initial states.

2.4.2 Contributions Towards Research Focus 2:

1. We propose the first algorithm for determining approximate consensus under a
directed dynamic interconnection topology between the agents. We extend the
algorithms in [113], [114] to the case of time-varying topologies. The scheme
proposed here is amenable for distributed implementation because it only requires
each agent to know an upper bound on the number of nodes.

2. We introduce a novel concept of a time path that incorporates the influence of
a node on the other nodes of the network with changes in time as well as the
topology. We prove the existence of time paths with a finite length between every
pair of nodes and establish an upper bound on the number of iterations required for
each node in the network to influence all other nodes when the network topology
changes.

3. We develop a geometric notion, termed “convex decreasing”, to get insights into
the behavior of consensus algorithms. We prove that many popular consensus al-
gorithms fit into this general class of algorithms. The convex decreasing property
allows for guarantees to obtain approximate average consensus. In particular, we
demonstrate that convex decreasing consensus algorithms satisfy monotone con-
vergence properties. It can be determined that all nodes of the convex decreasing
consensus algorithm belong to a convex set, then all algorithm nodes will remain in
said convex set. We develop distributed stopping criteria based on this geometric
insight.

4. We introduce two new algorithms for distributed stopping of Rd-valued consensus
algorithms within an ε-threshold of consensus with respect to arbitrary norm.
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5. The algorithms correspond to distributed diameter estimation methods of inde-
pendent interest. In particular, the first diameter estimation algorithm is based
on distributed convex hull determination, which is of broad utility. The second
introduced algorithm is based on a radius-sharing technique. It has a minimal
communication cost of the stopping algorithm, requiring only a single scalar value
to be shared at each iteration. This is especially significant as previous stopping
algorithms carried a communication cost of order d scalars.

2.5 Developed Solutions

2.5.1 Noise Resilient Distributed Average Consensus Over Directed
Graphs

Consider a set of n agents connected through a directed graph G(V, E). The agents
communicate via uni-directional communication links in G(V, E). The communication
link between any agent i and its neighbor j is corrupted by noise. Each agent i ∈ V has
an initial state ui ∈ Rp. The objective is to design an algorithm that allows each agent
to distributively compute the average,

u :=
1

n

n∑
i=1

ui, (2.1)

by interacting only with its neighboring agents in G(V, E) under the communication
constraints: uni-directional communication links with additive noise.

PushSum with noisy communication:

Under the PushSum algorithm, at any discrete time-instant k each agent i maintains
three estimates xi(k) ∈ Rp, yi(k) ∈ R and zi(k) ∈ Rp. Due to noise in communication
channels in G(V, E) the agent i receives a noisy version of the information sent by the
agent j. Node i updates its estimates at (k + 1)th discrete time-instant, by performing
a weighted combination of the (noisy) information received from its in-neighbors and
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its own information (available without any additive noise at the agent i) as follows:

xi(k + 1) = piixi(k) +
∑
j∈N−

i

(pijxj(k) + ηxij (k)), (2.2)

yi(k + 1) = piiyi(k) +
∑
j∈N−

i

(pijyj(k) + ηyij (k)), (2.3)

where, xi(0) = ui, and yi(0) = 1 for all i ∈ [N] and the terms ηxij (k) and, ηyij (k) are
the additive noise realizations in the estimates of agent j sent to agent i at any instant
k. The variable zi(k) is the estimate of the average u maintained by agent i ∈ V at
time-instant k which is updated as,

zi(k + 1) =
1

yi(k + 1)
xi(k + 1). (2.4)

Let P be weight matrix corresponding to (2.2) and (2.3) with Pij ∈ [0, 1] and,

Pij =

pij ̸= 0, if i = j or (i, j) ∈ E ,

0, otherwise.
(2.5)

The following assumption is typically made to study the PushSum algorithm:

Assumption 1. The directed graph G(V, E) is strongly connected, and the associated
weight matrix P is column stochastic.

One choice of weights that satisfy Assumption 1 is the out-degree based equal neighbor
weights rule: Here,

pij =


1

1 + |N+
j |
, if i ∈ N+

j , ∀j,

0, if i /∈ N+
j , ∀j.

(2.6)

Define for all i ∈ [N],

ηxi(k) :=
∑
j∈N−

i

ηxij (k), ηyi(k) :=
∑
j∈N−

i

ηyij (k). (2.7)
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We stack the agents’ estimates in a column vector form and define the following quan-
tities:

X(k) := [x1(k); . . . ;xn(k)] ∈ Rn×p, (2.8)
y(k) := [y1(k); . . . ; yn(k)] ∈ Rn, (2.9)
ηx(k) := [ηx1(k); . . . ; ηxn(k)] ∈ Rn×p, and (2.10)
ηy(k) := [ηy1(k); . . . ; ηyn(k)] ∈ Rn. (2.11)

Thus, updates (2.2) and (2.3) can be written as:

X(k + 1) = PX(k) + ηx(k), y(k + 1) = Py(k) + ηy(k),

where, ηx(k) and ηy(k) are the additive noise. Left multiplying by 1⊤ on both sides of
the above equations, we have

1⊤X(k + 1) = 1⊤X(k) + 1⊤ηx(k), and 1⊤y(k + 1) = 1⊤y(k) + 1⊤ηy(k).

Thus, the sum of estimates X(k) and y(k) integrate the communication noise and thus is
equivalent to a random walk with unbounded variance. Note that in the case when the
communication links are noiseless the sum of the estimates X(k) and y(k) are conserved
during the iterations [117] that plays a crucial role in the convergence of the PushSum
algorithm to the average of the initial values. The random walk behavior of the sums
implies that the estimates X(k) and y(k) and hence, Z(k) = [z1(k), . . . , zn(k)] ∈ Rn×p

do not converge to a meaningful value. This is clear from the trajectories of the agent
states Zi(k) under the PushSum algorithm for a 10 node directed graph with noisy
communication shown in Figure 2.1. Here, the initial values of the agents are chosen to
be [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] (with the average being 5.5). The communication links have
an additive noise modeled as a normal random variable, N (0, 0.1). These observations
suggest that the PushSum algorithm does not perform adequately under communication
noise.

Achieving Average Consensus in Noisy Directed Networks:

In this section, we propose a distributed algorithm that allows all the agents to de-
termine the initial average u (defined in (2.1)) under noisy communication. We call
it the NR-PushSum algorithm as it is based on the PushSum algorithm, similar to
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Figure 2.1: Performance of the PushSum algorithm under the perfect communication (a) and
with communication noise (b).

which here each agent i, at any discrete time-instant k, maintains three estimates
xi(k) ∈ Rp, yi(k) ∈ R and zi(k) ∈ Rp. We utilize two strategies to design the NR-PushSum
algorithm that counter the effect of the communication noise:
1. The estimates xi(k), yi(k) are updated via a local mixing across the neighborhood
of the agent i ∈ V . Every agent i, weighs the information sent by its neighbors (agent
j ∈ N−

i ) and its own information to appropriately control the amount of the noise to
be added to its updated estimates.
2. Each agent i, utilizes its initial values xi(0) and yi(0) to update its estimates. The
initial values xi(0) and yi(0) are deterministic and known to the agent i. Utilizing the
noise-free initial values provides a tether to the agents’ estimates in tracking the initial
average in the presence of communication noise.

Incorporating these two strategies together, the estimates in the NR-PushSum algo-
rithm are updated as follows, for i ∈ V :

xi(k + 1) = αi(k)piixi(k) + β(k)
∑
j∈N−

i

(pijxj(k) + ηxij (k)) + θ(k)xi(0), (2.12)

yi(k + 1) = αi(k)piiyi(k) + β(k)
∑
j∈N−

i

(pijyj(k) + ηyij (k)) + θ(k)yi(0), (2.13)

respectively, where, xi(0) = ui, and yi(0) = 1 for all i ∈ [N]. αi(k) ∈ [0, 1], ∀i ∈
[N], k, and β(k) ∈ [0, 1], ∀k are the relative weights that agent i utilize to control the
information mixing, and θ(k) ∈ R, ∀k, is utilized to control the influence of the noise-free
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initial values on the estimate updates. The variable zi(k) maintained by agent i ∈ V at
time-instant k is updated as in the PushSum algorithm described by

zi(k + 1) =
1

yi(k + 1)
xi(k + 1). (2.14)

Figs. 2.2 and 2.3 show the estimate updates for an agent i ∈ V at any discrete-time
instant k. Figure 2.2 shows the communication path where agent i receives information
from its in-neighbors j and l. Figure 2.3 shows the computation step where agent i
updates its estimates based on the information from the neighbors j and l, its own
current state values (xi(k), yi(k)) and the noise-free initial values (xi(0), yi(0)).
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Figure 2.2: NR-PushSum algorithm update: agent i receives noisy information from neighbors j
and l

Define P̂ such that

P̂ij =

Pij , if i ̸= j

0, if i = j.
(2.15)

Note that due to Assumption 1 the matrix P̂ defined in (2.15) is a column sub-stochastic
matrix, i.e.,

∑n
i=1 P̂ij < 1 for all j ∈ [N]. The parameter αi(k), i ∈ [N] is set as:

αi(k) =
1− β(k)(1− pii)

pii
. (2.16)
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Figure 2.3: NR-PushSum algorithm update: agent i updates its estimates using the received
information, its current estimate, and its initial value.

Let A(k) := (diag(αi(k))⊙P) and B(k) := β(k)P̂. Using the defined notations in (2.7)-
(2.11), updates (2.12)-(2.14) can be written as:

X(k + 1) = A(k)X(k) + B(k)X(k) + θ(k)X(0) + β(k)ηx(k), (2.17)
y(k + 1) = A(k)y(k) + B(k)y(k) + θ(k)y(0) + β(k)ηy(k), (2.18)
Z(k + 1) = X(k + 1)⊘ y(k + 1). (2.19)

The initial values of the agents in updates (2.12)-(2.14) help preserve the true infor-
mation of the agents and reduce the effect of the communication noise. Moreover, the
agents vary the weights β(k) and θ(k) dynamically which allows the agents’ estimates
xi(k) and yi(k) to reach a steady state. Specifically, the weights β(k) and θ(k) satisfy
the following assumptions:

Assumption 2. The sequence {β(k)}k≥0 is such that:

i) β(k) ∈ [0, 1), for all k,

ii) there exists a Kβ ≥ 1 such that

ak−q ≤ β(k) ≤ bk−q, (2.20)

for all k ≥ Kβ, where q > 1 and 0 ≤ a ≤ b <∞.
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Note that the requirement (2.20) with a suitable Kβ, allows more flexibility in choosing
β(k) as larger values of a and b can be chosen while maintaining β(k) ∈ [0, 1], k ≥ Kβ.
In the sequel, the parameters a, b and q will be treated as fixed constants.

Assumption 3. The sequence {θ(k)}k≥0 satisfies:

θ(k) ∈ [0,∞), for all k, and
∞∑
k=0

θ(k) <∞. (2.21)

Note that one can appropriately choose a Kθ > 0 with large values of θ(k) chosen early
on, i.e. when k < Kθ, to give more importance to the initial values of the agents and
then θ(k) be gradually reduced, i.e. θ(k) ∈ [0, 1] for k > Kθ to satisfy Assumption 3. In
section 2.5.1, we demonstrate the performance of the proposed NR-PushSum algorithm
under different choices of the β(k) and θ(k) sequences.

Remark 1. The proposed NR-PushSum algorithm inherits nice properties of the Push-
Sum algorithm, i.e. the NR-PushSum algorithm is applicable on general directed graph
topologies and can be both implemented and synthesized/designed distributively. Recall
Figure 2.2, every agent j ∈ V decides the weights pij for sending its information over
the out-going links to the neighbor agent i, independent of the other agents. The agent
i ∈ V upon receiving the information from its in-neighbors adds up its estimate and the
initial value with the received information after weighing them by weights αi(k), θ(k) and
β(k) respectively. Note that the agents do not need to have any centralized information
for weights β(k) and θ(k). Each agent can dynamically update the weights β(k) and
θ(k) based on Assumptions 2 and 3.

Convergence Analysis:

The proposed NR-PushSum algorithm being new, we examine its convergence properties
in the noiseless case. Following that, our analysis expands to investigate the almost
sure convergence of the proposed NR-PushSum algorithm to a consensus value, even
in the presence of additive noise affecting communication channels. As the proposed
NR-PushSum algorithm itself is new, its properties in the noiseless case must be es-
tablished. This examination helps establish that the proposed NR-PushSum algorithm
doesn’t compromise convergence properties without noise, all while attaining favorable
guarantees in the presence of noise. Furthermore, the exploration of the noise-free
scenario provides a solid mathematical foundation that can be extended to establish
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guarantees for our method in situations where communication is affected by additive
noise.

A. Analysis under noiseless communication channels:
Here, we will analyze a special case of the scheme (2.12)-(2.14) where the communication
channels are assumed to be noiseless. In particular, ηxij (k) = 0 = ηyij (k) for all i, j ∈ [N]

at all time-instants k ≥ 0. Let M(k) := A(k)+B(k) for all k ≥ 0 and define the following
operation,

∏̂l

r=s
M(r) :=


∏l
r=s M(r), if l ≥ s

In, otherwise.
(2.22)

Further define,

W (l, k) :=
∏̂k

r=l
M(r). (2.23)

We begin by establishing that the following relation holds.

Lemma 1.
∑n

j=1Wij(l, k) > wk−l+1
o , for all k ≥ l ≥ 1, where, wo > 0 is a constant.

Proof. For M(l), l ≥ 1 note that,

n∑
j=1

Mij(l) = 1− β(l)(1− pii) + β(l)
n∑
j ̸=i

pij

= 1− β(l) + β(l)

n∑
j=1

pij

> 1− β(l) > 1−max
l
β(l) = wo > 0. (2.24)

We use an argument based on induction on the matrices of the form W (l, l + t). Let
T = k − l. For t = 1, note that W (l, l + 1) = M(l)M(l + 1) and the i-jth entry of the
matrix W (l, l + 1) is given by Wij(i,+1) = [M(l)M(l + 1)]ij =

∑n
s=1 Mis(l)Msj(l + 1).
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Taking the sum over j we have,

n∑
j=1

Wij(l, l + 1) =

n∑
j=1

n∑
s=1

Mis(l)Msj(l + 1)

=

n∑
s=1

Mis(l)

n∑
j=1

Msj(l + 1)


>

n∑
s=1

Mis(l)wo > w2
o ,

where, we used (2.24) in the last two inequalities. Assume, for t = T = k − l, that∑n
j=1Wij(l, l + T ) =

∑n
j=1Wij(l, k) > wk−l+1

o . For t = T + 1,

n∑
j=1

Wij(l, l + T + 1) =
n∑
j=1

n∑
s=1

Wis(l, l + T )Msj(l + T + 1)

=

n∑
s=1

Wis(l, l + T )

n∑
j=1

Msj(l + T + 1)


>

n∑
s=1

Wis(l, l + T )wo

> wk−l+1
o wo = wk−l+2

o ,

where, we used (2.24) and the induction hypothesis in the last inequality. Therefore,
induction holds. Thus,

n∑
j=1

Wij(l, k) > wk−l+1
o , (2.25)

for all k ≥ l ≥ 1.

Lemma 2. Let Assumption 1 hold. Assume that the communication channels in G(V, E)
are noiseless. Let the sequences {β(k)}k≥0 and {θ(k)}k≥0 satisfy assumptions 2 and 3
respectively. Under the initialization yi(0) = 1 for all i ∈ [N], there exist yo > 0 such
that we have yi(k) > yo for all k ≥ 1, i ∈ [N]. As a consequence the states zi(k) are
well-defined for all k ≥ 1, i ∈ [N].

Proof. For ηy(k) = 0, with M(k) := A(k)+B(k) the update y(k) in the iteration (2.18)
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becomes:

y(k + 1) = M(k)y(k) + θ(k)y(0). (2.26)

Recursive application of (2.26) using the notation in (2.22) gives,

y(k + 1) =
∏̂k

r=0
M(r)y(0) +

k∑
s=0

∏̂k

r=s+1
M(r)θ(s)y(0). (2.27)

From the definition of matrices A(k) and B(k) under Assumption 1 it is easy to check
that the matrix M(k) is column-stochastic for all k ≥ 0:

Recall M(k) := A(k) + B(k). Consider the column sum, for any column j,

n∑
i=1

Mij(k) = αii(k)pii + β(k)

n∑
i=1,i ̸=j

pij =
1− β(k)(1− pii)

pii
pii + β(k)

n∑
i=1,i ̸=j

pij

= 1− β(k)(1− pii) + β(k)(1− pii) = 1,

where, we used (2.16) in the second equality and the fact that matrix P satisfy
Assumption 1. Since j is arbitrary, we conclude that M(k) is column-stochastic.

Further, note that W (l, k) for all k, l ≥ 0 is a column stochastic, Irreducible, and Ape-
riodic (cSIA) matrix:

Claim: Let R and S be two n× n column stochastic matrices. Then RS ∈ Rn×n

is column stochastic.
Proof: Consider, the sum

n∑
i=1

[RS]ij =
n∑
i=1

n∑
k=1

RikSkj =
n∑
k=1

n∑
i=1

RikSkj =
n∑
k=1

Skj = 1,

where, we used the fact that R and S are column-stochastic. Thus, RS is column-
stochastic.

Column stochasticity follows by induction and the column stochasticity of M(k). From
the expression for W (l, k) in (2.23), the zero/non-zero structure of W (l, k) corresponds
to a graph of n nodes that includes all the edges in G(V, E) and since the original graph
G(V, E) is strongly connected, W (l, k) corresponds to a graph that is strongly connected
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and hence is irreducible [118]. Since the graph corresponding to W (l, k) is strongly con-
nected and the diagonal entries of W (l, k) are positive, therefore, W (l, k) is aperiodic.
We utilize the following result from [119] on the product of column stochastic matrices:

Theorem 1. LetM := {M(1),M(2), . . . } be a collection of n×n column stochastic
matrices. Define a word in M of length ℓ as the product of ℓ matrices from the
collectionM (repetitions permitted). LetM be such that any word inM is cSIA.
Then given ε > 0 there exists an integer ℓε such that any word N ∈ Rn×n in M
of length ℓ ≥ ℓε satisfies maxj maxi1,i2 |Nj,i1 −Nj,i2 | < ε.

Theorem 1 implies that any sufficiently long word in the M has all its columns such
that the difference in the columns element-wise can be made arbitrarily small. Thus,
given ε > 0, there exists a ℓε > 0 such that W (l, k) (a word in M that is cSIA) is
equal to v(k)1⊤ + E(k), for all k > l + ℓε, where v(k) is an appropriate vector with
positive entries, and E(k) is an error matrix such that the absolute value of its elements
is smaller than ε/2 i.e., |Eij(k)| < ε/2 for all i, j ∈ [N].

Further, recall M(k) := A(k) + B(k). Based on the definition of A(k) and B(k), we
can re-write M(k) as

M(k) := In + β(k)P̃, (2.28)

where, P̃ = diag(pii − 1) + P̂.
Given any ε > 0 for k > ℓε, note that W (0, k) = v(k)1⊤ +E(k), with |Eij(k)| < ε/2

for all i, j.

W (0, k) =W (0, ℓε)

k∏
r=ℓε+1

M(r)

= [v(ℓε)1⊤ + E(ℓε)]
k∏

r=ℓε+1

M(r)

= [v(ℓε)1⊤ + E(ℓε)]
k∏

r=ℓε+1

(In + β(r)P̃)

= v(ℓε)1⊤
k∏

r=ℓε+1

(In + β(r)P̃) + E(ℓε)

k∏
r=ℓε+1

(In + β(r)P̃)

= v(ℓε)1⊤ + E(ℓε)W (ℓε + 1, k), (2.29)
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where, we used the fact that v(ℓε)1⊤P̃ = 0n×n.
From (2.27), (2.23) (2.28), (2.29), and initialization yj(0) = 1 for all j we have for

k > ℓε,

yi(k + 1) =
n∑
j=1

Wij(0, k) +

n∑
j=1

k∑
s=0

θ(s)Wij(s+ 1, k)

>
n∑
j=1

Wij(0, k)

=

n∑
j=1

[
v(ℓε)1⊤ + E(ℓε)W (ℓε + 1, k)

]
ij

>

n∑
j=1

[
v(ℓε)1⊤ −

ε

2
11⊤W (ℓε + 1, k)

]
ij

>
n∑
j=1

[
v(ℓε)1⊤ −

ε

2
11⊤

]
ij

= nvi(ℓε)− n
ε

2

> n min
1≤i≤n

vi(ℓε)− ε
n

2
> 0,

where, we used the fact that W (l, k) is column stochastic for all k, l ≥ 0 in the third
last inequality. For k ≤ ℓε, from Lemma 1 we have,

yi(k) > wk−1
o +

k−1∑
s=0

θ(s)wk−s−1
o

> wk−1
o + θ(0)wk−1

o ≥ (1 + θ(0))wℓεo > 0.

Therefore, yi(k) > yo := min{n min
1≤i≤n

vi(ℓε), (1 + θ(0))wℓεo }, for all k ≥ 1. Thus, zi(k) =
1

yi(k)
xi(k) is well defined for all i ∈ [N], k ≥ 0.

Theorem 2. Let Assumption 1 hold. Assume the edges in G(V, E) are not corrupted by
additive noise in communication channels. Let {zi(k)}i∈[N]

k≥0 be the sequences generated
by the iteration (2.14). Let the sequence {θ(k)}k≥0 satisfy Assumption 3. Then, the
estimates zi(k) converges to the average u, i.e., limk→∞ zi(k) = u, for all i ∈ [N].
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Proof. Similar to (2.26) the update X(k) in the iteration (2.17) when ηx(k) = 0 becomes:

X(k + 1) = M(k)X(k) + θ(k)X(0). (2.30)

Recursive application of (2.30) with the notation (2.23) gives,

X(k + 1) =W (0, k)X(0)︸ ︷︷ ︸
first

+

k∑
s=0

θ(s)W (s+ 1, k)X(0)︸ ︷︷ ︸
second

. (2.31)

Note that as W (l, k) is column stochastic for all k, l ≥ 1, ∥W (l, k)∥ ≤ w < ∞ for all
k, l.

Under Assumption 3 and from Theorem 1, given ε > 0. Define ε̂ :=
ε/

∑∞
s=0 θ(s)

max{∥X(0)∥,n} .
There exists k̃ and v(k) ∈ Rn such that

∑∞
s=k̃

θ(s) ≤ ε̂
2w and W (l, k) = v(k)1⊤ + E(k),

for all k > k̃ + l, where, |Eij(k)| ≤ ε̂
2 for all i, j ∈ [N].

Thus, for all k > k̃, the first term in (2.31) becomes,

W (0, k)X(0) = [v(k)1⊤ + E(k)]X(0) (2.32)

where, |Eij(k)| < ε̂/2 for all i, j ∈ [N]. Consider the second term in (2.31),

k∑
s=0

θ(s)W (s+ 1, k)X(0) =

k̃∑
s=0

θ(s)W (s+ 1, k)︸ ︷︷ ︸
:=ψ1(k)

X(0) +

k∑
s=k̃+1

θ(s)W (s+ 1, k)

︸ ︷︷ ︸
:=ψ2(k)

X(0) (2.33)

Note, k > k̃+s+1 for all the terms in ψ1(k). Substituting W (s+1, k) := v(k)1⊤+Ê(k),
with |Êij(k)| < ε̂/2 for all i, j ∈ [N] we get,

ψ1(k)X(0) =
k̃∑
s=0

θ(s)[v(k)1⊤ + Ê(k)]X(0). (2.34)

Consider ψ2(k),

ψ2(k) =
k∑

s=k̃+1

W (s+ 1, k)θ(s)

= θ(k) + M(k)θ(k − 1) +W (k − 1, k)θ(k − 2) + · · ·+W (k̃ + 2, k)θ(k̃ + 1).
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Therefore,

∥ψ2(k)∥ ≤ θ(k) + wθ(k − 1) + · · ·+ wθ(k̃ + 1) ≤ w
∞∑
s=k̃

θ(s) ≤ ε̂

2
. (2.35)

Using (2.31)-(2.35) we have for all k > k̃,

X(k + 1) ≤
(
1 +

k̃∑
s=0

θ(s)
)

v(k)1⊤︸ ︷︷ ︸
:=χ1(k)

X(0) + ε1n1⊤p , (2.36)

X(k + 1) ≥
(
1 +

k̃∑
s=0

θ(s)
)

v(k)1⊤X(0)− ε1n1⊤p , (2.37)

where, 1n and 1p are the vectors of dimensions n and p with all entries equal to 1. We
drop the subscript when the dimension of the vector is clear from the context. Following
the similar procedure for (2.26) we get, for k ≥ k̃,

y(k + 1) ≤ χ1(k)y(0) + ε1, and, (2.38)
y(k + 1) ≥ χ1(k)y(0)− ε1. (2.39)

From (2.19), and (2.36)-(2.39), for any i ∈ [N],

[χ1(k)X(0)− ε1n1⊤p ]i
[χ1(k)y(0) + ε1]i

≤ zi(k + 1) ≤
[χ1(k)X(0) + ε1n1⊤p ]i
[χ1(k)y(0)− ε1]i

, (2.40)

where, [.]i denote the ith row (ith entry) of the corresponding matrices (vectors). Denote
θ := 1 +

∑k̃
s=0 θ(s), and vi(k) as the ith entry of v(k).

For k > k̃, for any i ∈ [N], from (2.40)

zi(k + 1) ≤
[χ1(k)X(0) + ε1n1⊤p ]i
[χ1(k)y(0)− ε1]i

=
θvi(k)1⊤X(0) + ε1⊤

θvi(k)1⊤y(0)− ε

=

1⊤X(0)
n + ε

nvi(k)θ
1⊤

1− ε
nvi(k)θ

=
1⊤X(0)

n
+

(
1⊤X(0)

n
+ 1⊤

)( ε
nvi(k)θ

1− ε
nvi(k)θ

)
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Similarly, for k > k̃, for any i ∈ [N],

zi(k + 1) ≥
[χ1(k)X(0)− ε1n1⊤p ]i
[χ1(k)y(0) + ε1]i

=
θvi(k)1⊤X(0)− ε1⊤

θvi(k)1⊤y(0) + ε

=

1⊤X(0)
n − ε

nvi(k)θ
1⊤

1 + ε
nvi(k)θ

=
1⊤X(0)

n
−
(

1⊤X(0)

n
+ 1⊤

)( ε
nvi(k)θ

1 + ε
nvi(k)θ

)

Let ε be such that, ε ≤ ε
(1+ε)(nθvi(k)). Therefore, for all k > k̃, and for all i ∈ [N],

−
(

1⊤X(0)

n
+ 1⊤

)
ε ≤ zi(k)−

1⊤X(0)

n
≤
(

1⊤X(0)

n
+ 1⊤

)
ε,

where, 1⊤X(0)
n = u. Note that ε can be made arbitrarily small. Thus, we have the

desired result.

Theorem 3. Let Assumption 1 hold. Assume the edges in G(V, E) are not corrupted by
additive noise in communication channels. Let {xi(k), yi(k), zi(k)}i∈[N]

k≥0 be the sequences
generated by iterations (2.12)-(2.14). Let the sequence {θ(k)}k≥0 satisfy Assumption 3.
Then, for all j ∈ [N] and k ≥ 0,

∥∥∥zj(k)− u∥∥∥ ≤ C1

[
λk +

k−1∑
s=0

θ(s)λk−s−1 +
1

C
θ(k)

]
,

where, C,C1 and λ ∈ (0, 1) are some positive constants.

Proof. Recall (2.27) and (2.31),

y(k + 1) =W (0, k)y(0) +
k∑
s=0

θ(s)W (s+ 1, k)y(0),

X(k + 1) =W (0, k)X(0) +

k∑
s=0

θ(s)W (s+ 1, k)X(0).
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Since, W (l, k), k ≥ l ≥ 0 is column stochastic we have,

1⊤X(k + 1) = 1⊤W (0, k)X(0) +
k∑
s=0

θ(s)1⊤W (s+ 1, k)X(0)

= 1⊤X(0) +

k∑
s=0

θ(s)1⊤X(0). (2.41)

From [120] Corollary 2, there exists stochastic vectors v(k) ∈ Rn and constants C, λ ∈
(0, 1) such that for any given i, for all j = 1, . . . , n,

|Wij(l, k)− vi(k)| ≤ Cλk−l, for all k ≥ l ≥ 0. (2.42)

Multiplying M(k+1) on both sides to (2.31) and v(k+1) to (2.41) and subtracting we
get,

(M(k + 1)− v(k + 1)1⊤)X(k + 1)

= (W (0, k + 1)− v(k + 1)1⊤)X(0) +

k∑
s=0

θ(s)(W (s+ 1, k + 1)− v(k + 1)1⊤)X(0)

=⇒ M(k + 1)X(k + 1) = v(k + 1)1⊤X(k + 1) + (W (0, k + 1)− v(k + 1)1⊤)X(0)

+
k∑
s=0

(W (s+ 1, k + 1)− v(k + 1)1⊤)X(0)θ(s). (2.43)

Define D(l, k) :=W (l, k)− v(k)1⊤. Replacing k+1 by k in (2.43) and adding θ(k)X(0)

on both sides. Comparing with (2.30) we get,

X(k + 1) = M(k)X(k) + θ(k)X(0)

= v(k)1⊤X(k) + D(0, k)X(0) +
k−1∑
s=0

D(s+ 1, k)X(0)θ(s) + θ(k)X(0). (2.44)

Similarly, for (2.27)

y(k + 1) = M(k)y(k) + θ(k)y(0)

= v(k)1⊤y(k) + D(0, k)y(0) +
k−1∑
s=0

D(s+ 1, k)y(0)θ(s) + θ(k)y(0). (2.45)
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Using (2.19), (2.44), and (2.45) for any agent i and k ≥ 0,

zi(k + 1)− 1⊤X(0)

n

=
[v(k)1⊤X(k) + D(0, k)X(0)]i +

∑k−1
s=0 [D(s+ 1, k)X(0)θ(s)]i + θ(k)Xi(0)

yi(k)
− 1⊤X(0)

n

=
vi(k)1⊤X(k) + Di(0, k)X(0) +

∑k−1
s=0 θ(s)Di(s+ 1, k)X(0) + θ(k)Xi(0)

yi(k)
− 1⊤X(0)

n

=
n(vi(k)1⊤X(k) + Di(0, k)X(0) +

∑k−1
s=0 θ(s)Di(s+ 1, k)X(0) + θ(k)Xi(0))

nyi(k)

−
(vi(k)1⊤y(k) + Di(0, k)y(0) +

∑k−1
s=0 θ(s)Di(s+ 1, k)y(0))1⊤X(0)

nyi(k)
− θ(k)yi(0)1⊤X(0)

nyi(k)

=
Di(0, k)(nX(0)− y(0)1⊤X(0))

nyi(k)
+

∑k−1
s=0 θ(s)Di(s+ 1, k)(nX(0)− y(0)1⊤X(0))

nyi(k)

+
θ(k)(nXi(0)− yi(0)1⊤X(0))

nyi(k)
,

where, [.]i denote the ith row of the corresponding matrix and in the last equality we
used the fact nvi(k)1⊤X(k)

nyi(k)
− vi(k)1⊤y(k)1⊤X(0)

nyi(k)
= 0. Note ∥nX(0)− y(0)1⊤X(0)∥ ≤ ∥nIn −

11⊤∥∥X(0)∥ ≤ 2n2∥X(0)∥. From Lemma 2, there exists yo > 0 such that yi(k) > yo for
all i and k ≥ 0. Therefore,∥∥∥∥zi(k)− 1⊤X(0)

n

∥∥∥∥ ≤ ∥Di(0, k)∥∥nX(0)− y(0)1⊤X(0)∥
n∥yi(k)∥

+
θ(k)∥nXi(0)− yi(0)1⊤X(0)∥

n∥yi(k)∥

+

∑k−1
s=0 θ(s)∥Di(s+ 1, k)∥∥nX(0)− y(0)1⊤X(0)∥

n∥yi(k)∥
,

≤ 2n3∥X(0)∥Cλk

nyo
+

2n3∥X(0)∥θ(k)
nyo

+
2n3∥X(0)∥C

∑k−1
s=0 θ(s)λ

k−s−1

nyo

=
2n2∥X(0)∥C

yo

[
λk +

k−1∑
s=0

θ(s)λk−s−1 +
1

C
θ(k)

]
.

Corollary 1. Let Assumption 1 hold. Assume the edges in G(V, E) are not corrupted by
additive noise in communication channels. Let {xi(k), yi(k), zi(k)}i∈[N]

k≥0 be the sequences
generated by the iterations (2.12)-(2.14). Let θ(k) = ρk, for all k ≥ 1 such that
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ρ ∈ (0, 1/α), where α > 1. Then, for all j ∈ [N] and k ≥ 1,

∥zj(k)− u∥ ≤ Υϱk,

where, Υ and ϱ ∈ (0, 1) are positive constants.

Proof. Let ϱ := max{λ, αρ}. From Theorem 3,

∥∥zj(k)− u∥∥ ≤ C1

[
λk +

k−1∑
s=0

θ(s)λk−s−1 +
1

C
θ(k)

]

≤ C1

[
λk +

k−1∑
s=0

λk−s−1ρs +
1

C
ρk

]

≤ C1

[
λk +

k−1∑
s=0

ϱk−s−1ρs +
1

C
ρk

]

≤ C1

[
ϱk +

ϱk

ϱ

k−1∑
s=0

(
ρ

ϱ

)s
+

1

C
ϱk

]

≤ C1

[
1 +

1

ϱ

∞∑
s=0

(
ρ

ϱ

)s
+

1

C

]
ϱk

= C1

[
1 +

1

ϱ− ρ
+

1

C

]
ϱk = Υϱk,

where, Υ := C1

[
1 + 1

ϱ−ρ +
1
C

]
.

B. Convergence under noisy communication channels:
Here, we analyze the performance of the proposed NR-PushSum algorithm under the
communication noise. We first introduce conditions on the additive noise in the com-
munication links. In particular, we make the following assumption:

Assumption 4. The noise in communication channels in G(V, E) is bounded, i.e. there
exists δi,j such that |ηxij (k)| ≤ δi,j , |ηyij (k)| ≤ δi,j for i, j ∈ [N] and k ≥ 1.

Consider a family Θ of sequences with any element θ(k) ∈ Θ such that,

θ(k) =

d1nδβ(k) ∈ R, k ≤ Kθ,
d2nbδ

kq
∈ [0, 1], k > Kθ,

(2.46)
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where, 1 ≤ d1 < ∞ and 1 ≤ d2 ≤ Kq
θ/nbδ and Kθ ≥ max{Kβ , (nδb)

1/q}, where Kβ is
the time index in Assumption 2, such that ak−q ≤ β(k) ≤ bk−q for all k ≥ Kβ, with
q > 1 and 0 ≤ a ≤ b <∞. Different choices of d1 and d2 lead to different sequences in
Θ. Note that every sequence θ(k) in the family Θ satisfies Assumption 3. We have the
following result for any sequence θ(k) ∈ Θ.

Lemma 3. Let {θ(k)}k≥0 ∈ Θ, then for all k ≥ 0, (θ(k)y(0) +β(k)ηy(k)) > 0 .

Proof. Let k ≤ Kθ,

θ(k)y(0) + β(k)ηy(k) = d1nδβ(k)y(0) + β(k)ηy(k) ≥ d1nδβ(k)1⊤ − δβ(k)1⊤

= (d1n− 1)δβ(k)1⊤ > 0.

For k > Kθ,

θ(k)y(0) + β(k)ηy(k) =
d2nbδ

kq
y(0) + β(k)ηy(k) ≥

d2nbδ

kq
1⊤ − bδ

kq
1⊤ = (d2n− 1)

bδ

kq
1⊤

> 0.

This completes the proof.

Lemma 4. Let Assumption 1 hold. Let sequence {β(k)}k≥0 satisfy Assumption 2.
Assume that the channel noise satisfies Assumption 4. Let {θ(k)}k≥0 ∈ Θ (defined
in (2.46)), then there exist ỹo > 0 such that yi(k) > ỹo for all k ≥ 1 and i ∈ [N], i.e., the
estimate yi(k) remain positive at all time-instants and the states zi(k) are well-defined
for all k, i ∈ [N].

Proof. Let δ := max
i,j

δij . Using (2.18) and proceeding as in (2.27) we have,

y(k + 1) =W (0, k)y(0) +
k∑
s=0

θ(s)W (s+ 1, k)y(0) +
k∑
s=0

β(s)W (s+ 1, k)ηy(s) (2.47)

=W (0, k)y(0) +
k∑
s=0

W (s+ 1, k)(θ(s)y(0) + β(s)ηy(s)).

Let the sequence θ(k) ∈ Θ as defined in (2.46). We follow the same steps in the proof
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of Lemma 2. Given, ε > 0, for any i ∈ [N] and k > ℓε,

yi(k + 1) =
n∑
j=1

Wij(0, k)yj(0) +

n∑
j=1

k∑
s=0

Wij(s+ 1, k)(θ(s)yj(0) + β(s)ηyj (s))

>

n∑
j=1

Wij(0, k)

=

n∑
j=1

[
v(ℓε)1⊤ + E(ℓε)W (ℓε + 1, k)

]
ij

>

n∑
j=1

[
v(ℓε)1⊤ −

ε

2
11⊤W (ℓε + 1, k)

]
ij

>

n∑
j=1

[
v(ℓε)1⊤ −

ε

2
11⊤

]
ij

= nvi(ℓε)− n
ε

2
> n min

1≤i≤n
vi(ℓε)− ε

n

2
> 0,

where, we used (2.25), the result of Lemma 3 and the fact that W (l, k) is column
stochastic for all k, l ≥ 0.
For k ≤ ℓε, from (2.25) and Lemma 3 we have,

yi(k) > wk−1
o > θ(0)wℓεo > 0.

Therefore, yi(k) > ỹo := min{n min
1≤i≤n

vi(ℓε), θ(0)wℓεo } for all k ≥ 1 with any θ(k) ∈ Θ

and β(k) satisfying Assumption 2.

Theorem 4. Let Assumption 1 hold. Let sequence {β(k)}k≥0 satisfy Assumption 2.
Assume that the channel noise satisfies Assumption 4. Let {zi(k)}i∈[N]

k≥0 be the sequences
generated by iteration (2.14). Given µ > 0, let {θ(k)}k≥0 ∈ Θ (defined in (2.46)) with
θ(0) := nδ

∑∞
s=0 β(s)/µ, where, δ = max

i,j
δij. Then, for all i ∈ [N], almost surely, zi(k)

converge to the same vector z∞. In particular,

u− µ
1 + µ

≤ lim
k→∞

zi(k) ≤
u+ µ

1− µ
.
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Proof. Recall (2.17) and proceed as in (2.31),

X(k + 1) =W (0, k)X(0)︸ ︷︷ ︸
first

+
k∑
s=0

θ(s)W (s+ 1, k)X(0)︸ ︷︷ ︸
second

+
k∑
s=0

β(s)W (s+ 1, k)ηx(s)︸ ︷︷ ︸
third

(2.48)

Note as W (l, k) is column stochastic for all k, l ≥ 1, ∥W (l, k)∥ ≤ w < ∞ for all k, l.
Under Assumption 3 and from Theorem 1, given ε > 0. Define ε̂ := ε/

∑∞
s=0 θ(s)

max{∥X(0)∥,n} . There
exists k̃ and v(k) ∈ Rn such that

∑∞
s=k̃

θ(s) < ε̂
3w ,
∑∞

s=k̃
β(s) ≤ ε̂

3nδw and W (l, k) =

v(k)1⊤ + E(k), for all k > k̃ + l, where, |Eij(k)| ≤ ε̂
3 for all i, j ∈ [N].

Thus, first and second terms in (2.48) can be re-formulated in the same manner
as (2.32)-(2.35). Consider, the third term in (2.48),

k∑
s=0

β(s)W (s+ 1, k)ηx(s) =

k̃∑
s=0

β(s)W (s+ 1, k)ηx(s)︸ ︷︷ ︸
:=ζ1(k)

+
k∑

s=k̃+1

β(s)W (s+ 1, k)ηx(s)︸ ︷︷ ︸
:=ζx(k)

(2.49)

Note, k > k̃+s+1 for all the terms in ζ1(k). Substituting W (s+1, k) := v(k)1⊤+Ẽ(k),
with |Ẽij(k)| < ε̂/3 for all i, j ∈ [N] we get,

ζ1(k) =
k̃∑
s=0

β(s)[v(k)1⊤ + Ẽ(k)]ηx(s). (2.50)

Now consider ζx(k),

ζx(k) =
k∑

s=k̃+1

β(s)W (s+ 1, k)ηx(s)

= β(k)ηx(k) + β(k − 1)M(k)ηx(k − 1) + · · ·+ β(k̃ + 1)W (k̃ + 2, k)ηx(k̃ + 1).

Therefore,

∥ζx(k)∥ ≤ nδβ(k) + nδwβ(k − 1) · · ·+ nδwβ(k̃ + 1) ≤ nδw
∞∑
s=k̃

β(s) ≤ ε̂

3
. (2.51)
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Using (2.48), (2.32)-(2.35), and (2.49)-(2.51), for all k > k̃,

X(k + 1) ≤ v(k)1⊤(X(0) +

k̃∑
s=0

θ(s)X(0) +Nx(k̃)︸ ︷︷ ︸
:=χx(k)

) + ε1n1⊤p (2.52)

X(k + 1) ≥ v(k)1⊤(X(0) +
k̃∑
s=0

θ(s)X(0) +Nx(k̃))− ε1n1⊤p (2.53)

where, Nx(k̃) :=
∑k̃

s=0 β(s)ηx(s), Ny(k̃) :=
∑k̃

s=0 β(s)ηy(s) and 1n and 1p are the
vectors of dimensions n and p with all entries equal to 1. We drop the subscript when
the dimension of the vector is clear from the context. Following the similar procedure
for (2.47) we get, for k ≥ 1,

y(k + 1) ≤ v(k)1⊤χy(k) + ε1, (2.54)
y(k + 1) ≥ v(k)1⊤χy(k)− ε1. (2.55)

From (2.19), and (2.52)-(2.55),

[v(k)1⊤χx(k)− ε1n1⊤p ]i
[v(k)1⊤χy(k) + ε1]i

≤ zi(k + 1) ≤
[v(k)1⊤χx(k) + ε1n1⊤p ]i
[v(k)1⊤χy(k)− ε1]i

, (2.56)

where, [.]i denote the ith row (ith entry) of the corresponding matrices (vectors). Denote
θ := 1 +

∑k̃
s=0 θ(s), and vi(k) as the ith entry of v(k).

For k > k̃, for any i ∈ [N], from (2.56),

zi(k + 1) ≤
[v(k)1⊤χx(k) + ε1n1⊤p ]i
[v(k)1⊤χy(k)− ε1]i

≤ vi(k)1⊤X(0) + θvi(k)1⊤X(0) + vi(k)1⊤Nx(k̃) + ε1⊤

vi(k)1⊤y(0) + θvi(k)1⊤y(0) + vi(k)1⊤Ny(k̃)− ε

≤
1⊤X(0)
n + θ1⊤X(0)

n + 1⊤Nx(k̃)
n + ε1⊤

1 + θ +
1⊤Ny(k̃)

n − ε

≤
1⊤X(0)
n

(
1 + θ

)
+ 1⊤Nx(k̃)

n + ε1⊤

1 + θ +
1⊤Ny(k̃)

n − ε
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≤
1⊤X(0)
n + 1⊤Nx(k̃)

n(1+θ)
+ ε

(1+θ)
1⊤

1 +
1⊤Ny(k̃)

n(1+θ)
− ε

(1+θ)

≤ a

b
+
(a
b
+ 1⊤

)( ε
b(1+θ)

1 + ε
b(1+θ)

)
,

where, a := 1⊤X(0)
n + 1⊤Nx(k̃)

n(1+θ)
, b := 1 +

1⊤Ny(k̃)

n(1+θ)
. Similarly, for k > k̃, for any i ∈ [N],

zi(k + 1) ≥ a

b
−
(a
b
+ 1⊤

)( ε
b(1+θ)

1− ε
b(1+θ)

)
.

Let ε be such that, ε ≤ ε
b(1+ε)(1 + θ). Therefore, for all k > k̃, and for all i ∈ [N],

−
(a
b
+ 1⊤

)
ε ≤ zi(k)−

1⊤X(0)
n + 1⊤Nx(k̃)

n(1+θ)

1 +
1⊤Ny(k̃)

n(1+θ)

≤
(a
b
+ 1⊤

)
ε.

Note that ε can be made arbitrarily small. Thus, for all i ∈ [N],

lim
k→∞

zi(k) =

1⊤X(0)
n + 1⊤Nx(k̃)

n(1+θ)

1 +
1⊤Ny(k̃)

n(1+θ)

:= z∞.

Moreover, under assumptions 2−4,

u− nδ
∑∞

s=0 β(s)

(1+
∑∞

s=0 θ(s))
1⊤

1 +
δ
∑∞

s=0 β(s)

(1+
∑∞

s=0 θ(s))

≤ z∞ ≤
u+

nδ
∑∞

s=0 β(s)

(1+
∑∞

s=0 θ(s))
1⊤

1− δ
∑∞

s=0 β(s)

(1+
∑∞

s=0 θ(s))

,

where, we used 1⊤X(0)
n = u. Note that given µ > 0, if θ(0) := nδ

∑∞
s=0 β(s)/µ, we have

u− µ
1 + µ

≤ z∞ ≤
u+ µ

1− µ
.

