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Abstract

Single molecule studies enabled by recent nano-interrogation tools, offer unique in-
sights not available to bulk studies constrained by averaging effects, and have revealed
mechanisms of many fatal diseases including Alzheimer’s and Duchenne Muscular
Dystrophy. However, gleaning insights at the molecular scale poses several challenges
due to the extremely small dimensions and forces involved, the inherent stochastic
behavior of the molecules, and the limitations of the instrumentation. Tools and
algorithms are thus crucial for extracting information from and for building models
using the single molecule data.

In the first part of this thesis, we demonstrate one such self-learning change detec-
tion algorithm which can operate without any prior information about the locations
or the magnitude statistics of the steps. We show how this algorithm with provable
guarantees can be adapted for applications such as the single molecule force spectro-
scopy of muscle proteins. In the next part of the thesis, we present our findings on the
nano-mechanical properties of the muscle protein utrophin, enabled by our tools that
automate data analysis and provide rigour to the conclusions. In the final part of the
thesis, we demonstrate another avenue for intelligent algorithms to push the bound-
aries of single molecule science: working with limited data and providing measures of
confidence on results obtained from non-equilibrium single molecule experiments.

iii



Contents

1 Introduction 1

2 An Iterative Algorithm for Change Detection 5
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 The step detection problem . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Model Assumptions for the Detection Problem . . . . . . . . 8
2.2.2 The Step Detection Algorithm . . . . . . . . . . . . . . . . . 11

2.3 Convergence of the Step Detection Algorithm . . . . . . . . . . . . . 14
2.3.1 Increments in the Joint Conditional Probability . . . . . . . . 14
2.3.2 Binning Produces the Histogram with the Best Fit . . . . . . 19
2.3.3 SDA Proof of Convergence . . . . . . . . . . . . . . . . . . . 21
2.3.4 SDA Formulation with Sensor Dynamics . . . . . . . . . . . . 26

2.4 Results and Comparisons . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.4.1 Performance Metrics . . . . . . . . . . . . . . . . . . . . . . . 31
2.4.2 Empirical Results and Discussion . . . . . . . . . . . . . . . . 32
2.4.3 Sample Estimates . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3 Single Molecule Force Spectroscopy of Muscle Proteins 48
3.1 Single Molecule Force Spectroscopy . . . . . . . . . . . . . . . . . . . 48

3.1.1 Protein Pulling Experiments using AFMs . . . . . . . . . . . . 50
3.2 Change Detection for Automatic Data Analysis . . . . . . . . . . . . 51

3.2.1 Effectiveness of Data Analysis: Simulation . . . . . . . . . . . 53
3.2.2 Effectiveness of Data Analysis: Experiments . . . . . . . . . . 54

3.3 Muscular Dystrophy . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.4 Dystrophin and Utrophin: Structure and Function . . . . . . . . . . . 56

iv



3.5 Single Molecule Force Spectroscopy of Utrophin . . . . . . . . . . . . 58
3.5.1 Atomic Force Microscopy Protocol for Utrophin Characterization 58
3.5.2 Data Analysis and Contour Length Filters . . . . . . . . . . . 59
3.5.3 Kolmogorov-Smirnov Analysis . . . . . . . . . . . . . . . . . . 60

3.6 Utrophin Characterization Results . . . . . . . . . . . . . . . . . . . 61
3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
3.8 Supporting Information . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4 Quantifying Errors in the Jarzynski Estimator 84
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.2 The Jarzynski Estimator . . . . . . . . . . . . . . . . . . . . . . . . 87
4.3 Confidence Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.3.1 Via Mean and Range . . . . . . . . . . . . . . . . . . . . . . . 90
4.3.2 Via the Cumulative Distribution Function . . . . . . . . . . . 92
4.3.3 Estimating the Range of Work . . . . . . . . . . . . . . . . . 97

4.4 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
4.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
4.7 Supporting Information . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.7.1 Time Averaged Potential of a Time-Multiplexed Optical Trap 111
4.7.2 Free Energy Difference for a Particle in a Time-Multiplexed

Optical Trap . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
4.7.3 Performance Figures . . . . . . . . . . . . . . . . . . . . . . . 114

5 Conclusion and Future Scope 121
5.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
5.2 Future Scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

Bibliography 124

v



List of Tables

3.2.1 Titin Parameters: Reported vs SDA estimates . . . . . . . . . . . . . 55

vi



List of Figures

1.0.1 Comparison of characteristics of the protein utrophin from bulk and
single molecule force spectroscopy. (a) Shows the circular dichroism
melt curves of bulk utrophin constructs in solution measured at 1◦C
intervals by Dr. Jackie McCourt at the Ervasti Lab. Average melting
temperatures ± standard deviation for Utr R1-10, R11-22, R1-22, and
R6-15 are 45.7 ± 0.26 ◦C, 50.5 ± 0.3 ◦C, 47.0 ± 0.49 ◦C, and 45.4 ±
1.6 ◦C, respectively. (b) Mode of the unfolding forces of obtained from
single molecule force spectroscopy experiments. The unfolding forces
range from 100 pN to 250 pN for the ’brittle’ utrophin fragments, Utr
R1-10, R6-15, whereas the unfolding range from 100 pN to 600 pN
or more for the utrophin fragments Utr R11-22, R1-R22, and the full
length utrophin. The span of the forces for the brittle fragments are
150 pN, a factor of 4 lesser compared to the span of 500 pN observed
for the stiffening fragments. . . . . . . . . . . . . . . . . . . . . . . 4

2.2.1 Underlying generative model assumed for solving the step detection
problem. Here, xt are the estimates of steps that are hidden, yt the
noisy observations of xt, and Θ = {θ1, ..., θK} are the time invariant
parameters of the step size distribution. . . . . . . . . . . . . . . . 11

2.2.2 An upper semi-continuous histogram HΘ(u) . . . . . . . . . . . . . . 12
2.3.1 Underlying generative model MG

s assumed for solving the step detec-
tion problem, with the addition of sensor dynamics represented by G.
The sequence {zt} is obtained by the convolution of the sequence {xt}
with G. Here, yt are the noisy observations of zt, and Θ = {θ1, ..., θK}
are the time invariant parameters of the step size distribution. . . . 28

vii



2.4.1 Comparative performance with increasing noise magnitude. (a) The
SDA has the lowest NRMSE for noise standard deviations up to 0.5,
follows the TVR in performance for standard deviations beyond 0.5.
(b) The SDA closely follows the VS-HMM algorithm when the per-
formance is measured using F1 scores. The TVR performance is de-
graded in terms of F1 scores due to a large number of erroneous step
fits, despite having small NRMSE. The methods PELT, PELT_KER,
BINSEG, and BOTUP show improved performance for higher noise
magnitude, while over-fitting the data for smaller noise magnitudes. 34