Remark 2. The upper and lower bounds on z∞ in Theorem 4 can be made very close
to the average u by appropriately choosing the sequences θ(k) and β(k). In particular,
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if
∑∞

s=0 θ(s) >>
∑∞

s=0 β(s) then z∞ is very close to the actual average u. This can be
achieved via suitable choices of Kθ and the starting values of the sequence θ(k), k < Kθ

in (2.46). We demonstrate this using numerical simulation studies with different noise
realizations in Section 2.5.1.

Remark 3. Unlike the state-of-the-art in [75], [81], [84], [90], [93], the NR-PushSum
algorithm remains applicable even for noise distributions that are not necessarily zero-
mean and independent. Furthermore, it achieves almost sure average consensus as
shown in Theorem 4 and substantiated through simulation results in Section 2.5.1.

Moreover, the articles [75], [84], [90], [93] are confined to undirected graphs with
agents connected via bidirectional edges, in a symmetric communication topology. Addi-
tionally, these articles follow a centralized synthesis approach, utilizing global informa-
tion of the interconnection structure. In contrast, the NR-PushSum algorithm operates
differently. Notably, the consensus protocol presented in [81] diverges from the average
of the initial values of the agents, setting it apart from the NR-PushSum algorithm.

The next result establishes the existence of the moments of the estimates zi(k)

generated by the NR-PushSum algorithm.

Theorem 5. Let Assumption 1 hold. Let sequence {β(k)}k≥0 satisfy Assumption 2.
Assume that the channel noise satisfies Assumption 4. Let {θ(k)}k≥0 ∈ Θ (defined
in (2.46)). Let {xi(k), yi(k), zi(k)}i∈[N]

k≥0 be the sequences generated by the iterations (2.12)-
(2.14). Then, for any m non-negative, E(|zij(k)|m) < ∞, for all i ∈ [N], j = 1, . . . , p

and k ≥ 0.

Proof. From (2.48) and (2.52), under Assumptions 2-4 there exists xup < ∞ such that
|Xij(k)| ≤ xup for all i ∈ [N], j = 1, . . . , p and k ≥ 0. Thus, for any m non-negative,
E(|Xij(k)|m) = xmup <∞. From Lemma 4, there exists ỹo such that we have for all i ∈ [N]

and k ≥ 0, Probability(|yi(k)| < ỹo) = 0. Using Hölder’s inequality for (Xij(k))
m and

(yi(k))
−m. Since, Probability((ỹo)−m < (yi(k))

−m < (ỹo)
−m) = 1, we have

E(|zij(k)|m) ≤ ỹ−mo E(|Xij(k)|m) = ỹ−mo xmup <∞, (2.57)

for all k, for any i ∈ [N] and j = 1, . . . , p.

Remark 4. As a consequence of Theorem 5, it follows that the variance Var(zi(k))
of the estimates zi(k), Var(zi(k)) = E(|zi(k)|2) − (E(zi(k)))2 ≤ 2

√
nỹ−2

o x2up < ∞ is
bounded.
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Simulation Study:

In this section, we demonstrate the performance of the proposed NR-PushSum algorithm.
A network of 10 agents generated using the Erdos-Renyi model [121] with a connectivity
probability of 0.35 is considered for demonstration. The initial values of the agents
chosen for the numerical study are u = [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] with the average value
being u = 5.5. The examples in the numerical study are implemented in MATLAB and
run on a desktop computer with 16 GB RAM and an Intel Core i7 processor running at
1.90 GHz. The noise realizations are obtained by simulating random variables drawn
independently from a probability distribution at each iteration of the algorithm under
study. We present the plots of the evolution of agents’ estimates against the algorithm
iterations.

First, we present the performance of the proposed NR-PushSum algorithm under per-
fect communication. Then we present the performance under imperfect communication
via the following case studies: (i) performance of NR-PushSum algorithm under differ-
ent algorithm parameters, (ii) performance under different magnitudes of the additive
noise, and (iii) robustness of the NR-PushSum algorithm under the violation of the up-
per bound in Assumption 4 during the run-time of the algorithm. Lastly, we present a
comparison between the proposed NR-PushSum algorithm and other existing algorithms
in the literature. Consensus error for the NR-PushSum algorithm at any iteration k is
defined as,

n∑
i=1

(zi(k)− u)2 =
∑
i=1

(zi(k)− 5.5)2.

A. Performance under perfect communication:
Figure 2.4 presents the agent state trajectories for the NR-PushSum algorithm when the
communication links are noiseless. The algorithm parameters are: θ(k) = 0.7k for all
k ≥ 1 and Kβ = 200 such that β(k) = 0.35, ∀k < 200 and β(k) = 100/k1.1, ∀k ≥ 200.
Figs. 2.4(a) and 2.4(b) show the estimates xi(k) and yi(k) (called the numerator and
denominator states respectively) for all the agents. The numerator and denominator
states reach a steady state. The agent states zi(k) are plotted in Figure 2.4(c); it
can be seen that the agents’ states zi(k) achieve consensus to the average value of 5.5.
Figure 2.4(d) shows the decay of consensus error with respect to the number of iterations
of the NR-PushSum algorithm.
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Figure 2.4: Performance of the NR-PushSum algorithm under the noiseless case: (a) the sequence
of states xi(k), (b) yi(k) sequences, (c) ratio states of the 10 agents achieve consensus, (d)
geometric decay of the consensus error.

B. Performance under communication noise:
In this section, we present the performance of the proposed NR-PushSum algorithm under
noisy communication links.
1. Different choices of algorithm parameters: Here, we demonstrate that the
NR-PushSum algorithm achieves average consensus under the additive noise. The noise
in communication links is realized from a uniform distribution U(−1, 1). We employ
two different choices of β(k) sequences and accordingly choose the θ(k) sequences from
the family of sequences in (2.46). The choices are summarized in Table 2.1. Figs. 2.5(a)
and 2.5(b) present the agent state trajectories for the NR-PushSum algorithm realizations
with sequences in Table 2.1 rows (i) and (ii) respectively under the additive noise. The
inset in Figs. 2.5(a) and 2.5(b) show that the proposed NR-PushSum algorithm has strong
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Table 2.1: Example Sequences for NR-PushSum
(i) β(k) = 0.2, ∀k < 500, θ(k) = 100, ∀k < 500,

β(k) = 1/k1.5, ∀k ≥ 500 θ(k) = 10/k1.5, ∀k ≥ 500

(ii) β(k) = 0.35, ∀k < 200, θ(k) = 100, ∀k < 200,
β(k) = 100/k1.1, ∀k ≥ 200 θ(k) = 150/k1.1, ∀k ≥ 200

performance leading to consensus among the agents under additive noise. Moreover,
the final consensus value of the agents is close to the initial average of 5.5. Figs. 2.5(c)
and (d) show the consensus error with the parameters in Table 2.1 for rows (i) and (ii),
respectively. The sequence θ(k) belongs to the family of sequences given by (2.46). Here,
the NR-PushSum algorithm achieves a sub-linear decay of consensus error, analogous to
Theorem 3.

Figure 2.5: Performance of the NR-PushSum algorithm under noisy communication with different
choices of algorithm parameters: (a) Row (i) of Table 2.1, (b) Row (ii) of Table 2.1, (c) Consensus
error for parameters in Row (i) of Table 2.1, (d) Consensus error for parameters in Row (ii) of
Table 2.1.
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2. Different magnitudes of the additive noise: The effect of the magnitude
of the communication noise relative to the initial values of the agents is presented
here. The noise is realized as a uniform random variable. For the numerical exper-
iment, the magnitude of the noise realizations is scaled to (i) 5 times the original
value, i.e. U(−5, 5) and (ii) 10 times the original value i.e. U(−10, 10). We choose
the sequence β(k) = 0.35, ∀k < 200, β(k) = 1/k1.2, ∀k ≥ 200. The sequence θ(k) is
modified according to the noise upper bound. For the two cases, the following θ(k)

sequences are chosen in accordance to the family (2.46) for the NR-PushSum algorithm:
(i) θ(k) = 100, ∀k < 200, θ(k) = 50/k1.2, ∀k ≥ 200 and (ii) θ(k) = 100, ∀k < 200, θ(k) =

100/k1.2, ∀k ≥ 200. Figs. 2.6(a) and 2.6(b) provide the state trajectories of different
agents under the NR-PushSum algorithm for cases (i) and (ii) respectively. It can be
seen that the agent states achieve consensus close to the initial average value of 5.5.
Figs. 2.6(c) and 2.6(d) plot the consensus error decay under the noise realizations via
U(−5, 5) and U(−10, 10), respectively.

3. Robustness to noise with extreme magnitudes: The parameters of the pro-
posed NR-PushSum algorithm depend on an upper bound on the communication noise
(see (2.46)). To test the applicability of the NR-PushSum algorithm in extreme scenar-
ios, here we test the robustness of the NR-PushSum algorithm under situations when
the communication noise violates the upper bound in Assumption 4. In particular,
we design the algorithm parameters assuming that the communication noise is a uni-
form random variable U(−1, 1). We test the following two scenarios: (i) communication
noise in the worst case becomes 400 times at every 50 iterations, i.e. noise is realized as
U(−400, 400) at every iteration of the form 50i, where, i = 1, 2, . . . , (ii) communication
noise in the worst case becomes 400 times at every 10 iterations, i.e. noise is realized as
U(−400, 400) at every iteration of the form 10i, where, i = 1, 2, . . . . The two situations
are designed to test the effect of the number of violations of the bound in Assump-
tion 4 during run-time on the convergence of the NR-PushSum algorithm. Figs. 2.7(a)
and 2.7(b) show the agent states for the two test situations. The frequency of the event
when the noise value is greater than the original upper bound affects the final converged
value of the algorithm. In case (i) (Figure 2.7(a)) with less number of violations the
NR-PushSum algorithm converges closer to the initial average value of 5.5, while the
estimates in the situation (ii) have a larger deviation from the original average value of
5.5 (Figure 2.7(b)). However, we emphasize that the proposed NR-PushSum algorithm
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performs well and remains stable under the extreme violations of the design assump-
tions as shown by the state trajectories in Figs. 2.7(a) and 2.7(b). The consensus error
decay for the two test situations is presented in Figs. 2.7(c) and 2.7(d), respectively.
Note that the extreme noise magnitudes do affect the consensus error. However, the
NR-PushSum algorithm can achieve a small consensus error in both test scenarios.

Figure 2.6: Performance of the NR-PushSum algorithm under the variation of the magnitude of
additive communication noise: (a) noise realized via U(−5, 5), (b) noise realized via U(−10, 10).
In both cases, the state estimates under NR-PushSum with appropriate algorithmic parameters
converge to the initial average, (c) Consensus error under the noise realization via U(−5, 5), (d)
Consensus error under the noise realization via U(−10, 10).
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Figure 2.7: Performance of the NR-PushSum algorithm under scenarios with the noise realiza-
tions violating the upper bound utilized in the algorithm’s parameters. Figs. 2.7(a) and 2.7(b)
demonstrate the robustness of the proposed NR-PushSum algorithm under extreme violation sce-
narios, Figs. 2.7(c) and 2.7(d) present the consensus error decay during the iterations of the
NR-PushSum algorithm.

C. Comparison with other algorithms:
In this section, we present a performance comparison between the proposed NR-PushSum
algorithm and existing algorithms in the literature. Here, we refer to the existing algo-
rithms via the initials of the authors’ names. We compare with the following algorithms:
WE algorithm of [93], HM algorithm in [81], TN algorithm in [90], HZCSC algorithm
in [84], and the KM algorithm in [75]. To obtain the consensus error for any other
algorithm we replace the zi(k) estimates with the corresponding estimates in the chosen
algorithm. We compare the results under two different noise realizations: (i) we first
consider the communication noise realized as a uniform random variable U(−1, 1). (ii)
Next, we compare the performance of all the algorithms when the communication noise
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has a non-zero mean. In particular, we consider the noise realizations to be generated as
a non-zero mean uniform random variable U(0, 1). In both cases we choose the following
sequences for the NR-PushSum algorithm: β(k) = 0.2, ∀k < 500, β(k) = 1/k1.5, ∀k ≥ 500

and θ(k) = 100, ∀k < 500, θ(k) = 10/k1.5, ∀k ≥ 500.
To present the performance comparison, we plot the consensus error for all the algo-

rithms with respect to the iteration count under the zero mean and non-zero mean cases
in Figure 2.8(a) and 2.8(b) respectively. It can be seen that the proposed NR-PushSum
algorithm performs the best in both cases. The NR-PushSum algorithm has a consensus
error that decays faster compared to the other algorithms when the communication
noise has zero mean (see Figure 2.8(a)). When the communication noise has a non-zero
mean, it can be seen that the consensus error for the existing algorithms in the litera-
ture is greater than 1 and increases with the iteration count of the algorithm. In this
case, too the proposed NR-PushSum algorithm performs well. The consensus error for
the NR-PushSum algorithm is less than 10−2 for all the iterations.
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Figure 2.8: Performance comparison of the NR-PushSum algorithm with existing algorithms in
the literature: (a) performance under bounded noise with zero mean and (b) performance under
bounded communication noise with non-zero mean.

Summarizing, the simulation results indicate that the proposed NR-PushSum algo-
rithm performs well under communication noise and shows robustness to uncertain
changes in communication noise. Compared to the existing state-of-the-art algorithms
the NR-PushSum algorithm has superior performance concerning the ability to achieve
consensus to the initial average under communication noise.
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2.5.2 Distributed Finite-time Terminated Consensus Algorithm in Switch-
ing Topologies

We first summarize a key result from [43], which enables reaching the average consensus
in the presence of dynamic topology. Consider a scenario where the network topology
is dynamic but with a fixed set of nodes, V (|V| = n), i.e., at any given instant, k,
the network is described by a digraph, G(k) = (V, E(k)). Let P(k) = (pij(k)) be the
weighted adjacency matrix associated with the digraph, G(k). Here, G(k) ∈ Ḡ :=

{G1,G2, . . . ,Gm},m ≤ 2n
2−n is the set of all possible digraphs for a given set of nodes,

V. We assume that a node always has access to its information. Each node, i ∈ V ,
maintains two states at time k, denoted by xi(k) and yi(k). Node i updates its state at
the (k + 1)th iteration according to the following policy:

xi(k + 1) = pii(k)xi(k) +
∑

j∈N−
i (k)

pij(k)xj(k) (2.58)

yi(k + 1) = pii(k)yi(k) +
∑

j∈N−
i (k)

pij(k)yj(k), (2.59)

where yi(0) = 1 for all i ∈ V . Using (2.58) and (2.59), we get

xi(k + 1)

yi(k + 1)
=
pii(k)xi(k) +

∑
j∈N−

i (k) pij(k)xj(k)

pii(k)yi(k) +
∑

j∈N−
i (k) pij(k)yj(k)

. (2.60)

The network with dynamic topology satisfies the following assumptions. We also assume
that the underlying communication network is free from communication delays.

Assumption 5. The digraphs G(k) = (V, E(k)) are strongly connected for all discrete-
time instants k = 1, 2, . . . .

Assumption 6. P(k) for all k is a column-stochastic matrix.

One choice of weights that satisfies Assumption 6 is the out-degree-based equal neighbor
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weights rule [51]: Here, for all j ∈ V and k ≥ 0:

pij(k) =


1

1 + |N+
j (k)|

, if i ∈ N+
j (k)

0, if i /∈ N+
j (k)

(2.61)

and,

pjj(k) =
1

1 + |N+
j (k)|

for all k ≥ 0, (2.62)

where |N+
j (k)| denotes the out-degree of a node, j ∈ V at time instant k. Note that

because the out-degree is known locally, each agent can decide the weights, pij(k), in
a decentralized manner, leading to a distributed synthesis. Using the equal neighbor
weights rule, (2.61)–(2.62), the updates (2.58) and (2.59) are done in the following man-
ner:
Every agent j sends the weighted information, pij(k)xj(k) and pij(k)yj(k), to every
agent i in its out-neighborhood. Then, at the next time instant, agent i scales its esti-
mates, xi(k), yi(k), with a weight pii(k), and adds it to the information sent by all the
agents in its in-neighborhood, j ∈ N−

i (k), to get the estimates xi(k + 1) and yi(k + 1).
Thus, a distributed implementation of the updates (2.58) and (2.59) is realized. Note
that P(k) synthesized using (2.61) and (2.62) satisfies the primitiveness and irreducibil-
ity properties (see [43] Lemma 2). We next present the convergence result from [43],
which forms the basis of our work.

Theorem 6 (Theorem 2 in [43]). Consider a sequence of digraphs of the form G(k) =
(V, E(k)), k = 0, 1, 2, . . . , satisfying Assumption 5 and Assumption 8. With the update
rule (2.58) and (2.59), the ratio xi(k)

yi(k)
asymptotically converges to

∑n
i=1xi(0)
n for all

i = 1, ..., n, that is, the ratio of the numerator and denominator states converge to the
average of the initial conditions of xi variables (referred to as the ratio consensus).

Remark 5. Under Assumption 6, xi(k) and yi(k) converges to γi
∑n

i=1 xi(0) and
γi
∑n

i=1 yi(0), respectively, where γi is the ith entry of the vector, γ given by lim
k→∞

Πks=1P(s)
= γ⊤1n, where 1n is the n-dimensional vector with all entries equal to one. By having
the ratio xi(k)

yi(k)
and initializing yi(0) = 1 for all i ∈ V, agent i’s state, yi(k), converges to

nγi, and the ratio xi(k)
yi(k)

converges to the average of the initial states of xi’s, 1
n

∑n
i=1 xi(0).

Remark 6. Even though Theorem 6 does not require P(k) to be row-stochastic, Lemma
4.2 in [122] proves that the xi(k) and yi(k) following the updates of (2.58) and (2.59) are
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almost surely bounded below by some positive constant. Thus, the state updates will not
become arbitrarily small, and the ratio state will always be well-defined. Further, due to
the weak ergodicity [123] of the products of P(k)’s, along with the bounded initializations
xi(0) and yi(0), the individual states, xi(k) and yi(k), will also remain bounded.

Remark 7. The discrete-time consensus algorithm is agnostic to the switching frequency
of the underlying graph topology. In particular, only the state of the network at the
instant of information communication is used. All the constraints on the network are
imposed at the time instant of communication, that is, any switching happening between
the two discrete-time instants is not considered.

It was shown in [113], [114] that within Dmax iterations, every node has access
to global information on the updates, where Dmax is an upper bound on the graph
diameter. We show that the result from [113], [114] does not hold for a network with
dynamic topology. The following counterexample highlights the case where an upper
bound on the maximum diameter (Dmax = {maxi(D(Gi));Gi ∈ Ḡ}, where D(Gi) is the
diameter of graph Gi) does not provide access to the global maximum and minimum to all
the nodes of the network. Consider a network of six nodes, where the network topology
can be either of undirected graphs G1 or G2 (see Figure 2.9), that is, Ḡ = {G1,G2},
with switching as described in Table 2.2. Here, the maximum diameter among the two
topologies Dmax is 3.

1

2 3

4

6 5

1

2 3

4

6 5

(G1) (G2)
Figure 2.9: Both G1 and G2 with Dmax = 3.

We introduce the following notion,

Definition 29. (Range of a node) Let us define the range of any node i with initial
time, k, and time horizon, t > 0 as:

Ri(k, t) :=
⋃

m∈Ri(k,t−1)

{l : l ∈ N+
m(k + t− 1)},
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with Ri(k, 0) = {i}, |Ri(k, 0)| = 1, and N+
m(k) is the out-neighborhood of node m at

instant k and |Ri(k, 0)| denotes the cardinality of |Ri(k, 0)|.

The range of node 1 starting from any instant k is also shown in Table 2.2.

Iteration Topology Range of node 1

t = 1 G1 R1(k, 1) = {1, 2}
t = 2 G1 R1(k, 1) = {1, 2, 3}
t = 3 G2 R1(k, 1) = {1, 2, 3, 4}
t = 4 G2 R1(k, 1) = {1, 2, 3, 4, 5}
t = 5 G2 R1(k, 1) = {1, 2, 3, 4, 5, 6}

Table 2.2: Network Topology and Range (R1(k, t)) of Node 1 Starting at Instant k for Iterations
t = 1, 2, 3, 4, 5.

It takes five iterations for the range to contain all the nodes, which is more than the max-
imum diameter (Dmax = 3) seen among the set of topologies Ḡ = {G1,G2}. Therefore,
the criteria proposed in [113], [114] has the following two issues:

1. Lemma 2.2 in [114] and Theorem 4.1 in [113] (strict monotonicity of global maxi-
mum/minimum states implementing the average consensus protocols) assume that
the global maximum/minimum are available to each agent within Dmax iterations,
which is deemed untrue for this example (Table 2.2).

2. Thus, nodes implementing Algorithm 1 of [113], [114] do not have access to the
global maximum/minimum and might terminate the algorithm (when the local
maximum and minimum are within the tolerance) before actual global convergence
(when the global maximum and minimum are the within tolerance).

Distributed Finite-Time Termination Under Dynamic Topologies:

Consider the global maximum and minimum values of the ratio of the consensus protocol
states given by (2.58) and (2.59) at any time instant k,

M(k) := max
i∈V

xi(k)

yi(k)
, yj(k) ̸= 0, j ∈ V , (2.63)

m(k) := min
i∈V

xi(k)

yi(k)
, yj(k) ̸= 0, j ∈ V (2.64)

The following Lemma shows that the ratio of states at each node stays within the
maximum and minimum for subsequent iterations.
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Lemma 5. Consider the ratio consensus protocol comprising two updates, given by
(2.58) and (2.59). Let Assumption 5 and Assumption 6 hold. Then for all time instants
k

′ ≥ k and for all i ∈ V :

m(k) ≤ xi(k
′
)

yi(k
′)
≤M(k).

Proof. We first prove the inequality for M(k) using induction. By definition of M(k),

for k′
= k,, the proof is trivial. Suppose it is asserted that for k′

= k + l, l ≥ 1,
xi(k+l)
yi(k+l)

≤M(k) for all i ∈ V . Then we have:

xi(k + l + 1)

yi(k + l + 1)
=

∑
j∈N−

i (k+l)

pij(k + l)xj(k + l)∑
j∈N−

i (k+l)

pij(k + l)yj(k + l)

=

pii(k + l)xi(k+l)yi(k+l)
+

∑
j∈N−

i (k+l)

pij(k + l)
xj(k+l)
yi(k+l)

pii(k + l) +
∑

j∈N−
i (k+l)

pij(k + l)
yj(k+l)
yi(k+l)

.

It follows from the inductive assumption that:

xi(k + l + 1)

yi(k + l + 1)
≤

pii(k + l)M(k) +
∑

j∈N−
i (k+l)

pij(k + l)M(k)
yj(k+l)
yi(k+l)

pii(k + l) +
∑

j∈N−
i (k+l)

pij(k + l)
yj(k+l)
yi(k+l)

=M(k).

Therefore, xi(k+l+1)
yi(k+l+1) ≤ M(k) for all i ∈ V . The other inequality is similar and is left to

the reader.

Next, Lemma 6 strengthens the result of Lemma 5 to a strict inequality.

Lemma 6. Consider the ratio consensus protocol comprising two updates, given by
(2.58) and (2.59), where the initial time instant is k. Let Assumption 5 and Assump-
tion 6 hold., Let M(k) and m(k) be as in (2.63) and (2.64). Let i be a node such that
xi(k

′
)

yi(k
′ )
< M(k), and let j be a node such that xj(k

′
)

yj(k
′ )
> m(k) for some time instant k′ ≥ k.

Then for all time instants k′′ ≥ k′
, xi(k

′′
)

yi(k
′′ )
< M(k) and xj(k

′′
)

yj(k
′′ )
> m(k).

Proof. The proof is based on induction and follows similarly to the proof of Lemma 5
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and is left to the reader.

The following definition and lemmas introduce the concept of a time path and derive an
upper bound on the number of iterations required for one node to access the information
of any other node in the network.

Definition 30. (Time path) In the case of the switching topology, a time path of length
l at time t from node i ∈ V to j ∈ V is a sequence of nodes, k1, k2, . . . , kl−1, such that
(k1, i) ∈ E(t), (k2, k1) ∈ E(t + 1), . . . , (j, kl−1) ∈ E(t + l − 1). In other words, node j

has access to node i’s information after l time steps through the nodes k1, k2, . . . , kl−1

starting at time t.

Lemma 7. Consider a network where Assumption 5 and Assumption 6 hold. Then for
any node i ∈ V, the following holds:

1. Ri(k, t− 1) ⊂ Ri(k, t) for all t = 1, 2 . . . .

2. Ri(k, n− 1) = V.

Proof. Here, Ri(k, t+1) is the union of out-neighborhoods of all the elements of Ri(k, t)
at instant t. Clearly, Ri(k, t − 1) ⊆ Ri(k, t). Indeed, l ∈ Ri(k, t − 1) implies l ∈
N+
l (k + t− 1), which, in turn, implies, l ∈ Ri(k, t).

Now, for t = 1:

Ri(k, 1) = {m1 : m1 ∈ N+
i (k)} = N+

i (k).

If Ri(k, 1) = V, the claim is proven. Suppose Ri(k, 1) ⊂ V . Note that at time instant
k + 1, the graph is strongly connected. Thus, there exists an outgoing edge between
the set of nodes Ri(k, 1) and V \ Ri(k, 1). That is, there exists m2 ∈ V \ Ri(k, 1), such
that m2 ∈ N+

m1
(k + 1) for some m1 ∈ Ri(k, 1). Thus, m2 ∈ Ri(k, 2). It follows that

m2 ∈ Ri(k, 2) \Ri(k, 1), which implies that:

|Ri(k, 2) \Ri(k, 1)| ≥ 1.

Now, as Ri(k, 1) ⊂ Ri(k, 2), we have:

|Ri(k, 2)| = |Ri(k, 1)|+ |Ri(k, 2) \Ri(k, 1)|
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which implies |Ri(k, 2)| ≥ |Ri(k, 1)| + 1. Note here that Ri(k, 1) is a proper subset of
Ri(k, 2). Following in the same manner, we get:

|Ri(k, t)| ≥ |Ri(k, t− 1)|+ 1 ≥ |Ri(k, t− 2)|+ 2 ≥ · · · ≥ |Ri(k, 0)|+ t,

and thus |Ri(k, t)| ≥ t + 1. For t = n − 1, |Ri(k, n − 1)| ≥ n; however Ri(k, t) ⊆ V
and thus |Ri(k, t)| ≤ n for all t. Thus, |Ri(k, n − 1)| = n, implying Ri(k, n − 1) = V.
Therefore, the claim is true.

Lemma 8. Let Assumption 5 and Assumption 6 hold. Then for any two nodes, i, j ∈ V,
and at any time instant k, there exists a time path of length s from i to j with s ≤ n−1.
In other words, j has access to information of i in s number of time steps.

Proof. Note that Ri(k, t) is the set of nodes influenced by node i’s current state within
the next t time steps. Now, we show the existence of a time path. We have Ri(k, 0) ⊂
Ri(k, 1) ⊂ Ri(k, 2) ⊂ · · · ⊂ Ri(k, s) = V. Let s be the smallest time step, such that
j ∈ Ri(k, s). From Lemma 7, s ≤ n−1. As j ∈ Ri(k, s), there exists ms−1 ∈ Ri(k, s−1),
such that j ∈ N+(ms−1, k + s− 1). As ms−1 ∈ Ri(k, s− 1), it follows that there exists
ms−2 ∈ Ri(k, s − 2), such that ms−1 ∈ N+(ms−2, k + s − 2). Choosing mi’s in this
manner, we get ms−2 ∈ Ri(k, s − 2),ms−3 ∈ Ri(k, s − 3), …m1 ∈ Ri(k, 1), such that
m1 ∈ N+(i, k). Therefore, there exists a time path (m1, i), (m2,m1), . . . , (j,ms−1) with
s ≤ n− 1.

Using Lemma 7 and Lemma 8, we next provide a sampling of the M(k) and m(k), such
that the resulting subsequences are strictly monotonic and converge to the average of
the initial conditions of xi variables.

Lemma 9. Consider the ratio consensus protocol comprising updates (2.58) and (2.59).
Let Assumption 5 and Assumption 6 hold. Let M(k) and m(k) be as in (2.63) and (2.64),
such that m(k) < M(k), where the initial time instant is k. Then for all k′ ≥ k + n′

and for all i ∈ V :

m(k) <
xi(k

′
)

yi(k
′)
< M(k),

where n′ is an upper bound on n− 1.

Proof. As m(k) < M(k), it follows that there exists a node i ∈ V , such that xi(k)
yi(k)

<

M(k). Let j ∈ V be an arbitrary node, then from Lemma 8, there exists a time path
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of length l from node i to node j at instant k, where l ≤ n − 1 ≤ n′. Let this path be
denoted as (m1, i), (m2,m1), ..., (j,ml−1). Then:

xm1(k + 1)

ym1(k + 1)
=

pm1i(k)xi(k) +
∑

u∈N−
m1

(k)

pm1u(k)xu(k)

pm1i(k)yi(k) +
∑

u∈N−
m1

(k)

pm1u(k)yu(k)

=

pm1i(k)
xi(k)
yi(k)

+
∑

u∈N−
m1

(k)

pm1u(k)
xu(k)
yi(k)

pm1i(k) +
∑

u∈N−
m1

(k)

pm1u(k)
yu(k)
yi(k)

<

pm1i(k)M(k) +
∑

u∈N−
m1

(k)

pm1u(k)
xu(k)
yi(k)

pm1i(k) +
∑

u∈N−
m1

(k)

pm1u(k)
yu(k)
yi(k)

.

By definition of M(k), xu(k)yu(k)
≤M(k) for all u ∈ V ; thus, xu(k) ≤ yu(k)M(k). It follows

that:

xm1(k + 1)

ym1(k + 1)
<

pm1i(k)M(k) +
∑

u∈N−
m1

(k)

pm1u(k)M(k)yu(k)yi(k)

pm1i(k) +
∑

u∈N−
m1

(k)

pm1u(k)
yu(k)
yi(k)

=M(k).

Thus, xm1 (k+1)

ym1 (k+1) < M(k). Therefore, from Lemma 6, it follows that for all k′ ≥ k + 1,
xm1 (k

′
)

ym1 (k
′ )
< M(k). Similarly, if k′ ≥ k + 2, then xm2 (k

′
)

ym2 (k
′ )
< M(k) and that for all k′ ≥

k+ l,
xj(k

′
)

yj(k
′ )
< M(k). Note that because n′ ≥ n−1 ≥ l, it follows that k+n′ ≥ k+ l. The

condition k′ ≥ k + n′ is independent of the index j and where the node j was chosen
arbitrarily. Thus, it can be concluded that xi(k

′)
yi(k′)

< M(k) for all k′ > k + n′ and for all
i ∈ V . This completes the proof for M(k). The other inequality for m(k) can be proven
similarly and is left to the reader.

Remark 8. From Lemma 9, after a finite number of iterations given by n′, all ratios of
the nodal states under (2.58) and (2.59) become strictly less than the maximum value
of the ratio in the network in the past and strictly greater than the minimum value of
the ratio in the network in the past.

The following theorem shows that after a finite time, the maximum value of the ratio
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in the network decreases, and the minimum value of the ratio in the network increases.

Theorem 7. Consider the ratio consensus protocol comprising two updates given by
(2.58) and (2.59). Let Assumption 5 and Assumption 6 hold, and let the initial ratio
vector be:

r(un′) :=

[
x1(un

′)

y1(un′)

x2(un
′)

y2(un′)
. . .

xN (un
′)

yN (un′)

]
such that min r(un′) < max r(un′), where u = 0, 1, 2, ..., and n′ is an upper bound on
n− 1. Then, M((u+ 1)n′) < M(un′) and m((u+ 1)n′) > m(un′).

Proof. Let k = un′, then using Lemma 9, it follows that for k′ ≥ (u + 1)n′, xi(k
′
)

yi(k
′ )
<

M(un′) for all i ∈ V . Hence, M((u+ 1)n′) := max
i∈V

xi((u+1)n′)
yi((u+1)n′) < M(un′). This completes

the proof of the inequality involving M(un′). The other inequality involving m(un′)

can be proved similarly and is left to the reader.

Theorem 8. Consider the ratio consensus protocol comprising two updates given by
(2.58) and (2.59). Let Assumption 5 and Assumption 6 hold. Then:

lim
u→∞

M(un′) = lim
u→∞

m(un′) =
1

n

n∑
j=1

xj(0),

where n′ is an upper bound on n− 1.

Proof. This result follows directly from Theorem 6 and Theorem 7 and is left to the
reader.

Corollary 2. Consider the ratio consensus protocol comprising two updates given by
(2.58) and (2.59). Let Assumption 5 and Assumption 8 hold, and let n′ be an upper
bound on n− 1.. Then:

lim
u→∞

M(un′)−m(un′) = 0.

We next present the maximum-minimum consensus protocol in the case of dynamic
topology and use the preceding theorems to design a finite-time termination criterion.
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Maximum-Minimum Consensus Protocol:

The maximum and minimum consensus protocols, denoted by MXP and MNP protocols
respectively, compute the maximum and minimum of the given initial node conditions:

z(0) = [z1(0) z2(0) ... zn(0)]
⊤,

w(0) = [w1(0) w2(0) ... wn(0)]
⊤

in a distributed manner, respectively. The MXP and MNP protocols take z(0) and w(0)
as inputs and generate a sequence of node values based on the following update rules
for node i respectively:

zi(k + 1) = max
j∈N−

i (k)
zj(k), (2.65)

wi(k + 1) = min
j∈N−

i (k)
wj(k). (2.66)

Proposition 1. The MXP protocol given by (2.65) converges to max
j∈V

zj(0) in finite

time k ≤ n′ for any n′ ≥ n− 1.

Proof. Let m be a node with state value at zm(0) = max
j∈V

zj(0). Then, at k = 1, all
nodes connected to m at instant k = 0 will have the maximum value zm(0). Then, from
the definition of Rm(0, k) in Lemma 8, if m1 ∈ Rm(0, 1) then zm1(1) = zm(0). Similarly,
at k = 2, all the nodes connected to the elements of the set Rm(0, 1) at instant k = 1

will have the maximum value, that is, if m2 ∈ Rm(0, 2), then zm2(2) = zm(0), and so on.
At k = n− 1, if mn−1 ∈ Rm(0, n− 1), then zmn−1(n− 1) = zm(0). As Rm(0, n− 1) = V,
we have for all j ∈ V , zj(n − 1) = zm(0). Thus, at instant k = n − 1, all nodes will
have the maximum value. As n′ ≥ n − 1, zj(k) converges to max

j∈V
zj(0) in finite time

k ≤ n′.

Similarly, we have the following result for the MNP protocol,

Proposition 2. The MNP protocol given by (2.66) converges to min
j∈V

wj(0) in finite
time k ≤ n′ for any n′ ≥ n− 1.

Distributed Finite-Time Termination Algorithm for Ratio Consensus:

Here, we propose an algorithm using the MXP-MNP protocol, which allows each node
to simultaneously detect the convergence of the ratio consensus within a prespecified
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threshold ρ. In the proposed algorithm, the initial conditions for the MXP-MNP pro-
tocol are set as the ratio of the initial values held by the nodes.

Definition 31. (Epoch) Let n′ be an upper bound on n−1, then the uth epoch is defined
as the state update iteration at the instant un′ for any positive integer u.

The MXP-MNP protocol is re-initialized at every uth epoch, that is, k = un′, where
u = 1, 2, ..., with z(un′) = x(un′)

y(un′) and w(un′) = x(un′)
y(un′) , respectively. We define ᾱi(un′) :=

max z(un′) = M(un′), αi(un′) = minw(un′) = m(un′) and βi(un
′) := ᾱi − αi =

M(un′)−m(un′). Each node compares βi with ρ at every epoch, and if βi < ρ, then it
terminates the consensus protocol. Details of this scheme are given in Algorithm 1.

Algorithm 1: Finite-time termination of ratio consensus for switching topol-
ogy (at each node i ∈ V)

Input:
xj(0), yj(0) = 1, j ∈ N−

i (0), ρ ; // Initial condition
Initialize:

k := 0; zi := xi(0)/yi(0); wi := xi(0)/yi(0); u := 1;
Repeat:

/* ratio consensus updates of node i given by (2.58) and (2.59)
*/

xi(k + 1) :=
∑

j∈N−
i (k)

pij(k)xj(k); yi(k + 1) :=
∑

j∈N−
i (k)

pij(k)yj(k);

/* global max-min updates of node i given by (2.65) and (2.66),
respectively */

zi := max
j∈N−

i (k)
zj ; wi := min

j∈N−
i (k)

wi;

if k = un′ then
ᾱi := zi; αi := wi; βi := ᾱi − αi;
if βi < ρ then

break ; // stop xi, yi, zi and wi updates
else

set zi = xi(un
′)/yi(un

′); wi = xi(un
′)/yi(un

′);
u = u+ 1;

end
k = k + 1;

Theorem 9. Algorithm 1 simultaneously converges in finite time at each node.

Proof. From Corollary 3, it follows that M(un′)−m(un′)→ 0 as u→∞. Thus, for any
given ρ > 0,, there exists an integer t(ρ), such that for all u ≥ t(ρ), |M(un′)−m(un′)| < ρ
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for all nodes in the network. As each node has access to M(un′) and m(un′), each node
simultaneously detects convergence at the same iteration.

Remark 9. Note that using the maximum-minimum protocol, the global maximum and
minimum values at any instant k are available to each node at instant k + n′. Further,
the only global parameter needed for Algorithm 1 is knowledge of the number of nodes
in the network. Note, however, that each node does not need to know the actual number
of nodes but only some upper bound on the same. In most applications, an upper bound
on the number of nodes is readily available.

This result is a nontrivial extension of [113], [114] because these works considered
only a static network, where the finite-time consensus is based on knowledge of the
upper bound on the graph diameter. For the specific example with a six-node network
considered earlier, it was observed that it takes five iterations for the range to contain
all the nodes. In other words, it requires at least 5 (= n− 1) iterations for any node to
receive information from node 1, which follows directly from Lemma 8. Thus, choosing
n′ as (n − 1) will lead to strict monotonicity of the global maximum/minimum, as
described in Theorem 7. Moreover, each node implementing Algorithm 1 will have a
finite-time distributed criterion to detect global convergence of the consensus updates
(2.59) and (2.58).

Remark 10. Here, we summarize the dependence of the proposed finite-time termina-
tion algorithm on various design parameters. The tolerance ρ has an inverse relationship
with the time it takes for the algorithm to converge; the lower the tolerance, the longer
it takes for the algorithm to converge. Weights pij need to be column-stochastic for the
“ratio consensus” algorithm to converge. Further, weights pij also govern the rate of
convergence. The termination protocol is agnostic to the weights and will detect con-
vergence independent of the weights. All yis need to be initialized to 1, otherwise the
“ratio consensus” algorithm will not converge to the average of initial values.

Experimental Results:

Consider a network of 1000 agents with switching topology represented by a digraph
chosen at random from a set of 50 strongly connected digraphs for every time instant.
Three instances of these digraphs are shown in Figure 2.10. Here, each agent running the
consensus Algorithm 1 is implemented using a NodeJS socket.io server. This is the first
time a salable real-world experimental test bed is implemented for consensus algorithms
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Figure 2.10: Topology shown as a bidirectional graph at time instants k = 109, k = 239, and
k = 275 respectively.

in a time-varying network. Here, at each time instant, the network is based on a
random topology (chosen from 50 strongly connected digraphs), with the weights using
the equal neighbor weights rule (2.61) and (2.62). This guarantees that Assumption 6
is always valid. This provides an experimental environment where the information
exchange between the agents happens through a communication channel (with arbitrary
delays), thus proving the applicability of our protocol in a real-world setting, unlike the
simulation-based validation present in most existing literature.

Figure 2.11: Finite-time termination of ratio consensus on a 1000-node dynamic network in
6000 iterations with ρ = 0.01. Each curve (without markers) in the plot is the time evolution
of the ratio state of 1000 nodes. MXP/MNP (when using n′ as sampling) are monotonic and
correctly converge. The MXP/MNP curves are shifted left to coincide with global maximum
and minimum, as mentioned in Remark 9.

The initial conditions of the numerator states are chosen at random from (0, 1). With
ρ = 0.01 and n′ = 1000, Algorithm 1 results in the distributed finite-time termination
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of computations performed by the agents in 6000 iterations, as shown in Figure 2.11.
Observe that the ratios of the nodal states are close to the average of the numerator’s
initial conditions (consensus value). The consensus value for this instance is 0.514.
This experiment was repeated multiple times by randomly choosing digraphs for each
iteration as well as the initial values of the agents. The proposed MXP-MNP protocol
was able to distributively terminate the algorithm each time. As noted in Remark 9, the
global maximum and minimum state values at k are available at n′ + k. This is shown
in Figure 2.11, where shifting the MXP and MNP plots left by n′ time instants, we get
the MXP′ and MNP′ plots, which coincide with the global maximum and minimum.

Remark 11. This protocol uses the knowledge of only the upper bound on the number
of nodes (n′) and checks for convergence every n′ number of iterations. As a result,
after the ρ-convergence, the MXP-MNP protocol might take additional 2n′ iterations
for convergence in the worst-case scenario. Further, when computational and storage
capacity is not a constraint for an agent, it can run the n′ MXP-MNP protocol, shifted
in time, with the first one starting at k = 1, the second one starting at k = 2, and so
on. In this case, detection will only be delayed by n′ if the agents monitor all the MXP-
MNP protocols. Note that without additional information on the network topology, which
imposes sharing private information (for example, degree of neighbors), detection and
stopping upon convergence cannot be achieved in fewer iterations. For example, a chain
network takes (n − 1) iterations for information to travel from one end to another, so
even if an individual node has achieved convergence, it can take up to (n− 1) iterations
for all the other nodes in the network to know about it. Thus, when the agents do
not have information on the underlying communication topology, the global stopping
criterion will always be delayed by at least n′.

We next present the specific six-node example discussed earlier, where it was shown
analytically that some nodes do not have access to the global maximum and minimum
within Dmax iterations. We consider a 6-node network, where the topology is given
by the sequence {G2,G2,G1,G2,G2,G1, . . . }, with G1 and G2, as defined in Figure 2.9.
The initial state value of the nodes is chosen as x(0) = [10, 2, 2, 2, 2, 2], with an average
of 3.33. As mentioned earlier, each node is implemented using a NodeJS socket.io
server. We use the sampling length of both Dmax = 3 and n′ = 5 to reset zi and
wi in Algorithm 1, and we plot the MXP/MNP of node 5 in Figure 2.12 for both
cases. The MXP/MNP plots are shifted by the sampling length to coincide with the
initialized values of zi and wi. The results clearly show that the MXP, when using
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Dmax (MXPDmax), the plot for node 5 is non-monotonic. Moreover, MXPDmax is unable
to capture the global maximum value of the network (because some nodes have state
values greater than MXPDmax between iterations 1 and 10). Further, the algorithm will
stop incorrectly at the third iteration for node 5 because MXPDmax and MNPDmax have
the same value. On the other hand, MXP/MNP (using n′) is monotonic and converges
when the states have converged.
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Node 2
Node 3
Node 4
Node 5
Node 6
MXP (using n0)
MNP (using n0)
MXP (using Dmax)
MNP (using Dmax)

Figure 2.12: Node ratio state trajectories for the ratio consensus of the 6-node network shown in
Figure 2.9. The MXP/MNP for sampling length of both Dmax = 3 and n′ = 5 are plotted. MXP
when Dmax is used as sampling is non-monotonic. MXP/MNP (when using n′ as sampling) are
monotonic and correctly converge. The MXP/MNP curves are shifted left to coincide with the
global maximum and minimum.

We also present the evolution of the numerator (xi(k)) and denominator states
(yi(k)) in Figure 2.13. As mentioned in Remark 6, the numerator and denominator are
bounded above and below.
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Figure 2.13: Node numerator and denominator state trajectories for the ratio consensus of the
6-node network shown in Figure 2.9. Both states for each node are bounded above and below.
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2.5.3 Distributed Finite-time Approximate Consensus in Higher Di-
mensions

Vector Consensus Framework:

Here, we extend a key result from [42], [63] where a ratio of two states was maintained
to reach an average consensus. We consider the network topology to be represented by
a digraph G(V, E) containing n nodes and satisfies the following assumptions:

Assumption 7. The digraph G(V, E) representing the agent interconnections is strongly
connected.

Assumption 8. Let P = [Pij ] be a primitive column stochastic matrix with digraph
G(V, E) with pij > 0 if and only if (i, j) ∈ E

Each node i ∈ V maintains three state estimates at time k, denoted by xi(k) ∈
Rd, yi(k) ∈ R and ri(k) ∈ Rd. Here d (≥ 1) is the dimension of each node’s state.
Node i updates its numerator and denominator states at the (k+1)th discrete iteration
according to the following update law:

xi(k + 1) = piixi(k) +
∑
j∈N−

i

pijxj(k), (2.67)

yi(k + 1) = piiyi(k) +
∑
j∈N−

i

pijyj(k), (2.68)

where, N−
i is the set of in-neighbors of node i. The initial conditions for the numerator

vector state and denominator state for any node i ∈ V are:

xi(0) = [xi1(0) xi2(0) . . . xid(0)]
⊤, yi(0) = 1, for all i ∈ V . (2.69)

Node i further updates its ratio state as:

ri(k + 1) =
1

yi(k + 1)
xi(k + 1). (2.70)

Under Assumptions 7, 8 and the initialization in (2.69), ratio state in (2.70) is well
defined. The next theorem establishes the convergence of the ratio state.

Theorem 10. Let {xi(k)}, {yi(k)} and {ri(k)} be the sequences generated by (2.67),
(2.68) and (2.70) respectively. Let the initial conditions for the network states be as
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defined in (2.69). Then, under Assumptions 7 and 8 the ratio state ri(k) asymptotically
converges to r := lim

k→∞
1

yi(k)
xi(k) =

1
n

n∑
j=1

xj(0) for all i ∈ {1, ..., n}.