2.4.2 Comparative performance of the SDA with increasing number of steps
available in the signal. (a) All the algorithms benefit from having
multiple steps in the signal. The SDA has the lowest NRMSE amongst
the algorithms tested. (b) The SDA closely follows the VS-HMM
method when the performance is measured with F1 scores. The poor
F1 scores of TVR are due to multiple erroneous fits. . . . . . . . . . 35

2.4.3 Comparative performance of the SDA with increasing number sam-
ples per step in the signal. (a) A larger number of samples for any
given step positively benefits each algorithm. The SDA has the low-
est NRMSE. (b) The VS-HMM has ~15% better F1 scores compared
to the SDA when the number of samples are small. For more than
200 samples per step, the SDA and VS-HMM have equivalent perfor-
mance, with F1 scores close to 1. . . . . . . . . . . . . . . . . . . . 36

2.4.4 Comparative performance of the SDA with sensor dynamics. A first
order transfer function is assumed for the sensor, with unity gain
and the time constant increased from 0.1 to 2s. (a) The SDA has
a significantly lower NRMSE as it takes into account the sensor dy-
namics. (b) As expected the SDA has a larger F1 score compared to
the other algorithms which do not account for sensor dynamics. F1
scores deteriorates beyond sensor time constants of 0.25s as sensors
with large time constants (with respect to step duration) effectively
destroy stepping information. . . . . . . . . . . . . . . . . . . . . . 37

viii



2.4.5 Histograms fit by the SDA at the end of each iteration for a sample
step signal, with 20 steps of magnitude 1, noise standard deviation of
0.5. Empirically we observe that with each iteration, the histograms
generated converge to the true stepping distribution. . . . . . . . . 38

3.1.1 Schematic of a protein pulling experiment. A polypeptide chain pro-
tein is stretched between a substrate and a cantilever tip of an AFM.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.1.2 Measurements in a pulling experiment. The deflection in the can-

tilever as well as the distance between the tip and substrate are mea-
sured, allowing the force versus extension characteristics to be deter-
mined. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2.1 Estimates of the contour length with the reformulated SDA termi-
nated at 20 iterations. The estimates in green were obtained with
the persistence length assumed constant, which leads to the expected
error in the contour length magnitudes. The estimates recomputed
locally to improve accuracy are shown in blue. This is done after
estimating the corresponding persistence lengths. . . . . . . . . . . 53

3.2.2 Persistence length estimates compared with the actual values when
applying the SDA on simulated data. . . . . . . . . . . . . . . . . . 54

3.2.3 Estimates of the force versus extension curve compared with the true
and measured curves from the simulated system. . . . . . . . . . . . 54

3.2.4 Sample force versus extension curve from pulling experiments on titin.
The force estimates from the WLC models fit after each unfolding
event are overlaid on the measurements. . . . . . . . . . . . . . . . 55

3.4.1 Schematic of (a) dystrophin and (b) utrophin. . . . . . . . . . . . . 57

ix



3.6.1 AFM extension characteristics of utrophin terminal constructs. a,
Schematic of constructs analyzed by AFM. ABD - actin binding do-
main; DgBD - dystroglycan binding domain; SynBD - syntrophin
binding domain; DBBD - dystrobrevin binding domain; NT - N-
terminus; CR - cysteine rich domain; CT - C-terminus; ovals -
spectrin-like repeats; diamonds - unstructured “hinge” regions. b-
d, Force vs extension representative trace curves for Utr NT-R10 (b),
Utr R11-CT (c), and full-length utrophin (d). Approach – force on the
cantilever as it approaches the substrate; Retract – force on the can-
tilever as the molecule is extended; Unfolding events – force minima
corresponding to domain unfolding. WLC – worm like chain model
fit to the force-extension behavior. . . . . . . . . . . . . . . . . . . . 65

3.6.2 Unfolding force distributions for utrophin terminal constructs reveal
markedly different mechanical behaviors. a-c, Plots of the probability
distribution of unfolding force vs the unfolding force for Utr NT-R10
(a), Utr-R11-CT (b), and full-length utrophin (c) collected from 3
batches of 300-500 successful pulls per batch. Here, ‘N’ represents the
unfolding event count. For example, the distribution corresponding
to N = 4 represents the distribution of the 4th unfolding event. . . . 66

3.6.3 Kolmogorov-Smirnov (KS) test metrics. KS test metrics which com-
pare the distribution of unfolding forces for different unfolding event
counts. The color-bars (heat maps) represent the KS metric with a
0 value (green) indicating similarity and value of 1 representing max-
imum dissimilarity (red). Each of the horizontal and vertical axes
represents unfolding event counts from the corresponding molecule.
The sub-figures (a), (b), and (c) compare the distributions within
the same molecule (self-comparison). The sub-figures (d), (e), and (f)
with horizontal and vertical axes from different molecules demonstrate
cross-comparisons. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

x



3.6.4 Unique mechanical behavior of utrophin halves is maintained upon
deletion of terminal domains. a, Schematic of utrophin constructs
lacking terminal domains and a 10-repeat construct spanning both
N- and C-terminal halves. b-e, Plots of probability distributions vs
unfolding force of each unfolding event (N) for Utr R1-10 (b), Utr
R11-22 (c), Utr R1-22 (d), and Utr R6-15 (e). . . . . . . . . . . . . . 68

3.6.5 Summary of utrophin mechanical behavior. a, Comparison of modes
of the unfolding force distributions vs unfolding event count shows
brittle vs stiffening behavior of utrophin constructs. Peak (or mode)
of the distribution of unfolding forces expressed as a function of the
number of domains unfolded (unfolding event count). Data are com-
bined over 3 batches of 300-500 successful pulling experiments per
batch for each protein construct and more detailed statistics are pro-
vided in Supplemental Figure S11. b, KS metrics for the distributions
of unfolding force corresponding to different unfolding event counts
from each of the utrophin constructs. The KS metrics are computed
by using the force distribution of the first unfolding event of Utr NT-
R10 as the reference distribution. . . . . . . . . . . . . . . . . . . . 69

3.8.1 AFM statistics of titin I27O (an AFM reference protein with 8 repeats
of the Ig 27 domain of human titin). a, Histogram plot of unfolding
forces with the mode at 212 pN when pulled at 1um/s with a can-
tilever spring constant of 6.67 pN/nm. This matches closely with the
reported value of 225 pN [1]. b, Histogram plot of contour length
increments indicates that the most probable value is 26.4 nm, while
28.4 ± 0.3 nm was the corresponding reported value [1]. c, The peak
persistence length was measured to be 304 pm compared to the re-
ported value of 390 ± 70 pm [1]. d, Box plots of the unfolding forces
classified based on the unfolding count, with the red line indicating
the median value and the dotted black line indicating the mode. The
edges of the box represent the 25% and 75% percentiles, with the
whisker plots marking the minimum and maximum recorded values
excluding the outliers. The unfolding forces for titin I27O range from
200 pN to 300 pN (a 50% increase) for unfolding counts of 1 to 8,
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

xi



3.8.2 AFM statistics of spectrin. a, Unfolding force histogram when pulled
at 0.25 µm/s with a cantilever of spring constant 6.88 pN/nm with a
most likely peak value of 40 pN compared to 28 pN reported in the
literature under similar conditions [2]. b, Contour length increment
histogram plot with a peak value of 26.6 nm, consistent with a value
of 31.7 nm from the earlier report [2]. c, Persistence length histogram
plot with a peak measured 89 pm. d, Box plots of the unfolding forces
classified based on the unfolding count, with the red line indicating
the median value and the dotted black line indicating the mode. The
edges of the box represent the 25% and 75% percentiles, with the
whisker plots marking the minimum and maximum recorded values
excluding the outliers. The unfolding forces vary from 26 pN for the
first unfolding event to 40 pN for the sixth (a 54% increase), indicating
that the molecule exhibits a mildly stiffening spring behavior. . . . . 72