Proof. Let ris(k) and xis(k) be the s-th elements of ri(k) and xi(k) respectively. Then
the update equations (2.67) and (2.70) can be written as

xis(k + 1) = piixis(k) +
∑
j∈N−

i

pijxjs(k)

ris(k + 1) =
1

yi(k + 1)
xis(k + 1)

Then from [42], [63], for all s ∈ {1, 2, . . . , d} and i ∈ V we have lim
k→∞

ris(k) =
1
n

n∑
j=1

xjs(0).

Therefore,

lim
k→∞

ri(k) =

[
lim
k→∞

ri1(k) . . . lim
k→∞

rid(k)

]⊤
=

[
1

n

n∑
j=1

xj1(0) . . .
1

n

n∑
j=1

xjd(0)

]⊤
=

1

n

n∑
j=1

[xj1(0) . . . xjd(0)]
⊤ =

1

n

n∑
j=1

xj(0).

Thus, we have convergence in the case when node states are vectors.

A Monotonicity Result for Certain Consensus Protocols:

In this section, we demonstrate a monotonicity property of the ratio consensus problem.
We will show that under the update framework given by (2.70), the network states
{ri(k)}ni=1 at time k can be used to define a sequence of polytopes {rk}∞k=0 as

rk := co({ri(k)}ni=1). (2.71)

We then prove that these polytopes are descending in the sense that rk ⊇ rk+1.
In the process we recover monotonicity results of the min-max protocols from the one-
dimensional case, see [115], as well as their generalization to the vector case, see [124].
This insight is used to develop distributed stopping criteria, guaranteeing convergence
of all nodes’ vector ratio states within an ε-ball of the consensus for a general norm.

Lemma 10. Let pij ≥ 0, v ∈ Rd, x1, . . . , xn ∈ Rd, and y1, . . . , yn ∈ R with Mv ∈ R
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such that xi · v ≤Mvyi for all i then∑
j

pijxj · v ≤Mv

∑
j

pijyj .

holds for all i as well.

Proof. Computing directly,∑
j

pijxj · v ≤
∑
j

pijMvyj =Mv

∑
j

pijyj .

Theorem 11. The vector ratio consensus algorithm is monotonically convex in the
sense for ri(k) defined in (2.70) rk ⊆ rk+1, for rk polytopes defined in (2.71).

Proof. If rk = co({ri(k)}ni=1) is contained in a half space {w : w · v ≤ Mv} then in
particular (xi(k)/yi(k))·v ≤Mv. Applying Lemma 10,

∑
j pijx

j(k)·v ≤Mv
∑

j pijyj(k),
so that ri(k + 1) = xi(k+1)

yi(k+1) is an element of {x : x · v ≤ Mv} as well. Since the half-
space is arbitrary, and rk+1 is the intersection of all closed half-spaces containing it,
ri(k + 1) ∈ rk, and hence rk+1 ⊆ rk.

When d = 1, the convex hull is simply described, co(r(k)) =
[

minj{rj(k)}nj=1,

maxj{rj(k)}nj=1

]
, so that co(r(k)) ⊇ co(r(k + 1)) gives the monotonicity results from

[115], minj{rj(k)}nj=1,≤ minj{rj(k+1)}nj=1 and maxj{rj(k)}nj=1,≥ maxj{rj(k+1)}nj=1.

Norm Based Finite-time Termination:

Similar to the convex hull comprising all points (corresponding to each agent), the
radius of a minimal norm ball in d dimension enclosing all the points can also be used
as a termination criterion. Once the radius is within some bound ε, it can be easily
shown that every agent’s state is within 2ε of the consensus value. However, even in the
p−norm case calculation of the minimum norm ball in a distributed manner is a difficult
problem [125]. We provide an algorithm that distributedly finds an approximation of
the minimal ball at each agent. We show that the minimal ball is enclosed in this
approximation, thus if the approximate ball’s radius is within ε then the minimal ball’s
radius is within ε as well. This is established in the next Lemma.
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Lemma 11. Let {ri(k)} be the sequence generated by the consensus protocol of (2.70).
For all i ∈ V, let

Ri(k + 1, k′) := max
j∈N−

i

{∥ri(k′ + k + 1)− rj(k′ + k)∥+Rj(k, k
′)} (2.72)

with Ri(0, k′) := 0 and k′ ≥ 0. Then

rj(k
′) ∈ B{Ri(D, k′), ri(k′ +D)}, (2.73)

where, B{Ri(D, k′), ri(k′ + D)} is a ball of radius Ri(D, k′) centered at ri(k′ + D) and
D is the diameter of the underlying graph topology.

Proof. We first prove the following claim.

rj(k
′) ∈ B{Ri(k, k′), ri(k′ + k)} (2.74)

for all j ∈ V such that the length of the shortest path from i to j is less than equal to
k. Clearly above claim is sufficient to prove (2.73) as when k = D, (2.74) is valid for all
j ∈ V . Let the length of the shortest path from i to j be denoted as |path(i, j)|. We
prove this claim using induction. For k = 1,

Ri(1, k
′) = max

j∈N−
i

{∥ri(k′ + 1)− rj(k′)∥.

Then for all j ∈ N−
i , that is for all j such that |path(i, j)| ≤ 1, we get

∥ri(k′ + 1)− rj(k′)∥ ≤ Ri(1, k′) =⇒ rj(k
′) ∈ B{Ri(1, k′), ri(k′ + 1)}.

Hence, true for k = 1.
Let us assume (2.74) is true for k. Let j be a node such that |path(i, j)| ≤ k + 1.

Let q be a neighbor of i on the shortest path from i to j, then |path(q, j)| ≤ k. Then
from the induction assumption,

rj(k
′) ∈ B{Rq(k, k′), rq(k + k′)},

that is,

∥rq(k′ + k)− rj(k′)∥ ≤ Rq(k, k′). (2.75)
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From definition of Ri(k + 1, k′),

∥ri(k′ + k + 1)− rq(k′ + k)∥+Rq(k, k
′) ≤ Ri(k + 1, k′).

From triangle inequality,

∥ri(k′ + k + 1)− rj(k′)∥ ≤ ∥ri(k′ + k + 1)− rq(k′ + k)∥+ ∥rq(k′ + k)− rj(k′)∥.

Using (2.75),

∥ri(k′ + k + 1)− rj(k′)∥ ≤ ∥ri(k′ + k + 1)− rq(k′ + k)∥+Rq(k, k
′)

=⇒ ∥ri(k′ + k + 1)− rj(k′)∥ ≤ Ri(k + 1, k′)

=⇒ rj(k
′) ∈ B{Ri(k + 1, k′), ri(k

′ + k + 1)}.

Hence, true for k + 1. and induction holds.

Lemma 11 provides an easy and distributed way to find a ball that encloses all the
nodes. The only information needed by a node is the current radius of its neighbors
(along with the states out ratio consensus protocol) and it can calculate the final radius
within D iteration. Further, since the ball B{Ri(D, k′), ri(k′+D)} encloses all the nodes,
it also encloses the minimum ball, as mentioned earlier. We next present a framework
that we use to prove that this radius converges to 0 and can be used as a distributed
stopping criterion.

Let the element-wise maximum and minimum of the ratio state over all the agents
at any time instant k be given by, M(k) = [M1(k) M2(k) . . .Md(k)]

⊤ and m(k) =

[m1(k) m2(k) . . .md(k)]
⊤ respectively. That is,

Ms(k) := max
i∈V

ris(k) (2.76)

ms(k) := min
i∈V

ris(k), (2.77)

where, Ms(k) ∈ R, ms(k) ∈ R for all s ∈ {1, 2, . . . , d} and ris(k) is the s-th element of
ri(k). Then, for all time instants k′ ≥ k and for all i ∈ V and s ∈ {1, 2, . . . , d} [113],

ms(k) ≤ ris(k
′
) ≤Ms(k). (2.78)
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Further, for all i ∈ V , l ≥ 0 and s ∈ {1, 2, . . . , d} [113],

Ms((l + 1)D) < Ms(lD) (2.79)
ms((l + 1)D) > ms(lD). (2.80)

By using (2.78), (2.79), and (2.80), we can prove the following theorem.

Theorem 12. Consider the consensus protocol of (2.67), (2.68), and (2.70). Let
Assumptions 7 and 8 hold. Then,

lim
l→∞

M(lD) = lim
l→∞

m(lD) = 1

n

n∑
i=1

xi(0)

where, M(k) and m(k) are as defined earlier.

Proof. It follows from Theorem 10 that lim
k→∞

ri(k) = 1
n

n∑
i=1

xi(0) for all i ∈ V . This

implies that for all i ∈ V , s ∈ {1, 2, . . . , d} and given ε > 0, there exists a L > 0

such that for all k ≥ L,

∥∥∥∥ris(k)− [ 1
n

n∑
i=1

xi(0)

]
s

∥∥∥∥ < ε. This implies that, there ex-

ists N > 0 such that for all k ≥ N,

∥∥∥∥max
i
ris(k)−

[
1
n

n∑
i=1

xi(0)

]
s

∥∥∥∥ < ε. Similarly,∥∥∥∥min
i
ris(k)−

[
1
n

n∑
i=1

xi(0)

]
s

∥∥∥∥ < ε. Thus, it follows that, lim
k→∞

Ms(k) =

[
1
n

n∑
i=1

xi(0)

]
s

and lim
k→∞

ms(k) =

[
1
n

n∑
i=1

xi(0)

]
s

.

As {Ms(lD)}l=0,1,2,... and {ms(lD)}l=0,1,2,... are sub-sequences of convergent sequences
{Ms(l)}l=0,1,2,... and {ms(l)}l=0,1,2,... respectively, they converge to the same limit.
Therefore,

lim
l→∞

Ms(lD) =

[
1

n

n∑
i=1

xi(0)

]
s

= lim
l→∞

ms(lD).

As the above result is true for all s ∈ {1, 2, . . . , d} we have,

lim
l→∞

M(lD) = 1

n

n∑
i=1

xi(0) = lim
l→∞

m(lD).
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Corollary 3. Consider the consensus protocol of (2.67), (2.68), and (2.70). Let As-
sumptions 7 and 8 hold. Then,

lim
l→∞
||M(lD)−m(lD)|| = 0.

Proof. The proof directly results from Theorem 12 and is left to the reader.

It is clear from Lemma 11 that at any instant k, all agents ratio states are within
2Ri(D, k) of each other, that is,

max
i,j∈V
∥ri(k)− rj(k)∥ ≤ 2Ri(D, k). (2.81)

Thus if Ri(D, k) is within a tolerance ε/2, all the agents’ ratio states will be within ε of
consensus. We next provide convergence result for Ri(D, k) as k →∞.

Theorem 13. Consider the consensus protocol of (2.70) and update in (2.72). Let
Ri(l) := Ri(D, lD) for l = 0, 1, 2, . . . and all i ∈ V . Then

lim
l→∞

Ri(l) = 0 (2.82)

for all i ∈ V .

Proof. By definition,

Ri(1, lD) = max
j∈N−

i

{∥ri(1 + lD)− rj(lD)∥+Rj(0, lD)}

which implies,

Ri(1, lD) ≤ max
j∈N−

i

∥ri(1 + lD)− rj(lD)∥+ max
j∈N−

i

Rj(0, lD) (2.83)

Let M(lD) and m(lD) be as defined in Theorem 12. As ri(1 + lD) ≥ m(lD) and
rj(lD) ≤M(lD) from (2.78), we get

∥ri(1 + lD)− rj(lD)∥ ≤ ∥M(lD)−m(lD)∥. (2.84)

Then using (2.84) in (2.83) and observing Rj(0, lD) = 0 for all j ∈ V , we get

Ri(1, lD) ≤ ∥M(lD)−m(lD)∥. (2.85)
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Similarly,

Ri(2, lD) ≤ max
j∈N−

i

∥ri(2 + lD)− rj(1 + lD)∥+ max
j∈N−

i

Rj(1, lD) (2.86)

Again as ri(2 + lD) ≥ m(lD) and rj(1 + lD) ≤M(lD), we have

∥ri(2 + lD)− rj(1 + lD)∥ ≤ ∥M(lD)−m(lD)∥ (2.87)

Then using (2.85), (2.86) and (2.87), we get

Ri(2, lD) ≤ 2∥M(lD)−m(lD)∥.

Following the same process, we have

Ri(l) = Ri(D, lD) ≤ D∥M(lD)−m(lD)∥. (2.88)

Then from Corollary 3,
lim
l→∞

Ri(l) = 0.

Note that Ri(l) can be different for different nodes and each node might detect ε-
convergence (Ri(l) < ε) at different time instants. But according to Lemma 11, once
Ri(l) < ε for any i ∈ V , ∥ri(lD) − rj(lD)∥ < 2ε, that is the ratio state is within
2ε of consensus value, and the consensus is achieved. Further, any node i that detects
convergence can propagate a “converged flag” in the network. To take that into account,
we run a separate 1-bit consensus algorithm (denoted as convergence consensus) for each
node where each node maintains a convergence state bi(k) and shares it with neighbors.
Each node initializes bi(k) at every lD iteration for l ∈ {0, 1, 2, . . . } with 1 or 0 depending
on whether the node has detected convergence or not, and updates its value on every
iteration using,

bi(k + 1) =
⋃

j∈N−
i

bj(k), (2.89)

where
⋃

denotes “OR” operation, k ≥ 0 and bj(0) = 1 if node j has detected convergence
at initialization instant 0 and bj(0) = 0 otherwise. Clearly, if bj(0) = 1 for any j ∈ V ,
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then bi(D) = 1 for all i ∈ V where D is the diameter. Thus each node can use bi(D) as
a stopping criterion.

Using the above discussion and Theorem 13, we present an algorithm (see Algo-
rithm 2) which calculates the radius Ri(l) for l = 0, 1, 2, . . . and all i ∈ V and provides
a finite-time stopping criterion for vector consensus.

Algorithm 2: Finite-time terminated higher-dimension d ratio consensus (at
each node i ∈ V)

Input:
ε, xi(0) ; // Initial condition

Initialize:
k := 0; Ri(0) := 0; yi(0) = 1; bi(0) = 0; l := 1;

Repeat:
Input:

xj(k), yj(k), Rj(k), j ∈ N−
i

/* ratio consensus updates of node i given by (2.67), (2.68)
and (2.70) */

xi(k + 1) :=
∑

j∈N−
i ∪{i}

pji(k)xj(k); yi(k + 1) :=
∑

j∈N−
i ∪{i}

pji(k)yj(k);

ri(k + 1) := 1
yi(k+1)xi(k + 1);

/* radius updates of node i given by (2.72) */
Ri(k + 1) := max

j∈N−
i

{∥ri(k + 1)− rj(k)∥+Rj(k)}; bi(k + 1) =
⋃

j∈N−
i

bj(k)

if k = lD then
if bi(k + 1) = 1 then

break
else

Ri(l) = Ri(k + 1);
if (Ri(l) < ε) then

bi(k + 1) = 1
else

Ri(k + 1) = 0; bi(k + 1) = 0; l = l + 1;
end
k = k + 1;

Theorem 14. Algorithm 2 converges in a finite time simultaneously at each node.

Proof. From Corollary 3, it follows that Ri(l)→ 0 as l→∞. Thus, for any given ε > 0

and node i ∈ V there exists an integer t(ε, i) such that for l = t(ε, i), Ri(l) < ε. As each
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node has access to Ri(l), convergence can be detected by each node and the convergence
bit bi(lD + 1) will be set to 1. Thus bi(lD + di+ 1) = 1 for all i ∈ V and the algorithm
will stop simultaneously at each node.

Remark 12. Notice that using the above protocol, each node detects convergence simul-
taneously. Further, the only global parameter needed for Algorithm 2 is the knowledge
of diameter D. However, it should be noted that each node does not need to know the
actual diameter D but some upper bound. In most applications, an upper bound on the
diameter D is readily available.

Remark 13. It is to note here that for Algorithm 2, the only extra communication
required between nodes is the passing of the current radius at each node, a scalar value,
along with a single bit for convergence consensus. Therefore the total bandwidth required
for each neighbor-neighbor interaction is ((d+1)B+1) where B is the bit length (usually
32) for floating point representation. Thus, the above protocol is suitable for ad-hoc
communication networks where communication cost is high and bandwidth is limited.

A finite-time termination criterion for vector consensus was previously provided in
[126]. There, each element of the ratio state required a maximum-minimum protocol
(see (2.76) and (2.77)), with the stopping criterion given by,

∥ max
s∈{1,2,...,d}

max
i∈V

ris(k)− min
s∈{1,2,...,d}

min
i∈V

ris(k)∥ < ε

This maximum-minimum is a special case for finding a minimum convex set in
the form of a hyper rectangle (box) which encompasses all the points. Here, at each
iteration, two extra states are shared by each node, namely, one state for element-wise
maximum and the other for element-wise minimum. Thus the total communication
bandwidth required for this algorithm is 3Bd. An example case where d = 10, B = 32,
requires a bandwidth of 960 bits per interaction. For this example, Algorithm 2 only
requires 353 bits per interaction, with a reduction of 63%. Thus for the applications
with high dimensional vector consensus, the algorithm reported here provides a reliable
distributed stopping criterion with significantly less communication bandwidth.

Numerical simulations:

In this section, we present simulation results to demonstrate the finite-time stopping
criterion for high-dimensional ratio consensus. A network of 25 nodes is considered
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which is represented by a randomly generated digraph (see Figure 2.14 with diameter
D = 6. Here the numerator state is chosen as a 10-dimensional vector and selected ran-
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Figure 2.14: A communication network represented by a 25 node digraph.

domly for every node. Updates (2.67), (2.68) and (2.70) are implemented in MATLAB
and simulated. 2-norm of each node’s ratio state is plotted in Figure 2.15 achieving
convergence in 60 iterations.
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Figure 2.15: 2-norm of 10-dimensional ratio states of all the nodes (25) in the network.

Algorithm 2 is also implemented in MATLAB and the radius Ri(l) for all i ∈ V is
plotted in Figure 2.16. It can be seen that the radius comes under some pre-specified
tolerance (0.0166, 1% of the norm of the consensus vector) within 60 iterations and
is used as a stopping criterion by each node. Figure 2.17 plots the two dimensional
projection of the norm ball B{Ri(l), ri(lD+D)} for node 1 as l progresses over time. As
expected, with the increase in l, balls shrink in size. A similar observation is seen for all
the other nodes as well. Thus, we have established that Algorithm 2 can be successfully
used as a finite-time termination criterion for distributed ratio vector consensus.
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Figure 2.16: Radius Ri(l) at each node.
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Figure 2.17: 2-dimensional projection of norm balls for node 1 with changing l.
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Chapter 3

Resource Management in
Networked Dynamical Systems:
Distributed Optimization Over
Networks

3.1 Gist of the Chapter

Distributed optimization has become a crucial approach in modern systems due to the
limitations of centralized optimization methods in large-scale, decentralized environ-
ments. This approach allows for efficient, scalable, and robust solutions by distributing
decision-making across multiple agents. These agents, equipped with local information,
collaborate to solve complex optimization problems in networked systems, multi-agent
coordination, and decentralized machine learning. Research in this field has led to the
development of primal and dual methods for unconstrained and constrained optimiza-
tion problems. However, challenges remain in achieving practical feasibility, especially
when agents’ estimates do not converge quickly enough for real-world applications like
multi-robot rendezvous or decentralized deep learning. This chapter discusses these
challenges, focusing on mismatched estimates between agents and the need for algo-
rithms that guarantee feasible solutions within finite iterations.

Early approaches focused on primal and dual methods for unconstrained and con-
strained problems. However, existing algorithms often struggle with agent estimate
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mismatches and finite-time feasibility, making them unsuitable for time-sensitive appli-
cations like robot coordination and distributed learning. This chapter aims to improve
convergence and ensure practical solutions through finite-iteration algorithms and less
restrictive assumptions. It further develops an efficient constrained distributed opti-
mization algorithm known as DC-DistADMM algorithm.
The research work presented in this chapter is published in the articles [124], [127]–[129].

3.2 State-of-the-art on Distributed Optimization Methods

Distributed optimization emerges as a compelling paradigm in response to the increas-
ingly complex and interconnected nature of modern systems. Traditional centralized
optimization methods, while effective in many contexts, often face significant chal-
lenges when applied to large-scale networks or decentralized systems. These challenges
include issues of scalability, communication overhead, and privacy concerns. In con-
trast, distributed optimization offers a decentralized approach where decision-making
and computation are distributed among multiple agents or nodes, each possessing local
information and decision-making capabilities. By harnessing the collective intelligence
of distributed entities, this paradigm enables efficient, scalable, and robust optimization
solutions across a wide range of applications. From networked systems and multi-agent
coordination to decentralized machine learning and resource allocation, distributed op-
timization provides a powerful framework for addressing real-world challenges in a dis-
tributed and collaborative manner. The evolution towards distributed optimization has
spurred a wealth of research aimed at developing innovative algorithms and protocols
tailored to the unique demands of decentralized systems. In the sequel, we delve into
the rich tapestry of literature surrounding distributed optimization, exploring its foun-
dational framework and state-of-the-art algorithms.

Consider a group of n agents connected through a directed graph, G(V, E), where V
and E are the set of vertices and directed edges respectively. Each agent can transmit
information to other agents restricted by the directed graph G(V, E); an agent i can
transmit to agent j if a directed link i→ j exists in E . The agents focus on solving the
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following distributed optimization problem:

minimize
x̃∈Rp

f̃(x̃) =

n∑
i=1

f̃i(x̃) (3.1)

subject to Cix̃ = ci, Dix̃ ≤ di, ∀i ∈ V , x̃ ∈
n⋂
i=1

Xi,

where, x ∈ Rp is a global optimization variable. f̃i : Rp → R is the local objective
function of agent i. Xi is a convex constraint set associated with the variables of agent
i. Cix̃ = ci with Ci ∈ Rm1×p, ci ∈ Rm1 and Dix̃ ≤ di with Di ∈ Rm2×p, di ∈ Rm2 are
the local equality and inequality constraints of agent i. Define x̃s to be a slack variable
and re-write the inequality constraint Dix̃ ≤ di as,

[
Di I

] [ x̃
x̃s

]
= di, x̃s ⪰ 0, ∀i ∈ V ,

where, I is the identity matrix of appropriate dimension. Let x = [x̃⊤ x̃⊤s ]
⊤ ∈ R(m+p).

Given a set S, the indicator function of set S is defined as:

IS(x) =

0 if x ∈ S

+∞ otherwise.
(3.2)

Using the definition of the indicator function of Rm≥0 problem (3.1) can be rewritten as:

minimize
x∈Rp

n∑
i=1

[f̃i(x̃) + IRm
≥0
(x̃s)] (3.3)

subject to Aix = bi, ∀i ∈ V , x̃ ∈
n⋂
i=1

Xi,

where, Ai :=
[
Ci 0

Di I

]
, bi :=

[
ci

di

]
1. Problem (3.3) is recast by creating local copies xi

for all i ∈ V , of the global variable x and imposing the agreement of the solutions of all
the agents via consensus constraint. This leads to an equivalent formulation of (3.3) as

1without loss of generality here we assume m1 = m2 = m.
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described below:

minimize
n∑
i=1

[f̃i(x̃i) + IRm
≥0
(x̃si)] (3.4)

subject to Aixi = bi, x̃i ∈ Xi, ∀i ∈ V , xi = xj , ∀i, j ∈ V .

The constraints x̃i ∈ Xi can be integrated into the objective function using the indicator
functions of the sets Xi, as:

minimize
n∑
i=1

fi(xi) (3.5)

subject to Aixi = bi, ∀i ∈ V , xi = xj , ∀i, j ∈ V ,

where, fi(xi) := f̃i(x̃i) + IRm
≥0
(x̃si) + IXi(x̃i) and IXi is the indicator function of set Xi.

Let Cη :=
{

y = [y⊤1 . . . y
⊤
n ]

⊤ ∈ Rn(m+p) such that ∥yi − yj∥ ≤ 2η, 1 ≤ i, j ≤ n
}
, (3.6)

to be a set of vectors y ∈ Rn(m+p) such that the norm of the difference between any two
(m + p) dimensional sub-vectors of y is less than η. Using definition of set Cη, (3.5) is
equivalent to:

minimize
n∑
i=1

fi(xi) (3.7)

subject to Aixi = bi, ∀i ∈ V , x = [x⊤1 x
⊤
2 . . . x

⊤
n ]

⊤, x = y, y ∈ C0.

Problem (3.7) can be reformulated as:

minimize
n∑
i=1

fi(xi) + IC0(y) (3.8)

subject to Aixi = bi, ∀i ∈ V , x = [x⊤1 x
⊤
2 . . . x

⊤
n ]

⊤, x = y,

where, IC0 is the indicator function of the set C0. The unconstrained version of the
problem (3.8),

minimize
x∈Rp

f(x) =
n∑
i=1

fi(x), (3.9)
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has received significant attention in the literature. Note, here x ∈ Rp is a global opti-
mization variable, and each function fi : Rp → R is a convex function known only to
agent i.

Many problems in various engineering fields such as wireless systems, multi-agent
coordination and control [130], and machine learning [21] can be posed in the form of
problem (3.1) and (3.9). Early works on the distributed optimization problem can be
found in seminal papers [29], [131]. Current approaches for solving optimization prob-
lems can be broadly classified as: (i) primal methods, that update the agent estimates
of the solution by utilizing a step size rule based on the gradient information (at the
current estimate) of the objective function to steer towards the optimal solution, and
(ii) dual based optimization methods that employ Lagrange multipliers. For the uncon-
strained optimization problems the works [50], [116], [120], [132]–[140] (and references
therein) take a primal-based approach, whereas [141]–[148] take a dual-based approach.
The primal approaches utilize the distributed gradient descent (DGD) method [50],
[132] and its modifications [133]–[137]. The authors in [134] proposed an exact first-
order method that converges to the optimal solution while using a fixed step size in the
gradient updates. The works in [136], [137], [146] have developed algorithms based on
proximal-gradient to tackle (3.9). Motivated by the advantages of parallel operation and
good convergence results (see [149]) of dual-based methods, articles [142]–[148] adopt
the alternating direction method of multipliers (ADMM) dual-based approach; the ref-
erence [142] proposed ADMM based algorithm for convex objective functions with a
sublinear rate of convergence, [143], [144] established linear rate of convergence with
globally strongly convex objective functions.

The works in [150]–[164] consider constrained distributed optimization problems
similar to (3.1). For solving constrained convex optimization problems of the form (3.1)
distributively, many of the existing state-of-the-art algorithms [150]–[161] utilize primal
algorithms based on projections onto the constraint set and the (sub)-gradient infor-
mation of the individual objective functions. Here, [155]–[157], [159], [162]–[164] focus
only on set constraints; equality constraints are considered in [154], [158] while inequal-
ity constraints are the focus in [150]–[154], [160], [161]. To establish convergence, the
article [153] assumes the differentiability of the individual objective functions. The as-
sumption of individual functions being Lipschitz continuous and convex quadratic over
the constraint set is required in [156]. Articles [157] and [160] require the assump-
tion of the set on which the gradient of the individual functions is zero to be bounded
and a compact optimal solution set respectively. Twice continuous differentiability and
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bounded Hessian matrix for the individual functions is assumed in [158]. The articles
[159], [161], require bounded (sub)-gradients. Articles [150]–[161] establish convergence
to an optimal solution; however, no convergence rate/iteration complexity estimates
are determined. References [162]–[164] utilize a primal-dual approach for constrained
problems. Article [163] requires bounded (sub)-gradients to establish an O(k−1/4) (k is
the iteration counter) rate of convergence for the objective function residual and article
[164] does not establish the rate of convergence in the presence of constraints. As al-
luded to earlier, ADMM based approach (which is a Lagrangian dual-based approach)
has several advantages ([141]); however, results on distributed constrained optimization
problems using ADMM are sparse. [162] which considers a dual ADMM-like method
does not provide a convergence rate/iteration complexity analysis. The algorithms in
[150], [151], [153]–[156], [161], [163], [164] are continuous-time algorithms that pose the
need for further analysis under discretization needed for implementation.

Most existing algorithms for unconstrained optimization [29], [50], [131]–[137], [141]–
[148], [165], [166] and constrained optimization [150]–[160], [162]–[164], are designed
using centralized information and under restrictive assumptions of bi-directional (or
undirected) communication networks and doubly-stochastic weight matrices. The first
work to propose a distributed optimization method for directed graphs appeared in
the context of unconstrained optimization problems [167]. Subsequently, the authors
in [120] incorporated the push-sum protocol [42] with the earlier DGD method [50]
to propose the subgradient-push algorithm for unconstrained distributed optimization
over time-varying directed graphs. Recent works [168] and [140] proposed distributed
optimization schemes for directed networks that use row and column stochastic matrices
in one algorithm iteration.

3.3 Research Questions

Research Focus 1:

While there is proliferating literature on developing distributed optimization methods
for (3.9), the current methods suffer from the mismatch between the agents’ estimates
at any finite-time termination of the algorithm. Consider, an equivalent reformulation
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of problem (3.9):

minimize
x1,...,xn

n∑
i=1

fi(xi) (3.10)

subject to xi = xj , for all i, j ∈ {1, 2, . . . , n},

where, xi, xj ∈ Rp are local estimates (of the optimal solution) of agent i and j respec-
tively and the equality constraints enforce agreement between the local estimates of the
agents. Existing algorithms’ designs focus on finding the solution to problem (3.10)
emphasizing solving the unconstrained problem and reaching an agreement between the
agents’ estimates only asymptotically. In particular, at the intermediate iterations of
the algorithm, the agents’ estimates often have a considerable mismatch and hence,
do not provide a practically feasible solution (where a specification is present to have
control over the largest mismatch between the agent estimates) to problem (3.10). The
disagreement of agents’ estimates (also called consensus constraint violation) can be
problematic for practical applications where obtaining a feasible solution with guaran-
tees in finite time is crucial for adequate performance and stability of the system. Some
examples of such applications include
A. Rendezvous of Multi-Robot Systems: Consider n mobile robots that have to ren-
dezvous at a common position and a common time. The ith robot has a hard constraint
characterized by ui(p, t) ≤ 0 for a position p and time t. This constraint, for example,
can impose restrictions such as not being able to reach position p by time t. The ith

robot also poses a cost fi(p, t) to the system planner for reaching position p at time t.
The related optimization problem is:

minimize
(p1,t1),...,(pn,tn)

n∑
i=1

fi(pi, ti) (3.11)

subject to pi = pj , ti = tj , ∀i, j ∈ {1, 2, . . . , n}

ui(pi, ti) ≤ 0, ∀i ∈ {1, 2, . . . , n}

The optimal solution to the above optimization can be realized; however, the optimal
with the current know-how [27], [169] can be reached only asymptotically. It is possible
that the robots cannot wait beyond a certain time and need to start taking action before
a pre-specified time. In such scenarios, algorithms that do not satisfy the common
meeting time and position may remain practically infeasible for the operation when
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stopped before convergence to the optimal is close (which may be hard to assess).

B. Decentralized Deep Learning: Consider, a distributed empirical risk minimization
problem with n nodes [170], [171]. In this problem, the task is to obtain the best estimate
x of a parameter of interest, from data. The estimation is carried out by n distributed
agents communicating over a given network. Agent i has a data set Di assigned to it.
Agent i has a cost function to quantify the quality of fit when the parameter x is used
to fit a data z in Di given by fi(x, z) (for example, one such function is ∥x− z∥2). All
agents should agree on the parameter estimate at the end of the learning process. The
associated optimization problem (also see [170], [171]) is

minimize
x1,...,xn

n∑
i=1

∑
z∈Di

fi(xi, z) (3.12)

subject to xi = xj , ∀i, j ∈ {1, 2, . . . , n}

In the context of problem (3.12), it is important to balance the individual model pa-
rameter optimality (via local optimization by the ith agent) and the global constraint
of consensus between the model parameter estimates of all the agents during the model
parameter learning procedure (typically the neural network training procedure) to re-
cover an estimate of the true model from the distributed datasets [170], [171]. Here, a
framework to improve the inter-iteration behavior of the estimates to agree is impor-
tant (see [172]). More applications requiring finite-iteration feasibility arise in power
systems, where the reactive power control, economic dispatch, and optimal power flow
problems are modeled as distributed optimization problems [173], [174].

Due to the mismatch between the agent estimates, at any finite iteration, the solution
obtained by the existing algorithms is not a feasible solution to problem (3.10). In
applications where getting a feasible solution is critical during every time-instant of
operation (a few examples are presented above), the existing algorithms do not provide
a viable solution. Thus, a new perspective on balancing/reducing the disagreement
between the estimates of all agents during the algorithm iterations is needed. The
current thesis chapter addresses this issue.

Research Focus 2:

Although methods for solving constrained distributed optimization exist, different al-
gorithms lack in one or more aspects:
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(i) Most existing algorithms [150]–[160], [162]–[164], are designed using centralized in-
formation and under restrictive assumptions of bi-directional (or undirected) communi-
cation networks and doubly-stochastic weight matrices.
(ii) Articles [155]–[157], [159], [162]–[164] focus only on set constraints; whereas only
equality constraints are considered in [154], [158]. Inequality constraints are the focus
in [150]–[154], [160], [161].
(iii) Restrictions like the assumption on the differentiability of all the individual ob-
jective functions ([153]), the requirement of the gradient of the individual functions
to be zero over a bounded set ([157]), the necessity of a compact optimal solution set
([160]), availability of individual functions with twice continuous differentiablility and a
bounded Hessian matrix ([158]) and bounded (sub)-gradients ([159], [161]) are present
that doesn’t provide a general analysis for the constrained distributed optimization
problems that appear in applications.
(iv) Finite-iteration based convergence guarantees for the constrained distributed op-
timization problems are not present in the literature, the state-of-the-art [150]–[161]
establish an asymptotic convergence to an optimal solution.

Thus, a constrained optimization algorithm that can be synthesized distributive
without centralized coordination and is applicable for general non-linear constrained dis-
tributed optimization problems is needed. Further, the analysis tools presented should
resemble a bigger class of problems with less restrictive assumptions. The current thesis
chapter focuses on developing a constrained distributed optimization algorithm with the
above characteristics and strong finite-iteration convergence guarantees.

3.4 Contributions of the Chapter

The current chapter makes the following contributions toward the two research focuses
outlined above:

3.4.1 Contributions Towards Research Focus 1:

1. We introduce a new framework called optimize then agree for solving distributed
optimization problems. Our approach is to decouple the consensus and optimiza-
tion steps, unlike the existing distributed optimization schemes to reduce the inac-
curacy of the consensus step in the existing distributed optimization algorithms.
Our framework provides a new perspective on solving distributed optimization
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problems and presents guidelines for developing new algorithms. Based on this
framework we develop a first-order distributed algorithm termed GradConsensus
to solve distributed optimization problems.

2. The proposed GradConsensus algorithm has several nice features:

i) It is suitable for directed graphs allowing for non-symmetric communication
topologies. This feature considerably widens the applicability as in most
application scenarios, agents do not have the same range of communication.

ii) It utilizes only the knowledge of the out-degree of each agent in the graph.
It is based on a column stochastic matrix which is amenable for distributed
synthesis where centralized information of the network connectivity structure
is not required.

iii) To the best of the author’s knowledge, the GradConsensus algorithm has
the best convergence rate under the assumption of individual functions fi
being not necessarily strongly convex and Lipschitz differentiable. We show
that the GradConsensus algorithm converges at a novel Q-linear rate to a
small neighborhood of the optimal solution. Most existing analyses of the
first-order gradient-based distributed optimization algorithms under these
assumptions have a sub-linear rate of convergence. The improved guarantees
accrue with an overhead of within log k communication steps of the optimal
O(k) bound by the kth iterate. The GradConsensus algorithm has a global R-
linear rate of convergence to the optimal solution when the aggregate function
is strongly-convex and Lipschitz differentiable.

iv) Empirical results corroborate that the proposed GradConsensus algorithm
performs well in practice for the number of gradient computations and the
total run-time required.

3.4.2 Contributions Towards Research Focus 2:

1. We develop an ADMM based algorithm called Directed Constrained-Distributed
Alternating Direction Method of Multipliers (DC-DistADMM) that solves constrained
distributed optimization problem (3.1).

2. DC-DistADMM is a Lagrangian dual-based algorithm with the following features:
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i) DC-DistADMM accommodates directed graphs allowing for non-symmetric com-
munication topologies. This feature considerably widens the applicability as
in most application scenarios, agents do not have the same range of commu-
nication.

ii) DC-DistADMM is amenable to distributed synthesis scenarios and extends the
applicability of ADMM method to applications where a plug-and-play opera-
tion is required [16], [17]. The DC-DistADMM algorithm has column stochastic
updates and does not require the agents to know global network intercon-
nection information.

iii) To the best of the author’s knowledge DC-DistADMM has the best convergence
rates in the constrained optimization literature. The DC-DistADMM algorithm
converges to an optimal solution of problem (3.1) under mild assumptions.
The algorithm has a O(1/k) rate of convergence, where k is the iteration
counter, when the individual functions are convex but not-necessarily differ-
entiable. It has a geometric rate of convergence to any arbitrary neighbor-
hood of the optimal solution when the objective functions are smooth and
restricted strongly convex at the optimal solution of problem. DC-DistADMM
does not require the individual functions to be differentiable for convergence
to an optimal solution neither bounded sub-gradients and globally strongly
convex nor twice continuously differentiable is assumed in the analysis.

3. ADMM based approaches and more generally Lagrangian dual-based approaches
for distributed constrained problems involve, in each iteration, an information mix-
ing step among agents and a step that improves the objective. An important tech-
nical contribution of the current thesis chapter is the transformed problem (3.8))
that allows for carrying out almost complete mixing via any consensus strategy
for the information mixing step to be followed by the objective improvement step.

4. The total number of communication steps for DC-DistADMM by the kth iterate is
within a factor of log k of the optimal lower bound in obtaining a O(1/k) rate
of convergence. Empirical data corroborates that DC-DistADMM, in the computa-
tional performance, outperforms other distributed constrained and unconstrained
optimization approaches.
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3.5 Developed Solutions

3.5.1 GradConsensus: Linearly Convergent Algorithm for Reducing
Disagreement in Multi-agent Optimization

The Optimize then Agree Framework:

In this section, we focus on problem (3.10) and present the proposed optimize then
agree framework. We emphasize that the proposed framework can be applied to any
existing algorithm in the literature that utilizes an optimization scheme in tandem with
a consensus step for state updates. Here we utilize the classical DGD method [50] for
an explanation. During the iteration k of DGD every agent i updates its local estimate
xi(k) ∈ Rp as follows:

xi(k) = piixi(k − 1) +
∑
j∈N−

i

pijxj(k − 1)− α∇fi(xi(k − 1)), (3.13)

where, the weights 0 ≤ pij ≤ 1 are such that
∑

j pij =
∑

i pij = 1. The first two
terms piixi(k)+

∑
j∈N−

i
pijxj(k− 1) in (3.13) corresponds to a local consensus step and

the second term −α∇fi(xi(k − 1)) denotes a local gradient step. Notice that due to
a local consensus step the update (3.13) does not account for the agreement between
the estimates over the entire network of agents during iteration k. If update (3.13) is
terminated after some finite number of iterations the solution estimates disagree and do
not satisfy the equality constraints in problem (3.10) and hence the (finite-time) solution
generated is not feasible for the original problem. To address this issue we propose the
optimize then agree framework where the optimization step (gradient-descent in this
case) and the consensus scheme are decoupled from each other. The optimize then
agree framework enforces the mismatch between the agent estimates to remain below
any specified threshold (and hence controls the consensus constraint violation). Here,
each agent employs an optimization scheme to steer towards the solution of its local sub-
problem and utilizes a consensus protocol to achieve agreement with the local estimates
of all the other agents. To describe the optimize then agree framework we define, the
optimization scheme operator used by agent i ∈ V as the mapping Oi : Rp → Rp:

zi(k) := Oi(xi(k − 1)). (3.14)
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Similarly, define the consensus scheme as the operator mapping C : Rp×n → Rp×n:

x(k) := C(z(k)), (3.15)

where, z(k) = [z1(k) . . . zn(k)], x(k) = [x1(k) . . . xn(k)] ∈ Rp×n, such that x1(k) =

x2(k) = · · · = xn(k). Utilizing the above notation the optimize then agree framework
leads to:

Algorithm 3: Optimize then agree framework
Repeat for k = 1, 2, . . .

/* state updates using operators (3.14) and (3.15) */
zi(k) = Oi(xi(k − 1)), ∀i ∈ V
x(k) = C(z(k))

until a stopping criterion is met

Choosing first-order gradient descent with a constant step-size α as the optimization
scheme, Algorithm 3 at any iteration k + 1 results in the following updates:

zi(k + 1) = xi(k)− α∇fi(xi(k)), ∀i ∈ V ,

x(k + 1) = C(z(k + 1)), (3.16)

with the consensus operator implemented in a centralized manner (with the entire vec-
tor z(k + 1) as the input). However, to make Algorithm 3 applicable to distributed
networks, we need to distributively realize (3.16). To this end, one natural choice is to
employ a distributed average consensus protocol [42]. Although the average consensus
protocols lead to agreement among the agents to the initial average, the result holds
only asymptotically which is a potential problem for an efficient implementation of Al-
gorithm 3. To alleviate this, the consensus scheme operator is chosen to be a distributed
finite-time approximate consensus protocol, which we call the ε-consensus protocol. The
ε-consensus protocol produces a desired level of agreement among the estimates of all
agents which is determined by a parameter ε > 0 independent of problem (3.9) that can
be chosen arbitrarily small. In the following section, we first discuss the ε-consensus
protocol and then introduce the proposed GradConsensus algorithm.

Remark 14. We emphasize that the updates in Algorithm 3 are general and do not
depend on a particular choice of the optimization scheme or the consensus algorithm,
thus the optimize then agree framework provides a guideline for further exploration of
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distributed optimization algorithms. The framework of Algorithm 3 can also be seen
as an outer optimization loop and an inner consensus loop structure algorithm. Thus,
existing schemes [175]–[178] are special cases of the optimize then agree framework with
a particular choice of optimization scheme and the number of communication steps.

ε-consensus Protocol:

The ε-consensus protocol is a distributed finite-time terminated average consensus algo-
rithm for agreement on vector-valued states. Here, each agent i ∈ V has a vector zi ∈ Rp.
The objective is to find an approximate estimate of the average z = 1

n

∑n
i=1 zi ∈ Rp. To

achieve this objective an iterative procedure is devised where each agent j ∈ V main-
tains a state variable sj(k) ∈ Rp and an auxiliary variable tj(k) ∈ R, with the following
initialization: sj(0) = zj , tj(0) = 1, for all j ∈ V . Every agent j ∈ V updates its state
and auxiliary variables according to:

sj(k + 1) = pjjsj(k) +
∑
ℓ∈N−

j

pjℓs
ℓ(k) (3.17)

tj(k + 1) = pjjtj(k) +
∑
ℓ∈N−

j

pjℓtℓ(k) (3.18)

rj(k + 1) =
1

tj(k + 1)
sj(k + 1). (3.19)

We make the following assumption on the graph G(V, E) and the associated matrix
P =: [pij ]:

Assumption 9. The directed graph G(V, E) is strongly-connected. The associated
weighted adjacency matrix P = [pij ] is a column-stochastic matrix. In particular,
0 ≤ pij ≤ 1 and

∑n
i=1 pij = 1 for all i, j ∈ V.

One choice of weights that satisfy Assumption 9 is the equal neighbor weights rule [51].
The convergence of the state rj(k) := 1

tj(k)
sj(k), j ∈ V evolving according to (3.17)-

(3.19), to the average z = 1

n

n∑
i=1

zi has been established rigorously [42], [179]. We state

the following result for updates (3.17)-(3.19):

Theorem 15 ([179]). Let Assumption 9 and the updates (3.17)-(3.19) hold. Let the
initial conditions of the state and auxiliary variables sj and tj be sj(0) = zj , tj(0) =

1, for all j ∈ V. Then limk→∞ rj(k) =
1
n

∑n
i=1 zi, for all j ∈ V .
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We now provide a criterion for determining when consensus within a tolerance ε > 0

is reached. Let r(k) = [r1(k) r2(k) . . . rn(k)] ∈ Rp×n. At any iteration k, define the
maximum r(k) and minimum r(k) state variable of the network over all the agents as:

r(k) :=
[

max
1≤j≤n

{
r[1j](k)

}
. . . max

1≤j≤n

{
r[pj](k)

}]
(3.20)

r(k) :=
[

min
1≤j≤n

{
r[1j](k)

}
. . . min

1≤j≤n

{
r[pj](k)

}]
, (3.21)

where, r[ij](k) is ith-row and jth-column entry of r(k). Let {r(uD)}u≥1 and {r(uD)}u≥1

denote sub-sequences of the sequences r(k) and r(k) respectively, sampled at iterations
of the form uD, where, u = 1, 2, . . . and D is an upper bound on the diameter of the
graph G. Under Assumption 9, sub-sequences r(uD) and r(uD) converge to the average
of the initial values, z = 1

n

∑n
i=1 zi. Further, the sub-sequences r(uD) and r(uD) are

strictly monotonically decreasing and increasing in the index u (see [179], Theorem 4.1).
To distributively determine sub-sequences {r(uD)}u≥1 and {r(uD)}u≥1 each agent

j ∈ V , maintains two variables Mj(k),mj(k) ∈ Rp at any iteration k that are initialized
as

Mj(0) = mj(0) = zj , ∀j ∈ V , (3.22)

and updated as:

Mj(k + 1) =
[

max
ℓ∈N−

j ∪{j}
M[ℓ1](k) . . . max

ℓ∈N−
j ∪{j}

M[ℓp](k)
]

(3.23)

mj(k + 1) =
[

min
ℓ∈N−

j ∪{j}
m[ℓ1](k) . . . min

ℓ∈N−
j ∪{j}

m[ℓp](k)
]
, (3.24)

where, M[ℓi](k), and m[ℓi](k) are the ith entries of the vectors Mℓ(k) and mℓ(k) respec-
tively. It can be rigorously established that (see [114], Proposition 2.3) the variables
Mj(k) and mj(k) for all j ∈ V , initialized via the rule (3.22) converge to r(0) and r(0)
respectively in finite number of iterations kf ≤ D.