3.8.3 Additional force vs extension curves with WLC fits. Candidate force
vs extension curves of titin (a), spectrin (b), Utr NT-R10 (c), Utr
R11-CT (d), and full-length utrophin (e). Approach - force on the
cantilever as it approaches the substrate; retract - force on the can-
tilever as the molecule is extended; WLC fit - fit of the worm like
chain model, which relates the force exerted on the molecule to its
extension; unfolding event - force minima corresponding to domain
unfolding. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.8.4 Unfolding force histograms for the seven utrophin constructs. The
unfolding forces are reported for a pulling speed of 1 µm/s with can-
tilever spring constants between 5.04 − 9.06 pN/nm. . . . . . . . . . 74

3.8.5 Force extension characteristics of multiple protein pulls. a-c, Example
force traces of Utr NT-R10 at high concentrations (500 nM) with un-
folding events exceeding the number of available domains for a single
molecule (11 domains for Utr NT-R10). . . . . . . . . . . . . . . . . 75

xii



3.8.6 Box plots of contour lengths as a function of unfolding count. Box
plots of the contour length classified based on the unfolding count,
with the red line indicating the median value and the dotted black
line indicating the mode. The edges of the box represent the 25%
and 75% percentiles, with the whisker plots marking the minimum
and maximum recorded values excluding the outliers. These figures
show contour length increasing linearly with unfolding events, where
unfolding events are represented as ‘Ni′, i = 1, 2, 3 . . . and ‘d’ denotes
the number of pulling experiments that resulted in ‘Ni’ events. A
nearly linear increase in the contour length is expected as the unfold-
ing events occur. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.8.7 The most probable contour length increments range between 23.6 to
41.1 nm. In previous reports, spectrin repeats of 106 amino acids
had an average contour length increment of 31.7 nm [2] which gives
a predicted contour length increment of 32.6 nm for utrophin repeats
of 109 average amino acids. . . . . . . . . . . . . . . . . . . . . . . 77

3.8.8 Persistence length histograms for the seven utrophin constructs. The
most probable persistence lengths were found to be between 23.4 to
38.2 pm for the utrophin constructs. . . . . . . . . . . . . . . . . . 78

3.8.9 Heat maps of Kolmogorov-Smirnov (KS) statistics. KS test metrics
which compare the distribution of unfolding forces for different unfold-
ing event counts. The color-bars (heat maps) represent the KS metric
with a 0 value (green) indicating similarity and value of 1 representing
maximum dissimilarity (red). . . . . . . . . . . . . . . . . . . . . . 79

3.8.10 Heat maps of KS test metrics which compare the distribution of un-
folding forces for different unfolding event counts. . . . . . . . . . . 80

xiii



3.8.11 Box plots of unfolding forces as a function of unfolding count. Utr NT-
R10, Utr R1-R10, and Utr R6-15 (a, d, and g) can be seen to exhibit
brittle behavior, wherein the unfolding force for the 10th unfolding
event is comparable to that of the 1st unfolding event. Utr R11-
CT and UTR R11-R22 show a stiffening spring behavior, wherein the
unfolding forces have a 3 to 5-fold increase for the 10th unfolding event
compared to the 1st (b and e). Full-length utrophin and Utr R1-22
show a strongly stiffening spring behavior with 4 to 6-fold increases
for the 10th unfolding events compared to their 1st (c and f). The
relative frequencies of each unfolding event are represented in Fig.
3.8.13. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.8.12 Peak to peak distance. Distribution of the elongation of the utrophin
constructs in between successive unfolding events. Each construct
exhibits an asymmetric distribution with single peak (mode). . . . . 82

3.8.13 Unfolding events per trace. The probabilities of observing a partic-
ular number of events (vertical axes) consistently reduce with the
increasing unfolding event counts (horizontal axes). The value Γ inset
in the figures represents the probability of observing force vs exten-
sion curves where the total number of unfolding events exceeds the
expected number of folded domains for the given protein construct.
The highest value of Γ observed is 2.8% (a). . . . . . . . . . . . . . 83

4.4.1 Schematic of the Spring Mass system . . . . . . . . . . . . . . . . . 101
4.4.2 Time-Multiplexed Potentials created by optical tweezers. (A) A

micro-sphere trapped by a laser beam experiencing a restoring force
f towards the focus. (B) The parabolic potential created by the laser
trap of width ω. (C) The resultant of a laser beam rapidly multi-
plexed between two different foci - Ll and Lr and (D) the resultant
time averaged potential. Changing the duty ratio D from 0.5 to 0.7
results in a reshaping of the potential and W work is done on the
micro-sphere. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

xiv



4.5.1 A summary of the performance and characteristics of the bounds on
the synthetic data. (a) A detailed view of the performance results.
The box plot shows (left) showcases the performance of the Combined
Bounds at 95% confidence level on work distributions that are trun-
cated normals, with 〈wd〉 /∆F = 0.5 as the number of samples are
increased. Each box plot represents one case of the synthetic data
validation, wherein each case comprises of a collection of 250 compu-
tations of the bounds. An example case (N = 864) is shown in more
detail on the right. The summarized view of the bounds from the
synthetic data study, with varying distributions, varying 〈wd〉, and
increasing N , is shown in (b). The performance curves have been
obtained using 250 computations for each case and interpolating the
modes of the data obtained in each case. . . . . . . . . . . . . . . . 107

4.5.2 Comparison of our combined bounds with the GRB method on syn-
thetic data with truncated normal distributions of work. The per-
formance curves have been obtained using 250 computations for each
case and interpolating the modes of the data obtained in each case. 108

4.5.3 Distributions of work and the corresponding bounds obtained from
the simulated Spring Mass system. . . . . . . . . . . . . . . . . . . . 108

4.5.4 (A) Distribution of the work done on a microsphere by changing the
shape of the double well optical potential, from an initial duty ratio
of 50% to a final duty ratio of 30%. (B) Confidence bounds and the
true ∆F applied to the experimental work measurements. . . . . . 109