The above discussion leads to a method for finding the sequences {r(uD)}u≥1 and
{r(uD)}u≥1 distributedly: re-initializing the updates (3.23), (3.24) for all agents j ∈ V ,
at every iteration of the form k = uD, u = 1, 2, . . . , to the variable rj(uD) allow the
variables Mj and mj to converge to r((u−1)D) and r((u−1)D) respectively, after a finite
number of iterations kf ≤ D. Since, both the sequences {r(uD)}u≥1 and {r(uD)}u≥1

90



converge to z, the norm of the difference between the two, i.e., ∥r(uD) − r(uD)∥ also
converges to zero. Therefore, given ε > 0, the quantity ∥r(uD) − r(uD)∥ eventually
becomes less than ε. Based on the above observations we propose an algorithm that
allows all agents to simultaneously converge to an ε-close estimate of z with ε being any
arbitrary pre-specified tolerance:

For u = 1, 2, . . . , let γj(uD) := Mj(uD) − mj(uD). Each agent computes the norm
∥γj(uD)∥ every D iterations and compares it with ε. If ∥γj(ũD)∥ := ∥Mj(ũD) −
mj(ũD)∥ < ε at any iteration ũD, then agent j, knowing its estimate rj(ũD) is ε-
close to z, terminates the consensus protocol updates (3.17)-(3.19) at ũD. The variable
rj(ũD) is the ε-close estimate of z available with agent j.
The following Lemma provides the number of communication steps required by the
ε-consensus protocol to converge to an ε-close solution.

Lemma 12. Given, consensus tolerance ε > 0, under Assumption 9, after k ≥⌈
log(1/ε)
− log(λ) +

log(C∥s(0)∥1/δ)
− log(λ)

⌉
iterations of the consensus protocol (3.17)-(3.19) we have:

∥∥∥∥∥ri(k)− 1

n

n∑
i=l

sl(0)

∥∥∥∥∥ ≤ ε, ∀i ∈ V ,
where, s(0) := [s1(0)

⊤s2(0)
⊤ . . . sn(0)

⊤] ∈ Rn×p and C, δ, λ ∈ (0, 1) are constants related
to the properties of the matrix P and graph G.

Proof. Using (3.17) it is easy to see that, k ≥ 0,

s(k) = Pks(0), (3.25)

where, s(k) := [s1(k)
⊤ s2(k)

⊤ . . . sn(k)
⊤] ∈ Rn×p. Since, P is column stochastic, we

have,

1⊤s(k) = 1⊤s(0). (3.26)

From Corollary 2, [120] there exists stochastic vector ϕk ∈ Rn and constants C1 and
λ ∈ (0, 1) such that for all i, j = 1, . . . , n,

|Pkij − ϕkj | ≤ C1λ
k, for all k ≥ 0. (3.27)
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From (3.25) and (3.26) we have,

(P− ϕk1⊤)s(k) = (Pk+1 − ϕk1⊤)s(0)
=⇒ Ps(k) = ϕk1⊤s(k) + (Pk+1 − ϕk1⊤)s(0)

=⇒ s(k + 1) = ϕk1⊤s(k) + (Pk+1 − ϕk1⊤)s(0) (3.28)

Similarly, for (3.18) we can write,

t(k + 1) = ϕk1⊤t(k) + (Pk+1 − ϕk1⊤)t(0), (3.29)

where, t(k) := [t1(k)
⊤ t2(k)

⊤ . . . tn(k)
⊤] ∈ Rn. Recall, t(0) = 1. From (3.28) and (3.29)

we obtain for every k ≥ 1 and any agent i ∈ V ,

ri(k + 1) =
ϕki1⊤s(k) + [(Pk+1 − ϕk1⊤)s(0)]i

nϕki + [(Pk+1 − ϕk1⊤)1]i
.

Therefore,

ri(k + 1)− 1⊤s(k)
n

=
ϕki1⊤s(k) + [(Pk+1 − ϕk1⊤)s(0)]i

nϕki + [(Pk+1 − ϕk1⊤)1]i
− 1⊤s(k)

n
.

By rearranging the fraction, we get

ri(k + 1)− 1⊤s(k)
n

=
n[(Pk+1 − ϕk1⊤)s(0)]i − 1⊤s(k)[(Pk+1 − ϕk1⊤)1]i

n(nϕki + [(Pk+1 − ϕk1⊤)1]i)
.

Let δ := mink min1≤i≤n
∑

j [Pk]ij . Note, that there exists δ > 0 (see [119], [120]) such
that δ > δ. Therefore, for all i and k ≥ 0, we have,∥∥∥∥ri(k + 1)− 1⊤s(k)

n

∥∥∥∥ ≤ √nmaxj
(
|[Pk+1 − ϕk1⊤]ij |

) (
∥s(0)∥1 + |1⊤s(k)|

)
δ

. (3.30)

Using, (3.27) and (3.30), with C = 2
√
nC1 we get,∥∥∥∥ri(k)− 1⊤s(k − 1)

n

∥∥∥∥ ≤ C∥s(0)∥1
δ

λk.

Note, that due to Assumption 9, 1⊤s(k−1)
n = 1⊤s(0)

n . Therefore, for k ≥
[

log(1/ε)
− log(λ) +
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log(C∥s(0)∥1/δ)
− log(λ)

]
,

∥∥∥∥∥ri(k)− 1

n

n∑
i=l

sl(0)

∥∥∥∥∥ ≤ ε, ∀i ∈ V .

The GradConsensus Algorithm:

Here, each agent i maintains two estimates: an optimization variable xi(k) ∈ Rp and a
local update variable zi(k) ∈ Rp at any iteration k. Every iteration k proceeds in two
steps: first each agent i updates zi(k) via a gradient descent update based on its function
fi at xi(k−1). At the next step, the optimization variable xi(k) is updated to an estimate
which is ε(k)-close to the average value ẑ(k) := 1

n

∑n
i=1 zi(k), i.e. ∥xi(k)− ẑ(k)∥ ≤ ε(k),

using the distributed ε-consensus protocol, initialized with zi(k) as the initial condition
for the agent i and tolerance ε(k). Thus, at each iteration k, every individual agent
i ∈ V performs the following updates:

zi(k) = xi(k − 1)− α∇fi(xi(k − 1)) (3.31)
xi(k) = ri(θk), with (3.32)

∥ri(θk)− ẑ(k)∥ < ε(k), ẑ(k) :=
1

n

n∑
i=1

zi(k), (3.33)

where, θk denotes the number of communication steps in the ε-consensus protocol at
iteration k of the GradConsensus algorithm, and ri(θk) is the approximate estimate
of the average ẑ(k) produced by the ε-consensus protocol. We make the following
assumptions:

Assumption 10. For problem (3.9) the optimal objective function value f∗ is finite
and the optimal solution set X ∗ is non-empty.

Assumption 11. (i) For all i ∈ V, fi is a proper convex function.
(ii) Each fi is Lipschitz differentiable with constant Lfi > 0.

Proposition 3. Let assumptions 9-11 hold. Let α ≤ 1/Lf , where, Lf :=
∑n

i=1 Lfi.
Assume, that the set of minimizing solutions of the function fi is non-empty and bounded
for all i ∈ V. Then, there exists constant R < ∞ such that ∥zi(k)∥ ≤ R for all k and
i = 1, . . . , n.
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Proof. Under Assumption 11, for any x ∈ Rp at any k,

fi(x) ≤ fi(xi(k − 1)) + ⟨∇fi(xi(k − 1)), x− xi(k − 1)⟩+ 1

2α
∥x− xi(k − 1)∥2

Substituting, x = xi(k − 1)− α∇fi(xi(k − 1)) we get,

fi(zi(k)) ≤ fi(xi(k − 1)), for all k. (3.34)

Without loss of generality assume, xi(0) = 0, fi(0) <∞ and ∥∇fi(0)∥ ≤ hi <∞, for all
i ∈ V . Under Assumption 11,

fi(xi(k)) ≤ fi(0) + hi∥xi(k)∥+
1

2α
∥xi(k)∥2, ∀k. (3.35)

From (3.32) and (3.33), for all k,

∥xi(k)∥ ≤ ∥ẑ(k)∥+ ε(k). (3.36)

Note that all the level sets of fi are bounded since the set of minimizing solutions of fi is
non-empty and bounded (See [180], Proposition B.9). Next, we prove that the ∥zi(k)∥
is bounded for i = 1, . . . , n and for all k. We use an induction argument. Assume,
there exists, Rki such that ∥zi(k)∥ ≤ Rki =⇒ ∥ẑ(k)∥ ≤ Rki . From, (3.36), ∥xi(k)∥ ≤
Rki + ε(k) ≤ Rki + ε, where, ε := supk ε(k). From (3.35), fi(xi(k)) ≤ fi(0)+hi(Rki + ε)+
1
2α∥R

k
i +ε∥2 <∞. Thus, from (3.34) and the fact that all the level sets of fi are bounded

∥zi(k+1)∥ ≤ Rk+1
i , where, Rk+1

i is diameter of the (fi(0) + hi(R
k
i + ε) + 1

2α∥R
k
i + ε∥2)-

level set of fi. Note, that fi(xi(0)) = fi(0) <∞ =⇒ ∥zi(1)∥ ≤ R1
i . Thus, the induction

hypothesis can be applied recursively. Hence, induction holds. Therefore,

∥zi(k)∥ ≤ R, for i = 1, . . . , n, and for all k,

where, R := max1≤i≤n,k R
k
i <∞.

Remark 15. Proposition 3 assumes that the functions fi have bounded minimizing
solutions. Note this is not a restriction as in most applications the gradient descent
minimization step is performed over a large enough compact set. In that case, fi
being proper convex functions have bounded minimizing solutions. Often in practical
applications, the solution that minimizes the objective function fi in problem (3.9) is
bounded.
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Since, the GradConsensus algorithm utilizes the ε-consensus protocol at every iter-
ation k with the initialization si(0) = zi(k), ti(0) = 1, ∀i ∈ V , the number of communi-
cation rounds per iteration can be determined using Lemma 12 and Proposition 3. In
particular, the number of communication rounds at iteration k of the GradConsensus
algorithm is given by,

θk :=

⌈
log(1/ε(k))
− log(λ) +

log(nCR/δ)
− log(λ)

⌉
, (3.37)

where, C, δ, λ and R are constants defined in Lemma 12 and Proposition 3 respectively.
The GradConsensus algorithm is summarized in Algorithm 4.

Algorithm 4: GradConsensus Algorithm
Input:

Consensus tolerances {ε(k)}k≥0 and step-size α
Initialize:

Each agent j ∈ V initializes its estimates as xj(0) = zj(0) = 0.
Repeat for k = 1, 2, . . .

for j = 1, 2, 3, . . . , n, (In parallel) do
gradient descent iteration: zj(k) = xj(k − 1)− α∇fj(xj(k − 1))
consensus iterations: xj(k)← ε(k)-consensus(zj(k), j ∈ V)

end
until a stopping criterion is met

Remark 16. Note that GradConsensus algorithm (updates (3.17)-(3.19)) utilizes a
column stochastic matrix which allows for a distributed synthesis of the protocol. This
feature gives an advantage over existing schemes in the literature [50], [134], [175], [181]
that utilize a doubly-stochastic weight matrix and cannot achieve tractable distributed
synthesis in directed networks.

Convergence Analysis:

We analyze the convergence of the GradConsensus algorithm under two scenarios: (i)
when the aggregate function f is convex and Lipschitz differentiable and, (ii) when
f is strongly convex and Lipschitz differentiable. We provide estimates of the rate
of convergence of the iterates generated by Algorithm 4 to the optimal solution(s) of
problem (3.9) and the communication steps performed by Algorithm 4 at each iteration.
Let the average of the optimization variables at iteration k be denoted as: x̂(k) :=
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1
n

∑n
i=1 xi(k). Denote the gradient of the function f evaluated at individual optimization

variables of all the agents and at the average x̂(k) as:

g(k) :=
n∑
i=1

∇fi(xi(k)), and ĝ(k) :=

n∑
i=1

∇fi(x̂(k)) (3.38)

respectively. A consequence of the ε-consensus protocol is that the difference between
g(k) and ĝ(k) is bounded at every iteration k of the GradConsensus algorithm.

Lemma 13. Under assumptions 9 and 11, at kth iteration of Algorithm 4 with θk

(defined in (3.37)) communication rounds per iteration of the consensus protocol,

∥g(k)− ĝ(k)∥ ≤ 2nLhε(k),

where, Lh = max1≤i≤n Lfi and ε(k) is the consensus tolerance at iteration k.

Proof. Under Assumption 11, note that,

∥g(k)− ĝ(k)∥ =

∥∥∥∥∥
n∑
i=1

∇fi(xi(k))−
n∑
i=1

∇fi(x̂(k))

∥∥∥∥∥
≤ Lh

n∑
i=1

∥xi(k)− x̂(k) + ẑ(k)− ẑ(k)∥

≤ Lh
n∑
i=1

∥xi(k)− ẑ(k)∥+ ∥ẑ(k)− x̂(k)∥ ≤ 2nLhε(k),

where, in the last step follows from (3.32) and (3.33).

From update (3.31),

1

n

n∑
i=1

zi(k) =
1

n

n∑
i=1

[xi(k − 1)− α∇fi(xi(k − 1))] = x̂(k − 1)− α

n

n∑
i=1

∇fi(xi(k − 1)).

Therefore, we have,

ẑ(k) = x̂(k − 1)− α̂g(k − 1) + x̂(k)− x̂(k)

=⇒ x̂(k) = x̂(k − 1)− α̂g(k − 1) + v(k − 1), (3.39)

with v(k − 1) := x̂(k − 1) − ẑ(k − 1), ∥v(k − 1)∥ ≤ ε(k − 1) and α̂ =
α

n
. In the
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centralized setting the information about the gradient of the function f , i.e. ∇f(x) =∑n
i=1∇fi(x) = ĝ(x) is known to the central server. Here, an iteration of the (centralized)

gradient descent is of the form: x̃ = x− αĝ(x), where, x̃ denotes the updated estimate
of the optimal solution. Note that due to Lemma 13 the update (3.39) can be viewed
as an inexact centralized gradient descent update performed at the average of all the
agents’ estimates for the function f . In particular,

x̂(k + 1) = x̂(k)− α̂ĝ(k) + u(k), with
u(k) := α̂(ĝ(k)− g(k)) + v(k), ∥u(k)∥ ≤ (2Lhα+ 1)ε(k).

Therefore, the GradConsensus algorithm updates are equivalent to (approximate) cen-
tralized gradient descent updates applied to the average optimization variable x̂(k) at
each iteration k. We define the solution residual ê(k) and objective value residual r̂(k)
at iteration k as:

For the optimal value −∞ < f∗ <∞ and the optimal solution set, X ∗

ê(k) := x̂(k)− x∗, where, x∗ ∈ X ∗, and, (3.40)

r̂(k) := f(x̂(k))− f∗ =
n∑
i=1

fi(x̂(k))− f∗. (3.41)

Under Assumption 11 since all fi are Lipschitz differentiable with parameter Lfi , f also
is Lipschitz differentiable with the constant Lf =

∑n
i=1 Lfi . The following Lemma is a

property of Lipschitz differentiable convex functions that is a standard result in convex
analysis.

Lemma 14 ([182], Theorem 2.1.5). Under Assumption 11, for all x, y ∈ Rp,

⟨∇f(y)−∇f(x), y − x⟩ ≥ 1

Lf
∥∇f(y)−∇f(x)∥2.

The next result establishes that the GradConsensus algorithm converges to an opti-
mal solution of the problem (3.9) whenever the function f is convex but not necessarily
strongly convex and Lipschitz differentiable.

Theorem 16 (Convergence to an optimal solution). Let {xi(k)}k≥1 denote the sequence
of optimization variables generated by Algorithm 4. Let the sequence of tolerances ε(k)
satisfy: ε(k) ∈ (0, 1), ∀k,

∑∞
s=0 ε

2(s) <∞. Under assumptions 9-11, xi(k) for all i ∈ V
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converges to a solution x∞ of (3.9), i.e., f(x∞) = f∗ and ∇f(x∞) = 0.

Proof. Under Assumption 11, at any iteration k,

f(x̂(k + 1)) ≤ f(x̂(k)) + ⟨ĝ(k), x̂(k + 1)− x̂(k)⟩+
Lf
2
∥x̂(k + 1)− x̂(k)∥2

Subtracting, f∗ from both sides, and using (3.39),

r̂(k + 1) ≤ r̂(k) + ⟨ĝ(k), x̂(k + 1)− x̂(k)⟩+
Lf
2
∥x̂(k + 1)− x̂(k)∥2

= r̂(k)− α̂⟨ĝ(k), g(k)⟩+
α̂2Lf
2
∥g(k)∥2 − α̂Lf ⟨g(k), v(k)⟩+ ⟨ĝ(k), v(k)⟩+

Lf
2
∥v(k)∥2

= r̂(k)− α̂⟨ĝ(k), g(k) + ĝ(k)− ĝ(k)⟩+
α̂2Lf
2
∥g(k) + ĝ(k)− ĝ(k)∥2 +

Lf
2
∥v(k)∥2

− α̂Lf ⟨g(k) + ĝ(k)− ĝ(k), v(k)⟩+ ⟨ĝ(k), v(k)⟩

= r̂(k)− α̂⟨ĝ(k), ĝ(k)⟩ − α̂⟨ĝ(k), g(k)− ĝ(k)⟩+
α̂2Lf
2
∥g(k)− ĝ(k)∥2 +

α̂2Lf
2
∥ĝ(k)∥2

+ α̂2Lf ⟨g(k)− ĝ(k), ĝ(k)⟩+ (1− α̂Lf )⟨ĝ(k), v(k)⟩+ α̂Lf ⟨ĝ(k)− g(k), v(k)⟩

+
Lf
2
∥v(k)∥2

= r̂(k)− α̂⟨ĝ(k), ĝ(k)⟩+
α̂2Lf
2
∥g(k)− ĝ(k)∥2 +

Lf
2
∥v(k)∥2 +

α̂2Lf
2
∥ĝ(k)∥2

+ (α̂− α̂2Lf )⟨ĝ(k), ĝ(k)− g(k)⟩+ (1− α̂Lf )⟨ĝ(k), v(k)⟩+ α̂Lf ⟨ĝ(k)− g(k), v(k)⟩.

Using the ±2⟨a, b⟩ ≤ ∥a∥2 + ∥b∥2, a, b ∈ Rp inequality on the term ⟨ĝ(k), ĝ(k) − g(k)⟩
we get,

r̂(k + 1) ≤ r̂(k) +
Lf
2
∥v(k)∥2 +

α̂2Lf
2
∥g(k)− ĝ(k)∥2 + (1− α̂Lf )⟨ĝ(k), v(k)⟩

+ α̂Lf ⟨ĝ(k)− g(k), v(k)⟩+
(α̂− α̂2Lf )

2
∥ĝ(k)− g(k)∥2 +

(α̂− α̂2Lf )

2
∥ĝ(k)∥2

− α̂∥ĝ(k)∥2 +
α̂2Lf
2
∥ĝ(k)∥2

= r̂(k) +
Lf
2
∥v(k)∥2 +

α̂2Lf
2
∥g(k)− ĝ(k)∥2 +

(α̂− α̂2Lf )

2
∥ĝ(k)− g(k)∥2

+ (1− α̂Lf )⟨ĝ(k), v(k)⟩+ α̂Lf ⟨ĝ(k)− g(k), v(k)⟩ −
α̂

2
∥ĝ(k)∥2.

Application of the ±2⟨a, b⟩ ≤ ζ∥a∥2 + 1
ζ ∥b∥

2, a, b ∈ Rp with ζ = 2
α̂ on the term
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⟨ĝ(k), v(k)⟩ leads to

r̂(k + 1) ≤ r̂(k) +
Lf
2
∥v(k)∥2 +

α̂2Lf
2
∥g(k)− ĝ(k)∥2 +

(α̂− α̂2Lf )

2
∥ĝ(k)− g(k)∥2

+ α̂Lf ⟨ĝ(k)− g(k), v(k)⟩ −
α̂

2
∥ĝ(k)∥2 + (1− α̂Lf )(

α̂

4
)∥ĝ(k)∥2

+ (1− α̂Lf )
1

α̂
∥v(k)∥2

≤ r̂(k) +
Lf
2
∥v(k)∥2 +

α̂2Lf
2
∥g(k)− ĝ(k)∥2 +

(1− α̂Lf )
α̂

∥v(k)∥2

+
(α̂− α̂2Lf )

2
∥ĝ(k)− g(k)∥2 + α̂Lf ⟨ĝ(k)− g(k), v(k)⟩ −

α̂

4
∥ĝ(k)∥2.

Further, using Cauchy-Schwarz inequality and dropping the negative terms,

r̂(k + 1) ≤ r̂(k)− α̂

4
∥ĝ(k)∥2 + 1

α̂
∥v(k)∥2 + α̂

2
∥g(k)− ĝ(k)∥2 + α̂Lf∥ĝ(k)− g(k)∥∥v(k)∥

Using, Lemma 13, we get,

r̂(k + 1) ≤ r̂(k)− α̂

4
∥ĝ(k)∥2 + a0ε

2(k) (3.42)

≤ r̂(k) + a0ε
2(k). (3.43)

where, a0 := ( 1α̂ + 2nLhα̂(nLh + Lf )). Applying (3.43) recursively, we get,

r̂(k) ≤ r̂(0) + a0

∞∑
s=0

ε2(s) <∞. (3.44)

Therefore, there exists sub-sequence r̂(kl) such that liml→∞ r̂(kl) < ∞. From (3.42) it
follows, liml→∞ ĝ(kl) = liml→∞∇f(x̂(kl)) = 0. From (3.39) and Lemma 13, ∥x̂(k+1)−
x̂(k)∥ ≤ α̂∥ĝ(k)∥+ (2nLhα̂+ 1)ε(k). Thus, taking the limit over appropriate sequences
on both sides gives ∥x̂(kl +1)− x̂(kl)∥ → 0. Thus, x̂(kl)→ x̂∞. Note that for all i ∈ V ,
∥xi(k) − x̂(k)∥ ≤ ε(k). Therefore, there exists x∞ such that liml→∞ xi(kl) = x∞ for
all i = 1, . . . , n. Now, for any i ∈ V , consider ∥∇f(x̂(k)) − ∇f(xi(k))∥ ≤ Lf∥x̂(k) −
xi(k)∥. Taking, limits over appropriate sequences, ∥∇f(x̂(kl))−∇f(xi(kl))∥ → 0. Thus,
∇f(x∞) = liml→∞∇f(xi(kl)) = 0. Further, since, f is convex,

f(x∗) ≥ f(xi(k)) + ⟨∇f(xi(k)), x∗ − xi(k)⟩.
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Note that under the assumptions here xi(k) is bounded. Taking limit over appropriate
sequences on both sides gives, f∗ = f(x∗) ≥ f(x∞). Thus, f(x∞) = f∗. To complete
the proof, we show that xi(k) has a unique limit point. Let x∞1 and x∞2 be any two
limit points of xi(k). From (3.44) and the fact that f is convex we have, ∥xi(k)− x∞j ∥
is bounded for all i ∈ V , j = 1, 2. Thus, limk→∞ ∥xi(k)− x∞j ∥2 = ψj <∞ exists for all
i ∈ V , j = 1, 2. Now consider,

∥xi(k)− x∞1 ∥2−∥xi(k)− x∞2 ∥2 = ∥x∞1 ∥2 − ∥x∞2 ∥2 − 2(x∞1 − x∞2 )⊤xi(k)

Taking limit both sides for each limit point we get,

ψ1 − ψ2 = ∥x∞1 ∥2 − ∥x∞2 ∥2 − 2(x∞1 − x∞2 )⊤x∞1 = −∥x∞1 − x∞2 ∥2 and,
ψ1 − ψ2 = ∥x∞1 ∥2 − ∥x∞2 ∥2 − 2(x∞1 − x∞2 )⊤x∞2 = ∥x∞1 − x∞2 ∥2.

Therefore, ∥x∞1 − x∞2 ∥ = 0. Hence, x∞ is unique.

We now provide two estimates for the convergence rate for the GradConsensus algo-
rithm.

A. Q-linear Rate of Convergence:
Here, the convergence rate estimate of the GradConsensus algorithm is derived when
the function f is convex but not necessarily strongly convex and Lipschitz differentiable.
Under these assumptions, Theorem 17 establishes a Q-linear rate of convergence to a
small neighborhood of an optimal solution of (3.9).

Theorem 17 (Q-linear rate of convergence). Let assumptions 9-11 hold. Let α̂ ≤
2
Lf
, ε(k) = ε0

k1+η , where, ε0, η are positive constants. Denote, the Riemann zeta func-
tion by ζ(.) and let e := ∥x̂(0) − x∗∥ + (2αLh + 1)ε0ζ(1 + η). Then, while r̂(k) >

2eε0
√

2
α̂(

1
α̂ + 2nLhα̂(nLh + Lf )), r̂(k) decreases at a Q-linear rate. In particular, there

exists β ∈ (0, 1), such that for all k ≥ 0, r̂(k + 1) ≤ βr̂(k).

Proof. We show that the solution residual ∥ê(k)∥ is bounded. Consider,

∥x̂(k)− α̂ĝ(k)− x∗∥2 = ∥x̂(k)− x∗∥2 + α̂2∥ĝ(k)∥2 − 2α̂⟨ĝ(k), x̂(k)− x∗⟩

≤ ∥x̂(k)− x∗∥2 + α̂(α̂− 2

Lf
)∥ĝ(k)∥2.
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Therefore,

∥x̂(k)− α̂ĝ(k)− x∗∥ ≤ ∥x̂(k)− x∗∥, (3.45)

where, we used Lemma 14 and the facts ĝ(x∗) = 0, α̂ ≤ 2/Lf . Using (3.39), Lemma 13
and (3.45),

∥x̂(k + 1)− x∗∥ = ∥x̂(k)− α̂g(k)− x∗ + v(k)∥

= ∥x̂(k)− α̂g(k) + α̂ĝ(k)− α̂ĝ(k)− x∗ + v(k)∥

≤ ∥x̂(k)− α̂ĝ(k)− x∗∥+ α̂∥g(k)− ĝ(k)∥+ ε(k)

≤ ∥x̂(k)− x∗∥+ (2αLh + 1)ε0
k1+η

≤ ∥x̂(0)− x∗∥+ (2αLh + 1)ε0

k∑
s=0

1

k1+η

≤ [∥x̂(0)− x∗∥+ (2αLh + 1)ε0ζ(1 + η)] =: e, (3.46)

where, ζ(.) is the Riemann zeta function. Note that, r̂(k) = f(x̂(k))−f∗ ≤ ⟨ĝ(k), x̂(k)−
x∗⟩ = ⟨ĝ(k), ê(k)⟩. Using (3.46) we obtain,

∥ĝ(k)∥ ≥ ∥ĝ(k)∥∥x̂(k)− x
∗∥

e ≥ ⟨ĝ(k), x̂(k)− x
∗⟩

e ≥ r̂(k)

e .

Thus, from (3.42), we have,

r̂(k + 1) ≤ r̂(k)− α̂

4e2 r̂
2(k) + a0ε

2(k).

Therefore, while r̂(k) > 2e
√

2a0
α̂ ε0, we have,

r̂(k + 1) ≤ r̂(k)− α̂

8e2 r̂
2(k)

≤ r̂(k)− α̂

8e2 r̂(k)2neε0Lh =
(
1− α

4eLhε0
)
r̂(k) = βr̂(k).

Note, αLhε0 < 4e =⇒ β ∈ (0, 1).

Remark 17. From Theorem 16, there exists B < ∞ such that ∥xi(k)∥ ≤ B for
all i ∈ V and k ≥ 0. Therefore, under Assumption 11, ∥∇fi(xi(k))∥ ≤ (LhB +
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max1≤i≤n ∥∇fi(xi(0))∥) =: hm <∞ for all i ∈ V. Thus,

f(xi(k))− f∗ ≤ r̂(k) + ⟨∇f(xi(k)), xi(k)− x̂(k)⟩

≤ r̂(k) +
n∑
j=1

∥∇f(xi(k))∥∥xi(k)− x̂(k)∥

≤ r̂(k) + hmnε(k) = r̂(k) + hmn
ε0
k1+η

.

Hence, using the result of Theorem 17 we conclude that f(xi(k)) − f∗, similar to r̂(k)

decreases geometrically, with respect to the outer gradient descent iterations of the Algo-
rithm 4, until reaching a small O(ε0) neighborhood. The parameter ε0 is a user-specified
algorithm parameter that can be chosen appropriately to get solutions close to the optimal
solution.

Remark 18. For the result in Theorem 17, the communication rounds per iteration
k for Algorithm 4 are given by

⌈
log(k1+η/ε0)

− log(λ) + log(nCR/δ)
− log(λ)

⌉
= O(log(k/(ε0)

1
η+1 )), where

C, δ, λ and R are constants defined in Lemma 12 and Proposition 3 respectively. The
Algorithm 4 with ε0 = 1 (in the worst case) utilizes O(k log k) number of communication
steps along with k gradient descent iterations. This communication complexity is within
a factor of log k of the optimal lower bound O(k). The additional communication steps
provide improved convergence guarantees for the GradConsensus algorithm over the
existing algorithms in the literature. In particular, the Q-linear rate of convergence in
Theorem 17 is stronger than the sub-linear convergence rate present in the literature
[50], [166], [134] under Assumption 11. Moreover, empirically it is seen that the total
number of gradient descent (computation) steps is smaller with our algorithm. Thus it
is well suited to situations where computations are expensive.

B. R-linear Rate of Convergence:
In this subsection, we make an additional assumption:

Assumption 12. f =
∑n

i=1 fi is strongly convex with parameter σf > 0.

Note that Assumption 12 does not require all fi’s to be necessarily strongly convex.
However, when this is the case, Assumption 12 holds naturally. We show in Theorem 18
that under Assumption 12 the solution estimates of every agent converge exactly to the
optimal solution of problem (3.9) at an R-linear rate. We utilize the following standard
result in the proof of Theorem 18.
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Lemma 15 ([182], Theorem 2.1.12). Under assumptions 11 and 12 for all x, y ∈ Rp,

⟨x− y,∇f(x)−∇f(y)⟩ ≥
σfLf
σf + Lf

∥x− y∥2 + 1

σf + Lf
∥∇f(x)−∇f(y)∥2.

Theorem 18. Let assumptions 9-12 hold. Let α̂ ≤ 2
(σf+Lf )

. Define, ρ :=
√
1− 2α̂σfLf

σf+Lf
.

Let ε(k) ≤ µk, where, µ ∈ [ρ, 1). Then the agent estimates converge at an R-linear rate
to the optimal solution,

∥xi(k)− x∗∥ ≤ Γµk, for all i ∈ V ,

where, Γ := ∥x̂(0)− x∗∥+ (2αLh + 1)
µ

µ− ρ
+ 1.

Proof. Consider,

∥x̂(k)− α̂ĝ(k)− x∗∥2 = ∥x̂(k)− x∗∥2 + α̂2∥ĝ(k)∥2 − 2α̂⟨ĝ(k), x̂(k)− x∗⟩

≤
(
1−

2α̂σfLf
σf + Lf

)
∥x̂(k)− x∗∥2 + α̂

(
α̂− 2

σf + Lf

)
∥ĝ(k)∥2

≤ ρ2∥x̂(k)− x∗∥2, (3.47)

where, we used Lemma 15 and the facts ĝ(x∗) = 0, α̂ ≤ 2
(σf+Lf )

. From (3.39),

∥x̂(k + 1)− x∗∥ = ∥x̂(k)− α̂g(k)− x∗ + v(k)∥

≤ ∥x̂(k)− α̂ĝ(k)− x∗∥+ α̂∥ĝ(k)− g(k)∥+ ε(k). (3.48)

Combining (3.47), (3.48) and the result of Lemma 13 we get,

∥x̂(k + 1)− x∗∥ ≤ ρ∥x̂(k)− x∗∥+ (2αLh + 1)ε(k) = ρ∥x̂(k)− x∗∥+ (2αLh + 1)µk.

Applying the above inequality recursively we get,

∥x̂(k)− x∗∥ ≤ ρk∥x̂(0)− x∗∥+ (2αLh + 1)
k−1∑
s=0

ρsµk−s.
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Using the triangle inequality and the above relation we get,

∥xi(k)− x∗∥ ≤ ∥x̂(k)− x∗∥+ ∥xi(k)− x̂(k)∥

≤ ρk∥x̂(0)− x∗∥+ (2αLh + 1)
k−1∑
s=0

ρsµk−s + µk

≤ ρk∥x̂(0)− x∗∥+ (2αLh + 1)µk
k−1∑
s=0

(
ρ

µ

)s
+ µk

≤ ρk∥x̂(0)− x∗∥+ (2αLh + 1)µ

µ− ρ
µk + µk

≤
[
∥x̂(0)− x∗∥+ (2αLh + 1)

µ

µ− ρ
+ 1

]
µk = Γµk.

Remark 19. For the result in Theorem 18, the communication rounds per iteration
k for Algorithm 4 are given by

⌈
k log(µ)
− log(λ) +

log(nCR/δ)
− log(λ)

⌉
= O(k), where C, δ, λ and R are

constants defined in Lemma 12 and Proposition 3 respectively. Algorithm 4 (in the
worst case) utilizes O(k2) number of communication steps along with k gradient descent
iterations for a global R-linear rate of convergence to the exact optimal solution. The per
node work complexity (sum of the total number of gradient computations and the total
number of communication steps) to achieve an accuracy of τ > 0, i.e., ∥xi(k)−x∗∥ ≤ τ
is given by: O(log(1/τ)) computation steps + O(log(1/τ)2) communication steps.

From Theorems 17 and 18, the consensus parameter ε(k) can be chosen suitably to
get near-optimal solutions. Theorem 18 shows that controlling the disagreement between
the agents (and hence the infeasibility of the algorithm iterates) to a small value using an
appropriately chosen ε(k), results in strong convergence guarantees (global R-linear rate
of convergence) for the GradConsensus algorithm. However, there exists a trade-off as
tight regulation of the disagreement between agents’ estimates would require performing
a larger number of total communication steps (O(k2) in the worst case) until any outer
gradient descent iteration k, compared to O(k log k) (in the worst case) that gives a
Q-linear rate (Theorem 17).

Numerical Simulations and Results:

We consider a network of 1000 agents with the interconnection topology generated using
the Erdos-Rényi model [121] with connectivity probability 0.005. The interconnection
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topology is shown in Figure 3.1. The diameter of the 1000 node graph is 10. In the
simulation study, we choose the parameter D in the GradConsensus algorithm to be 11.
The weight matrix P is chosen using the equal neighbor model [51]. To demonstrate
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Figure 3.1: 1000-node test network topology

the performance, we solve the distributed logistic regression problem,

minimize
x∈Rp

1000∑
i=1

1

ni

ni∑
j=1

log(1 + exp(−(Aijx)yij)), (3.49)

where, each agent i ∈ V has its training data (Aij , yij) ∈ Rp×{−1,+1}, j = 1, 2, . . . , ni,
with feature variables Aij and binary outcomes yij . Here, (p = 35, ni = 1500). For our
simulations, we generate an artificial data set of feature vectors Aij with outcome yij = 1

from a standard normal distribution, and with output yij = −1 from another normal
distribution with mean 0 and standard deviation 0.707. We compare the performance of
the proposed GradConsensus algorithm with the well-known Distributed Gradient De-
scent (DGD) [50] method, and the NEAR-DGD methods presented in [178] that utilize
multiple communication steps at each iteration. Two versions of the GradConsensus,
with ε(k) = 0.01, and ε(k) = 1/k1.1, ∀k are used for comparison. Two variants of the
NEAR-DGD algorithm are implemented: (i) NEAR-DGD(1, 150, 2) where we start with
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1 round of communication and the number of communication rounds are doubled after
every 150 algorithm iterations, (ii) NEAR-DGD+ where the number of communica-
tion steps is increased linearly against algorithm iteration (at algorithm iteration k the
number of communication steps performed is k).

Let x1(k), x2(k), . . . xn(k) denote the algorithm estimates produced by the corre-
sponding algorithm and f∗ denote the optimal value of problem (3.49) solved via a
centralized solver. We provide a performance comparison between the GradConsensus
and the baseline methods (DGD and NEAR-DGD) by plotting the objective value resid-
ual

∑n
i=1 fi(xi(k))− f∗ against (i) the number gradient computations performed by the

methods, (ii) total communication steps required by the methods, and (iii) the CPU
run-time taken by the methods. We also provide a practical estimate of communication
complexity by plotting the number of communication steps required at each algorithm
iteration (denoted as the counter k in the above sections) for all the methods.

All the numerical examples in this section are implemented in MATLAB and run on a
desktop computer with 16 GB RAM and an Intel Core i7 processor running at 1.90 GHz.
The parameters used in the simulations for all the algorithms are reported in Table 3.1.
In choosing the step-sizes of the algorithms in Table 3.1 we hand-optimized the hyper-
parameters that produce a good performance for these algorithms while maintaining
the stability of the algorithmic estimates for the logistic regression problem. We choose
the same step size of 0.02 for all the compared algorithms.

Table 3.1: Algorithm Parameters of GradConsensus
Algorithm Parameters

GradConsensus ε(k) = 0.01, 1/k1.1, step-size α = 0.02
DGD [50] step-size α = 0.02

NEAR-DGD(1,150,2) [178] step-size α = 0.02
NEAR-DGD+ [178] step-size α = 0.02

A. Comparison concerning gradient computations:
Figure 3.2 provides a comparison against the number of gradient computations. The
GradConsensus algorithm with ε(k) = 1/k1.1 gives the best performance among the
compared algorithms converging to an objective value residual less than 10−3 after
around 300 gradient computations. The NEAR-DGD+ method has the second-best
performance, requiring more than 1100 iterations to achieve an objective value resid-
ual of 10−3. Observe that GradConsensus with ε(k) = 0.01 performs better than the
NEAR-DGD(1,150,2) method with objective value residual closer to 10−2 after 1100
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gradient computations. The total number of gradient computation steps for the pro-
posed GradConsensus algorithm with ε(k) = 1/k1.1 is lesser than the other algorithms.
This shows an advantage of using the GradConsensus algorithm in applications where
the computation of the gradients is cost-intensive.
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Figure 3.2: Objective value residual
∑n

i=1 fi(xi(k)) − f∗ against the number of gradient com-
putations.
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B. Communication Complexity during algorithm iterations:
A comparison between the communication complexity of the variants of the proposed
GradConsensus algorithm and the baselines (DGD and NEAR-DGD methods) is pre-
sented in Figure 3.3. The theoretical worst-case bounds on the communication steps for
the GradConsensus algorithm is given in (3.37). The communication steps required at
each iteration by the algorithms while solving the distributed logistic regression prob-
lem (3.107) are presented in Figure 3.3. The DGD method has the minimum number
of communication steps required at each iteration with only one round of communi-
cation per algorithm iteration. The NEAR-DGD+ algorithm requires the number of
communication steps to linearly increase with the number of iterations which leads to
the worst total communication burden among the compared methods. The two variants
of the GradConsensus algorithm and the NEAR-DGD(1,150,2) method incur a com-
munication load that lies between the communication load of DGD and NEAR-DGD+

algorithms. The GradConsensus algorithm with ε(k) = 0.01 takes almost a constant
number (50 to 52) of communication steps at each iteration throughout the simulation
run. The GradConsensus algorithm with ε(k) = 1/k1.1 has a near logarithmic increase in
the number of communication steps taken at each iteration. The NEAR-DGD(1,150,2)
method starts with one communication step load but has a geometric increase after
every 150 algorithm iteration. The number of communication steps required by the
NEAR-DGD(1,150,2) method per algorithm iteration becomes more than the two vari-
ants of the GradConsensus algorithm after 1050 algorithm iterations, implying worse
communication complexity per iteration (than the GradConsensus algorithm variants)
as the algorithm progresses.

C. Comparison in terms of communication steps:
Figure 3.4 compares the objective value residuals against the total communication steps
taken by the algorithms. One can see that the GradConsensus algorithm starts slow
due to the communication steps required by the ε-consensus protocol to maintain a
feasible solution to the consensus constraint. Thus, for smaller total communication
steps (less than 100) the GradConsensus algorithm doesn’t have the best performance.
In this region (total communication steps less than 100), the NEAR-DGD and DGD
methods perform well. However, maintaining consensus constraint feasibility in the
GradConsensus algorithm pays off as the algorithm progresses. For a higher total
number of communication steps, the GradConsensus with ε(k) = 1/k1.1 has the best
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performance with the objective value residual value less than 10−2 after 900 communi-
cation steps. The NEAR-DGD+ method has a higher communication requirement (a
linear increase in the communication steps compared to the logarithmic increase for the
GradConsensus algorithm with ε(k) = 1/k1.1) which deteriorates its eventual perfor-
mance. NEAR-DGD(1,150,2) method on the other hand has a lesser communication
requirement which leads to its initial good performance. However, the objective value
residual plateaus and the GradConsensus algorithm with ε(k) = 0.01 (with consen-
sus constraint feasibility) having started behind the NEAR-DGD(1,150,2) catches up
with the objective value residual less than 10−1 around 1000 total communication steps.
Thus, utilizing the ε-consensus protocol that uses an appropriate number of communi-
cation steps (while maintaining consensus constraint feasibility) based on the network
structure rather than an ad-hoc increase in the communication steps leads to better
performance of the GradConsensus algorithm.

0 100 200 300 400 500 600 700 800 900 1000 1100

Algorithm Iterations

0

100

200

300

400

500

C
o

m
m

u
n

ic
a

ti
o

n
 S

te
p

s

Figure 3.3: Communication steps required per iteration of the algorithm.
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Figure 3.4: Objective value residual
∑n

i=1 fi(xi(k))− f∗ against total communication steps.

D. Comparison in terms of run time:
Next, we present a performance comparison between the proposed GradConsensus al-
gorithm and other methods regarding the total run time required. For this simula-
tion, during each iteration of the algorithms, a communication delay is introduced
uniformly at random taking values between 0 and 1 ms (maximum delay of 1 ms).
Figure 3.5 presents the objective value residual for the total run-time (in seconds). The
ε-consensus protocol incurs additional communication steps, however, the information
mixing steps (3.17)-(3.18) and (3.23)-(3.24) have a low computational footprint and do
not significantly increase the overall run time of the GradConsensus algorithm. The
objective value residual plots in Figure 3.5 demonstrate this. The GradConsensus al-
gorithm with ε(k) = 1/k1.1 has the best decrease in the objective value residual with a
value of 10−3. The GradConsensus with ε(k) = 0.01 also has good performance.

E. Discussion on scalability of the GradConsensus:
We remark that the proposed GradConsensus algorithm is distributedly synthesized
and implemented. Each agent i only needs to know its neighborhood information. This
is pivotal since the algorithm doesn’t need to be set up centrally, and thus when the
number of nodes in the network increases agents only need to adjust their local weights
in the algorithm. Further, the information mixing over networks depends on the diame-
ter of the directed graph which is a measure of connectivity in a graph. GradConsensus
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Figure 3.5: Comparison of the objective value residual
∑n

i=1 fi(xi(k))− f∗ with respect to total
run-time.

utilizes an upper bound D on the diameter. We emphasize that in many modern appli-
cations D ≪ n, the diameter of the graph is of a much smaller order than the number
of nodes n in the graph [183]. Even though a thorough mathematical investigation of
the relationship between a graph’s size and its diameter is well outside the scope of the
current thesis, as a heuristic, let us mention for example that in an Erdos-Rényi graph
G(n, p) (with n being the number of nodes and p being the probability of a link between
two nodes), where p is an order larger than logn

n , then the graph is connected almost
surely, and its diameter is of the order log(n)/ log (np) (see [184]). In short, in large
graphs, when connections between the nodes are random, the diameter of the graph
is of a much smaller order than the size of the graph, even under sparse connectivity.
Thus, the GradConsensus algorithm: (i) requiring only local neighborhood information
by the agents for setup and implementation, and (ii) dependence on the graph diameter
(or an upper bound D) rather than the number of nodes, scales well with the increase
in the number of nodes.
Summarizing, the simulation results indicate the GradConsensus the algorithm has
better performance compared to the baselines for the number of gradient computations
and the run time and remains acceptable for the total communication steps. Further,
GradConsensus is scalable due to distributed synthesis and local computation and com-
munication.
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3.5.2 DC-DistADMM:ADMM Algorithm for Constrained Optimization over
Directed Graphs

We start with a brief review of the standard ADMM method [141] utilized to solve
optimization problems of the following form:

minimize
x∈Rp,y∈Rq

f(x) + g(y) (3.50)

subject to Sx+ Ty = c,

where, S ∈ Rn×p, T ∈ Rn×q, and c ∈ Rn is provided. Consider, the augmented La-
grangian with the Lagrange multiplier λ and positive scalar γ,

Lγ(x, y, λ) = f(x) + g(y) + λ⊤(Sx+ Ty − c) + γ

2
∥Sx+ Ty − c∥2. (3.51)

The primal and dual variable updates in ADMM are given as: starting with the initial
guess (x0, y0, λ0), at each iteration,

xk+1 = argmin
x
Lγ(x, yk, λk) (3.52)

yk+1 = argmin
y
Lγ(xk+1, y, λk) (3.53)

λk+1 = λk + γ(Sxk+1 + Tyk+1 − c). (3.54)

Note that step-size in the dual variable update (3.54) is the same as the parameter γ in
the augmented Lagrangian function.

The Proposed DC-DistADMM Method:

Define F(x) :=
∑n

i=1 fi(xi), A := I ⊗ Ai, i = 1, . . . , n,∈ Rnm×n(m+p), where I is n × n
identity matrix and ⊗ denote the matrix Kronecker product, and b := [b⊤1 . . . b

⊤
n ]

⊤ ∈
Rnm. The Lagrangian function L for problem (3.8) is given by:

L(x, y, λ, µ) = F(x) + IC0(y) + λ⊤(x− y) + µ⊤(Ax− b). (3.55)

The associated standard augmented Lagrangian at any iteration k is given by:

Lγ(xk, yk, λk, µk) = L(xk, yk, λk, µk) +
γ

2
∥xk − yk∥2 + γ

2
∥Ax− b∥2. (3.56)
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Based on ADMM iterations (3.52)-(3.54) the primal and dual updates corresponding to
augmented Lagrangian (3.56) are:

xk+1 = argmin
x

{
F(x) + λk⊤(x− yk) + µk⊤(Ax− b) + γ

2
∥x− yk∥2 + γ

2
∥Ax− b∥2

}
.

(3.57)

Note that the above xk+1 update can be obtained in a decentralized manner by compu-
tation at each agent as follows: ∀i ∈ V ,

xk+1
i = argmin

xi

{
fi(xi) + λk

⊤
i (xi − yki ) + µk

⊤
i (Aixi − bi) +

γ

2
∥xi − yki ∥2 +

γ

2
∥Aixi − bi∥2

}
.

(3.58)

The update for the primal variable y is given as:

yk+1 = argmin
y

{
IC0(y) + λk

⊤
(xk+1 − y) + γ

2
∥xk+1 − y∥2

}
= argmin

y

{
IC0(y) +

γ

2
∥xk+1 − y +

1

γ
λk∥2

}
, (3.59)

Using definition of the set C0 update (3.59) can be written as:

yk+1 = argmin
y

γ

2
∥xk+1 − y +

1

γ
λk∥2

subject to yi = yj , ∀i, j ∈ V .

Let yi = yj = u, ∀i, j ∈ V . As the objective is in a block separable form we have the
following equivalent problem,

minimize
u

γ

2

n∑
i=1

∥xk+1
i +

1

γ
λki − u∥2.

Differentiating the objective function and setting it equal to zero gives the optimal
solution. In particular,

∑n
i=1[x

k+1
i + 1

γλ
k
i −u] = 0 which implies u = 1

n

∑n
i=1[x

k+1
i + 1

γλ
k
i ].
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Therefore, yi = yj = u, ∀i, j ∈ V . Hence,

yk+1 = [yk+1⊤ . . . yk+1⊤ ]⊤ ∈ Rn(m+p),where, (3.60)

yk+1 =
1

n

n∑
i=1

[xk+1
i +

1

γ
λki ],

is the solution to (3.59). However, obtaining the optimal solution (the exact average
of the local variables) in a distributive manner over a directed network where each
agent only has access to its own local information is a challenge. Hence, the exact
consensus constraint is relaxed to a requirement of a ηk+1-closeness among the variables
of all the agents, i.e., the solution yk+1 is allowed to lie in the set Cηk+1

and satisfy
∥yk+1
i − yk+1

j ∥ ≤ 2ηk+1, ∀i, j ∈ V . The parameter ηk+1 can be interpreted as a specified
tolerance on the quality of consensus among the agent variables and can be chosen
appropriately to find a corresponding near-optimal solution of (3.59). A distributed
finite-time terminated approximate consensus protocol is employed to find an inexact
solution of (3.59), such that the obtained solution yk+1 ∈ Ck+1. The “approximate”
consensus protocol is discussed in detail in the later sections. After the primal variables,
each agent updates the dual variables in the following manner:

λk+1
i = λki + γ(xk+1

i − yk+1
i ), ∀i ∈ V , (3.61)

µk+1
i = µki + γ(Aix

k+1
i − bi), ∀i ∈ V . (3.62)

Define λk+1
i based on the solution yk+1:

λ
k+1
i = λki + γ(xk+1

i − yk+1
i ), ∀i ∈ V . (3.63)

Next, the ε-consensus protocol is described.

Finite-time ε-consensus protocol:

Here, a finite-time “approximate” consensus protocol, the ε-consensus protocol, is pre-
sented. Consider, a set of n agents connected via a directed graph G(V, E). Every
agent i has a vector u0i ∈ Rp. Let ũ = 1

n

∑n
i=1 u

0
i denote the average of the vectors.

The objective is to design a distributed protocol such that the agents can compute an
approximate estimate of ũ in finite time. This approximate estimate is parametrized
by a tolerance ε that can be chosen arbitrarily small to make the estimate as precise as
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needed. To this end, the agents maintain state variables uki ∈ Rp, vki ∈ R that undergo
the following update: for k ≥ 0,

uk+1
i = piiu

k
i +

∑
j∈N−

i

piju
k
j (3.64)

vk+1
i = piiv

k
i +

∑
j∈N−

i

pijv
k
j (3.65)

wk+1
i =

1

vk+1
i

uk+1
i , (3.66)

where, w0
i = u0i , v0i = 1 for all i ∈ V and N−

i denotes the set of in-neighbors of agent i.
The updates (3.64)-(3.66) are based on the push-sum (or ratio consensus) updates (see
[42] or [185]). The following assumption on the graph G(V, E) and weight matrix P is
made:

Assumption 13. The directed graph G(V, E) is strongly-connected. Let the weighted
adjacency matrix P = [pij ], associated with the digraph G(V, E), be column-stochastic.

Note that P being a column stochastic matrix allows for a distributed synthesis of the
consensus protocol. The variable wki ∈ Rp is an estimate of ũ with each agent i at any
iteration k. It is established in prior work that the vector estimates wki converge to the
average ũ asymptotically.

Theorem 19. Let Assumption 13 hold. Let {wki }k≥0 be the sequence generated by (3.66)
at each agent i ∈ V. Then wki asymptotically converges to ũ = 1

n

∑n
i=1 u

0
i for all i ∈ V,

lim
k→∞

wki =
1

n

n∑
i=1

u0i , for all i ∈ V .

Proof. Refer [47], [42] for the proof.

The ε-consensus protocol is a distributed algorithm to determine when the agent states
wki , for all i ∈ V are ε-close to each other and hence from Theorem 19, ε-close to ũ.
To this end, each agent maintains a scalar value Ri termed as the radius of agent i.
The motivation behind maintaining such a radius variable is as follows: consider an
open ball at iteration k that encloses all the agent states, wki , for all i ∈ V , with a
minimal radius (the existence of such a ball can be shown due to bounded nature of
the updates (3.64)-(3.66), see Lemma 4.2 in [122]). Theorem 19 guarantees that all
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the agent states wki converge to a single vector, which implies that the minimal ball
enclosing all the states will also shrink with iteration k and eventually the radius will
become zero. The radius variable Ri is designed to track the radius of this minimal
ball. Starting at an iteration s, the radius Rki (s) is updated to Rk+1

i (s) as follows: for
all k = 0, 1, 2 . . . , with R0

i (s) := 0,

Rk+1
i (s) = max

j∈N−
i

{
∥ws+k+1

i − ws+kj ∥+Rkj (s)
}
, (3.67)

for all i ∈ V . Denote, B(ws+ki , Rki (s)) as the ball of radius Rki (s) centered at ws+ki . It
is established in [47] that, after D number of iterations of the update (3.67) the ball
B(ws+D

i , RD
i (s)) encloses the states wsi of all the agents i ∈ V .

Lemma 16. Let {wki }k≥0 be the sequence generated by (3.66) at each agent i ∈ V.
Given, s ≥ 0, let Rki (s) be updated as in (3.67) for all k ≥ 0 and i ∈ V. Under
Assumption 13,

wsj ∈ B(wD+s
i , RD

i (s)), for all j, i ∈ V .

Proof. Define, di,j to be the length of the shortest path connecting node i to node j.
We use an induction argument on di,j . Base case: di,j = 1, Given, s ≥ 0 for all i ∈ V ,

R1
i (s) = max

j∈N−
i

{
∥ws+1

i − wsj∥+R0
j (s)

}
.

Therefore, for all j ∈ N−
i , wsj ∈ B(ws+1

i , R1
i (s)). Assume the claim holds for di,j = k,

that is for all j such that di,j ≤ k, wsj ∈ B(ws+ki , Rki (s)). For any node ℓ ∈ N−
i , on

the path between node i and j with di,j ≤ k + 1, we have dℓ,j ≤ k. By the induction
hypothesis, wsj ∈ B(ws+kℓ , Rkℓ (s)). It implies, ∥ws+kℓ − wsj∥ ≤ Rkℓ (s). From (3.67),

Rk+1
i (s) ≥ ∥ws+k+1

i − ws+kℓ ∥+Rkℓ (s).

Using, the triangle inequality,

∥ws+k+1
i − wsj∥ ≤ ∥ws+k+1

i − ws+kℓ ∥+ ∥ws+kℓ − wsj∥

≤ ∥ws+k+1
i − ws+kℓ ∥+Rkℓ (s) ≤ Rk+1

i (s).

Therefore, for any j on the path with di,j ≤ k+1, wsj ∈ B(ws+k+1
i , Rk+1

i (s)). Therefore,
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induction holds. k = D, gives the desired result.

Let

R̂mi := RD
i (mD), m = 0, 1, 2, . . . , (3.68)

where, Rki (s) follows the update rule (3.67) for any s ≥ 0. The next result establishes the
fact that the sequence of radii {R̂D

i (mD)}m≥0, for i ∈ V converges to zero as m→∞.

Theorem 20. Let {wki }k≥0, {R̂mi }m≥0 be the sequences generated by (3.66) and (3.68)
respectively. Under Assumption 13,

lim
m→∞

R̂mi = 0, for all i ∈ V .

Further, lim
m→∞

Rmi = 0 if and only if lim
m→∞

maxi,j∈V ∥wmD
i − wmD

j ∥ = 0.

Proof. Define the element-wise maximum wk and minimum wk state variable of the
network over all the agents as

wk :=
[

max
1≤j≤n

{
wk1[j]

}
. . . max

1≤j≤n

{
wkn[j]

}]⊤
,

wk :=
[

min
1≤j≤n

{
wk1[j]

}
. . . min

1≤j≤n

{
wkn[j]

}]⊤
,

where, wki[j] is the jth entry of wki . It is proven in [114], [47] that limm→∞ wmD =

limm→∞ wmD = ũ = 1
n

∑n
i=1 u

0
i . It implies limm→∞ ∥wmD − wmD∥ = 0. Proceeding

in the same manner as in [47], Theorem 4.2, we get R̂mi ≤ D∥wmD − wmD∥. Taking
limm→∞ both sides we conclude for all i ∈ V , limm→∞ R̂mi = 0. This gives the first
result. From Lemma 16, maxi,j∈V ∥wmD

i − wmD
j ∥ ≤ 2R̂mi . Letting m → ∞ gives the

second claim.

Theorem 20 gives a criterion for termination of the consensus iterations (3.64)-(3.66)
by utilizing the radius updates at each agent i ∈ V given by (3.67). In particular,
by tracking the radii R̂mi ,m = 0, 1, 2 . . . each agent can determine an estimate of the
radius of the minimal ball enclosing all the agent states (Lemma 16) distributively.
Further, by monitoring the value of the R̂mi ,m = 0, 1, 2 . . . each agent can know the
state of consensus among all the agents. A protocol to determine ε-consensus among
the agents is given in Algorithm 5. Algorithm 5 is initialized with w0

i = u0i , v
0
i = 1

and R0
i = 0 respectively for all i ∈ V . Each agent follows rules (3.64)-(3.66) and (3.67)
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Algorithm 5: Finite-time ε-consensus protocol at each node i ∈ V [47]
Input:

Pre-specified tolerance ε > 0;
Diameter upper bound D;

Initialize:
w0

i = u0i ; v0i = 1; R0
i = 0;

m := 1
Repeat for k = 0, 1, 2, . . .

/* consensus updates (3.64)-(3.66) */
uk+1
i = piiu

k
i +

∑
j∈N−

i
pjiu

k
j

vk+1
i = piiv

k
i +

∑
j∈N−

i
pjiv

k
j

wk+1
i = 1

vk+1
i

uk+1
i

/* radius update (3.67) */
Rk+1

i = max
j∈N−

i

{
∥wk+1

i − wk
i ∥+Rk

j

}
if k = mD − 1 then

R̂m−1
i = Rk+1

i ;
if R̂m−1

i < ε then
break ; // ε-consensus achieved

else
Rk+1

i = 0;
m = m+ 1;

end

to update its state and radius variables respectively. Rki is reset at each iteration of
the form k = mD,m = 1, 2, . . . to have a value equal to 0. The sequence of radii
{R̂mi }m≥0 is determined by setting the value R̂m−1

i equal to Rki for all iterations of
the form k = mD,m = 1, 2, . . . , i.e, R̂m−1

i = RmD
i for all m ≥ 1. From Lemma 16,

the ball B(wmD
i , R̂m−1

i ) will contain all estimates w(m−1)D
i . This ball is the estimate of

the minimal ball enclosing all agent states w(m−1)D
i . Therefore, as a method to detect

ε-consensus, at every iteration of the form mD, for m = 1, 2, . . . , R̂m−1
i is compared to

the parameter ε, if R̂m−1
i < ε then all the agent states w(m−1)D

i were ε-close to ũ (from
Theorem 19) and the iterations (3.64)-(3.66) are terminated. Proposition 4 establishes
that the ε-consensus converges in finite number of iterations.

Proposition 4. Under the Assumption 13, ε-consensus is achieved in finite number of
iterations at each agent i ∈ V.

Proof. Note, R̂mi → 0 as m → ∞. Thus, given ε > 0, i ∈ V there exists finite kεi such
that for m ≥ kεi , R̂mi < ε.
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Note, that the radius estimates R̂mi can be different for some of the agents. Thus, the
detection of ε-consensus can happen at different iterations for some nodes. To, have
a global detection, each agent can generate a “converged flag” indicating its detection.
Such a flag signal can then be combined utilizing distributed one-bit consensus updates
(see [47]), thus allowing the agents to achieve global ε-consensus.

y variable updates in DC-DistADMM:

The finite-time ε-consensus protocol discussed above is utilized to determine an inexact
solution to the update (3.59). At any iteration k ≥ 0 of the DC-DistADMM algorithm,
each agent i ∈ V runs an ε-consensus protocol with the tolerance ε = ηk+1 and the
following initialization:

u0i = xk+1
i +

1

γ
λki , v

0
i = 1, and w0

i = u0i . (3.69)

From Proposition 4, there exists finite tk such that ∀i, j ∈ V ,

∥wtki − w
tk
j ∥ ≤ ηk+1, and ∥wtki − y

k+1∥ ≤ ηk+1, (3.70)

where, yk+1 = 1
n

∑n
i=1[x

k+1
i + 1

γλ
k
i ]. The variable yk+1

i of agent i is then set equal to
the consensus variable wtki , i.e. yk+1

i = wtki . Recall, the solution to (3.59) is yk+1 =

[u⊤ . . . u⊤]⊤, where, u := 1
n

∑n
i=1[x

k+1
i + 1

γλ
k
i ]. The ε-consensus algorithm at iteration k

of the DC-DistADMM algorithm, with the initial condition u0i = xk+1
i + 1

γλ
k
i , v

0
i = 1, ∀i ∈ V

and ε = ηk+1 yields a solution of the form [u⊤u⊤ . . . u⊤]⊤ + ek+1, where ∥ek+1∥ ≤
√
nηk+1. Therefore, the obtained vector yk+1 = [yk+1⊤

1 , . . . , yk+1⊤
n ]⊤ ∈ Rn(m+p) is an

inexact solution to the update (3.59). Further, yk+1 is
√
nηk+1-close to the exact solution

yk+1, i.e.,

yk+1 = yk+1 + ek+1, with ∥ek+1∥ ≤
√
nηk+1. (3.71)

The DC-DistADMM algorithm is presented in Algorithm 6.
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Algorithm 6: DC-DistADMM Algorithm
Input:

choose γ > 0, {ηk}k≥0

Initialize:
x0i ∈ R(m+p), y0i ∈ R(m+p), λ0i = 0m+p ∈ R(m+p), µ0i ∈ Rm, ∀i ∈ V

Repeat for k = 0, 1, 2, . . .
for i = 1, 2, . . . n, (In parallel) do

xk+1
i = argmin

xi

{
fi(xi) + λk

⊤
i (xi − yki ) +

γ
2∥xi − y

k
i ∥2 + µk

⊤
i (Aixi − bi) +

γ
2∥Aixi − bi∥

2
}
,

yk+1
i

ηk+1 - consensus protocol←−−−−−−−−−−−−−−−− (xk+1
i + 1

γλ
k
i )

λk+1
i = λki + γ(xk+1

i − yk+1
i )

µk+1
i = µki + γ(Aix

k+1
i − bi)

end
until a stopping criterion is met

Convergence Results for DC-DistADMM:

The convergence analysis for the proposed DC-DistADMM algorithm is presented here.
Let X := X1 × · · · × Xn,nRm≥0 := Rm≥0 × · · · × Rm≥0︸ ︷︷ ︸

n times

and x∗ ∈ R(m+p) denote an optimal

solution of problem (3.1). The following assumptions hold:

Assumption 14. Xis are a closed bounded convex set with diameter diam∥·∥(Xi) =Mi.

Note that Assumption 14 can be relaxed if the set of optimal solutions of the original
distributed problem (3.1) is bounded (see [180]); in this case, the existence of a bound
on the local variables can be inferred from the bound on optimal solutions. Here this
route is not taken, as in many multi-agent distributed optimization applications, the
variables are required to remain within specified bounds. Assumption 14 is motivated
by the constraint set requirement in many practical applications.

Assumption 15. The function f̃i, i ∈ {1, . . . , n}, is a proper closed convex function,
which is not necessarily differentiable.

Assumption 16. There exists a saddle point (x∗, y∗, λ∗, µ∗) for the Lagrangian function
L defined in (3.55), i.e., for all (x, y) ∈ Rn(m+p) × Rn(m+p), (λ, µ) ∈ Rn(m+p) × Rnm,

L(x∗, y∗, λ, µ) ≤ L(x∗, y∗, λ∗, µ∗) ≤ L(x, y, λ∗, µ∗).
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Note that since (3.8) is a convex optimization problem, the existence of dual optimal
solutions is guaranteed if a constraint qualification condition like Slater’s CQ holds
for problem (3.8) [3]. Note that the indicator function of a set is a convex but not
differentiable function. For further analysis of the DC-DistADMM algorithm consider the
following relation: for x1, x2, x3, x4 ∈ Rp

(x1 − x2)⊤(x3 − x4) =
(
∥x1 − x4∥2 − ∥x1 − x3∥2

)
2

+

(
∥x2 − x3∥2 − ∥x2 − x4∥2

)
2

(3.72)

Under Assumption 15, first-order optimality and primal feasibility conditions for (3.8)
are,

−λ∗i −A⊤
i µ

∗
i ∈ ∂fi(x∗i ), i = 1, 2, . . . , n, (3.73)
λ∗ ∈ ∂IC0(y∗), (3.74)
x∗i = y∗i , i = 1, 2, . . . , n, (3.75)

Aix
∗
i − bi = 0, i = 1, 2, . . . , n, (3.76)

where, ∂fi(x∗i ) and ∂IC0(y∗) are the set of all the sub-gradients of fi at x∗i , and IC0
at y∗ respectively. Similarly, for the DC-DistADMM updates (3.58), and (3.59) by the
first-order optimality condition t follows that, for all i ∈ {1, . . . , n}:

−(λki +A⊤
i µ

k
i + γ(xk+1

i − yki ) + γA⊤
i (Aix

k+1
i − bi)) ∈ ∂fi(xk+1

i ), (3.77)
−(λk+1

i + γ(yk+1
i − yki ) +A⊤

i µ
k+1
i ) ∈ ∂fi(xk+1

i ), (3.78)
γ(xk+1 − yk+1) + λk ∈ ∂IC0(yk+1)

=⇒ λ
k+1 ∈ ∂IC0(yk+1), (3.79)

where, ∂IC0(yk+1) is the set of all sub-gradients of IC0 at yk+1. The relation (3.78)
results from combining (3.77) with the update (3.61), and in (3.79) (3.71) is employed.

Lemma 17. Let {xk}k≥1, {yk}k≥1, {λk}k≥1, and {µk}k≥1, be the sequences generated
by Algorithm 6. Let {ηk}k≥1 be the sequence of tolerances in Algorithm 6. Under
assumptions 13 and 14, there exists Q, independent of k, such that,

∥λk∥ ≤ kQ, for all k.

Proof. Note that from the initialization in Algorithm 6 λi = 0, ∀i ∈ V . From (3.60),
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(3.61), (3.63), and, (3.71), for all i ∈ V ,

λk+1
i = λki + γ(xk+1

i − yk+1)− γek+1
i

= γ

k∑
s=0

(xs+1
i − ys+1)− γ

k∑
s=0

es+1
i

= γ
k∑
s=0

[
xs+1
i − 1

n

n∑
j=1

(xs+1
j +

1

γ
λsj)
]
− γ

k∑
s=0

es+1
i

= − 1

n

k∑
s=0

n∑
j=1

λsj + γ
k∑
s=0

[
xs+1
i − 1

n

n∑
j=1

xs+1
j

]
− γ

k∑
s=0

es+1
i .

Let lk+1
i := γ

∑k
s=0

[
xs+1
i − 1

n

∑n
j=1 x

s+1
j

]
− γ

∑k
s=0 e

s+1
i . Therefore,

λk+1
i = − 1

n

k∑
s=0

n∑
j=1

λsj + lk+1
i

Similarly,

λki = −
1

n

k−1∑
s=0

n∑
j=1

λsj + lki

Taking the difference of the above two equations we get,

λk+1
i = λki −

1

n

n∑
j=1

λkj + γ
[
xk+1
i − 1

n

n∑
j=1

xk+1
j

]
− γek+1

i .

Let rk+1
i = γ

[
xk+1
i − 1

n

∑n
j=1 x

k+1
j

]
−γek+1

i . Taking z-transform both sides of the above
equation we get,

zλ̂i = λ̂i −
1

n

n∑
j=1

λ̂j + r̂i,

where, (̂.) denotes the z-transform of the corresponding time-domain signal. Let λ̂ :=
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[λ̂⊤1 λ̂⊤2 . . . λ̂
⊤
n ]

⊤ and r̂ := [r̂⊤1 r̂⊤2 . . . r̂
⊤
n ]

⊤. Writing, the above n equations compactly,
(z − 1 + 1

n)Ip
1
nIp . . . 1

nIp
1
nIp (z − 1 + 1

n)Ip . . . 1
nIp

...
... . . . ...

1
nIp 1

nIp . . . (z − 1 + 1
n)Ip


︸ ︷︷ ︸

T (z)

λ̂ = r̂,

where Ip is the p-dimensional identity matrix. Note, that the matrix T (z) has eigenvalues
z with algebraic multiplicity p and (z−1) with algebraic multiplicity (n−1)p. Therefore,
there exists a (constant) matrix Q such that

λ̂ = T−1r̂ = Q−1


1
z Ip 0p×p . . . 0p×p

0p×p 1
z−1Ip . . . 0p×p

...
... . . . ...

0p×p 1
nIp . . . 1

z−1Ip

Qr̂.

Let Qλ̂ =: q̂ = [q̂⊤1 q̂
⊤
2 . . . q̂

⊤
n ]

⊤, and Qr̂ =: t̂ = [r̂⊤1 r̂
⊤
2 . . . r̂

⊤
n ]

⊤. Therefore,

q̂1 =
1

z
t̂1, q̂i =

1

z − 1
t̂i, for i = 2, 3, . . . , n.

Taking inverse z-transform on both sides of the above equations we get,

qk+1
1 = tk1, q

k+1
i = qki + tki , for i = 2, 3, . . . , n,

Therefore, qk+1
1 = tk1, q

k+1
i = q0i +

k∑
s=0

tsi , for i = 2, 3, . . . , n.

Let Qi ∈ Rnp denote the ith row of Q. Note, that ∥tsi∥ = ∥Qirs∥ = ∥Qiγ[[xs+1
1 −

1
n

∑n
j=1 x

s+1
j − es+1

1 ]⊤ . . . [xs+1
1 − 1

n

∑n
j=1 x

s+1
j − es+1

1 ]⊤]⊤)∥ ≤ γ
√
n∥Qi∥(M + ηs+1) ≤

γ
√
n∥Qi∥(M+ η0), ∀i ∈ V . Let, ∥Q∥max := max1≤i≤n ∥Qi∥.

Therefore, ∥λk∥ = ∥Q−1qk∥ ≤ knγ∥Q−1∥∥Q∥max(M+ η0). Note, that here

Q := nγ∥Q−1∥∥Q∥max(M+ η0) <∞, (3.80)

associated with, ∥λk∥ ≤ kQ.

123



Lemma 18 (Iteration complexity of the yk+1 update (3.70)). Under assump-
tions 13 and 14 at iteration k of Algorithm 6, after

tk :=


log
(

1
ηk+1

)
− logα +

log
(8((M+∥x0∥)n+k

√
nQ/γ)

β

)
− logα

,
iterations of the consensus protocol (updates (3.64)-(3.66)) with the initial condition,
u0i = xk+1

i + 1
γλ

k
i , v

0
i = 1, for all i ∈ V and ε = ηk+1 it follows that:

∥yk+1
i − yk+1

i ∥ ≤ ηk+1, ∀i ∈ V .

Here, M := max1≤i≤nMi, ηk+1 denotes the inaccuracy introduced in solving relaxed
version of problem (3.59), Q is a finite constant as given in Lemma 17, and β > 0,
α ∈ (0, 1) are parameters of the graph G(V, E) satisfying β ≥ 1

nn , α ≤
(
1− 1

nn

)
.

Proof. To begin, we will present a modification of an existing result (Lemma 1 [120]).
The result in Lemma 1 [120], with the perturbation term being zero, reduces to a
convergence result for the push-sum protocol. Using this property, we conclude that the
updates (3.64)-(3.66) converges at a geometric rate to the average of the initial values.
Note that the DC-DistADMM algorithm at every iteration k utilizes ε-consensus protocol
(updates (3.64)-(3.66)) with the initial values xk+1

i + 1
γλ

k
i . Therefore, we conclude,

∥yk+1
i − yk+1

i ∥ ≤ 8
√
nαtk

β
∥zk∥, ∀i ∈ V , (3.81)

where, zk := xk+1 + 1
γλ

k and, β > 0, α ∈ (0, 1) satisfy: β ≥ 1
nn , α ≤

(
1− 1

nn

)
. Here, the

variables α and β are parameters of the graph G(V, E). The parameter α measures the
speed at which the graph G(V, E) diffuses the information among the agents over time.

Further, the parameter, β measures the imbalance of influences in G(V, E) [120].
Under Assumption 14 using the result in Lemma 17, ∥zk∥ ≤

√
n(M + ∥x0∥) + kQ

γ .
If βηk+1

8
√
nαtk

= ∥zk∥ ≤
√
n(M + ∥x0∥) + kQ

γ it implies that, ηk+1β

8((M+∥x0∥)n+k
√
nQ
γ

)
≤ αtk .

Therefore, we have,

tk ≤
−1

logα

log
(

1

ηk+1

)
+ log

8((M+ ∥x0∥)n+ k
√
nQ
γ )

β

 := tk.
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Therefore, at the kth iteration of Algorithm 6, after tk number of iterations of the
consensus protocol we have, ∥yk+1

i − yk+1
i ∥ ≤ ηk+1, for all i ∈ V .

Let the sequence of accuracy tolerances {ηk}k≥1 in Algorithm 6 be such that

for all k ≥ 0, ηk+1 ≤ ηk,
∞∑
k=1

kηk <∞. (3.82)

Some examples of sequences that satisfy (3.82) include:

i) ηk =
1

k2+q
, q > 0, ii) ηk = ρk, ρ ∈ (0, 1), iii) ηk =

ρk

k!
.

In the following, the global convergence of the proposed DC-DistADMM algorithm to a
solution of problem (3.8) is established.

Theorem 21 (Convergence of iterates generated by DC-DistADMM algorithm to
an optimal solution). Let {xk}k≥1, {yk}k≥1, {λk}k≥1, {µk}k≥1, be the sequences gen-
erated by Algorithm 6. Let the consensus tolerance sequence {ηk}k≥1 satisfy (3.82). Un-
der assumptions 13-16, (xk, yk, λk, µk) converges to a solution (x∞, y∞, λ∞, µ∞) of (3.8),
i.e., F(x∞) = F(x∗), y∞ ∈ C0, x∞ = y∞, and Ax∞ = b.

Proof. From (3.73), (3.78),

0 ≤ [xk+1 − x∗]⊤[dF(xk+1)− dF(x∗)]

= [xk+1 − x∗]⊤[−λk+1 − γ(yk+1 − yk)−A⊤µk+1 + λ∗ + A⊤µ∗]

= [xk+1 − x∗]⊤[λ∗ − λk+1] + [xk+1 − x∗]⊤A⊤[µ∗ − µk+1]− γ[xk+1 − x∗]⊤[yk+1 − yk],

dF(xk+1) is a sub-gradient of F at xk+1. Since, IC0 is convex,

IC0(y1) ≥ IC0(y2) + d⊤(y2)(y1 − y2),

where, d(y2) is any sub-gradient of IC0 at y2. Using (3.79) and y1 = y∗ and y2 = yk+1,

λ
k+1⊤

(yk+1 − y∗) ≥ 0. (3.83)

Similarly, for y1 = yk+1, y2 = y∗ and using (3.74),

−λ∗⊤(yk+1 − y∗) ≥ 0. (3.84)
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Therefore, using (3.83) and (3.84) gives,

0 ≤ [xk+1 − x∗]⊤[λ∗ − λk+1] + [xk+1 − x∗]⊤A⊤[µ∗ − µk+1]− γ[xk+1 − x∗]⊤[yk+1 − yk]

+ [λ
k+1 − λ∗]⊤[yk+1 − y∗]

= [xk+1 − x∗]⊤[λ∗ − λk+1] + [xk+1 − x∗]⊤A⊤[µ∗ − µk+1]− γ[xk+1 − x∗]⊤[yk+1 − yk]

+ [λk+1 − λ∗]⊤[yk+1 − y∗] + γek+1⊤ [yk+1 − y∗]− ek+1⊤ [λk+1 − λ∗]

= [λ∗ − λk+1]⊤[xk+1 − yk+1] + [xk+1 − x∗]⊤A⊤[µ∗ − µk+1] + γ[x∗ − xk+1]⊤[yk+1 − yk]

+ γek+1⊤ [yk+1 − y∗]− ek+1⊤ [λk+1 − λ∗]

=
1

γ
[λk+1 − λ∗]⊤[λk − λk+1] +

1

γ
[µ∗ − µk+1]⊤[µk+1 − µk] + γ[x∗ − xk+1]⊤[yk+1 − yk]

+ γek+1⊤ [yk+1 − y∗]− ek+1⊤ [λk+1 − λ∗],

where, the first equality used (3.71), and the last equality utilized (3.61) and (3.62). Us-
ing (3.72) for 1

γ [λ
k+1−λ∗]⊤[λk−λk+1], 1

γ [µ
∗−µk+1]⊤[µk+1−µk] and γ[x∗−xk+1]⊤[xk+1−

xk] yields,

γ

2
∥yk+1 − x∗∥2 + 1

2γ
∥λk+1 − λ∗∥2 + 1

2γ
∥µk+1 − µ∗∥2

≤ γ

2
∥yk − x∗∥2 + 1

2γ
∥λk − λ∗∥2 + 1

2γ
∥µk − µ∗∥2 − γ

2
∥xk+1 − yk∥2 − 1

2γ
∥µk+1 − µk∥2

+ γek+1⊤ [yk+1 − y∗]− ek+1⊤ [λk+1 − λ∗]. (3.85)

Let R1 := γek+1⊤ [yk+1 − y∗] = γ(yk+1 − ek+1 − y∗)⊤ek+1 = γyk+1⊤ek+1 − γ∥ek+1∥2 −
γy∗⊤ek+1. Therefore, ∥R1∥ ≤ γ∥yk+1∥∥ek+1∥+γ∥y∗∥∥ek+1∥. Using, Lemma 17, ∥R1∥ ≤
nγ(M + ∥x∗∥)ηk+1 + 2

√
nQ(k + 1)ηk+1 + γ

√
n∥y∗∥ηk+1. and −ek+1⊤ [λk+1 − λ∗]. Let

R2 := −ek+1⊤ [λk+1 − λ∗] = −ek+1⊤λk+1 + ek+1⊤λ∗. Therefore, using, Lemma 17,
∥R2∥ ≤ ∥ek+1∥∥λk+1∥+ ∥ek+1∥∥λ∗∥ ≤

√
nQ(k + 1)ηk+1 + ∥λ∗∥ηk+1.

Let R := nγ(M+ ∥x∗∥) + γ
√
n∥y∗∥+ ∥λ∗∥. Therefore, using upper bounds on R1, R2,

ak+1 ≤ ak + Rηk+1 + 3
√
nQ(k + 1)ηk+1 (3.86)

≤ a0 + R
∞∑
s=0

ηs + 3
√
nQ

∞∑
s=0

sηs, (3.87)

where, ak := γ
2∥yk − x∗∥2 + 1

2γ ∥λ
k − λ∗∥2 + 1

2γ ∥µ
k − µ∗∥2. The condition (3.82)
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implies that ak is bounded. Therefore, by the boundedness of ak (3.87) there ex-
ists sub-sequence akt such that, limt→∞ akt < ∞ exists. Therefore, using (3.85),
∥xkt+1 − ykt∥ → 0, ∥µkt+1 − µkt ∥ → 0. Note that, due to (3.87) ∥ykt+1 − ykt∥ →
0, ∥xkt+1 − xkt∥ = ∥xkt+1 − ykt+1 + ykt+1 − ykt + ykt − xkt∥ ≤ ∥xkt+1 − ykt+1∥ +
∥ykt+1 − ykt∥ + ∥ykt − xkt∥ → 0. Further, ∥λkt+1 − λkt∥ = γ∥xkt+1 − ykt+1∥ → 0 and
∥xkt+1 − ykt+1∥ ≤ ∥xkt+1 − ykt+1∥+ ∥ykt+1 − ykt+1∥ ≤ ∥xkt+1 − ykt+1∥+

√
nηk+1 → 0.

Therefore, there exists a sub-sequence (xkt , ykt , λkt , µkt) that converges to a limit point
(x∞, y∞, λ∞, µ∞). Next, we show that the limit point (x∞, y∞, λ∞, µ∞) satisfy the
constraints in problem (3.8) and the objective function value F(x∞) = F(x∗). To this
end, we will utilize the following Lemma.

Lemma 19. Let ϕ : Rp → R be a convex function. Given, z̃ ∈ Rp and a positive
number γ > 0, if ẑ is a proximal minimization point, i.e., ẑ := argmin

z
ϕ(z) +

1
2γ ∥z − z̃∥

2, then we have, for any z ∈ Rp

2γ(ϕ(ẑ)− ϕ(z)) ≤ ∥z̃ − z∥2 − ∥ẑ − z∥2 − ∥ẑ − z̃∥2. (3.88)

Proof. Let Φ(z) := ϕ(z) + 1
2γ ∥z − z̃∥

2. Since, ϕ is convex it follows that Φ(z) is
strongly convex with modulus 1

γ . By the definition of the proximal minimization
step, we have 0 ∈ ∂Φ(ẑ). Therefore,

Φ(z) ≥ Φ(ẑ) +
γ

2
∥z − ẑ∥2 =⇒ 2γ(ϕ(ẑ)− ϕ(z)) ≤ ∥z̃ − z∥2 − ∥ẑ − z∥2 − ∥ẑ − z̃∥2.

Using Lemma 19 for the updates (3.58) and (3.59) with ẑ = xk+1, z̃ = yk, z = x and
ẑ = yk+1, z̃ = xk+1, z = y we obtain,

2

γ
(L(xk+1, yk, λk, µk) + γ

2
∥Axk+1 − b∥2 − L(x, yk, λk, µk)− γ

2
∥Ax− b∥2)

≤ ∥yk − x∥2 − ∥xk+1 − x∥2 − ∥xk+1 − yk∥2 , and,
2

γ
(L(xk+1, yk+1, λk, µk)− L(xk+1, y, λk, µk))

≤ ∥xk+1 − y∥2 − ∥yk+1 − y∥2 − ∥yk+1 − xk+1∥2.
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Adding the above two inequalities we obtain,

2

γ
(L(xk+1, yk+1, λk, µk) +

γ

2
∥Axk+1 − b∥2 − L(x, y, λk, µk)− γ

2
∥Ax− b∥2)

≤ ∥yk − x∥2 + ∥xk+1 − y∥2 − ∥xk+1 − x∥2 − ∥yk+1 − y∥2 − ∥xk+1 − yk∥2 − ∥yk+1 − xk+1∥2.

Taking limit over the appropriate sub-sequences on both sides of the above inequality,
we get,

L(x∞, y∞, λ∞, µ∞) ≤ L(x, y, λ∞, µ∞) +
γ

2
∥Ax− b∥2. (3.89)

Note that the updates (3.62) and (3.63) can be written as the following minimization
updates: ∀i ∈ V ,

µk+1
i = argmin

µi

{−λk⊤i (xk+1
i − yk+1

i )− µ⊤i (Aixk+1
i − bi) +

1

2γ
∥µi − µki ∥2}, (3.90)

= µki + γ(Aix
k+1
i − bi),

λ
k+1
i = argmin

λi

{−λ⊤i (xk+1
i − yk+1

i ) +
1

2γ
∥λi − λki ∥2}, (3.91)

= λki + γ(xk+1
i − yk+1

i ).

Applying Lemma 19 to the updates (3.90) and (3.91) with ẑ = µk+1, z = µ, z̃ = µk and
ẑ = λ

k+1
, z = λ, z̃ = λk respectively and adding the two inequalities result in,

2γ(L(xk+1, yk+1, λ, µ)− L(xk+1, yk+1, λ
k+1

, µk+1))

≤ ∥µk − µ∥2 + ∥λk − λ∥2 − ∥µk+1 − µ∥2 − ∥µk+1 − µk∥2 − ∥λk+1 − λ∥2 − ∥λk+1 − λk∥2.

Taking limit over the appropriate sub-sequences on both sides of the above inequality,
we get,

L(x∞, y∞, λ, µ) ≤ L(x∞, y∞, λ∞, µ∞). (3.92)

Using (3.89) with x = x∗, y = y∗, (3.92) with λ = λ∗, µ = µ∗, the saddle point relation
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in Assumption 16 and (3.76), we get,

L(x∗, y∗, λ∗, µ∗) ≤ L(x∞, y∞, λ∗, µ∗) ≤ L(x∞, y∞, λ∞, µ∞) ≤ L(x∗, y∗, λ∞, µ∞)

≤ L(x∗, y∗, λ∗, µ∗).

Therefore, L(x∗, y∗, λ∗, µ∗) = L(x∞, y∞, λ∞, µ∞). (3.93)

This implies that F(x∞) + IC0(y∞) + λ∞⊤(x∞ − y∞) + µ∞⊤(Ax∞ − b) = F(x∗) < ∞.
Therefore, y∞ ∈ C0. Further, since, x∞ = y∞ as ∥λk+1 − λk∥ → 0 and Ax∞ = b
since, ∥µk+1 − µk∥ → 0. Thus, F(x∞) = F(x∗). To complete the proof, we show
that the (xk, yk, λk, µk) has a unique limit point; we utilize the same argument as in
[186], Theorem 1. Let r1 = (x∞

1 , y∞
1 , λ

∞
1 , µ

∞
1 ) and r2 = (x∞

2 , y∞
2 , λ

∞
2 , µ

∞
2 ) be any two

limit points of (xk, yk, λk, µk). As shown above, both r1 and r2 are saddle points of
L(x, y, λ, µ). Then, from (3.87) for appropriate sub-sequences we have limkt→∞ ∥xkt −
x∞
i ∥2 + ∥ykt − y∞

i ∥2 + ∥λkt − λ∞i ∥2 + ∥µkt − µ∞i ∥2 = r̂j < 0, for j = 1, 2. Consider,

∥xk − x∞
1 ∥2 + ∥yk − y∞

1 ∥2 + ∥λk − λ∞1 ∥2 + ∥µk − µ∞1 ∥2 − ∥xk − x∞
2 ∥2 − ∥yk − y∞

2 ∥2

− ∥λk − λ∞2 ∥2 − ∥µk − µ∞2 ∥2 = ∥r1∥2 − ∥r2∥2 − 2(r1 − r2)⊤(xk⊤, yk⊤, λk⊤, µk⊤).

Taking the limit on both sides for each limit point we obtain,

r̂1 − r̂2 = ∥r1∥2 − ∥r2∥2 − 2(x∞⊤
1 (x∞

1 − x∞
2 ) + y∞⊤

1 (y∞
1 − y∞

2 ) + λ∞⊤
1 (λ∞1 − λ∞2 )

+ µ∞⊤
1 (µ∞1 − µ∞2 )) = −∥r1 − r2∥2, and,

r̂1 − r̂2 = ∥r1∥2 − ∥r2∥2 − 2(x∞⊤
2 (x∞

1 − x∞
2 ) + y∞⊤

2 (y∞
1 − y∞

2 ) + λ∞⊤
2 (λ∞1 − λ∞2 )

+ µ∞⊤
2 (µ∞1 − µ∞2 )) = ∥r1 − r2∥2.

Therefore, we must have ∥r1 − r2∥ = 0 and hence, (x∞, y∞, λ∞, µ∞) is unique. This
completes the proof.

Next, two estimates of rate of convergence for the proposed DC-DistADMM algorithm are
provided.

Sub-linear Rate of Convergence:

Here, the convergence of the proposed DC-DistADMM algorithm for the case when indi-
vidual functions f̃i are convex but not necessarily differentiable is analyzed.

129



Theorem 22 (Sub-linear rate of convergence). Let {xk}k≥1, {yk}k≥1, {λk}k≥1,
and {µk}k≥1, be the sequences generated by Algorithm 6. Let ηk = 1

k2+q , q ∈ (0, 1). Let
assumptions 13-16 hold, then for all k ≥ 1,

F(x̂k)− F(x∗) = O(1/k), ∥x̂k − ŷk∥ = O(1/k),

and, ∥Ax̂k − b∥ = O(1/k).

where, x̂k := 1
k

∑k−1
s=0 xs+1, ŷk := 1

k

∑k−1
s=0 ys+1.

Proof. From (3.78) we have, for i = 1, . . . , n,

dfi(x
k+1
i ) + λk+1

i +A⊤
i µ

k+1
i + γ(yk+1

i − yki ) = 0,

where, dfi(xk+1
i ) is a sub-gradient of fi at xk+1

i . Writing the above n inequalities com-
pactly,

dF(xk+1) + λk+1 + A⊤µk+1 + γ(yk+1 − yk) = 0,

where, dF(xk+1) is a vector with subgradients dfi(xk+1
i ) stacked together respectively.

Further, using (3.79) d(yk+1)+λ
k+1

= 0, where d(yk+1) is a sub-gradient of IC0 at yk+1.
Noticing that F and IC0 are convex functions and using (3.63) we have,

F(xk+1)− F(x∗) + IC0(yk+1)− IC0(y∗) ≤ −[x∗ − xk+1]⊤dF(xk+1)− [y∗ − yk+1]⊤d(yk+1)

≤ [x∗ − xk+1]⊤[λk+1 + A⊤µk+1 + γ(yk+1 − yk)]− [y∗ − yk+1]⊤λ
k+1

.

Note that IC0(yk+1) = IC0(y∗) = 0. Using (3.61) and (3.63),

F(xk+1)− F(x∗) ≤ [x∗ − xk+1]⊤[λk+1 + A⊤µk+1 + γ(yk+1 − yk)]
− [y∗ − yk+1]⊤[λk+1 + γ(yk+1 − yk+1)]

≤ [x∗ − xk+1]⊤[λk+1 + A⊤µk+1 + γ(yk+1 − yk)]

− [y∗ − yk+1]⊤λk+1 + γek+1⊤(yk+1 − y∗)

= [x∗ − xk+1]⊤[λk+1 + A⊤µk+1 + γ(yk+1 − yk)]

− [y∗ − yk+1]⊤λk+1 + ek+1⊤(−λk+1 + γ(yk+1 − y∗))

= [yk+1 − xk+1]⊤λk+1 + γ[x∗ − xk+1]⊤[yk+1 − yk]

+ [x∗ − xk+1]⊤A⊤µk+1 + ek+1⊤(−λk+1 + γ(yk+1 − y∗)).
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Therefore, for any λ and µ, using (3.76) we have

F(xk+1)− F(x∗) + λ⊤(xk+1 − yk+1) + µ⊤(Axk+1 − b) ≤ [λk+1 − λ]⊤[yk+1 − xk+1]

+ γ[x∗ − xk+1]⊤[yk+1 − yk] + [µ− µk+1]⊤A(xk+1 − b) + ek+1⊤(−λk+1 + γ(yk+1 − y∗)).

Using (3.61) and (3.62), we get,

F(xk+1)− F(x∗) + λ⊤(xk+1 − yk+1) + µ⊤(Axk+1 − b) ≤ 1

γ
[λ− λk+1]⊤[λk+1 − λk] (3.94)

+ γ[x∗ − xk+1]⊤[yk+1 − yk] + 1

γ
[µ− µk+1]⊤[µk+1 − µk] + ek+1⊤(−λk+1 + γ(yk+1 − y∗)).