4.7.1 Success rates for the bounds on the synthesized data with a known
range. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.7.2 Success rates for the GRB bounds on the synthesized data with a
known range. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.7.3 Success rates for the bounds on the Spring Mass data. . . . . . . . 115
4.7.4 Particle in a Time-Multiplexed Potential: Simulated Results . . . . 115
4.7.5 Success rates for the bounds on the simulated data from the optical

tweezers system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
4.7.6 Success rates for the bounds on the experimental data from the optical

tweezers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

xv



4.7.7 Performance and characteristics of the bounds on the synthesized data
with range estimated using the range of measurements method. . . 117

4.7.8 Success rates for the bounds on the synthesized data with range esti-
mated using the min-max method. . . . . . . . . . . . . . . . . . . 118

4.7.9 Performance and characteristics of the bounds on the synthesized data
with range estimated using the empirical Chebyshev inequality. . . 119

4.7.10 Success rates for the bounds on the synthesized data with range esti-
mated using the empirical Chebyshev inequality. . . . . . . . . . . . 120

xvi



Chapter 1

Introduction

The development of instruments such as atomic force microscopes (AFM) and opti-
cal tweezers have enabled the study of biological systems at the single molecule scale
[3, 4, 5, 6]. These instruments have enabled the resolution of measuring forces in
the femto to multiple pico Newton range with spatial resolution at the nanometer
scale. Mechanical forces play a critical role in many biological processes, such as
transcription, translation, cell locomotion, protein folding and unfolding, and infor-
mation transfer inside cells [7, 8]. Thus, single molecule experiments enabled by these
instruments have the power to unravel the mechanisms of incurable diseases and find-
ing potential cures. For example, characterizing the nano-mechanical properties of
shock-absorbing muscle proteins dystrophin and utrophin could lead to an effective
therapy for the fatal Duchenne Muscular Dystrophy, a disease that affects 1 in 4000
births [9, 10]. Coordination studies on molecular motor proteins have revealed muta-
tions responsible for pathologies such as several cancers, neurodegenerative diseases,
and deafness [11, 12, 13].

Studying biological systems one molecule at a time provides unique insights into
their function and behavior, a view not afforded to conventional bulk studies ob-
structed by averaging effects. This difference is demonstrated in Fig. 1.0.1. In Fig.
1.0.1(a), the muscle protein utrophin and its fragments are denatured using heat and
observed in bulk. The graph shows the fraction of the protein’s three dimensional
structure lost, as its temperature is increased in a solution. We observe that the
curves are similar, have a single inflection point (also known as the ’melting’ point)
and the melting temperatures range from 45.4 ◦C to 50.5 °C for the different frag-
ments of utrophin. Fig. 1.0.1(b) shows the modes of the forces required for the folded
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domains of utrophin to unfold. In this case, a tensile force applied to single molecules
of the protein denature the three dimensional structure of the protein instead of heat.
In contrast to the thermal melt curves, we see marked difference in the behavior of
the different fragments of utrophin. This observation could not have been predicted
with the thermal study alone.

Even with advancements in simulations, experimental single molecule studies are
irreplaceable, especially for large molecules [14, 15, 16]. Further, the number of
single molecule investigations of biological processes is growing exponentially with
a reported doubling time of 2.2 years [17, 18]. However, single molecule science
has multiple challenges. The behavior of the proteins at the single molecule level is
stochastic. For example, the folded domains of proteins unfold randomly, and the
probability distribution of unfolding is usually unknown [1, 19]. This complicates
their study, since the experiments must be repeated multiple times to capture the
probabilistic behavior. In addition, the measurements are corrupted by unavoidable
thermal and sensor noise, wherein the magnitude of noise is comparable to that of
the signal of interest. Due to abrupt changes in the states of bio-molecules, the
measured signals consist of sudden jumps. As the frequency domain contents of these
abruptly changing signals and the noise overlap, conventional linear filters fail to be
effective. These issues are not limited to the study of muscle proteins but are inherent
to investigations of biological systems at the nano-scale in general.

This dissertation aims to develop tools that further single molecule biophysics.
The outline of this thesis are summarized as follows:

Chapter 2: Multiple domains, including single molecule biophysics, involve sys-
tems with abruptly changing states, that result in signals with signatures that are
corrupted by noise and sensor dynamics. In many applications, prior information on
the magnitudes and timing distributions are unknown, compounding the difficulty of
filtering such signals. Several non-linear filtering techniques are available with varying
efficacies, however only a few offer theoretical guarantees. Recent research has led to
a heuristic, iterative, non-linear filtering technique that is found to be effective over a
range of applications. In this chapter, we present this iterative algorithm that learns
the distribution of the event magnitude and provides an estimate of when an event
has occurred. Here, every iteration involves two stages: the first on providing an
estimate of the true signal that uses a prior on the distribution of event magnitudes,
followed by the second stage where a distribution of the event magnitudes is estimated
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from an estimate of the true signal. It is shown that with every iterate, the perfor-
mance of the algorithm only improves and convergence of the posterior probability
is established. Our comparative tests show that our algorithm provides significant
performance improvements, especially for high bandwidth applications where sensor
dynamics cannot be neglected. In addition, we provide a python-based implemen-
tation of the algorithm and a comprehensive comparison with existing methods in
practice. This work has been published in [20].

Chapter 3: Duchenne Muscular Dystrophy (DMD) is an incurable, muscle-
wasting, genetic disease occurring in 1/4000 male births. Those affected have a life
span of fewer than 28 years. Mutation of a shock-absorbing muscle protein dystrophin
has been identified as the cause. Utrophin is being actively investigated as a possible
replacement for dystrophin. We first expand the application of the change detection
algorithm presented in Chapter 2 to estimate the parameters of proteins using data
obtained from single molecule force spectroscopy experiments. This estimation tech-
nique was presented in [21]. We then present the findings on the nano-mechanical
properties of utrophin enabled by automated data analysis and by algorithms to refine
the data.

Chapter 4: Free energy is an important parameter in a wide range of domains
including the study of systems at the nano-scale. The Jarzynski equality computes
the equilibrium free energy difference between two states using the measurements of
non-equilibrium work needed to move the system between the states. The Jarzynski
equality uses the mean of the exponentiated work and thus holds true only in the limit
of infinite data size. There are only a few studies estimating errors when employing
the Jarzynski equality with a finite number of measurements; further, these estimates
remain limited in scope. We provide non-restrictive and rigorous confidence bounds
on the free energy difference computable from samples of measured work without the
need for any prior information on the work distribution. These bounds are applicable
for a large variety of experimental conditions that take a system far from the equi-
librium. The analytical claims are corroborated using simulations and experiments
utilizing a toolbox developed in Python.

Chapter 5: We provide a summary of the contributions of this thesis with a
review of some directions that can expand the scope of this work.
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(a)

(b)

Fig. 1.0.1: Comparison of characteristics of the protein utrophin from bulk and single
molecule force spectroscopy. (a) Shows the circular dichroism melt curves of bulk
utrophin constructs in solution measured at 1◦C intervals by Dr. Jackie McCourt at
the Ervasti Lab. Average melting temperatures ± standard deviation for Utr R1-10,
R11-22, R1-22, and R6-15 are 45.7 ± 0.26 ◦C, 50.5 ± 0.3 ◦C, 47.0 ± 0.49 ◦C, and
45.4 ± 1.6 ◦C, respectively. (b) Mode of the unfolding forces of obtained from single
molecule force spectroscopy experiments. The unfolding forces range from 100 pN to
250 pN for the ’brittle’ utrophin fragments, Utr R1-10, R6-15, whereas the unfolding
range from 100 pN to 600 pN or more for the utrophin fragments Utr R11-22, R1-R22,
and the full length utrophin. The span of the forces for the brittle fragments are 150
pN, a factor of 4 lesser compared to the span of 500 pN observed for the stiffening
fragments.
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Chapter 2

An Iterative Algorithm for Change
Detection

2.1 Introduction

Systems with abrupt changes in their states and parameters arise in a number of
diverse domains. The study of such systems thus involves the detection and analysis
of signals with abrupt jumps or ’steps’. Examples include detecting DNA copy number
variations in bio-informatics [22, 23, 24, 25], failure detection in statistics [26, 27],
detecting edges in images (which are essentially a step changes in 2 dimensions)
[28, 29], and detecting sudden changes in climate records [30].

Many biological systems at the nano-scale are driven by discontinuous processes
[31, 32, 33, 18]. The study of processes at the molecular scale is crucial for under-
standing the failure mechanisms of many diseases. Here, high resolution instruments
such as the atomic force microscope (AFM), optical, and magnetic tweezers that en-
able the study of biological systems at the single molecule scale are employed. Often
the study of biology at the molecular scale depends on discerning the presence and
size of abrupt events underlying the process. For instance, the malfunction of a shock
absorbing muscle protein dystrophin leads to muscular dystrophy [34]. Muscular dys-
trophy is a fatal muscle wasting genetic disease, occurring in 1 in 4000 male births
[35]. The AFM allows us to study the behavior of single molecules of dystrophin and
similar muscle proteins in the nanometer scale, under tensile forces; in the order of
piconewtons. Under tension, folded domains of the proteins unfold rapidly, leading
to step changes in measured parameters. To illustrate further with another exam-
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ple, molecular motor proteins that transport cargo within cells are known to take
discrete steps on molecular tracks. It is now known that defects in such motor pro-
teins are linked with serious diseases such as multiple sclerosis, Huntington’s disease,
Alzheimer’s disease, and breast cancer [36, 11, 13]. The fact that the motor protein,
kinesin, takes discrete 8-nm steps was first determined by analyzing stepping signals
from an optical tweezer that tracked an artificial cargo carried by the protein [31].
Questions such as, how mutations affect step sizes, how multiple motors carry a cargo,
whether motors coordinate, what is the impact of the cellular environment on motor
performance, are of active research interest [37]. Answers to these questions need
algorithms that can detect steps with high spatial as well as temporal resolution.

Step signals of interest are rarely noise free. Detecting steps in noisy measurements
is a non-trivial problem. Standard linear filters typically work by eliminating noise
by removing the high frequency content of the signal. However, the noise and the
step signal both have significant power in overlapping ranges in the frequency domain.
Consequently linear filters are not well suited for filtering step signals, and often result
in the smoothing of the steps or the elimination of short duration steps. The detection
problem is further compounded if little or no prior information is available about the
underlying generative process such as the distribution of amplitudes and the likely
timing of the steps. This is certainly the case when studying new bio-molecules at the
single molecule scale. Furthermore, in single molecule investigations, the instruments
are operated near the limits of their capabilities, which leads to low signal to noise
ratios (SNR) in single molecule data, where the noise magnitudes could be as large
as the signals of interest. Similarly, when investing rapidly changing steps, the data
is further corrupted due to the slow instrument dynamics. Subsequently, a number
of nonlinear step detection techniques have arisen across multiple disciplines.

A comparative survey of the methods for detecting steps originating from multiple
disciplines is presented in [38]. The survey summarizes that most algorithms operate
by minimizing an objective function composed of four components: (i) pairwise dis-
tances between the measurements and the estimates, (ii) pairwise distances between
the estimates, (iii) pairwise distances between the measurements, and (iv) positional
distances. While the first component is used for reducing the distance between the
estimates and the ground truth, components (ii), (iii), and (iv) are used frequently for
regularization. Indeed total variation regularization (TVR) [39], originally proposed
for denoising images, in a single dimension, reduces to minimizing the square of the
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L2 distance between the measurements and estimates, along with the L1 norm of
pairwise estimate distances or ’total variation’ for regularization.

A selection of step detection tools with a focus on molecular biology applications
described in [40, 41, 42, 43] are compared in [33]. The tools in the study were se-
lected from many as they were particularly suited for signals with variable steps sizes
and made no assumptions about the generating process. Of these, the χ2 based tool
described in [43] was found to have the best overall performance, and superior tem-
poral resolution. A common feature among most of these algorithms is the presence
hyper-parameters that need to be manually tuned for optimal performance. For in-
stance the regularization trade-off weights in [39, 43] and the filter window sizes in
[40, 42] are parameters that need tuning. Tuning these hyper-parameters is not trivial
and often requires insight in to the algorithms’ mechanics. In contrast, the tools in
[44, 45, 46] do not require any hyper-parameter tuning. Variable step size hidden
Markov model (VS–HMM), described in [45, 46] uses the Baum-Welch algorithm to
train a hidden Markov model (HMM) from observed data. This trained HMM is then
used by the Viterbi algorithm to generate an estimate of the signal after the HMM
parameters are estimated. The VS-HMM has been shown to be robust under low
SNR. A more recent survey of offline change detection algorithms is available in [47].
The authors classify the algorithms based on the cost function, the penalty function,
and the search strategy used in the algorithms.

The algorithm in [44] is an iterative, dynamic programming based technique that
is demonstrated to estimate the stepping probability under low SNRs. In addition,
this algorithm can be readily modified to account for instrument dynamics. Its effec-
tiveness has allowed it to be used in a number of biophysics applications such as the
detection of wear in molecular tracks [48], characterizing the unfolding rates of the
N2B domain of cardiac protein titin [49], the detection of fluorophore events in the
study of nanodot arrays [50], and HP1 chromatin binding [51].