Using the identity (3.72) for any s ≥ 0 we get,

1

γ
[λ− λs+1]⊤[λs+1 − λs] = 1

2γ
(∥λ− λs∥2 − ∥λ− λs+1∥2 − ∥λs+1 − λs∥2), (3.95)

γ[x∗ − xs+1]⊤[ys+1 − ys] = γ

2
(∥xs+1 − ys+1∥2 − ∥xs+1 − ys∥2 + ∥x∗ − ys∥2

− ∥x∗ − ys+1∥2), (3.96)
1

γ
[µ− µk+1]⊤[µk+1 − µk] = 1

2γ
(∥µ− µk∥2 − ∥µ− µk+1∥2 − ∥µk+1 − µk∥2). (3.97)

Note that from Lemma 17, (3.61) and (3.71), under Assumption 14, ek+1⊤(−λk+1 +

γ(yk+1 − y∗)) = −ek+1⊤λk+1 + γek+1⊤yk+1 − γ∥ek+1∥2 − ek+1⊤y∗ ≤ ∥ek+1∥∥λk+1∥ +
γ∥ek+1∥∥yk+1∥+∥ek+1∥∥y∗∥ ≤ (k+1)Q

√
nηk+1+(γn(M+∥x∗∥)+2(k+1)

√
nQ)ηk+1+√

n∥y∗∥ηk+1. Let M := γn(M+∥x∗∥)+
√
n∥y∗∥. From (3.94), (3.95), (3.96) and (3.97)

for any λ, µ and s ≥ 0 we get,

F(xs+1)− F(x∗) + λ⊤(xs+1 − ys+1) + µ⊤(Axk+1 − b) ≤ 1

2γ
(∥λ− λs∥2 − ∥λ− λs+1∥2)+

γ

2
(∥x∗ − ys∥2 − ∥x∗ − ys+1∥2) + 1

2γ
(∥µ− µs∥2 − ∥µ− µs+1∥2) + M

s2+q
+

3
√
nQ(s+ 1)

(s+ 1)2+q
.

Summing from s = 0 to k − 1 and dividing by 1/k gives,

1

k

k−1∑
s=0

[F(xs+1)− F(x∗) + λ⊤(xs+1 − ys+1) + µ⊤(Axs+1 − b)] ≤ γ∥x∗ − y0∥2

2k

+
∥λ− λ0∥2

2γk
+
∥µ− µ0∥2

2γk
+

M
∑k−1

s=0
1

s2+q

k
+

3
√
nQ
∑k−1

s=0(s+ 1) 1
(s+1)2+q

k
.
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Let x̂k := 1
k

∑k−1
s=0 xs+1, and ŷk := 1

k

∑k−1
s=0 ys+1. Since, F is a convex function we have,

1
k

∑k−1
s=0 F(xs+1) ≥ F(x̂k). Therefore,

F(x̂k)− F(x∗) + λ⊤(x̂k − ŷk) + µ⊤(Ax̂k − b) ≤ γ∥x∗ − y0∥2

2k
+
∥λ− λ0∥2

2γk
(3.98)

+
∥µ− µ0∥2

2γk
+

Mζ(2 + q) + 3
√
nQζ(1 + q)

k
,

where, ζ(.) is the Riemann zeta function. Let µ = 0, λ = 0, therefore, we get,

F(x̂k)− F(x∗) ≤ γ∥x∗ − y0∥2

2k
+
∥λ0∥2 + ∥µ0∥2

2γk
+

Mζ(2 + q) + 3
√
nQζ(1 + q)

k
= O(1/k).

Define, ŷk := 1
k

∑k−1
s=0 ys+1, where, ys+1 is as defined in (3.60). Since, (x∗, y∗, λ∗, µ∗) is

a saddle point we have, L(x∗, y∗, λ, µ) ≤ L(x̂k, ŷk, λ∗, µ∗). Therefore, F(x̂k) − F(x∗) +

λ∗⊤(x̂k − ŷk) + λ∗⊤(ŷk − ŷk) + µ∗⊤(Ax̂k − b) ≥ 0. Let λ = λ∗ + x̂k−ŷk
∥x̂k−ŷk∥ and µ = µ∗.

Therefore,

∥x̂k − ŷk∥ ≤ F(x̂k)− F(x∗) + λ∗⊤(x̂k − ŷk) + µ∗⊤(Ax̂k − b) + λ∗⊤(ŷk − ŷk) + ∥x̂k − ŷk∥

≤ γ∥x∗ − y0∥2

2k
+

1 + ∥λ0 − λ∗∥2

γk
+
∥µ∗ − µ0∥2

2γk
+

Mζ(2 + q) + 3
√
nQζ(1 + q)

k

+ λ∗⊤(ŷk − ŷk).

Note that, ∥λ∗⊤(ŷk − ŷk)∥ ≤ ∥λ∗∥∥ 1k
∑k−1

s=0 [ys+1 − ys+1]∥ = ∥λ∗∥
k

∑k−1
s=0 ∥ys+1 − ys+1∥ =

∥λ∗∥
k

∑k−1
s=0 ∥es+1∥ ≤ ∥λ∗∥

k

∑k−1
s=0

√
nηs+1 ≤

√
n∥λ∗∥
k

∑∞
s=0 ηs+1 =

√
n∥λ∗∥
k ζ(2 + q). There-

fore,

∥x̂k − ŷk∥ ≤ γ∥x∗ − y0∥2

2k
+

1 + ∥λ0 − λ∗∥2

γk
+
∥µ∗ − µ0∥2

2γk

+
(M +

√
n∥λ∗∥)ζ(2 + q) + 3

√
nQζ(1 + q)

k
= O(1/k).
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Alternatively, let, µ = µ∗ + Ax̂k−b
∥Ax̂k−b∥ and λ = λ∗, we get,

∥Ax̂k − b∥ ≤ F(x̂k)− F(x∗) + λ∗⊤(x̂k − ŷk) + µ∗⊤(Ax̂k − b) + λ∗⊤(ŷk − ŷk) + ∥Ax̂k − b∥

≤ γ∥x∗ − y0∥2

2k
+
∥λ0 − λ∗∥2

2γk
+

1 + ∥µ− µ0∥2

γk
+

Mζ(1 + q)

k
+ λ∗⊤(ŷk − ŷk)

≤ γ∥x∗ − y0∥2

2k
+
∥λ0 − λ∗∥2

2γk
+

1 + ∥µ− µ0∥2

γk

+
(M +

√
n∥λ∗∥)ζ(2 + q) + 3

√
nQζ(1 + q)

k
= O(1/k).

Theorem 22 establishes that the objective function evaluated at the ergodic average of
the optimization variables obtained by the proposed DC-DistADMM algorithm converges
to the optimal value. In particular, the objective function value evaluated at the ergodic
average converges to the optimal value at a rate of O(1/k).

Remark 20. Let, x̂ki = 1
k

∑k−1
s=0 x

s
i and ŷki = 1

k

∑k−1
s=0 y

s
i denote the ergodic averages

of the variables xki and yki . Since, ∥x̂k − ŷk∥ = O(1/k) it implies that for all i ∈
V, ∥x̂ki − ŷki ∥ = O(1/k). Further, since, for all k ≥ 0 and i, j ∈ V , ∥yki − ykj ∥ ≤ ηk

(see (3.70)) it implies that ∥ŷki − ŷkj ∥ ≤ 1
k

∑k−1
s=0 ∥ysi − ysj∥ ≤

1
k

∑k−1
s=0 ηs ≤

ζ(2+q)
k . Thus,

∥ŷki − ŷkj ∥ = O(1/k). Therefore, for all i, j ∈ V,

∥x̂ki − x̂kj ∥ = O(1/k) and lim
k→∞

∥x̂ki − x̂kj ∥ = 0.

Thus, in practice, the DC-DistADMM algorithm can be implemented with an additional
variable x̂ki tracking the ergodic average of xki at each agent i ∈ V to achieve a consensual
solution at the O(1/k) rate of convergence given in Theorem 22 in a fully distributed
manner. Note, that the variable x̂ki is computed locally by each agent without any
additional cost of communication and a minor addition in cost of computation.

Remark 21. By Lemma 18 the total number of communication iterations performed
until iteration k of the DC-DistADMM algorithm in Theorem 22, is upper bounded by
K :=

∑k
s=1 ts := O(k log k). The communication complexity is within a factor of log k

of the optimal lower bound O(k).
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Geometric rate of Convergence:

Here, a geometric rate of convergence for the proposed DC-DistADMM algorithm under
the following assumption is established:

Assumption 17. Each function f̃i is Lipschitz differentiable with constant Lfi and
restricted strongly convex with respect to the optimal solution x∗ on Xi with parameter
σi > 0.

Remark 22. Under Assumption 17 the constrained distributed problem (3.1) has a
unique optimal solution. However, Assumption 17 is less restrictive than the standard
global strong convexity assumption and makes the analysis presented here applicable to a
bigger class of functions [187]. For example, the widely used logistic regression objective
function is restricted strongly convex but not globally strongly convex [188].

Theorem 23 (Geometric Rate of convergence). Let {xk}k≥1, {yk}k≥1, {λk}k≥1,
and {µk}k≥1, be the sequences generated by Algorithm 6. Let assumptions 13,14,16,
and 17 hold. Let ∆ := (1 − 1

δ )min{1, νmin(AA⊤)} for any δ ∈
(
1, 1 + 2σγ

L2+γ2

]
, where

L := max1≤i≤n Lfi , σ := min1≤i≤n σi, and νmin(AA⊤) is the minimum eigenvalue of
AA⊤. Let ηk = ρk, where, ρ ∈

[
1

1+∆ , 1
)

. Let xki ∈ relint(Xi×Rm≥0), ∀i ∈ V , k ≥ 0. Then
the agent solution residual sk := γ

2∥xk − x∗∥2 + 1
2γ ∥λ

k − λ∗∥2 + 1
2γ ∥µ

k − µ∗∥2 has the
following relation: for any K ≥ 0 and ϵ > 0,

sK ≤ ΥρK +O(ϵ),

where, Υ is a finite constant defined in (3.106).

Proof. From the definition of F and Assumption 17 it follows that F is Lipschitz differ-
entiable with constant L := max1≤i≤n Lfi for all x̃ ∈ relint(X ), x̃s ∈ relint(nRm≥0) and
restricted strongly convex with respect to the optimal solution x∗ on the set X with pa-
rameter σ := min1≤i≤n σi. For sub-gradients dF(xk+1) ∈ ∂F(xk+1) and dF(x∗) ∈ ∂F(x∗),
using (3.73) and (3.78) under Assumption 17,

σ∥xk+1 − x∗∥2 ≤ [xk+1 − x∗]⊤[dF(xk+1)− dF(x∗)]

= [xk+1 − x∗]⊤[−λk+1 − γ(yk+1 − yk)−A⊤µk+1 + λ∗ + A⊤µ∗]

= [xk+1 − x∗]⊤[λ∗ − λk+1]− γ[xk+1 − x∗]⊤[yk+1 − yk]
+ [xk+1 − x∗]⊤A⊤[µ∗ − µk+1]
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= [xk+1 − x∗]⊤[λ∗ − λk+1] + [xk+1 − x∗]⊤A⊤[µ∗ − µk+1]

+ γ[x∗ − xk+1]⊤[xk+1 − xk] + [x∗ − xk+1]⊤[2λk − λk+1 − λk−1].

Using, ((3.83) and (3.84) we get,

σ∥xk+1 − x∗∥2 ≤ [xk+1 − x∗]⊤[λ∗ − λk+1] + γ[x∗ − xk+1]⊤[xk+1 − xk]
+ [xk+1 − x∗]⊤A⊤[µ∗ − µk+1] + [yk+1 − y∗]⊤[λk+1 − λ∗]

− [yk+1 − y∗]⊤λk+1 + [x∗ − xk+1]⊤[2λk − λk+1 − λk−1]

= [λ∗ − λk+1]⊤[xk+1 − yk+1] + γ[x∗ − xk+1]⊤[xk+1 − xk]
+ [xk+1 − x∗]⊤A⊤[µ∗ − µk+1]− [yk+1 − y∗]⊤λk+1

+ [λ∗ − λk+1]⊤ek+1 + [x∗ − xk+1]⊤[2λk − λk+1 − λk−1]

=
1

γ
[λ∗ − λk+1]⊤[λk+1 − λk] + γ[x∗ − xk+1]⊤[xk+1 − xk]

+
1

γ
[µ∗ − µk+1]⊤[µk+1 − µk]− [yk+1 − y∗]⊤λk+1

+ [λ∗ − λk+1]⊤ek+1 + [x∗ − xk+1]⊤[2λk − λk+1 − λk−1],

where, in the second equality we used (3.71), and in the last equality we used (3.61)
and (3.62). Let tk := 2λk − λk+1 − λk−1. Using (3.72) for 1

γ [λ
∗ − λk+1]⊤[λk+1 − λk],

1
γ [µ

∗ − µk+1]⊤[µk+1 − µk], and γ[x∗ − xk+1]⊤[xk+1 − xk],

σ∥xk+1 − x∗∥2 + γ

2
∥xk+1 − xk∥2 + 1

2γ
∥λk+1 − λk∥2

≤
[
γ

2
∥xk − x∗∥2 + 1

2γ
∥λk − λ∗∥2 + 1

2γ
∥µk − µ∗∥2

]
−
[
γ

2
∥xk+1 − x∗∥2 + 1

2γ
∥λk+1 − λ∗∥2 + 1

2γ
∥µk+1 − µ∗∥2

]
− [yk+1 − y∗]⊤λk+1 + [λ∗ − λk+1]⊤ek+1 + [x∗ − xk+1]⊤tk. (3.99)

Observe from (3.73), (3.78), ∇F(xk+1)−∇F(x∗) = −λk+1 − γ(yk+1 − yk)− A⊤µk+1 +

λ∗ +A⊤µ∗ = −λk+1 + λ∗−A⊤µk+1 +A⊤µ∗ + λk+1 + λk−1− 2λk − γ(xk+1− xk), where
we used (3.61) to get a relation between yk+1 and yk. Therefore, γ(xk+1 − xk) is the
summation of the terms q1 := ∇F(x∗) − ∇F(xk+1) and r1 := λ∗ − λk+1 + A⊤µ∗ −
A⊤µk+1 + λk+1 + λk−1 − 2λk. Therefore, for any δ > 1, we can apply the inequality
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∥q1 + r1∥2 + (δ − 1)∥q1∥2 ≥ (1− 1
δ )∥r1∥2,

γ2∥xk+1 − xk∥2 + (δ − 1)∥∇F(xk+1)−∇F(x∗)∥2

≥
(
1− 1

δ

)
∥λ∗ − λk+1 + A⊤µ∗ −A⊤µk+1 − tk∥2

≥
(
1− 1

δ

)[
∥λk+1 − λ∗∥2 + νmin(AA⊤)∥µk+1 − µ∗∥2 − 2∥tk∥∥A⊤µ∗ −A⊤µk+1∥

+ ∥tk∥2 − 2∥λk+1 − λ∗∥∥A⊤µ∗ −A⊤µk+1 − tk∥
]
,

where, νmin(AA⊤) > 0. By Lipschitz differentiablility of F,

γ

2
∥xk+1 − xk∥2 + (δ − 1)L2

2γ
∥xk+1 − x∗∥2

≥
(1− 1

δ )

2γ

[
∥λk+1 − λ∗∥2 + νmin(AA⊤)∥µk+1 − µ∗∥2 − 2∥tk∥∥A⊤µ∗ −A⊤µk+1∥

− 2∥λk+1 − λ∗∥∥A⊤µ∗ −A⊤µk+1 − tk∥
]
. (3.100)

Similarly, λk+1−λk = γ(xk+1−yk+1) = γ(xk+1−x∗)+γ(y∗−yk+1). Therefore, λk+1−λk

is the summation of q2 := γ(xk+1−x∗) and r2 := γ(y∗−yk+1). Therefore, for any δ > 1,
we can apply the inequality ∥q2 + r2∥2 + (δ − 1)∥q2∥2 ≥ (1− 1

δ )∥r2∥2, and obtain,

∥λk+1 − λk∥2 + γ2(δ − 1)∥xk+1 − x∗∥2 ≥ (1− 1

δ
)∥γ(yk+1 − y∗)∥2

=

(
1− 1

δ

)
∥λk+1 − λk − γ(xk+1 − x∗)∥2

≥ (1− 1

δ
)
[
∥λk+1 − λk∥2 + γ2∥xk+1 − x∗∥2 − 2γ∥λk+1 − λk∥∥xk+1 − x∗∥

]
. (3.101)

Therefore, using (3.100) and (3.101) we get,

γ

2
∥xk+1 − xk∥2 + 1

2γ
∥λk+1 − λk∥2 +

(δ − 1)(L
2

γ + γ)

2
∥xk+1 − x∗∥2

≥
(
1− 1

δ

)[ 1

2γ
∥λk+1 − λ∗∥2 + γ

2
∥xk+1 − x∗∥2 + νmin(AA⊤)

2γ
∥µk+1 − µ∗∥2

]
− (1− 1/δ)

γ

[
∥λk+1 − λ∗∥∥A⊤µ∗ −A⊤µk+1 − tk∥

+ ∥tk∥∥A⊤µ∗ −A⊤µk+1∥+ γ∥λk+1 − λk∥∥xk+1 − x∗∥
]
.
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Let ∆ := (1− 1
δ )min{1, νmin(AA⊤)} and sk := γ

2∥xk−x∗∥2+ 1
2γ ∥λ

k−λ∗∥2+ 1
2γ ∥µ

k+1−
µ∗∥2. Therefore, for δ ∈ (1, 1 + 2σγ

L2+γ2
], we have,

σ∥xk+1 − x∗∥2 + γ

2
∥xk+1 − xk∥2 + 1

2γ
∥λk+1 − λk∥2

≥ ∆sk+1 −
(1− 1/δ)

γ

[
∥λk+1 − λ∗∥∥A⊤µ∗ −A⊤µk+1 − tk∥+ ∥tk∥∥A⊤µ∗ −A⊤µk+1∥

+ γ∥λk+1 − λk∥∥xk+1 − x∗∥
]
. (3.102)

Therefore, from (3.99) and (3.102), we have

sk+1 ≤ (
1

1 + ∆
)sk + (

1

1 +∆
)
(
∥λk+1 − λ∗∥∥ek+1∥∥yk+1 − y∗∥∥λk+1∥+ ∥x∗ − xk+1∥∥tk∥

+
(1− 1/δ)

γ

[
∥λk+1 − λ∗∥∥A⊤µ∗ −A⊤µk+1 − tk∥+ ∥tk∥∥A⊤µ∗ −A⊤µk+1∥

+ γ∥λk+1 − λk∥∥xk+1 − x∗∥
])
. (3.103)

Using (3.87),

∥λk − λ∗∥ ≤

√
2γ(s0 +

R
1− ρ

+
3
√
nQρ

(1− ρ)2
) := Ξ. (3.104)

Let S1 := ∥λk+1 − λ∗∥∥ek+1∥, S2 := ∥yk+1 − y∗∥∥λk+1∥, S3 := ∥x∗ − xk+1∥∥tk∥, S4 :=
(1−1/δ)

γ ∥λk+1 − λ∗∥∥A⊤µ∗ − A⊤µk+1 − tk∥, S5 := (1−1/δ)
γ ∥tk∥∥A⊤µ∗ − A⊤µk+1∥ and

S6 := (1 − 1/δ)∥λk+1 − λk∥∥xk+1 − x∗∥. Note S1 = ∥λk+1 − λ∗∥∥ek+1∥ ≤
√
nΞρk+1.

Further, from Theorem 21, there exist C < ∞ and Sk with limk→∞ Sk = 0 such that
S2+S3+S4+S5+S6 ≤ CSk. Therefore, from (3.103) and using the fact ρk+1 ≤ ρk, ∀k

sk+1 ≤
(

1

1 + ∆

)
sk +

√
nΞ

(
1

1 + ∆

)
ρk + C

(
1

1 + ∆

)
Sk. (3.105)
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By repeated substitution for k = 0, 1, . . . ,K we get,

sK ≤
(

1

1 + ∆

)K
s0 +

√
nΞ

K∑
t=0

(
1

1 + ∆

)t
ρK−t + C

K∑
t=0

(
1

1 + ∆

)K−t+1

St

=

(
1

1 + ∆

)K
s0 + ρK

√
nΞ

K∑
t=1

(
1

1 + ∆

)t
ρ−t + C

K∑
t=0

(
1

1 + ∆

)K−t+1

St

≤ ρK
(
s0 +

√
nΞ

K∑
t=1

(
1

1 + ∆
)tρ−t

)
+ C

K∑
t=0

(
1

1 + ∆

)K−t+1

St.

Given, ϵ > 0, let K ′ be such that Sk < ϵ for all k ≥ K ′ (Theorem 21 guarantees existence
of such K ′). Let S := max0≤t≤K′ St, therefore,

sK ≤ ρK
(
s0 +

√
nΞ

K∑
t=1

(
1

1 + ∆

)t
ρ−t + CS

K′∑
t=0

ρ1−t

)
+ ϵ

(
C

K∑
t=K′

ρK−t+1

)

≤ ρK
(
s0 +

√
nΞρ(1 + ∆)

ρ(1 + ∆)− 1
+

CS(ρ−K′+1 − ρ2)
1− ρ

)
+ ϵ

(
C

1− ρ

)
≤ ΥρK +O(ϵ),

where,

Υ := s0 +
S2ρ(1 + ∆)

ρ(1 + ∆)− 1
. (3.106)

This completes the proof.

Remark 23. Although, Theorem 23 provides a tight bound on the requirement of ρ,
in practice the tolerance sequence parameter ρ can be chosen from the interval

[
2
3 , 1
)

which does not require the knowledge of the restricted strong convexity parameter σi of
the individual functions and the optimal solution x∗. We explain this below:
From the definition of ∆ we have, ∆ ≤ (1−1/δ). Using the condition on δ in Theorem 23
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we get,

1 < δ ≤ L2 + γ2 + 2σγ

L2 + γ2

1 >
1

δ
≥ L2 + γ2

L2 + γ2 + 2σγ

−1 < −1

δ
≤ − L2 + γ2

L2 + γ2 + 2σγ

0 < 1− 1

δ
≤ 2σγ

L2 + γ2 + 2σγ
=

1
L2+γ2

2σγ + 1
≤ 1

2
,

where, the last inequality follows from the AM-GM inequality and the fact that L ≥ σ.
Thus, for 1

∆+1 =
(
1 +

(
1− 1

δ

))−1

2

3
≤ 1

∆ + 1
< 1.

Note that the ρ ∈
[

1
1+∆ , 1

)
. Thus, ρ ∈

[
2
3 , 1
)
. The simulation results demonstrate the

theory’s applicability and show good performance for the DC-DistADMM algorithm with
ρ = 0.75 ∈

[
2
3 , 1
)
.

Remark 24. By Lemma 18 the total number of communication iterations performed
until iteration k of the DC-DistADMM algorithm in Theorem 23, is upper bounded by
K :=

∑k
s=1 ts := O(k2). Thus, compared to Theorem 22 the improved rate of convergence

leads to an increase in the number of communication iterations (Remark 21). More-
over, compared to algorithms utilizing multiple communication steps in the literature
[116], [175]–[178], [189]–[191] the DC-DistADMM algorithm has the same communication
complexity. In particular, methods in [176], [178], [189] have communication complex-
ity, O(k2), in getting a geometric rate. Schemes proposed in [116], [175], [177], [190],
[191] have the same, O(k log k), communication complexity in getting a O(1/k) rate of
convergence.

Remark 25. The geometric rate of convergence for DC-DistADMM algorithm does not
follow from the existing centralized results (see [192], [193]) as problem (3.8) does not
satisfy the assumptions used in these works. In particular, the function IC0(y) is not
differentiable and does not meet the requirements of being global Lipschitz diffferentiable,
twice continuously differentiable, and strongly convex used in [192], [193]. Further, un-
like [192], [193], the y variable update in the ADMM scheme of DC-DistADMM algorithm
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in an inexact manner is solved via the ε-consensus protocol that adds additional com-
plexities in the analysis. These reasons have motivated us to present the analysis of the
DC-DistADMM given in Theorem 23.

Numerical Simulations:

In this section, three simulation studies are presented for the proposed DC-DistADMM
algorithm. First, a performance comparison of the DC-DistADMM algorithm with two
existing algorithms in the literature for solving constrained distributed optimization
problems, [158] and [152], in solving a distributed ℓ1 regularized logistic regression with
a local linear equality and set (norm-ball) constraints is presented.

Second, a performance comparison of the DC-DistADMM algorithm is provided for
solving an unconstrained ℓ1 regularized Huber loss minimization problem with the ex-
isting state-of-the-art unconstrained distributed optimization algorithms on directed
graphs. The algorithms used for comparison with the proposed DC-DistADMM algorithm
are the following: (i) EXTRAPush [139], (ii) PushPull [140], (iii) PushDIGing [194],
and (v) the subgradientPush [120] algorithm.

Third, a comparison between the DC-DistADMM algorithm and two existing algo-
rithms utilizing multiple communication steps, [178] and [175] on solving the uncon-
strained distributed least squares problem is presented.

A network of 100 agents connected via: (i) an undirected graph generated using an
Erdos-Renyi model [121] with a connectivity probability of 0.3 in simulation studies one
and three and (ii) a directed graph generated using an Erdos-Renyi model with a connec-
tivity probability of 0.2 in the simulation study two is considered. The weight matrices
for the various algorithms are chosen using the equal neighbor model [51]. To provide
a comparison, solution residual plots against the total (computation + communication)
iteration counts for all the algorithms unless stated otherwise are presented. Further, a
comparison based on the CPU time (the amount of time required by a computer (pro-
cessor) to execute the instructions) between DC-DistADMM and the other algorithms is
provided.

All the numerical examples in this section are implemented in MATLAB, and run
on a desktop computer with 16 GB RAM and an Intel Core i7 processor running at
1.90 GHz. The parameters used in the simulations for all the algorithms are reported
in Table 3.2. In choosing the step-sizes of the algorithms in Table 3.2 we followed the
approach of hand-optimizing the hyper-parameters that produce good performance for
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Table 3.2: Algorithm Parameters of DC-DistADMM
ALGORITHM Parameter

DC-DistADMM tolerance ηk = 0.01, 1/k2.1, 0.75k, γ = 10
CDA1 [158] step-size α = 0.01
CDA2 [152] step-size α(k) = 1/k1.2

EXTRAPush [139] step-size α = 0.0009
PushPull [140] step-size α = 0.05

PushDIGing [194] step-size α = 0.001
subgradientPush [120] step-size α = 0.005

FDGD [175] step-size α = 0.01, β(k) = k/(k + 3)
nearDGD [178] step-size α = 0.01

these algorithms while maintaining the stability of the algorithmic estimates for the
class of problems under consideration.

A. Performance on constrained optimization problem:
Consider a ℓ1 regularized distributed logistic regression with linear equality constraint
and local inequality constraints:

minimize
n∑
i=1

ni∑
j=1

log
(
1 + exp

(
− yij(a⊤ijx)

))
+ θ∥x∥1

subject to Hix = hi, x
⊤x ≤ ri, for all i ∈ V , (3.107)

where, each agent i ∈ V has ni data samples {(aij , yij)}ni
j=1, with, aij ∈ R50 being

the feature vector and yij ∈ {−1,+1} is the binary outcome (or class label) of the
feature vector aij . The objective is to learn the weight vector x ∈ R50 based on the
available data {(aij , yij)}ni

j=1, i ∈ V such that x is sparse. The parameter θ enforces the
sparsity in x. Further, the solution satisfy the linear equality constraints Hix = hi,
where, Hi ∈ R500×50. Denote H := I ⊗ Hi, h = [h⊤1 , . . . , h

⊤
n ]

⊤. Each agent i ∈ V
also has a local set constraint x⊤x ≤ ri. For our simulation we generate an instance
of problem (3.107) where each agent has ni = 106 data samples. Each feature vector
aij ∈ R50 and the ‘true’ weight vector xtrue ∈ R50 are generated to have approximately
40% zero entries. The non-zero entries of aij and xtrue are sampled independently from
the standard normal distribution. The class labels yij are generated using the equation:
yij = sign(a⊤ijxtrue + δij), where δij is a normal random variable with zero mean and
variance 0.1. The parameter θ is set to 0.1θmax, where θmax is the critical value above
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which the solution x∗ = 0 (see [141] section 11.2 for the calculation of θmax). The
value of ri in the constraints is chosen as follows: the unconstrained version of (3.107)
with a centralized solver and denote the solution as x∗c . The constraint ri is set as
ri = (1 + ξi)x

∗
c , where ξi is drawn from a uniform distribution on [0, 1]. A value of

γ = 10 is used for the Augmented Lagrangian. The entries of each Hi are sampled
independently from the standard normal distribution. The vector hi, i ∈ V is calculated
as hi = Hixtrue. To solve (3.107) using the DC-DistADMM algorithm, the fast iterative
shrinkage thresholding algorithm (FISTA) [195] is used for the updates (3.58) at each
agent i. A proximal residue (difference between the output of the proximal minimization
step and the base-point of the proximal term) [195] is utilized as a stopping criterion
for FISTA. The FISTA iterations are terminated when the proximal residue becomes
less than 10−4. A fixed accuracy for FISTA is used at all iterations of DC-DistADMM
algorithm. For the updates (3.59) the ε-consensus protocol with the tolerance ε set equal
to a desired level of inaccuracy η in the solution of (3.59) is employed. The results for
three choices of the sequence {ηk}k≥1: (i) ηk = 0.01, (ii) ηk = 1/k2.1 and (iii) ηk = 0.75k,
where, k is the iteration counter are presented for Algorithm 6. Note, that sequences (ii)
and (iii) satisfy condition (3.82) and are utilized to derive explicit rate of convergence for
the DC-DistADMM algorithm in theorems 22, and 23. Two existing algorithms [158] and
[152] (termed as Constrained Distributed Algorithm 1 (CDA1) and CDA2 respectively
for reference) for solving constrained distributed optimization problems are compared
with the DC-DistADMM algorithm. Figure 3.6 shows the plots of consensus constraint
residual (∥x̂k − ŷk∥ for DC-DistADMM algorithm and ∥xk −

∑n
i=1 x

k
i /n∥ for CDA1 and

CDA2) and the equality constraint residual for the three algorithms with respect to
the total iterations. The DC-DistADMM performs well as seen in Figure 3.6(a). The
consensus residual under DC-DistADMM decreases to a value less than 10−4 within 200

iterations for the choice ηk = 0.75k. Note, that the constant ηk sequence also have
good performance with a value less than 10−2 within 200 iterations. The plots in
Figure 3.6(b) demonstrate the decrease in the equality constraint residual ∥Hx̂k − h∥.
Figure 3.7 presents the trajectory of solution residuals ∥xk−x∗∥2

∥x0−x∗∥2 with respect to the total
iterations and the CPU time (secs) for each algorithm. The proposed DC-DistADMM
algorithm outperforms the other two algorithms. The solution residual for DC-DistADMM
is lesser than CDA1 and CDA2 for all the three choices of the tolerance sequence ηk
with significant improvement with the choice ηk = 0.75k. Note that both CDA1 and
CDA2 cannot handle directed communication topologies and need centralized synthesis
for problem (3.107) whereas DC-DistADMM does not.
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Figure 3.6: (a) Comparison of consensus constraint residuals against total iterations (includ-
ing communication steps) between DC-DistADMM and constrained optimization algorithms (b)
Comparison of equality constraint residuals against total iterations between DC-DistADMM and
constrained optimization algorithms. ηk = 0.75k gives the best performance for the DC-DistADMM
algorithm in terms of the equality constraint residual. The DC-DistADMM algorithm is second
best in terms of the consensus constraints.
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Figure 3.7: (a) Comparison of solution residuals against total iterations between DC-DistADMM
and constrained optimization algorithms (b) Comparison of solution residuals against CPU time
between DC-DistADMM and constrained optimization algorithms. DC-DistADMM algorithm with
ηk = 0.75k has the best decrease in the solution residual.

B. Performance on unconstrained optimization problem:
In the second part of the numerical simulation study a comparison of the proposed
DC-DistADMM algorithm is presented with some state-of-the-art distributed optimization
algorithms for solving unconstrained optimization problems. Consider the following ℓ1
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regularized Huber loss minimization problem:

minimize
n∑
i=1

Φi(x) + θ∥x∥1, (3.108)

where, Φi(x) for all i is the standard Huber loss given by:

Φi(x) =

1
2∥Dix− di∥2, if ∥Dix− di∥ ≤ 1,

∥Dix− di∥ − 1
2 , if ∥Dix− di∥ > 1.

Each agent i ∈ V has a measured data vector di ∈ R100 and a scaling matrix Di ∈
R100×25. The objective is to estimate the unknown signal x ∈ R25. The entries of
the matrices Di, i ∈ V and the observed data di are sampled independently from the
standard normal distribution. The true solution vector x∗ has 70% non-zero entries
which are sampled from a standard normal distribution. A value of θ = 3 is chosen for
the regularization parameter. Here, FISTA is employed to solve the sub-problem (3.58)
with the same stopping criterion (proximal residue < 10−4) as in the logistic regression
problem. The update (3.59) is solved using ε-consensus protocol with the tolerance
ηk = 1/k2.1. The progression of the solution residual against the total iterations and
the CPU time is presented in Figure 3.8.

In Figure 3.8(a) the progression of the solution residual against the algorithm iter-
ation k (first curve) for the DC-DistADMM algorithm is also provided. The rationale for
this is to provide a comparison between DC-DistADMM and other algorithms considering
both the algorithm iterations and the total iterations. It can be seen that the proposed
DC-DistADMM algorithm has a significantly better performance compared to other algo-
rithms against the algorithm iterations. In particular, solution residual decreases to a
value of 10−4 in less than 50 algorithm iterations of DC-DistADMM algorithm whereas
the second best method PushDIGing takes around 100 iterations to reach the same so-
lution residual. In terms of total iterations, the DC-DistADMM algorithm has acceptable
performance. The ε-consensus protocol utilized at each iteration of the DC-DistADMM
algorithm incurs additional consensus-related steps, however, the information mixing
steps (3.64)-(3.65) have a low computational footprint and do not significantly increase
the overall run time of the DC-DistADMM algorithm. This is illustrated by the compar-
ison between the algorithms based on the required CPU time shown in Figure 3.8(b).
The residual plots illustrate that the DC-DistADMM algorithm performs better in terms
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Figure 3.8: (a) Comparison of solution residuals against total iterations between DC-DistADMM
and unconstrained optimization algorithms (b) Comparison of solution residuals against CPU
time between DC-DistADMM and unconstrained optimization algorithms. DC-DistADMM algorithm
performs the best in terms of the CPU time while having acceptable performance with respect
to total iterations. DC-DistADMM has the best decrease in solution residual with respect to
algorithm iterations.

of the CPU time requirement compared to the other methods to reach the same level
of residual value.

C. Comparison with algorithms utilizing multiple communication steps:
Here, a comparison with two unconstrained distributed optimization algorithms that
utilize multiple communication steps, nearDGD [178] and the algorithm in [175] (referred
here as Fast-DGD (FDGD)) is provided; the reader is directed to [175], [178] for the
motivations for multiple consensus steps. We consider an unconstrained distributed
least squares problem,

minimize 1

2

n∑
i=1

∥Dix− di∥2. (3.109)

Here, each agent i ∈ V has a measured data vector di ∈ R100 and a scaling matrix Di ∈
R100×25. The objective is to estimate the unknown signal x ∈ R25. The entries of the
matrices Di, i ∈ V and the observed data di are sampled independently from a standard
normal distribution N (0, 1). The true signal x∗ also have entries that are sampled from
an i.i.d standard normal distribution. In this case, the sub-problem (3.58) takes a closed
form solution which can be readily computed by the first order optimality condition of

145



the unconstrained problem. The solution residuals obtained while solving (3.109) using
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Figure 3.9: (a) Comparison of solution residuals against total iterations between DC-DistADMM
and algorithms utilizing multiple communication steps (b) Comparison of solution residuals
against CPU time between DC-DistADMM and algorithms utilizing multiple communication
steps. ηk = 0.75k has the best decrease in solution residual with respect to total iterations.
DC-DistADMM with a constant tolerance performs the best with respect to CPU time.

the three algorithms are presented with respect to the total iterations and CPU time in
Figure 3.9. It can be seen that the DC-DistADMM algorithm has the fastest decrease in the
solution residual. Figure 3.10 presents the number of communication iterations utilized
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Figure 3.10: Comparison of the number of communication iterations performed by DC-DistADMM
algorithm for the three choices of ηk and the FDGD and nearDGD algorithms. DC-DistADMM
with ηk = 0.01 and ηk = 1/k2.1 has lesser communication cost compared to the FDGD and
nearDGD algorithms while the FDGD has better communication complexity than DC-DistADMM
with ηk = 0.75k as the number of iterations increases.

by the DC-DistADMM algorithm while solving (3.109) for the three error sequences and the
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FDGD and nearDGD algorithms. The trend suggested by Lemma 18 can be seen in the
plots in Figure 3.10, where the number of communication iterations for the DC-DistADMM
algorithm increases as we tighten the accuracy. Note, the sequence ηk = 1/k2.1 with
convergence rate guarantees provided by Lemma 22 results in a logarithmic increase
in the number of communication iterations and is a suitable choice for getting good
performance. The DC-DistADMM algorithm with tolerance ηk = 0.01 and ηk = 1/k2.1

has lesser communication cost compared to the FDGD and nearDGD algorithms while
the FDGD has better communication complexity than the DC-DistADMM algorithm with
the tolerance ηk = 0.75k as the number of iterations increases.

Summarizing, the simulation results indicate that with respect to the state-of-the-
art constrained optimization problems DC-DistADMM provides better performance while
encompassing a large class of distributed optimization scenarios with linear equality,
inequality, and set constraints. Even with respect to the state-of-the-art unconstrained
optimization frameworks, the DC-DistADMM algorithm provides better performance with
respect to computations (CPU time) and remains acceptable with respect to total com-
munication steps.
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Chapter 4

Methods for Optimal and
Resilient Operation of Power and
Energy Systems

4.1 Gist of the Chapter

This chapter addresses three critical challenges in microgrid (MG) and distributed en-
ergy resource (DER) management. First, it introduces a novel distributed secondary
control scheme for reactive power sharing and voltage regulation among grid-forming
inverter-based resources (GFM IBRs). Unlike existing approaches, the proposed scheme
ensures plug-and-play operation, protects private information, and reduces communica-
tion requirements, enhancing scalability and privacy. Second, it tackles the resilience
issue in DER coordination by developing a distributed intruder detection mechanism.
This scheme enables honest DERs to identify and isolate malicious agents, ensuring
reliable and secure operation. Lastly, the chapter presents the Horizon of Viability
(HoV) engine, an optimization framework for scheduling local generation resources and
deferrable loads during grid outages. The HoV engine maximizes the viability of critical
infrastructure (CI) units while maintaining service quality for other loads. These con-
tributions are validated through controller hardware-in-the-loop (CHIL) simulations,
demonstrating practical and robust solutions to improve MG and DER control.
The research work presented in this chapter is published in the articles [196]–[198].
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4.2 State-of-the-art on Power and Energy System Opera-
tion and Control

AC microgrids (MGs) consist of loads and inverter-based resources (IBRs) interfacing
with renewable energy resources and energy storage via power electronics. Based on the
nature and the expected functionality, these IBRs usually operate in a grid-following
(GFL) or grid-forming (GFM) mode. IBRs operating in the GFM mode should generate
and maintain stable voltages and frequency of the MG when disengaged from the main
grid. MGs typically follow a hierarchical control structure by adapting ANSI/ISA-95-
based international standard [199]. The hierarchical control structure consists of three
levels: primary, secondary, and tertiary control. The concept of droop control is utilized
extensively at primary control for active and reactive power sharing [200]. However, for
MG operation with GFM IBRs with only primary droop control, the voltage of the
system deviates from its nominal values, and reactive power demand is not shared as
desired. One of the main challenges at the secondary control level is the coordination of
the GFM IBRs for restoring system voltages to the nominal value and sharing reactive
power appropriately.

Traditional centralized secondary control systems [199], [201]–[203] require global
information aggregation and dissemination and don’t scale well. Researchers have ex-
plored distributed secondary control schemes to reduce communication bandwidth re-
quirements. Most distributed secondary control schemes include modification of the
droop control with an additive corrective term (see [173], [204]–[214] and the references
therein). The distributed voltage controllers proposed in [204]–[206] require each GFM
IBR to collect measurements of every GFM IBR in the network to produce the ap-
propriate local control signal; leading to a huge communication bandwidth for every
GFM IBR. In articles [207], [208] communication networks with a directed spanning
tree are considered. Further, to generate voltage control set-points, a leader-follower
synchronization scheme is utilized that is susceptible to a single point of failure. Ar-
ticles [173], [209] developed distributed proportional and integral (PI) controllers for
frequency and voltage regulation via averaging dynamics based on a balanced positive
definite Laplacian matrix. Articles [210], [211] propose a centrally synthesized non-
linear non-smooth distributed control signal based on a leader-follower synchronization
and suffers from the same limitations as [207], [209]. The work in article [212] con-
siders discrete-time updates with non-uniform communication intervals for a virtual
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leader-follower distributed PI controller. Article [213] utilizes an event-triggered com-
munication approach to reduce the utilization of the communication channels. Article
[214] presents an optimization problem for the design of a sparsity-promoting Laplacian
matrix utilized in the centrally synthesized controllers schemes in [173], [209]. Manip-
ulating the virtual impedance (VI) in the control loop provides another approach for
controlling reactive power sharing among GFM IBRs (see [215]–[217] and references
therein). In [215], the VI parameters are tuned via a genetic algorithm, introduced to
minimize the system’s global reactive power sharing error. Article [216] utilizes a VI
proportional to the reactive power. The VI design in [215], [216] is performed offline in
a centralized MG configuration stage. The scheme in article [217] considers an adaptive
VI designed via a balanced Laplacian matrix.

With the proliferation of power electronic converter technologies, renewable energy
resources, and battery storage systems, the modern microgrid network is transition-
ing towards integrating a large number of smaller distributed energy resources (DERs)
scattered throughout the network. Further, with the presence of the DERs the dis-
patch methodologies for deploying ancillary services for reliable operation of the modern
grid are changing significantly (for example, the Electric Reliability Council of Texas’s
(ERCOT’s) responsive reserve services (RRS)), thereby demonstrating the viability of
widescale adoption of DERs for such applications [218], [219]. To achieve grid ancillary
services a large number of DERs must be coordinated on a fast timescale. The coordi-
nation of multiple DERs presents significant challenges. Several articles (see [220], [221]
and references therein) in the literature have introduced centralized approaches wherein
a centralized controller at the distribution level sends dispatch commands to local ac-
tuators and requires information from all of the DERs. Such centralized approaches
lack flexibility and scalability, and they require expensive high-performance computing
and high-speed communication networks to meet the ancillary service requirements sat-
isfactorily. To mitigate these challenges, distributed control approaches are proposed
with DERs as a multi-agent system [222]–[224]. Advantages of distributed approaches
include coordination using only local computations and plug-and-play capability. Ar-
ticle [225] presents a gather-broadcast method, a distributed average integral method
was developed in [226]. Article [227] develops a distributed approach but does not pro-
vide any theoretical guarantees and relies on heuristics to achieve dispatch requests. A
distributed consensus-based power apportioning algorithm overcoming the limitations
of the above methods is developed in [228], [229]. We focus on the distributed power
apportioning algorithms proposed in articles [228], [229].
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A key component of the distributed apportioning schemes in [228], [229] is achieving
consensus between the decision variables of different DERs. The commonly employed
consensus algorithms in the literature [228]–[231] assume an underlying trust and cred-
ibility of the participating agents. When factoring in the distributed coordination for
ancillary service dispatch, any DER’s lack of honesty can skew the resulting decision,
which can adversely affect the power network. Thus, it is imperative to employ resilient
measures to counter the presence of malicious agents in the network. Several works in
the literature have studied the problem of securing the consensus updates [232]–[236].
A trust-based model for multi-agent systems is considered in [232]. Article [233] devises
an intrusion detection system based on network traffic analysis. In contrast, authors in
[234], [235] assert designing the interaction topology between the agents to achieve an
agreement. Article [236] develops a scheme based on the monotonic properties of global
maximum and minimum states of the agents under the consensus algorithm to detect
intrusions.

The rapid recovery of power flow, possibly after a blackout, is a crucial need arising
in scenarios that are increasingly frequent [237]–[239]. The disruption of power to criti-
cal infrastructure (CI) units-such as hospitals, medical centers, data centers, etc.-often
results in a debilitating impact on physical and economic security, public health and
safety. Solutions for the sustained viability of power to CI units in a microgrid, while
the grid is being restored, are urgently needed to keep CI units online. Increasingly, the
sustenance of reliable power requires assistive services to the CI units for long periods
of time. Accredited standards like IEEE Std 2030.7 recommend a “dispatch rule”-based
optimal energy management system due to its simplicity and low cost in implementation
in a microgrid [240]; however, it is primarily concerned with the grid-tie mode of micro-
grid operation for energy management. Even though the need for energy management
during islanded mode is urgent, there has been only sparse effort toward a strategy for
ensuring the sustained viability of power to the CI units in a microgrid in the aftermath
of the increasingly frequent catastrophic events.