Inspired by the algorithm in [44], we develop the step detection algorithm (SDA).
The SDA is an iterative algorithm for change detection, where each iteration consists
of two stages: a stage where the location and magnitude of steps are determined and
the second stage where statistics of the event size is determined from the output of
the first stage. The statistics of the second stage is used by the first stage as input
in addition to the data. The scheme is entirely data-driven with no prior assumption
on event size or timing of events.
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The chapter provides theoretical guarantees on convergence with nonrestrictive
assumptions by developing a rigorous probabilistic framework through which the op-
erational steps of histogram binning and regularized maximization, can be realized as
coordinate ascent with an objective function given by the measurement conditioned
posterior probability. Not only does this framework admit a natural proof of the
algorithm’s self improvement property, it enables deeper theoretical understandings.
We prove the convergence of the measurement conditioned posterior probability and
extend the algorithm to accommodate sensor dynamics, where self improvement of
estimates is also shown to hold. Finally, we comprehensively compare the empir-
ical performance of our implementation with a selection of methods that includes
the TVR, VS-HMM, χ2, Linearly Penalized Segmentation (PELT), Gaussian Kernel
(KER), Binary-Segmentation (BINSEG), and Bottom-up (BOTUP) techniques de-
scribed in [39, 45, 43, 52, 53, 54, 55]. In the preliminary conference version [21], we
presented a theoretical framework for the SDA and sketched out how this can be used
to show improvements in estimates with each iteration.

This paper is organized as follows. In Section 2.2, we formally introduce the
step detection problem, the step detection algorithm, and assumptions. In Section
2.3, we show the iterations of the SDA improve and leading to a convergence of the
posterior probability. The comparative empirical performance of the SDA is presented
in Section 2.4 and discussed in Section 2.5.

2.2 The step detection problem

2.2.1 Model Assumptions for the Detection Problem

We will denote stochastic variables by bold characters and their realizations by nor-
mal characters. A complete sequence will have T elements and will be represented
by capital letters, such as X = {x1, x2, ...xT }. A partial sequence will be marked
with the starting and ending indices in the sub and super scripts respectively, where
{xr, x2, ...., xs} is denoted by Xs

r . The step detection problem statement follows.
Let X† = {x†

1, x
†
2, ...x

†
T } be the true stepping signal generated by a system with

its dynamics given by:
x†

t = x†
t−1 + u†

t, (2.1)

with x†
0 = 0, where u†

t is a stochastic variable with an unknown distribution p(u†),
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which is independent of time t. Let Y = {y1, y2, ..., yT } be the observations of X†

corrupted by zero mean, Gaussian noise with,

yt = x†
t + ηt, (2.2)

where {ηt} are independent and identically distributed with each ηt ∼ N (0, σ2). The
step detection problem is to estimate X† and the density p(u†) given the observations
Y . We remark that nothing is assumed about the steps ut, except that it admits a
probability distribution function which is time-invariant (thus each ut, for all t =
1, . . . , T are independent and identically distributed). This very generality is needed
for many applications and is also the main reason for the challenges posed.

We approach the problem of estimating the stepping signal by assuming that the
probability distribution function p(u) (assumed to be time-invariant) lies in a set of
distributions, where each element in the set is determined by a parameter Θ ∈ RK .

We denote an element in the class as p(u|Θ). As the distribution p(u) is time-invariant
(i.e. each ut, for all t = 1, . . . , T being independent and identically distributed), for
every Θ, p(u|Θ) will be assumed to be time-invariant, whereby

p (U = {u1 . . . uT } |Θ) =
T∏

t=1
p (ut|Θ) .

We are assuming there is an underlying true distribution p (Θ) for the parameter
Θ ∈ RK . A generative model MG for the stepping dynamics as shown in Fig. 2.2.1.
These are the model assumptions, where Fig. 2.2.1 shows the Bayesian Network,
with vertices and edges, that describes the inter-dependencies of various stochastic
variables for the generative model that gives rise to the steps. Here, as alluded to
earlier, Θ ∈ RK is a random vector for t ∈ [0, 1, . . . , T ] , Fig. 2.2.1 characterizes
the dependencies arising from the structural equations: xt+1 = xt + ut where ut ∼
p (u|Θ) . Thus, Θ and xt determine xt+1. Now, yt = xt + ηt and thus xt determines
yt. The directed arrows in Fig. 2.2.1 go from the right hand side of the equations
above to the left hand side variable. In graphical model, with vertices V and directed
edges E , if (v1 → v2) exists as an edge, then v1 is a parent of v2 and v2 is a child of
v1. If two vertices, vi and vj have a common child vk, then vi and vj are spouses. If
there is a chain vi → vi+1 → . . . → vi+n → vj then i is an ancestor of vj and vj is a
descendant of vi.

9



We now present the concept of a Markov Blanket which will prove to be useful
for delineating conditional probabilities.

Definition 2.1. (Markov Blanket [56]) : In a Bayesian Network (such as the one
shown in Fig. 2.2.1), the Markov Blanket of a node A is the smallest set of nodes S
in the graph G such that A is independent of G − S given S. In a Bayesian network,
the Markov blanket of A constitutes the parents, children, and children’s parents of
A.

The following theorem will be used to infer a restricted set of inter-dependencies
throughout the chapter.

Theorem 2.1. [56] The following holds in a Bayesian Network:

1. Suppose a node vi has a Markov Blanket Mi. Then p(vi|V\vi) = p(vi|Mi).

2. Suppose Pi denotes the parents of a node vi and D̃i denotes all nodes that are
not a descendant of vi. Then p(vi|{Pi, D̃i}) = p(vi|Pi).

Using Bayes rule, we have p(X,Θ|Y ) = p(Y |X,Θ)p(X|Θ)p(Θ)
p(Y ) . We note that X forms the

Markov blanket for Y , thus p(Y |X,Θ) = p(Y |X). Therefore

p(X,Θ|Y ) = αp(Y |X)p(X|Θ)p(Θ),

where α = 1
p(Y ) . We now expand p(Y |X) and p(X|Θ) using Bayes rule.

p(X,Θ|Y ) = α
T∏

t=1
p(yt|Y t−1

1 , X)p(xt|X t−1
1 ,Θ)p(Θ).

As xt forms the Markov blanket for yt, we have p(yt|Y t−1
1 , X) = p(yt|xt). Also

p(xt|X t−1
1 ,Θ) = p(xt|xt−1,Θ) where we have used the fact from Theorem 2.1 that

xt is independent of all non-descendants (X t−2
1 ) given its parents (xt−1,Θ ). Thus we

get

p(X,Θ|Y ) = α
T∏

t=1
p(yt|xt)p(xt|xt−1,Θ)p(Θ).
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... ...

Fig. 2.2.1: Underlying generative model assumed for solving the step detection prob-
lem. Here, xt are the estimates of steps that are hidden, yt the noisy observations of
xt, and Θ = {θ1, ..., θK} are the time invariant parameters of the step size distribution.

2.2.2 The Step Detection Algorithm

In this section, we now describe the Step Detection Algorithm’s (SDA) operational
steps in a formal setting. We start by defining a histogram H over a variable u.

Definition 2.2. (Histogram H) : Consider a bounded variable u ∈ [umin, umax].
For some finite K, select boundary set B = {b0, b1, ..., bK} such that

bk − bk−1 = |umax − umin|
K

for all k,

with b0 = umin, bK = umax. With rk := (bk−1, bk), which are the open sets between
the boundaries in B, we form the bin ranges (also known as bins) R̄ = {r̄1, r̄2, ..., r̄K}
as

r̄k := rk ∪ {bk−1}δ̄k−1 ∪ {bk}δk for all k,

where δk ∈ {0, 1} and δ̄k = 1 − δk for all k. Note that whether a boundary element bk

belongs to bin range r̄k is decided by the variable δk. Here, D = {δ0, δ1, ..., δK} with
δ0 = 0, and δK = 1 are the boundary decision parameters, and

{b}δ :=

null set δ = 0

{b} δ = 1.
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For a fixed B, with boundary decision parameters D, and bin heights Θ =
{θ1, θ2, ..., θK}, θk ∈ R, the histogram H over a bounded variable u is defined as

HΘ,D(u) =
K∑

k=1
θkI(u ∈ r̄k).

We now define a upper semi-continuous histogram.

Definition 2.3. (Upper semi-continuous histogram H, see Fig. 2.2.2): Given
a height set Θ, the corresponding histogram HΘ,D(u) = ∑K

k=1 θkI(u ∈ r̄k) is upper
semi-continuous if

δk =

1 θk ≥ θk+1

0 θk < θk+1

for all k 6= 0, K,

with δ0 = 0, and δK = 1. We denote upper semi-continuous histograms as:

HΘ(u) =
K∑

k=1
θkI(u ∈ r̄k).

Fig. 2.2.2: An upper semi-continuous histogram HΘ(u) .

Note that a upper semi-continuous histogram H, defined over u ∈ [umin, umax], is
parameterized by the bin heights Θ = {θ1, θ2, ..., θK}, and that definition 2.3 agrees
with the usual, more general, definition of upper semi-continuity. For simplicity from
this point on, ‘histogram’ will be used to mean the upper semi-continuous histogram
H unless otherwise stated. The SDA approximates the underlying distribution γ(·)
of u by a histogram H as described in Definition 2.3.
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The SDA is composed of two primary stages, namely the minimization stage (M-
Stage) followed by the evaluation stage (E-Stage) that at the nth iteration generates an
estimate [X̂(n),Θ(n)]. Let n ∈ {1, 2, ..., N} represent the iteration count. A description
of the two stages are as follows:

M-Stage: For a given Θ(n−1), minimize the objective function:

J(X,Θ(n−1)) :=
T∑

t=1
(yt − xt)2 +Wt(X,Θ(n−1)),

with respect to X. Let

X̂(n) := arg min
X

J(X,Θ(n−1)). (2.3)

Here, Wt(X,Θ(n−1)) is a regularization term defined as:

Wt(X,Θ(n−1)) =

9σ2δ̄(xt − xt−1) n = 1

−2σ2 log
[
p(ut|Θ(n−1))

]
n > 1

(2.4)

with

δ̄(u) =

0 u = 0

1 otherwise.

Note that, p(ut|Θ(n−1)) is the probability density function of taking a step ut evaluated
for the step size ut, with ut = xt − xt−1 in iteration n, given Θ(n−1), the previous
estimate of parameters of the step size distribution. For the M-Stage, Θ(n−1) is
assumed to be known.

E-Stage: Consider a given X̂(n). From the given X̂(n) , let u(n)
t := x̂

(n)
t+1 − x̂

(n)
t .

Evaluate Θ(n) = {θ(n)
1 , θ

(n)
2 , ..., θ

(n)
K } and select D(n) = {δ(n)

0 , δ
(n)
1 , ..., δ

(n)
K } with

δ
(n)
0 = 0, and δ

(n)
K = 1 using

θ
(n)
k = s

(n)
k

T
for all k = 1, . . . , T, (2.5)

such that Θ(n) and D(n) form an upper semi-continuous histogram.
Here s(n)

k is the number of steps, u(n)
t , in the fit X̂(n) contained within the bin r̄k.

Thus s(n)
k = |{t : u(n)

t ∈ r̄k}|1 where |Γ|1 is the cardinality of the set Γ. Here T is the
total number of observations of steps u(n)

t in the estimate X̂(n), thus T = ∑K
k=1 s

(n)
k
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(note that in the computation of T and sk, {t : ut = 0} are also counted as being
steps of zero amplitude).

An alternative to fixing the total number of iterations to N is to evaluate the M
and E-Stages |X̂n − X̂n−1| ≤ εX and |Θn − Θn−1| ≤ εΘ for some given tolerances
εX and εΘ. Assuming N is known, the SDA is summarized in Algorithm 1.

Algorithm 1 Step Detection Algorithm
Input: Time series measurements Y = {y1, y2, ..., yT }.
Output: Step fit X̂(N) = {x̂(N)

1 , x̂
(N)
2 , ..., x̂

(N)
T } and Histogram bin parameters Θ(N) =

{θ(N)
1 , θ

(N)
2 , ..., θ

(N)
K }.

1: Set initial penalty using (2.4)
2: Compute step fit X̂(1) using (2.3)
3: for all n ∈ {2, 3, ..., N} do
4: E-Stage: Compute Θ(n) using (2.5)
5: M-Stage: Compute step fit X̂(n) using (2.3)
6: end for

2.3 Convergence of the Step Detection Algorithm

In this section, we analyze the convergence properties of the Step Detection Algo-
rithm.

2.3.1 Increments in the Joint Conditional Probability

We now show that each iteration consisting of the M-Stage and E-Stage of the SDA
improves upon the previous estimates whose joint conditional probability density
p(X̂,Θ|Y ) evaluated at X̂(n),Θ(n) improves with each iterate. The SDA uses the
knowledge gained from the previous estimates in the M-Stage, in the form of a pre-
viously estimated distribution HΘ(n−1)(u) of the step sizes.

In the E-stage, the step size distribution parameters Θ(n) are computed from X̂(n)

alone, without any direct use of previous estimates Θ(i) and X̂(i), for i = 1, . . . , n−1.
In this manner, the estimate Θ(n) is kept ‘unbiased’, wherein all Θ ∈ RK that form a
valid histogram, are given equal preference for being selected as Θ(n). On the contrary,
utilizing information of the previous estimates in computing Θ(n), would imply some
histograms are favored over others. Due to the SDA’s unbiased computation of Θ(n)

at every stage, we can assume our step size histogram with unknown bin heights
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Θ = {θ1, ..., θK}, to be uniformly distributed over a measurable set of finite volume.
For example, consider the case where the distribution Θ is represented by a histogram
with K bins {θ1, θ2, ..., θK}. Then, for any integer K,

Ω = {Θ :
K∑

i=1
θi = 1, θi ≥ 0},

is a compact set of a K dimensional affine subspace RK , and thus can be endowed
with a uniform probability measure. That is, we assume for any two histograms Θ′

and Θ′′

p(Θ′) = p(Θ′′) = 1
AK

.

Here, AK is the area of the K − 1 dimensional hyper plane SK−1(λ = 1), where

SK−1(λ) := {Θ ∈ RK |
K∑

k=1
θk = λ, θk ≥ 0 for all k}.

The area AK is given by (Proposition 2.3)

AK =
√
K

(K − 1)! .