There are some works on the “rule-based” optimal dispatch control of energy re-
sources for microgrids [241]–[245]. In [241], [242], an energy management control scheme
with the energy storage system used for power smoothing and state-of-charge (SOC)
controlling is proposed for a microgrid with a fixed load; however, critical and de-
ferrable load management of the microgrid, which is crucial when loads are prioritized
based on criticality in the system, is not included in the energy management scheme.
The works [243]–[245] use a conventional battery cycle-charging strategy which has
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the disadvantage of shortening battery lifetime through frequent and deep discharges.
Moreover, these schemes are primarily focused on generation resource allocation against
a fixed and non-vulnerable load in a microgrid. A variety of works in the literature
have dealt with the scheduling of deferrable loads in microgrids [246]–[252]. The works
[246]–[249] model the deferrable loads as tasks having fixed start and end times with
a given energy requirement. This type of deferrable load modeling is not best suited
in a constrained scenario when the total generation is less than the total critical and
deferrable load demands. In particular, due to the strict start and end times of the
deferrable loads, there is less flexibility to switch off certain loads to maintain the sup-
ply and demand power balance at all times of operation. This may lead to no load
and generation dispatch, reducing the overall quality of service to the critical and de-
ferrable loads in the CI unit. The works [250]–[252] proposed coordinated cost optimal
dispatch strategies for deferrable loads. [250] solves a binary programming problem to
find a deferrable load action to take for every given frequency deviation with hourly
updates. [252] uses dynamic programming approach to find the deferrable load switch-
on-off actions for fast frequency response to support the grid. The articles [246]–[252]
do not consider optimal scheduling of the available generation sources. The reference
[253] compares eight optimization-based coordination frameworks present in the liter-
ature that deals only with load scheduling. The reference [254] developed distributed
approach for coordinating load aggregators that integrates with automatic generation
control for secondary frequency response. The authors in [255] proposed a centralized
solution for load control with pre-coordinated day-ahead estimated parameters. The
article [256] demonstrated similar combined load control capabilities wherein resources
grid tied resources run with static droop characteristics and a direct load frequency
control approach is utilized to generate load actions. The authors in [257] proposed
a scheme for the dispatch of distributed energy resources, including renewable genera-
tion and storage reserves; however, similar to [246]–[249], [257] considers the deferrable
loads as tasks. Unlike [246]–[252], [254]–[257], where the presence of a grid is required
and the power available from the grid is used to dispatch loads under normal operating
conditions.
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4.3 Research Questions

Research Focus 1:

Although existing secondary control schemes in the literature can be implemented in
a distributed manner, they often rely on centralized synthesis based on global network
information, rendering them unsuitable for plug-and-play operation. In this chapter,
we propose a novel secondary control scheme designed for reactive power sharing and
voltage regulation among heterogeneous grid-forming inverter-based resources (GFM
IBRs). Our developed scheme ensures that the private information of each GFM IBR
remains confidential and is not exposed to the entire network.

This chapter addresses several key questions:

1. How can reactive power sharing and voltage regulation be achieved without relying
on centralized synthesis?

2. What strategies can ensure plug-and-play capability while maintaining system
stability and performance?

3. How can private information of individual GFM IBRs be protected while enabling
effective distributed coordination?

By exploring these questions, our scheme enhances system scalability and flexibility,
supports dynamic network configurations without requiring re-synthesis, and provides
a practical foundation for future advancements in distributed control strategies for GFM
IBRs.

Research Focus 2:

Existing distributed schemes for aggregating distributed energy resources (DERs) to
provide ancillary services lack mechanisms for resilient operation in the presence of ma-
licious DERs. These methods often exhibit sensitivity to gain coefficients, leading to
slow convergence toward dispatch outputs. Additionally, they require repeated interac-
tions between agents and the collection of large amounts of information from across the
network. This complexity makes it challenging to generalize these schemes, particularly
when formulating notions of cooperation or rejecting unreliable information. Critically,
existing methods do not effectively isolate malicious agents.

To address these challenges, we propose a novel distributed intruder detection scheme.
This approach empowers honest DERs to detect and isolate maliciously behaving DERs
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within the distributed apportioning algorithm. By enhancing robustness and efficiency,
our scheme provides a foundation for secure and reliable DER aggregation in distributed
networks.

Research Focus 3:

We focus on a grid interruption event when a large portion of grid power is disrupted
and the microgrid containing the CI unit is working in an islanded mode while being
supported by its own available backup sources and surrounding community buildings
(CBs). The objective of the microgrid is to sustain the CLs in the microgrid and
Deferrable Loads (DLs) in the CI unit by utilizing only the available backup generation-
such as the stand-alone diesel generators, battery inverter systems, and the locally
available uncertain renewable power generation-until the grid support comes back. A
trivial solution for the microgrid is to shut down all the DLs of the CB units and
utilize the available generation to only support the CI unit and the CLs of the CB
units; however, this might lead to a reduced quality of service in the microgrid due
to no DLs in the CB units being served, leading to discomfort for the consumers in
the microgrid. Hence, there is a need to devise an optimal scheduling policy for the
net-load resources in the microgrid. Toward this objective, in this chapter, we focus
on developing an optimization algorithm, called the HoV engine, which determines a
portfolio of generation and load to guarantee the viability of all the CLs in the microgrid
while maximizing the level of service of the DLs in the microgrid over a given time
horizon. The developed scheme emphasizes keeping the CI unit online with the objective
of maximizing the time horizon of power viability by optimally scheduling the locally
available generation resources and deferrable loads at and surrounding the CI unit in
the event of a disaster.

4.4 Contributions of the Chapter

The current chapter makes the following contributions toward the three research focuses
outlined above:

4.4.1 Contributions Towards Research Focus 1:

1. A distributed secondary control strategy for voltage regulation and reactive power
sharing is proposed based on a distributed optimization framework. Compared
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to the existing works in the literature the proposed scheme allows for a fully
distributed synthesis and a plug-and-play operation.

2. The proposed distributed secondary control scheme provides reactive power shar-
ing and voltage regulation among heterogeneous distributed GFM IBRs connected
through varying line impedances.

3. We utilize an online algorithm using only local measurements to lower the com-
munication bandwidth requirements. Additionally, only non-linear estimates are
shared between the GFM IBRs during updates, safeguarding private information
such as real-time power measurement, maximum capacity of generations, and local
load demands, which is beneficial to enhance the protection of information privacy
against malicious cyber-attacks.

We evaluate the proposed distributed secondary control scheme using a controller
hardware-in-the-loop (CHIL)-based real-time simulation. The laboratory test re-
sults establish the efficacy of the proposed scheme for secondary control in MGs.

4.4.2 Contributions Towards Research Focus 2:

1. We develop a distributed intruder detection scheme for distributed power appor-
tioning with DERs in microgrids.

2. The developed scheme allows the DERs to locally detect and isolate the commu-
nication links of the maliciously behaving DERs in their neighborhood.

3. Compared to the existing works in the literature the proposed scheme leads to
distributed detection and isolation of malicious DERs and is applicable for general
interaction topologies.

4. The developed scheme has a low computation and communication footprint unlike
existing schemes in the literature [234], [235] that require a polynomial number
of computations and communication in the number of DERs. The proposed algo-
rithm works only in the neighborhood of a DER and thus, scales well due to local
interactions.

4.4.3 Contributions Towards Research Focus 3:

The contributions of this article are as follows:
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1. We develop a net-load (generation and load) dispatch scheme, termed horizon
of viability (HoV) engine, to optimally schedule the locally available generation
sources and the deferrable loads to provide guaranteed viability of power to the
CI unit over a time horizon in the event of a catastrophe leading to the disruption
of power from the main grid.

2. We evaluate the HoV engine using controller-hardware-in-the-loop (CHIL) based
real-time simulation. These laboratory-based testing results establish the efficacy
of the proposed HoV engine in guaranteeing the power viability to CI units in an
islanded scenario.

3. We compare the performance of the proposed HoV engine with an existing net-load
management [252] system to demonstrate the advantage of the proposed scheme
over the existing algorithms in the literature.

4.5 Developed Solutions

4.5.1 Distributed Secondary Control for Microgrids with Grid-Forming
Inverters

Brief Description of Secondary Control:

In this section, secondary control is discussed from the scope of reactive power sharing
control among multiple GFM IBRs in an islanded MG. Figure 4.1(a) shows a generic MG
consisting of N number of GFM IBRs connected to a common bus, point-of-common-
coupling (PCC), via various lines. A complete description of the control typologies of
the GFM IBRs is out of scope; a brief description is provided. Each GFM IBR is con-
trolled via voltage controller-based inner control loop where the reference voltage signal
is generated using the P∼f/Q∼V droop control-based primary control. For inductive
lines, the primary controller without the secondary control specify the ith GFM IBR’s
frequency, ωi, and voltage magnitude, Vi by:

ωi = ω∗ − niPi, Vi = V ∗ −miQi, (4.1)

where ω∗, V ∗ are the nominal frequency (in rad/s) and voltage set-point (in volt) of
the MG respectively, and the gains ni, mi are the droop coefficients. Pi and Qi are
the measured average active and reactive power of the ith GFM IBR, respectively. It is
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Figure 4.1: (a) Distributed secondary control architecture with primary control for multi-
ple GFM IBRs connected in parallel, (b) P∼f , Q∼V droop-based primary control with
secondary control for parallel GFM IBRs i and j with equal ratings, connected to PCC via
reactive lines with Xj > Xi.

generated by processing the instantaneous active power, pi, and reactive power, qi, via
a low-pass filters with the time constant, τS,i ∈ R>0. As a result, Pi := [1/(τS,is+ 1)]pi

and Qi := [1/(τS,is + 1)]qi. The large-signal stability analysis of the MG system yields
the steady-state network frequency as,

ωss = ω∗ −
(

1∑n
i=1(1/ni)

)
PL, (4.2)

where PL is the total active power load in the MG. The steady-state frequency, ωss,
being a global quantity of the MG system, is different from the nominal ω∗, but equal
in all the GFM IBRs. Thus, using (4.1) and (4.2), the following can be stated as,

n1P1 = n2P2 = . . . = niPi = . . . = nnPn. (4.3)

Therefore, the total active power demand, PL, is shared according to the selection of
the P∼f droop coefficients. In other words, the per-unitized (pu) active power with
each GFM IBR’s base rating, is equal. This phenomenon can be understood using the
top figure of Figure 4.1(b). However, the same analysis for the Q∼V droop controller is
not as straightforward. It is well studied that due to the unequal line impedances, the
Q∼V droop controller is unable to share reactive power demand among even identical
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GFM IBRs operating in parallel and as a result,

m1Q1 ̸= m2Q2 ̸= . . . ̸= miQi ̸= . . . ̸= mnQn. (4.4)

For simplicity of exposition, a case study of two GFM IBRs with identical ratings (ith

and jth GFM unit), but operating through reactive lines with Xj > Xi in parallel is
considered. The bottom figure of Figure 4.1(b) depicts the Q∼V droop law before
the secondary control action (solid lines of bottom figure of Figure 4.1(b)). The GFM
IBRs operate at voltages Vi and Vj with reactive power injections Qi and Qj. Since,
Xj > Xi, the terminal voltages of the GFM IBRs follows Vi < Vj and as a result, reactive
power flow follows Qi > Qj. This is the limitation of employing only primary control
without the secondary control compensation in parallel operation of multiple GFM IBRs.
Moreover due to non-zero values of Qi’s and voltage drop across the line impedances,
the voltage at PCC becomes less than nominal, V ∗. Therefore, to ensure reactive
power sharing among multiple GFM IBRs connected to the PCC via asymmetrical line
impedances and desired voltage regulation at PCC, a dynamic compensation of Q∼V
droop law is required as discussed in the next section.

Distributed Reactive Power Sharing Scheme:

A. Control/Update Rule Design:
Consider a MG with N GFM IBRs. Let the voltage and the reactive power at the
ith GFM IBR at any time be denoted as Vi(t) and Qi(t) respectively. A droop law is
employed for updating the voltage at the ith GFM IBR any time t+ 1,

Vi(t+ 1) = V ∗ −miQi(t) + vi(t), (4.5)

where V ∗ is the voltage reference, mi is the droop coefficient, and vi(t) is the ad-
justment given at time t. The adjustment vi(t) should either maintain equal-rated
reactive power sharing between the GFM IBRs or tight regulation of the voltage at
the GFM IBRs depending on the system requirement. We follow an optimization-
oriented approach to design the adjustment vi(t). Let the directed graph G represent
the communication network of the GFM IBRs (G isn’t necessarily the same as the power
network connections). Let G({1, 2, . . . , N}, E) denote a graph with the set of edges
E ⊂ {1, 2, . . . , N} × {1, 2, . . . , N}. Let N−

i := {j | (i, j) ∈ E} and N+
i := {j | (j, i) ∈ E}

respectively denote the set of in-neighbors and out-neighbors of node i in G. Consider
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the optimization problem at time t,

minimize
x1,x2,...,xN

N∑
i=1

1

2
(xi − αi(t))

2 +
γ

2
x2i (4.6)

subject to αi(t) : = aVi(V
∗ − Vi(t)) + aQimiQi(t) for all i ∈ {1, . . . , N}, (4.7)

xi = xj for all i, j ∈ {1, 2, . . . , N},

where aVi and aQi are free parameters leading to different objective functions and γ > 0

is a regularization parameter. Let x∗t = x∗1 = · · · = x∗N denote the solution to the
optimization problem (4.6). Then the adjustment vi(t) at time t, is given by the following
control law, for all i ∈ {1, 2, . . . , N},

vi(t) := x∗t + βQimiQi(t)− βVi(V
∗ − Vi(t)), (4.8)

where βQi and βVi are the free parameters that lead to different steady-state character-
istics of the system as discussed later.

Lemma 20. Let graph G be strongly connected (i.e. G has a directed path between every
pair of distinct nodes). Then, the solution x∗t for problem (4.6) is x∗t := 1

N(1+γ)

∑N
i=1 αi(t).

Proof. Let xi = xj = x, ∀i, j. The separable form of the objective leads to an equivalent
problem, with αi(t) as in (4.7),

minimize
x

N∑
i=1

1

2
(x− αi(t))

2 +
γ

2
x2. (4.9)

As problem (4.9) is unconstrained we can differentiate the objective and set it to zero
to determine the optimal solution. In particular,

∑N
i=1[(1 + γ)x∗t − αi(t)] = 0 which

implies. x∗t = 1
N(1+γ)

∑N
i=1 αi(t). Therefore, xi = xj = x∗t .

Remark 26. Note that in problem (4.6) and the update (4.8) any GFM IBR i only
requires local measurements. Further, the GFM IBRs can choose the free parameters
based on their local requirements without centralized constraints.

Delaying the discussion on how problem (4.6) is solved, we first present the steady state
analysis for the voltage and reactive power dynamics of the GFM IBRs. Assuming the
overall system consisting of the loads and the IBRs has a steady state, let tss denote
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the time after which the system achieves a steady state. Therefore, for any time t > tss,
Vi(t) = Vi(tss), Qi(t) = Qi(tss). Then from (4.5) and (4.8),

Vi(tss) = V ∗ −miQi(tss) + vi(tss)

= V ∗ −miQi(tss) + x∗tss + βQimiQi(tss)− βVi(V
∗ − Vi(tss))

= (1− βVi)V
∗ − (1− βQi)miQi(tss) + x∗tss + βViVi(tss).

Thus,

(1− βVi)Vi(tss) + (1− βQi)miQi(tss)

= (1− βVi)V
∗ + x∗tss

= (1− βVi)V
∗ +

1

N(1 + γ)

[
N∑
l=1

aVl(V
∗ − Vl(tss)) +

N∑
l=1

aQlmlQl(tss)

]
. (4.10)

Note that different choices of the free design parameters achieve different objectives in
the steady state. In particular,

(i) let βVi = βV = 1, βQi = βQ = 0, for all i ∈ {1, 2, . . . , N}. Then from (4.10),
miQi(tss) = mjQj(tss) for all i, j ∈ {1, 2, . . . , N}. Thus, equal-rated reactive power
sharing is achieved.

(ii) let βVi = βV = 0, βQi = βQ = 1, aVi = aQi = 0, for all i ∈ {1, 2, . . . , N}. Then
from (4.10), Vi(tss) = V ∗ for all i ∈ {1, 2, . . . , N}. Thus, voltage regulation to V ∗

is achieved.

(iii) a combination of the above cases can also be achieved, i.e. let βVi = βV = 1, βQi =

βQ = 0 for certain buses towards the objective of the equal-rated power reactive
sharing. In contrast, other buses have βVi = βV = 0, βQi = βQ = 1, aVi = aQi = 0

to maintain voltage regulation.

Remark 27. Problem (4.6) and update (4.8) provide a versatile framework to allow the
individual GFM IBRs to strike diverse trade-offs wherein, for example, a set of GFM
IBRs might want to emphasize voltage regulation while others emphasize how reactive
power is shared. This is the first control scheme with such a capability. We demonstrate
this powerful ability of our framework via CHIL experiments in Section 4.5.1.

Next, we discuss how the solution to problem (4.6) is obtained. We first review the
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GradConsensus method developed in [258] and then utilize it to present the algorithm
to generate the update law (4.8) at any time t.

GradConsensus Method:

The GradConsensus method developed in [258] solves a static distributed optimization
problem of the form

minimize
x1,...,xN

N∑
i=1

fi(xi) (4.11)

subject to xi = xj, for all i, j ∈ {1, 2, . . . , N},

where xi is an estimate maintained locally at agent i. The local estimates of node i at
any iteration k are updated as,

x+i := xi(k − 1)− ρ∇fi(xi(k − 1)), (4.12)
xi(k) = Consensusε(k−1)(x

+
i ), (4.13)

where ∇fi(xi(k − 1)) is the gradient of the function fi evaluated at xi(k − 1) and
Consensusε(y0) is a distributed approximate consensus protocol initialized with the
value y0 ∈ RN and a precision tolerance ε. Next, we describe the Consensusε protocol.
Under the Consensusε protocol every node i maintains estimates yi, zi, ri,Mi,mi. The
estimates yi, zi, ri have the following local distributed updates

yi(k + 1) =
1

N+
i + 1

yi(k) +
∑
j∈N−

i

ŷj(k), (4.14)

zi(k + 1) =
1

N+
i + 1

zi(k) +
∑
j∈N−

i

ẑj(k), (4.15)

ri(k + 1) =
1

zi(k + 1)
yi(k + 1), (4.16)

with yi(0) = y0i , zi(0) = 1 for all i ∈ E . Here, ŷj(k), ẑj(k) are the estimates sent by neigh-
boring node j to agent i with ŷj(k) = 1

N+
j +1

yj(k), ẑj(k) = 1
N+

j +1
zj(k). The estimates
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Mi,mi are updated as: Let N u
i = N−

i ∪ {i},

Mi(k + 1) = max
j∈Nu

i
Mj(k), mi(k + 1) = min

j∈Nu
i
mj(k), (4.17)

with Mi(0) = mi(0) = ri(0), for all i ∈ E . Given a tolerance ε, iterations (4.14)-
(4.16) are terminated after kε such that |Mi(k) − mi(k)| ≤ ε, for k > kε [258]. It is
established in [258] that at any iteration kend when the GradConsensus algorithm is
terminated the estimates ri(kend) and rj(kend) of any two agents i and j are such that
|ri(kend)− rj(kend)| ≤ ε and |ri(kend)− 1

N

∑N
j=1 y

0
j | ≤ ε for all i, j ∈ {1, 2, . . . , N}.

Remark 28. The iterations (4.14)-(4.17) are amenable to distributed synthesis ([231])
as a GFM IBR only requires the communicated estimates ŷj, ẑj from its neighbors for
updating its states, no additional coordination is required. Further, as any GFM IBR
j joins or leaves the network, GFM IBR i can update its neighborhood sets N−

i ,N
+
i

locally not requiring a centralized re-design. Hence, the GFM IBRs under the proposed
algorithm operate in a plug-and-play manner.

Solution to Problem (4.6):

Problem (4.6) is instantiated at every time t. The constraint xi = xj for all i, j ∈
{1, 2, . . . , N} couples the local estimates of all the GFM IBRs. Thus, a distributed
strategy that allows the GFM IBRs to obtain an estimate of the solution to problem (4.6)
while satisfying the coupling constraint (within a prescribed tolerance) is needed. We
adopt the iterations (4.12) and (4.13) to provide such a distributed solution. Let xi(t)

denote the estimate maintained at GFM IBR i at time t and ε(t) > 0 be any specified
precision tolerance. Then the estimate xi(t) is updated as

x+i := xi(t− 1) + ρ((1 + γ)xi(t− 1)− αi(t− 1)), (4.18)
xi(t) = Consensusε(t−1)(x

+
i ), (4.19)

At any time t, xi(t) is the estimate of the optimal solution x∗t with GFM IBR i. Thus,
having xi(t) at hand any GFM IBR i can determine the adjustment vi(t) at time t as,

vi(t) := xi(t) + βQimiQi(t)− βVi(V
∗ − Vi(t)). (4.20)

Next, we present a convergence result for updates (4.18)-(4.20).
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Theorem 24. Let graph G be strongly connected (i.e. G has a directed path between
every pair of distinct nodes). Assume, that the iterations (4.18)-(4.20) achieve a steady
state after time tss. Given, ε > 0, |xi(t)− x∗t | ≤ ε, for t ≥ tss, for all i.

Proof. From (4.18) and (4.19), at any time t and any i,

xi(t+ 1) =
(1 + ρ(1 + γ))

N

N∑
j=1

xj(t)−
ρ

N

N∑
i=1

αi(t) + ξi(t), (4.21)

where |ξi(t)| ≤ ε(t). Taking the average over node index i,

1

N

N∑
i=1

xi(t+ 1) =
(1 + ρ(1 + γ))

N

N∑
j=1

xj(t)−
ρ

N

N∑
i=1

αi(t) +
1

N

N∑
i=1

ξi(t).

For t > tss,
1
N

∑N
i=1 xi(tss) =

(1+ρ(1+γ))
N

∑N
j=1 xj(tss)− ρ

N

∑N
i=1 αi(t) +

1
N

∑N
i=1 ξi(t).

Therefore, from (4.21), ρ(1+γ)
N

∑N
j=1 xj(tss)− ρ

N

∑N
i=1 αi(t) = xi(tss)− 1

N

∑N
j=1 xj(tss)−

ξt(tss) = − 1
N

∑N
i=1 ξi(t). Thus,

xi(tss) =
1

N

N∑
j=1

xj(tss) + ξi(t)−
1

N

N∑
i=1

ξi(t)

=
ρ(
∑N

i=1 αi(t))

N(ρ(1 + γ))
−
∑N

i=1 ξi(t)

N(ρ(1 + γ))
+ ξi(t)−

∑N
i=1 ξi(t)

N

Let ε(t) < ε/2 for t > tss, using the result of Lemma 20,

|xi(tss)− x∗t | =

∣∣∣∣∣xi(tss)−
∑N

i=1 αi(t)

N(1 + γ)

∣∣∣∣∣
≤

∣∣∣∣∣1− ρ(1 + γ)

Nρ(1 + γ)

N∑
i=1

ξi(t) + ξi(t)

∣∣∣∣∣ ≤ 1

N

N∑
i=1

|ξi(t)|+ |ξi(t)|

≤ 1

N

N∑
i=1

ε(t) + ε(t) ≤ ε.

Remark 29. During updates (4.18)-(4.20) the GFM IBRs share a non-linear estimate of
their measurements, obscuring the private information and hence preventing malicious
cyber-attacks. Moreover, the iterations (4.14)-(4.17) can be easily modified to work under
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various practical scenarios incorporating time-delays, dynamic GFM IBR topology [230],
presence of communication noise [259]. Further, the detection of the malicious behaving
GFM IBRs can also be achieved [236].

CHIL Demonstration and Results:

In this section, we will evaluate the performance of our approach using a CHIL-based
demonstration.

A. Experimental Configuration:
We emulate the residential-scale sub-network of the North American low-voltage distri-
bution feeder (single phase, 240V, 60Hz, 1.25MVA) from CIGRE Task Force [260] (see
Figure 4.2). It has 10 GFM IBRs connected at various buses in the network, resulting
in an asymmetrical connection. Figure 4.2 provides the location of the GFM IBRs. In
this demonstration, we assume that each GFM IBR has equal ratings. The control logic
for the inner-voltage loop and droop-based primary layer are adopted from [261], [262].
GFM IBRs are modeled with single-phase H-bridge topology with LC filters (Lf, Rf, and
Cf as inverter side filter inductors, parasitic resistances and filter capacitor respectively)
with electrical parameters,m tabulated in Table 4.1. The droop control parameters of
the GFM IBRs are tabulated in Table 4.1.

Table 4.1: 1-Phase GFM IBR Under Study
Inverter Value

Ratings (1-ϕ) 240 V, 60 Hz, 200 kVA
Inverter Parameters Vdc = 500 V, fsw = 20 kHz
Filter Parameters Lf = 0.02 mH, Rf = 4 mΩ, Cf = 20 µF

Control Value
Droop Parameters ni = 0.32 Hz/kW, mi = 40 V/kVAr

On top of the power layer, there is a communication layer that enables the transmis-
sion of various measurements, from the North American low-voltage distribution feeder
to the optimization engine, and various control signals, from the optimization engine to
the North American low-voltage distribution feeder. There are three important com-
ponents in the demonstration: i) the North American low-voltage distribution feeder
and the GFM IBRs, emulated using the eMEGASIM platform with a simulation step
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Figure 4.2: The laboratory-based system-in-the-loop (SIL) and controller hardware-in-the-loop
(CHIL) experimental hardware setup.

size of 50µs inside the OP5700 RT-simulator (RTS), which is manufactured by OPAL-
RT and interfaced with two low-cost Texas Instruments TMS320F28379D, 16/12-bit
floating-point 200-MHz Delfino microcontroller boards for controlling two of the GFM
IBRs; ii) the optimization engine of the IBRs running 10 independent instances via 10

parallel processes running the optimization iterations in Python 3.7.1 on a laptop with
16 GB RAM and an Intel Core i7 processor running at 1.90 GHz. The GFM IBRs are
connected via a directed communication network having a diameter of 5 nodes; and
iii) a Device Control Gateway (DCG), realized using standard User Datagram Proto-
col (UDP) [263], that interfaces the emulated system and the optimization engine and
forms the communication layer that continuously listens to the measurements sent from
the power network and adjustment commands from the optimization engine.

B. Results and Discussions:
Three test cases are demonstrated by emulating a sequence of events as follows:
• CASE-1: GFM IBRs operated without secondary control compensation until about 4.5
s. Then, at 4.5 s, distributed secondary control began, evenly sharing reactive power
among GFM IBRs 1 to 10. At 13.5 s, system demand rose from 1000 kW to 1250 kW
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for active power and from 750 kVAr to 1125 kVAr for reactive power. At 24 s, demand
decreased back to 1000 kW for active power and 750 kVAr for reactive power.
• CASE-2: Until approximately 23 seconds, all GFM IBRs operated without the proposed
secondary control compensation. Then, at 23 seconds, distributed secondary control for
voltage regulation among GFM IBRs 1 to 10 began. By 34 seconds, the total system
demand increased to 1250 kW for active power and 1125 kVAr for reactive power from
1000 kW and 750 kVAr respectively. Subsequently, at 47 seconds, the total system
demand decreased back to 1000 kW for active power and 750 kVAr for reactive power.
• CASE-3: Until around 6 seconds, all GFM IBRs operated without the proposed sec-
ondary control compensation. Then, at 6 seconds, distributed secondary control began,
with GFM IBRs 1 to 7 equally sharing reactive power, while GFM IBRs 8 to 10 reg-
ulated voltage. By 11.5 seconds, the total system demand increased to 1250 kW for
active power and 1125 kVAr for reactive power from 1000 kW and 750 kVAr respec-
tively. Subsequently, at 17 seconds, the total system demand decreased back to 1000

kW for active power and 750 kVAr for reactive power.

Figures 4.3(i)-(iv) provide the results of CASE-1. Here, the GFM IBRs share the total
reactive power demand by providing an equal amount of 75 kVAr (0.375 pu) during 4.5 to
13.5 seconds during the reactive power sharing objective. The developed scheme tracks
both the increase and the decrease in load with all the GFM IBRs sharing reactive
power equally as shown in Figure 4.3(ii). The voltages at the GFM IBRs however
are not tightly regulated as seen in Figures 4.3(iii). Figure 4.3(i) and Figure 4.3(iv)
show that the proposed secondary control is not influencing the active power sharing
functionality and as result the frequency of the system is also kept almost unchanged
with minimal transients.

Figures 4.3(v)-(viii) provide the results of CASE-2. It can be seen from Figure 4.3(vii)
that the voltages of the GFM IBRs are tightly regulated around the reference voltage
under CASE-2. The total reactive power is not shared equally among the GFM IBRs as
seen in Figure 4.3(vi). Similarly here also, as shown in Figure 4.3(v) and Figure 4.3(viii),
the proposed secondary control is not influencing the active power sharing functionality
and the system frequency has minimal transients.

Figures 4.3(ix)-(xii) present the system state under CASE-3. Here, three GFM IBRs
(GFMs 8 − 10) have unequal sharing of reactive power while all the remaining seven
GFM IBRs (GFMs 1−7) have their voltages tightly regulated. This shows the versatility
of our proposed scheme in achieving both voltage regulation and equal-rated reactive
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power-sharing objectives. Similarly, the control doesn’t not adversely affect the active
power sharing of the GFM IBRs and the frequency of the system is maintained around
the nominal value of 60 Hz as seen in Figures 4.3(ix) and Figures 4.3(xii).
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4.5.2 Resilient Power Apportioning in Microgrids with Online Mali-
cious Behavior Detection

System Description:

A. Description of the Microgrid:
The electrical network is developed based on a power network at the University of
Minnesota campus, called the “Central Core”, and the suburb Minneapolis distribution
network. The schematic diagram of the electrical network is shown in Figure 4.4(a),
which consists of commercial-scale critical infrastructure units (csCIu) on Bus 3, cen-
tral core units (CCus) Bus 4-9, mobile auxiliary generation units on Bus 8, and a cold
load station located at Bus 5. Battery grid-forming (GFM) inverters [264] (denoted as
B,B1,B2 in Figure 4.4(a)) are designed based on P-f and Q-V droop law. Photovoltaic
(PV) grid-following (GFL) inverter system [264] is designed based on outer P-Q con-
troller. Diesel generation sets (denoted as G1,G2 in Figure 4.4(a)) are designed based
on load-frequency-based governor control and Q-V-based automatic voltage regulator.
The ratings of the central core are summarized in Table 4.2. The central core demands,
ρd(ts), and since it contains the critical infrastructure, the external power network needs
to support the central core and generate active power output that is equal to ρd(ts). The
external power network is connected to the central core at the feeder near Bus-5. The
power network is a 3-ϕ, 0.48 kV, 60 Hz, 55-bus distribution network with 10 residential
apartments, called highly-scaled distributed units (hsDu), and 5 residential-scale cen-
tral core units (rsCCu), each of which contains 8 hsDu. The external network has 50

hsDus with controllable DERs. In the later, we will use the terms hsDu and DER in-
terchangeably. The ratings of the external power network are summarized in Table 4.3.
To meet the requested power demand of the central core the external power network
with 50 DERs is employed with a power apportioning engine, running Algorithm 1 of
[228]. The central core, at a given time ts, commands a total power demand set point

Table 4.2: Ratings of Various Sources and Loads in Central Core of the Microgrid

Types Central Core of the Microgrid
csCIu CCu3 CCu4 CCu5 CCu6 CCu7 CCu8 Mobile Unit Cold Load

Battery GFM Inverter (kVA) 200 25 100 80 200 100 50 100 -
Diesel Gen− Set (kVA) 100 - - - - - - - -
PV GFL Inverter (kVA) 50 50 - 100 100 50 100 50 -

Uncontrollable Load (kVA) 250 30 35 30 40 25 30 - 200

Controllable Load (kVA) 500 300 315 300 360 225 270 - -
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Table 4.3: Ratings of Various Sources and Loads in External Network of the Microgrid
Types
(kVA)

hsDu in External Microgrid hsDu Groups
No. 1 No. 2 No. 3 No. 4 No. 5 No. 6 No.7 No. 8 No.9 No.10 No. 1 No. 2 No. 3 No. 4 No. 5

PV 3 5 - 5 5 5 2 5 2 2 40 24 64 32 40

Battery 3 2 8 - 5 - 7 7 2 5 16 32 32 24 24

Load 3 2 2 4 6 1 3 7 3 3 24 20 24 20 28

based on its current situation. The DERs’ decisions are aggregated via a communication
network. Figures 4.4(b)(i) and (b)(ii) show two representative communication topolo-
gies, one with sparse connectivity and the other with dense connectivity respectively.
Each node in the communication network is a hsDu with a communication interface,
together referred to as an agent responsible for generating the active power set point
for the corresponding DER based on the results obtained from the power apportioning
engine. The power apportioning engine is described in detail next.
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B. Distributed Power Apportioning:
The central controller is an entity interfacing with the central core on one end and the
hsDu network G = {V, E}, with |V| = 50, on the other. The central controller, similar
to a power aggregator in the Transmission System, aggregates the DERs available in
the external network to provide ancillary power to the central core. Considering the
geographical span of the external power network it may not be feasible for all DERs to
directly communicate with the central controller. Hence, only some DERs given by the
set Nd ⊆ V , with l = |Nd| can directly communicate with the central controller. The
central controller aggregates the central core’s power demand ρd(ts), and relays it to
DER i, i ∈ Nd at time instant ts ≥ 0. The DERs need to collectively meet the demand
ρd(ts) while communicating only to their neighboring DERs in a connected communi-
cation graph G = {V, E} and respecting individual resource constraints. In particular,
the DERs with power reference commands π∗i (ts), ensure

∑
i∈V π

∗
i (ts) = ρd(ts), and the

capacity constraints of the DERs are not violated, that is πmin
i (ts) ≤ π∗i (ts) ≤ πmax

i (ts),
where πmin

i (ts) and πmax
i (ts) denote the maximum and minimum generation capacities

of the DER i at time instant ts. State of the art on solving distributed apportioning
involves an iterative finite-time average consensus protocol [228], [229]:
At each iteration k of the protocol, every DER sends three internal states, xi(k), yi(k), zi(k)
to its out-neighbors N+

j := {i|(i, j) ∈ E , i ̸= j}, and receives these estimates from its
in-neighbors N−

j := {j|(j, i) ∈ E , i ̸= j}. The states are then updated as follows:

xi(k + 1) = piixi(k) +
∑
j∈N−

i

pijxj(k), (4.22)

yi(k + 1) = piiyi(k) +
∑
j∈N−

i

pijyj(k), (4.23)

zi(k + 1) =
1

yi(k + 1)
xi(k + 1) (4.24)

where pij > 0, i, j ∈ V denotes predefined weights and xi(0) = (ρd(ts)/l)−πmin
i (ts), if i ∈

Nd, xi(0) = −πmin
i (ts) if i ∈ V\Nd, and yi(0) = πmax

i (ts)−πmin
i (ts). The updates (4.22)-

(4.24) are accompanied by additional maximum and minimum consensus protocols for
terminating the iterations and producing a faster decision in finite time [228], [229]. In
particular, when the difference between the global maximum and minimum goes below
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a specified tolerance ε then algorithm iterations are terminated with the state value

z∗i =
ρd(ts)−

∑
i∈V π

min
i (ts)∑

i∈V(π
max
i (ts)− πmin

i (ts))
. (4.25)

The DERs then dispatch the following power reference set-points,

π∗i (ts) := πmin
i (ts) + z∗i (π

max
i (ts)− πmin

i (ts)).

Note that ∑
i∈V

π∗i (ts) = ρd(ts).

Articles [228], [229] provide more details about the distributed power apportioning pro-
tocol.

Malicious Behavior of DERs:

We considered the distributed apportioning network in the previous section and its
ability to provide ancillary services to the central core with aggregation of hsDus. For
the updates (4.22)-(4.23) of any DER utilize the information shared by its neighbors
under the assumption of trustworthy cooperation towards the objective of meeting the
ancillary service goal for the central core. This leaves the DER network vulnerable to
malicious agents trying to manipulate the power-apportioning protocol towards selfish
goals or something even more severe by disrupting the convergence of the apportioning
protocol to make the central core system unstable. We model the malicious behavior
via an intruder model. Let Nm denote the set of maliciously behaving DERs. Let km
denote the iteration of the start of the malicious behavior for any malicious DER m.
Any DER m ∈ Nm applies a linear drift θm(k) to its true state xm(k) and sends

x̂m(k) := xm(k) + θm(k), (4.26)

for all k ≥ km, to its neighbors. The update of the neighboring DER i of the malicious
DER m in the power apportioning protocol becomes,

xi(k + 1) = piixi(k) +
∑

j∈N−
i \m

pijxj(k) + pim(xm(k) + θm(k)). (4.27)
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Different choices of the perturbation θm allow the malicious DER m to achieve different
objectives, in particular

a) if θm(k) is a divergent (bounded or unbounded) sequence then the updates (4.22)-
(4.23) for the DERs do not converge

b) if θm(k) is convergent series with
∑

k θm(k) = α. This leads to the DER solution
z∗i to converge to ρd(ts)−

∑
i∈V π

min
i (ts)+α∑

i∈V (π
max
i (ts)−πmin

i (ts))
(this can be shown using [229], Theo-

rem III.1), leading to
∑

i∈V π
∗
i (ts) = ρd(ts) + α, which can be made arbitrarily

smaller/larger than ρd(ts).

Remark 30. Although we consider drift in the states xi by the malicious agents, a
similar deviation in the yi updates can be considered. However, the malicious DER
can cause any desired result by only manipulating xi states and doesn’t have additional
benefits by manipulation of the yi states. Further, the intruder model with states x̂m
and the update (4.27) allows for modeling DERs that are not necessarily malicious
but are misbehaving (and send imperfect values to neighboring DERs) due to errors in
computation or communication or any other internal failures.

A. Resilient Distributed Power Apportioning:
In light of the malicious DERs, we strive to equip each DER with the ability to detect
deviant behavior and isolate the communication links of the malicious DERs. We make
the following assumption:

Assumption 18. At the beginning of the power apportioning, i.e. k = 0, the informa-
tion sent by the DERs is truthful.

Next, we describe this strategy: Given G = {V, E}, each DER maintains additional
states xij(k) for all its neighbors j ∈ N−

i and a detection_flag di utilized by DER
i to indicate the presence of a malicious DER in its neighborhood. The distributed
apportioning protocol is modified to allow each DER i to utilize these additional states
xij . The augmented distributed apportioning protocol has the following key steps:
• At the start of the apportioning protocol, i.e. k = 0,
♢ each DER i, in addition to xj(0), yj(0), requires all its in-neighbors j ∈ N−

i to send
their weights pjj .
• At any subsequent iteration k ≥ 1,
♢ every DER j sends xj(k), yj(k) and an additional state sj(k−1) =

∑
l∈N−

j
pjlxl(k−1)

to its out-neighbors i ∈ N+
j .
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♢ every DER i then updates its states to xi(k + 1), yi(k + 1), zi(k + 1) via the up-
dates (4.22)-(4.24), and the states xij as xij(k) = pjjxj(k − 1) + sj(k − 1).
♢ if there is a mismatch between the estimated state xij(k) and the actual received

state xj(k) then the agent i detects that the communication links between its neighbor
j and itself are compromised. In particular, with small ε > 0, if |xij(k)−xj(k)| > ε then
agent i detects node j is compromised. Further, DER i sets its detection_flag di to 1

and adds the communication address of DER j to the list of compromised communica-
tion links, Cmi , in its neighborhood.
♢ Any DER i that detects a malicious DER in its neighborhood, propagates its

detection_flag in the network. This is achieved via a 1-bit consensus algorithm. Each
DER initializes di(k) at every k = lD, where D is an upper bound on the diameter
of the graph G(V, E), iteration for l ∈ {0, 1, 2, . . . } with 1 or 0 depending on whether
the DER has detected a malicious DER in its neighborhood or not, and updates its
detection_flag value every iteration using,

di(k + 1) =
⋃

j∈N−
j ∪{i}

dj(k), (4.28)

where
⋃

denotes the “OR” operation and dj(0) = 1 if node j has detected a malicious
DER at initialization instant 0 and dj(0) = 0 otherwise. Clearly, if dj(0) = 1 for any
DER j ∈ V , then di(D) = 1 for all i ∈ V where D is the diameter. Thus, each DER can
use di(D) as a criterion to ascertain the presence of a malicious DER in the network.

The modified power apportioning algorithm is presented in Figure 4.5. We present
the following result for the detection scheme.

Theorem 25. Let Assumption 18 hold. Then the detection scheme detailed above and
in Figure 4.5 leads to detecting any malicious DER obscuring its true states via (4.26).

Proof. We present an argument by considering a particular DER index i, the argument
holds symmetrically for all DERs i ∈ V . Following the procedure detailed in Figure 4.5
at the starting iteration k = 0 node i receives xj(0), yj(0), pjj from all its in-neighboring
DERs. Note that under Assumption 18 xj(0), yj(0) and pjj are the true values of these
quantities. Following this, DER i updates its states following (4.22)-(4.23), xi(1) =

piixi(0) +
∑

j∈N−
i
pijxj(0), yi(1) = piiyi(0) +

∑
j∈N−

i
pijyj(0), zi(1) = xi(1)

yi(1)
. At k = 1,

the DER i sends xi(1), yi(1) and si(0) =
∑

l∈N−
i
pilxl(0) to its out-neighboring DERs

and receives the xj(1), yj(1) and sj(0) =
∑

l∈N−
j
pjlxl(0) from its in-neighboring DERs
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j. Following this DER i determines the estimates xij(1) = pjjxj(0)+sj(0). Without loss
of generality assume DER j behaves maliciously at iteration k = 1, and adds a linear
drift θj(1) to the true state xj(1) and sends x̂j(1) = xj(1) + θj(1) to its out-neighbors
including DER i. Thus at DER i, given a samll detection threshold ε, |x̂j(1)− xij(1)| =
|pjjxj(0)+sj(0)−xj(1)−θj(1)| = |pjjxj(0)+sj(0)−pjjxj(0)−sj(0)−θj(1)| = |θj(1)| > ε

and j gets detected as a maliciously behaving DER by DER i. Similarly, all other DERs
in the network compute the difference between the states sent by their in-neighbors and
the estimates maintained locally to detect any malicious DER in their neighborhood.
Thus, any linear drift θj aimed to shift the DER estimates significantly away from the
true state values can be detected. This completes the proof.

After all the DERs ascertain the presence of malicious DERs via the detection_flag
, a new instance of the distributed apportioning algorithm is started among the trust-
worthy DERs by removing the compromised communication links Cmi ∈ E from their
neighborhoods.

At 𝒌 ≥ 𝟏,

𝒊

𝒉 𝒍

𝒋

𝒑𝒋𝒋, 𝒙𝒋 𝟎 , 𝒚𝒋(𝟎)

At𝒌 = 𝟎,

𝒊

𝒉 𝒍

𝒋

𝒙𝒋 𝒌 , 𝒚𝒋 𝒌 ,

𝒔𝒋(𝒌 − 𝟏)

𝒎

𝒋

𝒊
• Update:

𝒙𝒊 𝒌 + 𝟏 , 𝒚𝒊 𝒌 + 𝟏 ,
𝒛𝒊 𝒌 + 𝟏 via 𝟏 -(𝟑)

• Calculate estimates:

𝒙𝒋
𝒊 𝒌 , 𝒙𝒎

𝒊 𝒌

• Set 𝒅𝒊 𝒌 and update 

via (𝟔)

𝒙𝒎 𝒌 , 𝒚𝒎 𝒌 ,
𝒔𝒎(𝒌 − 𝟏)

𝒎

𝒋

𝒊
• Update:

𝒙𝒊 𝒌 + 𝟏 , 𝒚𝒊 𝒌 + 𝟏 , 𝒛𝒊 𝒌 + 𝟏
• Calculate estimates:

𝒙𝒊
𝒋
𝒌 , 𝒙𝒊

𝒎 𝒌

• If |𝒙𝒎
𝒊 𝒌 − 𝒙𝒎 𝒌 |> 𝝐 OR 

|𝒙𝒋
𝒊 𝒌 − 𝒙𝒋 𝒌 |> 𝝐 set 𝒅𝒊 𝒌 = 𝟏

• Else: set 𝒅𝒊 𝒌 = 𝟎
• Update 𝒅𝒊 𝒌 via (𝟔)

𝒙𝒎 𝒌 , 𝒚𝒎 𝒌 ,
𝒔𝒎(𝒌 − 𝟏)

𝒊

𝒋 𝒍

𝒎

𝒙𝒎 𝒌 + 𝜽𝒎 𝒌

Malicious DER 𝒎
adds a drift via (𝟒)

Figure 4.5: Resilient distributed power apportioning scheme with malicious DER m. Honest
DER i detects the presence of m.
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CHIL Demonstration and Results:

A. Experimental Configuration:
There are three important components in the experimental setup:
1. The microgrid power network under study consisting of the Central Core and the
external power network as shown in Figure 4.4(a) is emulated using the multi-timescale
real-time simulation method, with time-step of Ts = 50µs and Tss = 5ms via eMEGASIM
and ePHASORSIM platform respectively inside the OP5700 RT-simulator (RTS) man-
ufactured by OPAL-RT.
2. The central core is equipped with a central dispatch control system that provides
high-speed, cost-optimal coordination of net loads (a combination of generation and
controllable loads) [265], [266]. We refer to this central dispatch controller as the NLM
engine. The NLM runs on a desktop computer with 16 GB RAM and an Intel Core i7
processor running at 1.90 GHz, utilizing Python 3.7.1. The devices in the central core
of the emulated microgrid communicate with the NLM engine via using standard User
Datagram Protocol (UDP) [263].
3. The resilient distributed power apportioning algorithm with 50 nodes connected via
pre-defined topology information, embedded in a JavaScript Object Notation (JSON)
file, running in a Raspberry-based cluster device. The NLM engine transmits the total
power demand command ρd to the power apportioning engine via UDP and the power
set point for all the 50 DERs, situated in the external electrical network of the emulated
microgrid, are transmitted back to the RT simulator via UDP after the apportioning
algorithm has converged.

Realistic load profiles (obtained through the metering system by the energy manage-
ment group of the University of Minnesota), and the real-world solar irradiance profiles
(obtained from the National Renewable Energy Laboratory’s Solar Measurement and
Instrumentation Data Center and the National Solar Radiation Database [267]) are fed
into the real-time simulator with 1 sec resolution. Figure 4.6 shows the entire CHIL
experimental setup.

We consider two attack scenarios where hsDu 4 is malicious and has two different
objectives. For both attack scenarios, the total power demand requested by the central
core is 300 kW. Further, we validate the performance of the proposed resilient power
apportioning scheme with two extreme cases of communication topology, as shown in
Figure 4.4(b)(i) and Figure 4.4(b)(ii), between the hsDus: one sparse (here hsDu 14, 17

and 46 are the neighbors of hsDu 4) and another dense network (here hsDu 4 has 15
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• The demand 𝝆𝒅 is generated by the Central Core by running a Net-Load 

Management (NLM) engine.

• Distributed apportioning to meet demand 𝝆𝒅 is performed over a network with 

50 DERs implemented in Raspberry-Pis with Node.Js based socket-io servers.

• DER communication is realized via two undirected graphs (dense and sparse) 

and UDP protocol.

• Data is acquired via a computer running RT-Lab.
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Figure 4.6: Laboratory CHIL setup.

neighboring hsDus). The convergence of updates (4.22) and (4.24) to the solution (4.25)
depends on the connectivity of the underlying graph G. Therefore, the sparse and dense
topologies with very different connectivities provide a comparison of the performance of
the developed resilient distributed apportioning algorithm under practical conditions.
The two attack scenarios are as follows:
• ATTACK-1 Operation Disruption Attack: The malicious hsDu 4 injects false state esti-
mates in the power apportioning scheme such that the algorithm does not converge and
no power ancillary support to the central core can be provided. To achieve this hsDu 4

chooses a divergent perturbation sequence θ4(k) = δ, k : even and θ4(k) = −δ, k : odd.
• ATTACK-2 Operation Manipulation Attack: The malicious hsDu 4 injects false state
estimates to alter the steady-state power dispatch set-points of the honest hsDus to
provide only 50%, 150 kW, of the requested ancillary demand.

B. Results and Discussions:
During the CHIL experiments for both attack scenarios, we perform two runs of the
distributed power apportioning engine: (i) without and (ii) with the distributed de-
tection scheme. We report the results without the detection scheme first to show the
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impact of the attack on the power network and then present the performance of the ap-
portioning algorithm with the detection scheme. Figures 4.7 and 4.8 provide the results
of the CHIL experiments under the attack scenarios ATTACKs-1 and-2. In all the Figs.
we present the total power output of the hsDu network in the top half and the power
output of individual hsDus in the bottom half.
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Figure 4.7: Performance of the distributed power apportioning scheme with malicious hsDu
detection under ATTACK-1.

179



Figures 4.7(a)-(b) and Figures 4.7(c)-(d) present the results under ATTACK-1 for the
sparse and the dense communication topology respectively. It can be seen that the
power set-points of the hsDus do not reach a steady state and fluctuate a lot (Fig-
ures 4.7(a),(c)) and potentially can make the system unstable if no countermeasures are
taken by the honest hsDu towards detection of the malicious hsDu 4. With the pro-
posed detection scheme the hsDus in the neighborhood of hsDu 4 detects the operation
disruption attack within 3.814 secs and 0.536 secs in the sparse and dense communica-
tion topology respectively (Figures 4.7(b),(d)). Following the detection of the malicious
hsDu 4, the remaining 49 hsDus restart power apportioning to provide the requested
demand of 300 kW to the central core.

Figures 4.8(e)-(f) and Figures 4.8(g)-(h) present the results under ATTACK-2 for the
sparse and the dense communication topology respectively. Although the honest hsDus
can meet the desired demand of 300 kW (Table 4.3). The hsDu 4 is able to manipu-
late the convergence of the power apportioning algorithm reducing the ancillary power
support to the central core to 50% (150 kW), Figures 4.8(e),(g). Thus, a mechanism to
detect the malicious actions of the hsDus is necessitated. With the proposed detection
scheme the hsDus in the neighborhood of hsDu 4 detects the operation manipulation
attack within 5.016 secs and 0.838 secs in the sparse and dense communication topol-
ogy respectively (Figures 4.8(f),(g)). Following the detection of the malicious hsDu 4,
the remaining 49 hsDus restart the power apportioning to provide the requested power
demand of 300 kW to the central core. We remark that the time of detection of the
attack is smaller in the dense communication topology as in the dense graph there are
more simultaneous detections due to a higher degree of the hsDus.

Thus, the augmentation of the proposed malicious node detection with the power
apportioning leads to a resilient operation of microgrids allowing the hsDus to aggregate
their resources in a robust manner to meet the ancillary power demand of the central
core.
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Figure 4.8: Performance of the distributed power apportioning scheme with malicious hsDu
detection under and-ATTACK-2 (e)-(h).
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4.5.3 Horizon of Viability Optimization Engine for Sustained Power
to Critical Infrastructure

Problem Formulation:

Consider a microgrid with a CI unit electrically connected via power lines with surround-
ing community building (CB) units. The microgrid, as a whole, contains a collection of
net-load resources: nd number of DLs, nc number of CLs, ng number of diesel gener-
ators, np number of renewable generation sources including solar PV inverters and/or
wind generators, etc., nb number of grid-following (GFL) battery inverter systems; and a
slack bus (combining all the grid-forming inverter systems in the microgrid) to maintain
stable voltage and frequency in the microgrid. We assume that the renewable generation
exhibits significant variability. Let P trj denote the renewable generation power of the
jth renewable energy resource at time t. The power delivered by the jth diesel generator
and the jth GFL battery inverter at time t are denoted by P tgj and P tbj , respectively.
The power delivered by the slack bus at time t is denoted by P ts . Unlike the diesel gen-
erator, the GFL battery inverters are allowed both, to discharge with a positive power
output and/or charge with a negative power set point, depending on the net-load and
the respective SOCs. Here, each battery inverter, j, is characterized by the maximum
available energy capacity, Ebj , and the maximum discharging, Wbj , and charging, −Wbj ,
power transfer rates. The maximum capacity of the jth diesel generator and the slack
bus are denoted by Wgj and Ws, respectively. The maximum available energy in the
diesel generator, j, at the start of the time, t0, of the horizon is denoted by Egj .

HoV Engine Optimization Problem:

Here, a convex optimization problem is solved at each discrete time instant, t0, to de-
termine the net-load scheduling decisions at some future time instant, t0 + t, where
t ∈ {1, 2, . . . , T}, with T being the horizon length. The dispatch decisions are based
on renewable generation forecasts, predicted profiles of the DLs, CLs in the micro-
grid, and information about the latest SOC and SOE of the GFL battery invert-
ers and diesel generators, respectively. This process is repeated at the subsequent
time instants with updated sets of measurements. Denote by xt := [xt1, x

t
2, . . . x

t
nd
] ∈

{0, 1}nd , P tg = [P tg1 , P
t
g2 , . . . P

t
gng

] ∈ Rng , P tb = [P tb1 , P
t
b2
, . . . P tbnb

] ∈ Rnb , and P ts ∈ R,
Tt0 := {t0, . . . , T + t0 − 1}. The HoV engine optimization problem at any time, t0, has
the following components:
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A. Optimization Variables:

a) x = [xt, t ∈ Tt0 ] ∈ {0, 1}nd×T , where, xt denotes the ON/OFF decisions of the
DLs at time t

b) Pb = [P tb , t ∈ Tt0 ] ∈ Rnb×T , where P tb is the power set points of the GFL battery
inverters at time t

c) Pg = [P tg , t ∈ Tt0 ] ∈ Rng×T , where P tg is the power set points of the diesel genera-
tors at time t

d) Ps = [P ts , t ∈ Tt0 ] ∈ RT , where P ts is the slack bus power required to maintain the
load and generation power balance at time t.

Let π := [x,Pb,Pg,Ps] denote a policy of net-load dispatch decisions over the horizon
[t0, t0 + T ].

B. Real Time Measurements:

a) st0b = [st0bj , j = 1, . . . , nb] ∈ [0, 1]nb , where, st0bj denotes the SOC of the GFL battery
j at time t0

b) st0g = [st0gj , j = 1, . . . , ng] ∈ [0, 1]ng , where, st0gj denotes the SOE of the diesel
generator j at time t0.

C. Predicted Variables:

a) P̂ tL = [P̂ tLj
, j = 1, . . . , nd, t ∈ Tt0 ] ∈ Rnd×T , where P̂ tLj

is the predicted load profile
of the DL j at time t

b) P̂ tc = [P̂ tcj , j = 1, . . . , nc, t ∈ Tt0 ] ∈ Rnc×T , where P̂ tcj is the predicted load profile
of the CL j at time t

c) P̂ tr = [P̂ trj , j = 1, . . . , np, t ∈ Tt0 ] ∈ Rnp×T , where P̂ trj is the predicted power output
of the jth renewable energy source at time t.

D. Cost Function:

C(x,Pg,Pb, sb, sg) =
T+t0−1∑
t=t0

[ nb∑
j=1

cbj (s
t0
bj
, P tbj )−

ng∑
j=1

cgj (ηgj (P
t
gj )) +

nd∑
j=1

cℓj (1− x
t
j)P̂

t
Lj

]
.
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The first term captures the cost of dispatching the GFL battery inverters. cbj (.) is a
convex function and ensures a cost-optimal charging/discharging dispatch of the GFL
battery inverters over the horizon [t0, t0 + T ] based on the SOC of the GFL batteries.
The second term captures the cost of dispatch for the diesel generators. The function
cgj (.) is a concave function of the arguments Pt0g and st0g . The function cgj enforces that
the diesel generators are dispatched over the horizon [t0, t0 + T ] at a higher efficiency
set-point ηgj (P tgj ) for maximum utilization of the available stand-alone diesel generator
storage. The last term generates an optimal portfolio of loads to be switched on (a DL
j is on at time t if and only if xtj = 1) during the horizon [t0, t0 + T ] based on the load
switched-off costs cℓj . The costs, cℓj , are decided based on the relative priorities of the
DLs and the effect of switching the particular load off on the overall discomfort for the
users in the microgrid. Together, the three terms in the cost function ensure that the
CI units remain viable over the horizon. Further, the discomfort due to switching off a
lot of DLs in the microgrid is also minimized.

E. Optimization Problem:
Let s̃t0bj := −(1− s

t0
bj
),

Λ := minimize
π

C(x,Pg,Pb, st0b , s
t0
g ), subject to :

0 ≤
T+t0−1∑
t=t0

P tgj ≤ s
t0
gjEgj , for j = 1, . . . , ng, (4.29)

s̃t0bjEbj ≤
T+t0−1∑
t=t0

P tbj ≤ s
t0
bj
Ebj , for j = 1, . . . , nb, (4.30)

0 ≤ P tgj ≤Wgj , for j = 1, . . . , ng, t ∈ Tt0 , (4.31)

−Wbj ≤ P
t
bj
≤Wbj , for j = 1, . . . , nb, t ∈ Tt0 (4.32)

0 ≤ P ts ≤Ws, for t ∈ Tt0 , (4.33)
nd∑
j=1

xtjP̂
t
Lj

+

nc∑
j=1

P̂ tcj =

ng∑
j=1

P tgj +

nb∑
j=1

P tbj +

np∑
j=1

P̂ trj + P ts , for t ∈ Tt0 (4.34)

xtj ∈ {0, 1}, for j = 1, . . . , nd, for t ∈ Tt0 . (4.35)

F. Constraints:
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i) (Available Energy Over the Horizon) Constraints (4.29) and (4.30) limit the maxi-
mum and minimum amount of total energy served to the loads during the horizon
[t0, t0 + T ] based on the available energy in the stand-alone diesel generators and
the GFL inverters at the start of the horizon.

ii) (Generation) Constraints (4.31)-(4.33) enforce the maximum and minimum ca-
pacity limits on the power dispatch of the diesel generators, GFL inverters, and
the slack bus.

iii) (Power Balance) Constraint (4.34) ensures that the sum of all the power allocations
to the critical loads and deferrable loads is equal to the available total generation.

iv) (Load Selection) Constraint (4.35) is the binary constraint to decide the deferrable
load switch-on-off status.

The solution, π∗, to the optimization problem, Λ, is utilized as the net-load dispatch
decision for the microgrid containing the CI unit, with P ∗

g and P ∗
b being the diesel

generator and the battery set points, respectively; P ∗
slk being the slack battery power

to be utilized; and x∗ being the load switch-on-off decisions.
G. Heuristics to Improve the Run time of the HoV Optimization Problem:
Recall that the HoV optimization problem, Λ, due to the binary constraint (4.35), used
for the load selection, is a mixed integer programming problem, which can be very hard
to solve in general [268]. The solution time for the problem, Λ, can be improved by
using the following heuristics:

1. The equality constraint (4.34) can be relaxed by specifying an operating band
based on the power mismatch that can be safely tolerated by the slack bus. In particular,
the constraint (4.34) can be equivalently written as a set of two inequality constraints:
for t ∈ Tt0 ,

δ

[ ng∑
j=1

P tgj +

nb∑
j=1

P tbj +

np∑
j=1

P̂ trj + P ts

]
≤

nd∑
j=1

xtjP̂
t
Lj

+

nc∑
j=1

P̂ tcj

≤ δ

[ ng∑
j=1

P tgj +

nb∑
j=1

P tbj +

np∑
j=1

P̂ trj + P ts

]
,

where, δ ∈ (0, 1], δ ∈ (0, δ]. The exact values of δ and δ can be chosen based on the
application. Note that δ = δ = 1 recovers the original constraint (4.34).
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2. Providing a good initial guess of the optimal solution to the optimization solver
also improves the run time. A good initial solution for the problem, Λ, can be ob-
tained by finding the optimal set of deferrable loads to be switched on at the starting
time instant t0 and assuming that the same set of deferrable loads remains operational
throughout the horizon [t0, t0 + T ] based on the instantaneous power generation mea-
surements {P t0gj , P

t0
bj
∀j} from the microgrid. In particular, consider the simpler problem,

minimize
x

nd∑
j=1

cℓj (1− xj)P̂
t0
Lj
,

subject to:0 ≤
nd∑
j=1

xjP̂
t0
Lj

+

nc∑
j=1

P̂ t0cj −
ng∑
j=1

P t0gj −
nb∑
j=1

P t0bj −
np∑
j=1

P̂ t0rj ≤Ws,

xj ∈ {0, 1}, for j = 1, . . . , nd.

The solution xt = x for t ∈ Tt0 can be taken as an initial solution to the variable xt0
the in HoV optimization problem, Λ.

CHIL Demonstration and Results:

Figure 4.9 shows the three-phase microgrid test system under study that contains 1 CI
unit and the surrounding 3 CB units. The ratings of various sources, loads, and line

Table 4.4: Ratings of Various Generation Sources, Loads, and Line Parameters of the Microgrid
Under Study

Generation
and Load (kW)

Microgrid Test System
CI Unit CB Unit 1 CB Unit 2 CB Unit 3

PV 50 100 100 150

GFL Bat-1 100 - - -
GFL Bat-2 100 - - -
GFM Bat - 200 250 200

Diesel Gen-1 50 - - -
Diesel Gen-2 50 - - -
Critical Load 230 100 225 150

Deferrable Load 350 300 275 350

Microgrid Network Values
Transformers 3-ϕ, Y-Y, 1 MVA, 13.8/0.48 kV

Line Parameters Rline = 5 mΩ, Lline = 30 µH
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Figure 4.9: The microgrid test system contains 1 critical infrastructure (CI) unit and 3 commu-
nity building (CB) units. The CI unit contains 2 GFL battery inverters, 2 diesel generators, 1
PV inverter system, 1 critical load (CL), and 30 deferrable loads (DLs). Similarly, CB-1, CB-2,
and CB-3 contain 1 GFM battery inverter each, 1 PV inverter system each , 1 CL each, and 25,
20, and 30 DLs, respectively.

parameters are tabulated in Table 4.4. On top of the power layer, there is a commu-
nication layer that enables the transmission of various measurements, from the system
to the HoV engine, and various control signals, from the HoV engine to the micro-
grid. The extensive list of measurements and control signals is shown in the schematic
of the CHIL-based real time implementation of the HoV engine with the microgrid in
Figure 4.10. There are three important components in the demonstration: (i) the mi-
crogrid, emulated using the eMEGASIM platform with a simulation step size of 50µs
inside the OP5700 RT-simulator (RTS), which is manufactured by OPAL-RT and inter-
faced with two low-cost Texas Instruments TMS320F28379D, 16/12-bit floating-point
200-MHz Delfino microcontroller boards for controlling two GFM inverters in the CB-1
and CB-2 units; (ii) the HoV optimization engine running on a server workstation, de-
veloped using Python 3.7.1 with commercial optimization solver, MOSEK [269] to solve
the mixed integer convex programming problem, Λ of Section 4.5.3; and (iii) a De-
vice Control Gateway (DCG), realized using standard User Datagram Protocol (UDP)
[263], that interfaces the microgrid and the HoV engine and emulates the communica-
tion layer that continuously listens to the measurements sent from the microgrid and
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Figure 4.10: Schematic of the CHIL-based demonstration of the HoV optimization engine.

dispatch commands from the HoV engine. Realistic load profiles and the solar irradi-
ance profile are fed into the real-time simulator with 1-s resolution. Most of the load
profiles are obtained through the metering system by the energy management group of
the University of Minnesota, and, the rest are synthetically generated. Real-world solar
irradiance data for the study are obtained from the National Renewable Energy Lab-
oratory’s solar Measurement and Instrumentation Data Center and the National Solar
Radiation Database [267]. A 2-hour experiment is conducted to validate the proposed
HoV engine. Moreover, to show the efficacy, a comparative study is conducted with the
net-load management (NLM) scheme existing in the literature [252].

To evaluate the performance of the developed HoV optimization engine, we define
the following metrics:
1) Total Remaining Energy (TRE): The TRE (in kWh) in the local generation sources
in the microgrid (i.e, GFL battery inverters and diesel generators in the CI units of the
microgrid) at the end of the time horizon [0, T ] is defined as:

TRE(T ) :=
ng∑
j=1

sTgjEgj +

nb∑
j=1

sTbjEbj . (4.36)

2) Cost-Weighted Energy (CWE): The total CWE delivered to all critical and deferrable
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loads in the microgrid over a time horizon [0, T ] is defined as:

CWE(T ) :=
∫ T

0

nd+nc∑
i=1

cℓip
t
Li
dt, (4.37)

where, ptLi
is the per-unit power of load i.

The metrics in (4.36) and (4.37) capture the trade-off between the guaranteed via-
bility of power for the CI units (higher remaining energy implies the availability of more
energy in the generation resources of the CI units) and the level of service of the required
CLs and DLs (higher CWE implies that more higher-priority loads are running). For
comparison with the existing NLM scheme, we also define the ratios of the CWE and
TRE metrics for the proposed HoV engine and the existing NLM engine. Specifically,
we define the following:

ρCWE(t) :=
CWEHoV(t)

CWENLM(t)
, (4.38)

ρTRE(t) :=
TREHoV(t)

TRENLM(t)
. (4.39)

Note that ng = 2, nb = 2, nd = 105, nc = 1, and T = 2 hours (7200 s) for the CHIL
experiment with the microgrid test system under study, as shown in Figure 4.9.

Figures 4.11-4.14 demonstrate the performance of the HoV engine compared to the
NLM engine [252] with respect to the TRE and CWE metrics. Figure 4.11 provides a
comparison based on the total remaining energy. The HoV optimization engine opti-
mally schedules the available generation sources that result in a higher total remaining

Figure 4.11: Total remaining energy (in kWh) after 2 hours of the CHIL experiment of the
proposed HoV engine and existing NLM engine on the test system in Figure 4.9.
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Figure 4.12: Remaining energy (in kWh) in each generating resource (2 GFL batteries and 2
diesel generators) in the CI unit after 2 hours of the CHIL experiment of the proposed HoV
engine and the existing NLM engine on the test system in Figure 4.9.

×

×

Figure 4.13: Total cost-weighted energy after 2 hours of the CHIL experiment of the proposed
HoV engine and the existing NLM engine on the test system in Figure 4.9.

energy available at the end of 2 hours that can be utilized to serve the critical loads in
the CI and CB units at a later time instant. The breakdown of the total energy remain-
ing (among the 2 GFL batteries and 2 diesel generators) is presented in Figure 4.12.
This shows the advantage of the proposed HoV engine over the existing NLM engine in
the sense of extending the horizon of the viable operation of the CI units in a micro-
grid. Figure 4.13 demonstrates that the HoV engine provides more total CWE than the
NLM engine over the 2 hour horizon; therefore, the HoV engine provides power to more
high-priority deferrable loads during the time duration of the experiment. Figure 4.14
shows that the total energy (kWh) delivered to the deferrable loads is more in the NLM
dispatch; however the HoV engine better respects the load priorities than the NLM
engine, as demonstrated by the benefit in terms of the CWE in Figure 4.13. This shows
the benefit of the HoV engine in supplying power to the higher-prioritized loads in a
resource-constrained scenario.
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Figure 4.14: Total energy delivered after 2 hours of the CHIL experiment of the proposed HoV
engine and the existing NLM engine on the test system in Figure 4.9.

The behavior of the HoV engine during the experiment is presented in Figures 4.15
and 4.16. Although the diesel generators are always operated at a high-efficiency set-
point near the rated capacity, the HoV engine intelligently controls the GFL battery
inverters based on the current SOC of the battery sources. It can be observed here
that initially both the HoV and the NLM engine are inclined toward running more load
in the microgrid, and, as a result, the power set points are at the rated peak for both
GFL batteries. Unlike the NLM engine, however, the HoV engine moves to the GFL
battery-saving mode by generating charging commands for both GFL batteries after
an instance when the SOCs of the GFL batteries fall below 50%. Therefore, initially,
the HoV engine is aggressive in terms of maintaining a good quality of service to the
load, but it adjusts itself to conserve generation for future times of operation. The
NLM engine, on the other hand, does not adjusts itself to address future contingencies

Figure 4.15: Active power output and SOC of the GFL battery-1 in the CI unit during 2 hours
of the CHIL experiment with the proposed HoV engine and the existing NLM engine on the
test system in Figure 4.9.
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Figure 4.16: Active power output and SOC of the GFL battery-2 in the CI unit during 2 hours
of the CHIL experiment with the proposed HoV engine and the existing NLM engine on the
test system in Figure 4.9.

of power delivery to the CI units, which is demonstrated by a lower SOC in the GFL
batteries (Figures 4.15 and 4.16) and consequently lower total energy remaining in the
generation sources (Figure 4.11 and Figure 4.12).

This behavior of the proposed HoV engine and the NLM engine can be further
corroborated by referring to Figure 4.17 and Figure 4.18. These two figures show the
run time ratios of the CWE and TRE metrics (ρCWE and ρTRE), defined in (4.38) and
(4.39). It can be observed that the proposed HoV engine is equally conservative in
restoring the energy of the GFL batteries in the CI unit but more aggressive in terms of
supplying a higher number of prioritized loads in the microgrid compared to the NLM
engine (indicated by ρCWE > 1 and ρTRE ≈ 1). Yet, toward the end of the horizon,
the HoV engine is more aggressive in restoring the energy of the GFL batteries in the
CI unit but equally aggressive in terms of supplying prioritized loads in the microgrid
compared to the NLM engine (indicated by ρCWE ≈ 1 and ρTRE > 1).

Figure 4.17: Ratio of the CWE metric value resulting from HoV engine and NLM engine during
2 hours of CHIL experiment on the test system of Figure 4.9.
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Figure 4.18: Ratio of the TRE metric value resulting from HoV engine and NLM engine during
2 hours of CHIL experiment on the test system of Figure 4.9.
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Chapter 5

Conclusion And Future Work

5.1 Concluding Remarks

This thesis makes significant contributions to advancing robust and efficient distributed
decision-making in networked dynamical systems (NDS). By addressing challenges in
scalability, resilience, and real-time adaptability, it introduces innovative solutions with
the potential to transform distributed methods under practical constraints. The work
bridges theoretical advancements with practical implementations, ensuring broad ap-
plicability across diverse fields, including energy systems. Notably, it supports the
integration of renewable energy sources and enhances the reliability of modern power
networks, contributing to a sustainable and resilient energy future.

In Chapter 2, we introduced the monotonic property of the convex hull of network
states in high-dimensional consensus algorithms. This property was utilized to develop a
finite-time stopping criterion and design a distributed algorithm. Additionally, we pro-
posed an algorithm to approximate minimum-norm balls enclosing all network states
at a given iteration, demonstrating that their radii converge to zero. These radii were
then employed to formulate a finite-time stopping criterion, significantly reducing com-
munication overhead compared to existing methods. The effectiveness of the proposed
approach was validated through simulations of a vector ratio consensus algorithm with
states in R10 on a network graph comprising 25 nodes.

Furthermore, in Chapter 2, we presented a protocol for distributed finite-time ter-
mination of consensus algorithms in networks with dynamic interconnection topology.
A key contribution was the introduction of the novel concept of a “time path,” which
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enables analysis of how an agent influences others in the network. We proved the ex-
istence of finite-length time paths and established the strict monotonicity of the global
maximum and minimum of the state values for each node after every n′ iterations, where
n′ is an upper bound on the number of nodes. Building on this, we proposed a new
maximum-minimum protocol tailored for dynamic topologies and used it to design the
distributed finite-time termination algorithm. We also highlighted the limitations of
existing finite-time termination algorithms, which rely on static topologies, in real-time
applications such as ad hoc cognitive radio networks and autonomous agent control.
The effectiveness of our algorithm in overcoming these challenges was demonstrated
through experimental implementation on a dynamically changing network topology us-
ing a Node.js framework.

In addition, Chapter 2, tackles the challenge of designing an average consensus al-
gorithm for directed graphs with communication links subjected to noise. We demon-
strated that the widely used PushSum algorithm, commonly applied in distributed
decision-making over directed graphs, performs poorly under noisy communication con-
ditions. To overcome this limitation, we introduced the NR-PushSum algorithm. This
approach allows each agent to update its estimates using its noise-free, weighted initial
state value while appropriately weighting information received from neighbors to ac-
count for noisy communication links. These adaptive weights enable agents to mitigate
the impact of noisy estimates from neighbors and achieve consensus. We proved that
the NR-PushSum algorithm achieves a geometric rate of convergence under noiseless com-
munication and ensures almost sure convergence to a consensus value under additive
noise. Numerical case studies under various noise scenarios and algorithm parameters
validated the effectiveness of the NR-PushSum algorithm. Simulation results showcased
its superior performance compared to existing state-of-the-art methods, emphasizing its
robustness and reliability in noisy environments.

In Chapter 3, we address the problem of distributedly minimizing the sum of n
convex functions over directed multi-agent networks. We introduce the optimize then
agree framework, which decouples the optimization and consensus steps to enhance con-
vergence and feasibility by reducing the mismatch between agents’ solution estimates.
Building on this framework, we developed the novel GradConsensus algorithm, where
each agent performs a gradient-descent update during the optimization step and employs
a finite-time ε-consensus protocol to achieve practical agreement among estimates at ev-
ery iteration. We provide explicit convergence rate estimates for the GradConsensus
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algorithm under two distinct sets of assumptions on the aggregate objective functions.
Notably, we demonstrated that the iterates generated by the GradConsensus algorithm
converge to the optimal solution (or its neighborhood) at a linear rate under these con-
ditions. To validate the algorithm, we applied GradConsensus to solve a distributed
logistic regression problem, demonstrating its effectiveness in handling distributed op-
timization tasks. Furthermore, the optimize then agree framework is versatile, offering
guidelines for enhancing existing algorithms and inspiring the development of new meth-
ods to solve distributed optimization problems efficiently.

In the second part of Chapter 3, we developed the DC-DistADMM algorithm to address
constrained multi-agent optimization problems with local linear equality, inequality, and
set constraints over directed graphs. This algorithm represents the first ADMM-based
solution capable of handling both constrained and unconstrained distributed optimiza-
tion problems in such settings. Unlike traditional ADMM approaches, the DC-DistADMM
algorithm replaces the computationally demanding primal variable optimization step
with a more efficient ε-consensus protocol, making it particularly suited for distributed
multi-agent systems. The DC-DistADMM algorithm is designed for distributed implemen-
tation and synthesis, combining techniques from Lagrangian dual-based optimization
with methods from average consensus literature. Each agent solves a decentralized con-
strained optimization problem and updates its estimate of the optimal solution using
the finite-time ε-consensus algorithm. The DC-DistADMM algorithm offers strong con-
vergence guarantees, including (i) a rate of O(1/k) for convergence when the individual
functions are convex but not necessarily differentiable, (ii) geometric convergence to
a small neighborhood of the optimal solution when the objective functions are smooth
and restricted strongly convex at the optimal solution, (iii) numerical simulations val-
idated the DC-DistADMM algorithm’s performance against state-of-the-art methods for
constrained and unconstrained distributed optimization problems. Additionally, we
compared its efficiency with existing algorithms that rely on multiple consensus steps,
highlighting the DC-DistADMM algorithm’s computational advantages and robust con-
vergence properties.

Chapter 4 extends the algorithmic foundations laid in Chapters 2 and 3 to address
decision-making challenges in modern power systems. Specifically, it focuses on the sec-
ondary control problem in microgrids with heterogeneous grid-forming inverter-based
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resources (GFM IBRs) connected via varying line impedances. Departing from tradi-
tional approaches, we proposed a fully distributed controller that supports both dis-
tributed implementation and synthesis using only locally available information. Key
features of the developed scheme include (i) Plug-and-play Operation: The controller
accommodates dynamic changes in the network without requiring centralized updates,
(ii) Versatility: It achieves diverse control objectives, making it adaptable to vari-
ous operational scenarios, (iii) Privacy-Preserving Updates: Information exchange is
limited to essential data, safeguarding system privacy. We conducted a convergence
analysis, demonstrating the controller’s ability to ensure voltage regulation and reac-
tive power sharing under steady-state conditions in GFM networks. To validate the
proposed method, Controller-Hardware-in-the-Loop (CHIL) experimental studies were
performed. These experiments confirmed the effectiveness and reliability of the dis-
tributed controller for secondary control in microgrids.

In another distributed decision-making scenario for microgrids, Chapter 4 introduces
a resilient framework for the aggregation of Distributed Energy Resources (DERs) to
provide ancillary service support to the external power network. A key component of
this framework is a distributed malicious behavior detection algorithm, enabling DERs
to identify and isolate compromised communication links within the microgrid. We
demonstrated that the proposed scheme effectively detects maliciously behaving DERs,
ensuring the integrity of the aggregation process. The algorithm’s performance was
rigorously tested under various attack scenarios using Controller-Hardware-in-the-Loop
(CHIL) experiments. Results showed that DERs successfully identified malicious be-
havior within seconds in all tested attack scenarios, highlighting the scheme’s robustness
and effectiveness in maintaining secure and reliable microgrid operations.

In response to the growing need for reliable and sustained power delivery to critical
infrastructure (CI) units in microgrids during catastrophic events, Chapter 4 introduces
an intelligent optimization scheme termed the Horizon of Viability (HoV) engine. This
innovative framework ensures sustained power supply to CI units over a defined time
horizon following a power grid failure. The HoV engine employs a mixed-integer convex
programming approach to generate a cost-optimal portfolio of locally available genera-
tion sources and loads, ensuring operational efficiency and reliability. Its control per-
formance was rigorously evaluated through Controller-Hardware-in-the-Loop (CHIL)
experiments. The results demonstrated the HoV engine’s superior ability to maintain
the viability of CI units post-grid interruption, outperforming existing net-load man-
agement schemes in the literature.
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5.2 Future Directions of Research

In the previous section, we outlined this thesis’s contributions to establishing a frame-
work for distributed decision-making and devising methods for the aggregation and
control of DERs in power systems to enable a clean and efficient modern power grid.
In the following, we present a summary of open research topics that merit further ex-
ploration.

• A promising avenue for future research lies in extending the NR-PushSum algo-
rithm to design distributed optimization algorithms that operate effectively on
directed graphs under communication noise. Current state-of-the-art methods
often fall short in addressing practical challenges such as noise, delays, and the
inherent asymmetry of directed communication. Incorporating the robustness of
the NR-PushSum algorithm into optimization frameworks offers the potential for
more resilient and efficient distributed decision-making in NDS. Further theoreti-
cal investigation into the convergence properties and performance bounds of such
algorithms, particularly under varying levels of noise and delay, would provide
deeper insights into their scalability and applicability. Adapting the NR-PushSum
algorithm to handle dynamic graph topologies would also be a valuable contribu-
tion, with practical implications for applications like mobile sensor networks and
autonomous vehicle fleets. Finally, large-scale simulations and real-world imple-
mentations are essential to validate the algorithm’s efficacy and bridge the gap be-
tween theoretical development and practical deployment, making the NR-PushSum
algorithm a versatile tool for advancing distributed decision-making in complex
systems.

• Another significant extension of the research presented in this thesis is adapt-
ing the optimize-then-agree framework and the proposed GradConsensus and
DC-DistADMM algorithms to operate under time-varying directed topologies with
communication delays. Addressing these complexities would broaden the applica-
bility of the framework to dynamic, real-world systems such as sensor networks,
autonomous vehicle coordination, and smart grids. A critical research direction
involves establishing theoretical guarantees of convergence and stability for the
algorithms under such conditions, ensuring their reliability and robustness in dy-
namic environments. Additionally, devising efficient strategies to counteract the
adverse effects of delays and topology variations while maintaining computational
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and communication efficiency is essential for practical viability. Validating the
extended framework through large-scale simulations and real-world deployments
would further underscore its robustness and effectiveness, paving the way for its
application in increasingly complex distributed decision-making scenarios.

• I am currently developing distributed algorithms for optimization problems where
objective functions are expressed as the difference of two convex functions (DC
programming). These problems frequently arise in nonconvex decision-making
scenarios, particularly in fields such as statistics, machine learning, and signal
processing. An early version of this work was recently accepted for publication at
the Annual Allerton Conference [270], marking a key milestone in this research.
The proposed algorithms are designed to address the challenges of scalability and
efficiency in solving DC problems in distributed settings. Future directions include
enhancing their robustness against communication constraints such as noise and
delays, as well as extending their applicability to dynamic and heterogeneous
networks. I also plan to investigate their integration into practical applications
like federated learning and distributed resource allocation to validate their real-
world effectiveness. Moreover, I am actively exploring collaborative opportunities
to improve the algorithms’ convergence guarantees and computational efficiency,
ensuring they remain at the forefront of distributed DC optimization research.

• The distributed controller presented in Chapter 4 can be further enhanced to
address practical challenges such as communication delays, dynamic interconnec-
tions among GFM DERs, and variations in line impedances. A promising re-
search direction involves performing a closed-loop stability analysis of the GFM
and GFL DER network using a sampled-data controller, grounded in discrete-time
distributed optimization algorithms. This line of investigation is currently being
pursued by the author. Resilience enhancements for the distributed apportioning
algorithm are another focus, particularly to counteract sophisticated cyber-attack
scenarios, including data falsification, denial-of-service, and coordinated multi-
point attacks. Incorporating adaptive control mechanisms to mitigate dynamic
changes in system parameters and network topology variations is also a critical
avenue for development. Additional research involves evaluating the controller’s
performance under stochastic disturbances and uncertainties in system modeling,
which is crucial for its robustness. Experimental validation in real-world micro-
grid setups could provide practical insights, highlighting deployment challenges
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and solutions. Ongoing collaborations aim to develop scalable implementations
of the controller tailored for large-scale distributed energy resource networks. Fi-
nally, extending the theoretical framework to hybrid AC/DC microgrids could
significantly broaden the scope and applicability of the proposed methodology,
addressing the evolving needs of modern power systems.

In conclusion, distributed decision-making in networked dynamical systems poses
numerous challenging questions that demand innovative approaches. This thesis tackles
several critical aspects of these challenges, offering foundational insights and methodolo-
gies to push the boundaries of the field. The author aspires that the research presented
not only addresses some of these pressing questions but also establishes a robust foun-
dation for diverse future investigations.

Promising directions for further research include improving the scalability of dis-
tributed algorithms to handle large, complex networks and developing methods to ac-
count for uncertainties and stochastic behaviors inherent in real-world systems. Enhanc-
ing communication efficiency and reliability through advanced protocols in dynamic and
resource-constrained environments presents another compelling avenue. Additionally,
integrating machine learning techniques into adaptive decision-making processes and op-
timizing coordination across multi-layered networks could pave the way for significant
advancements.

The author envisions this thesis as a stepping stone toward the development of
robust, efficient, and resilient distributed systems, capable of meeting the demands of
increasingly interconnected and dynamic environments.
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Appendix A

A.1 Software-Hardware Testbed for Emulating Real-life
Network Dynamical Systems

Deploying distributed algorithms directly in real-life NDS, such as power grids or trans-
portation systems, can risk system performance and stability. To address these chal-
lenges and enable seamless testing and deployment of distributed algorithms, this disser-
tation develops a comprehensive experimental testbed. The testbed integrates physical
hardware components, real-time emulators for system simulation, and a robust soft-
ware engine to run optimization and learning algorithms. This modular setup provides
a realistic environment for evaluating the performance, robustness, and scalability of
distributed methods under various operational scenarios.

The testbed is designed to cater to a diverse range of users, including graduate
students conducting research in academic settings and engineers at utility companies
seeking practical solutions. By enabling rigorous testing and validation, it ensures that
methods are field-ready and capable of maintaining system stability and efficiency.
Furthermore, the testbed supports integration with emerging technologies, such as IoT
devices and advanced communication protocols, to simulate future-ready applications.
This platform is a significant step towards bridging the gap between theoretical ad-
vancements and their practical deployment in critical infrastructure systems.

The developed open-source software package, built using Python and Node.js com-
puter languages, is available free of cost on GitHub1 2. The software package can be
readily booted onto a microcontroller or a Raspberry Pi, to interface with the physical
hardware in NDS environments. The testbed is illustrated in Figure A.1.

1https://github.com/vivekkhatana/VPP_Primary_Node
2https://github.com/vivekkhatana/VPP_Secondary_Node
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The high-level objectives of the testbed to:

• Emulate or create the physical network components of the NDS.

• Create an interface between the physical NDSnetwork and the software-based
decision-making engine.

• Develop a software-based distributed decision-making engine based on distributed
optimization and learning algorithms

• Build a storage database to store the system conditions for visualization and
information processing.

The software-hardware testbed consists of five main component layers:

• Backend Server: The Backend Server bridges the four interface layers. It relays
requests and transfers data between different layers.

• Measurement Interface: It receives measurements from the NDS’s physical
resources via a data concentrator (DC). The DC supports both wireless and wired
communication protocols including UDP, TCP, and MODBUS. The measurement
interface keeps track of the latest system state. The communication channels
relay the latest measurements to visualization, data storage and decision-making
optimization layer via the backend server. A socket.io-based support using Node.js
and Python is developed for the sensor interface.

• Data Storage Interface: The storage controller program routes user queries to
the appropriate storage systems for data analysis and metric calculations in the
Data Storage Interface. The Data Storage Interface receives measurements from
the Measurement Interface and the latest decision commands from the Optimiza-
tion Interface. Additionally, it relays NDS information to both the Visualization
Interface and the Optimization Interface, ensuring seamless integration and data
flow across all components.

• Visualization Interface: It receives the state of the NDS from either DCs in
the Measurement Interface or the Data Storage Interface (or both). It creates
monitoring and situational awareness visualization for the NDS. The developed
Visualization Interface supports multiple user interface computer programming
languages including React.js and Grafana.
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• Optimization Interface: Optimization Interface is the heart of the decision-
making in the NDS. Here, a single query controller computer program allows
for the interface of several distributed optimization algorithms for example the
GradConsensus and DC-DistADMM algorithms developed in this thesis. It allows
for distributed synthesis and implementation. The optimization layer has multiple
programming languages supported including Node.js and Python. Measurements
from the Measurement Interface and past system states from the Data Storage
Interface are relayed to the Optimization Interface. The output decisions are sent
to the Data Storage and Visualization layers via the backend server.

A.1.1 An Instantiation for Decision-Making in Power Systems

In this section, we provide an example of using the software-hardware testbed for testing
and emulating decision-making in a particular NDS, namely Power Systems. Figure A.2
provides the experimental setup. Here, the backend server (also referred to as the Demo
Node) is a computer script running Python or Node.js. The physical layer of the power
system consists of external loads, photovoltaic system simulators, power inverters, and
a Real-time Simulator (RTS) which digitally emulates the dynamics of the power net-
work. In the power system application we utilize the Opal-RT based OP5700 RTS. The
optimization layer responsible for decision-making consists of a Controller Hardware-in-
the-loop (CHIL) setup. The decision variables for power system operation are generated
via distributed algorithms executed on microcontroller boards, Raspberry PI controllers,
and computer programming scripts. The power system state and the determined de-
cision variables are relayed to the data storage controller that runs a Python script to
save system information to a database. The stored data is utilized for visualization of
the state of the system. The visualization panel of the OP5700 RTS is utilized as well
to provide power system situational awareness. In this instantiation UDP communica-
tion protocol is utilized between the RTS and the backend server (or Demo Node) and
among the distributed agents in the optimization layer.
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The experiments and testing proceed in the following steps:

• STEP-1: The measurements from the power system (emulated in RTS) are realyed
via UDP communication channel to the backend server (or the Demo Node). Dur-
ing testing the user should ensure:
i) The IP addresses of the UDP communication channels attempted to be used
by the RTS and the backend server (or Demo Node) align with their actual IP
addresses at the RTS and backend server (or Demo Node) location.
ii) The size of the data sample expected by the backend server (or Demo Node)
during the message passing on the UDP channel matches the size of the measure-
ment vector sent by the RTS.

• STEP-2: The backend server (or Demo Node) passes the received measurement
from the RTS to the optimization layer for the determination of optimal control
actions. Further, the latest measurements are also sent to the data storage con-
troller to be saved in a database. This step requires the following debugging steps:
i) The IP addresses of the UDP communication channels attempted to be used by
the backend server (or Demo Node) and the distributed agents in the optimization
layer align with their actual IP addresses at their physical locations.
ii) The IP addresses of the UDP communication channels attempted to be used
by the backend server (or Demo Node) and the data storage controller align with
their actual IP addresses at their physical locations.

• STEP-3: Once the latest measurements are received the distributed algorithm
gets triggered. The agents compute their local solution and utilize UDP com-
munication protocol to share their estimates with their neighboring agents. The
algorithm converges and determines an optimal decision for each agent. The user
should ensure that:
i) The neighborhood information of each agent in the underlying exactly dictate
the number of communication channels used by each agent. Further, the IP ad-
dresses of the UDP communication channels attempted to be utilized by the agents
matches their physical location IP addresses. ii) For large networks, the algorith-
mic parameters including the graph topology and delay bounds between updates
are properly initialized.

• STEP-4: The decisions generated by the optimization layer are relayed to the
backend server (or Demo Node) that further passes them to the RTS. The optimal
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decisions are then applied within the power system. The user should ensure that:
i) The size of the expected data samples matches with the size of data samples
sent by the distributed agents, the backend server (or Demo Node), and the RTS.
ii) The UDP channels have the same assigned IP addresses to them in the software
programs as their physical locations.

A.1.2 Example Commands for the Power Systems Application

In this section, we provide the commands to execute the software package running the
backend server (or Demo Node), the data storage controller, and the distributed agents
in the optimization layer. The backend server (or Demo Node) code is available on
Github3. The code for optimization layer utilizes the developed DC-DistADMM algorithm
as the decision-making engine4.

Run Commands:

• Backend Server (or Demo Node): The Backend Server (or Demo Node) Python
script can be run via writing:
python primary_node.py
at the command line.

• Distributed DC-DistADMM based optimization script: Python script can be run via
writing:
python secondary_node.py
at the command line.

• The data storage controller is run via the command:
python MeasurementLogging.py
at the command line.

Input Files:

Both the primary_node.py and secondary_node.py require an input file named as
mastercluster.txt. The file mastercluster.txt initializes the IP addresses of the
RTS, backend server (or Demo Node), and the optimization layer. The script primary_node.py

3https://github.com/vivekkhatana/VPP_Primary_Node
4https://github.com/vivekkhatana/VPP_Secondary_Node
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also requires an input labeled as agentConfig.txt. The information about the com-
munication topology is provided via the agentConfig.txt file.

Console Display-Startup:

Executing python primary_node.py in a terminal will start the module. If startup is
successful, the following messages should be seen:

Figure A.3: Backend server (or Demo Node)-console log at the startup.

In this example, the backend server (or Demo Node) is connected to a network of 15
distributed agents. Here, the timestamps, number of secondary nodes, IP address, and
port number may all change depending on the configuration. If startup is unsuccessful,
error messages will be displayed and execution will terminate.
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Executing python secondary_node.py in a terminal will start the module. If startup
is successful, the following messages should be seen:

Figure A.4: Distributed agent running optimization-console log at the startup.

In this example, the distributed agent running the DC-DistADMM algorithm is con-
nected to the backed server. Here, the agent is ID number 8 out 15 connected nodes to
the backend server, and nodes 4 and 9 are its neighbors. Here, the timestamps, assigned
ID, the neighbor IDs, IP address and port number may all change depending on the
configuration. If startup is unsuccessful, error messages will be displayed and execution
will terminate.

Executing python MeasurementLogging.py in a terminal will start the module. If
startup is successful, the following messages should be seen:

Figure A.5: Data storage controller-console log at the startup.

In this example, the data storage controller is running at the IP address 10.0.0.91 :

1500 and waiting for the incoming information sent via the UDP communication chan-
nels. Here, the timestamps, the IP address and port number may change depending
on the configuration. If startup is unsuccessful, error messages will be displayed and
execution will terminate.
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