Lemma 2.1. Maximizing the probability p(X,Θ|Y ) with respect to X under the as-
sumed Bayesian Network of Fig. 2.2.1 is equivalent to minimizing J(X,Θ) with
respect to X, where

J(X,Θ) =
T∑

t=1
(yt − xt)2 − 2σ2 log

[
p(ut|X t−1

1 ,Θ)
]
.

That is, if X̂∗ = arg maxX p(X,Θ|Y ) then X̂∗ = arg maxX J(X,Θ).

Proof. We observe that by Bayes rule,

p(X,Θ|Y ) = p(Y |X,Θ)p(X|Θ)p(Θ)
p(Y ) .

Since Y is independent of Θ given X (X forms the Markov Blanket [56] for Y , see
model in Fig. 2.2.1), p(Y |X,Θ) = p(Y |X), and since p(Θ) and p(Y ) do not depend
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on X,

X̂∗ = arg max
X

p(X,Θ|Y )

= arg max
X

p(Y |X)p(X|Θ).

By repeated application of Bayes Rule, we get

X̂∗ = arg max
X

T∏
t=1

p(yt|Y t−1
1 , X)p(xt|X t−1

1 ,Θ)

= arg max
X

T∏
t=1

p(yt = yt|Y t−1
1 , X)p(xt = xt|X t−1

1 ,Θ)

= arg max
X

T∏
t=1

p(yt = yt|Y t−1
1 , X)p(xt = xt|X t−1

1 ,Θ).

Using yt = xt+ηt, we observe that yt ∼ N (xt, σ
2). We have,

X̂∗ = arg max
X

T∏
t=1

exp
{
− (yt−xt)2

2σ2

}
√

2πσ2
p(xt|X t−1

1 ,Θ)

= arg max
X

T∏
t=1

exp
{

(yt − xt)2

−2σ2

}
p(xt|X t−1

1 ,Θ)

= arg min
X

T∑
t=1

(yt − xt)2

2σ2 − log p(ut = ut|X t−1
1 ,Θ),

with, ut = xt − xt−1. Thus,

X̂∗ = arg max
X

p(X,Θ|Y )

= arg min
X

T∑
t=1

(yt − xt)2 − 2σ2 log p(ut|X t−1
1 ,Θ).

This completes the proof.

Lemma 2.2. For Θ uniformly distributed with p(X,Θ|Y ) and p(U |Θ) governed by
the Bayesian Network of Fig. 2.2.1,

Θ∗ = arg max
Θ

p(X,Θ|Y ) = arg max
Θ

p(U |Θ).
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Proof. Using the definition of conditional probability, we note

Θ∗ = arg max
Θ

p(X,Θ|Y )

= arg max
Θ

p(Θ|X,Y ) × p(X|Y )

= arg max
Θ

p(Θ|X,Y ).

However, according to our model structure, Θ is independent of Y given X (X forms
the Markov Blanket [56] for Θ), thus

Θ∗ = arg max
Θ

p(Θ|X)

= arg max
Θ

p(Θ, X)
p(X)

= arg max
Θ

p(Θ, X)

= arg max
Θ

p(X|Θ) × p(Θ),

but p(Θ) is assumed to be uniform and thus does not depend on Θ. Therefore,

Θ∗ = arg max
Θ

p(X|Θ).

We use Bayes rule to write

p(X|Θ) =
T∏

t=1
p(xt = xt|X t−1

1 ,Θ)

=
T∏

t=1
p(ut = xt − xt−1|xt−1,Θ)

=
T∏

t=1
p(ut = ut|Θ).

Thus
p(X|Θ) = p(U |Θ). (2.1)

Therefore,
arg max

Θ
p(X,Θ|Y ) = arg max

Θ
p(U |Θ).
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Now we consolidate the results to establish that SDA improves the posterior prob-
ability with every iterate.

Theorem 2.2. For Θ uniformly distributed, let the observations Y be corrupted by
zero mean Gaussian noise with known variance σ2. That is, yt = x̂t + ηt, with
ηt ∼ N (0, σ2) for all t. Then, given an estimate [X̂(n−1),Θ(n−1)], the step detection
algorithm’s iteration produces an improved estimate [X̂(n),Θ(n)] whereby

p(X̂(n),Θ(n)|Y ) ≥ p(X̂(n−1),Θ(n−1)|Y ).

Proof. From Lemma 2.1, we note that the maximization of p(X,Θ|Y ) with respect
to X is equivalent to a minimization of J(X,Θ) with respect to X.

Now, in the M-Stage of SDA, we have Θ = Θ(n−1) and minimize J(X,Θ(n−1))
with respect to X to give X̂(n). This is equivalent to maximizing p(X,Θ(n−1)|Y ) with
respect to X. Therefore

p(X(n),Θ(n−1)|Y ) ≥ p(X,Θ(n−1)|Y ) for all X. (2.2)

In the E-Stage of SDA, we compute the bin heights of the upper semi-continuous
histogram as described in (2.5), which represents the step size distribution, using the
estimate X̂(n) available at stage n. In Lemma (2.3), we will show that this binning
process is equivalent to maximizing p

(
X̂(n)|Θ

)
with respect to Θ to give Θ(n). From

Lemma 2.2, we observe that

Θ(n) = arg max
Θ

p(U (n)|Θ) = arg max
Θ

p(X̂(n),Θ|Y ).

Therefore,
p(X̂(n),Θ(n)|Y ) ≥ p(X̂(n),Θ|Y ) ∀Θ. (2.3)

Consequently, from (2.2) and (2.3), we see that each iteration results in

p(X̂(n),Θ(n)|Y ) ≥ p(X̂(n),Θ(n−1)|Y )

≥ p(X̂(n−1),Θ(n−1)|Y ).

This completes the proof.
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Remark: In the implementation, we compute a histogram of the step sizes U ,
with bin heights Θ = {θ1, θ2, ..., θK}. In Lemma 2.3 we show that building such a
histogram is equivalent to maximizing p(U (n)|Θ) with respect to Θ, to give Θ(n).

We briefly compare the similar features of the two algorithms as follows. From
Lemma 2.1, Theorem 2.2, and 2.4, we observe that the SDA performs coordinate
ascent on p (X,Θ|Y ) . With the assumption that p (Θ) is unbiased (i.e. a constant),
and the observation that both p (Θ) and p (Y ) are independent of the values X and
Θ, we have

arg max
Xor Θ

p (X,Θ|Y ) = arg max
Xor Θ

p (X,Θ|Y ) p (Y )

= arg max
Xor Θ

p (X,Y |Θ) p (Θ)

= arg max
Xor Θ

p (X,Y |Θ) .

Thus, the SDA performs a coordinate ascent on p (X,Y |Θ) .
The EM algorithm maximizes the function Q (f (X) ,Θ), where Q (f (X) ,Θ) :=∑

X∈χ f (X)
{
ln p(X,Y |Θ)

f(X)

}
, and f (X) is a probability density function of X. Specif-

ically, the EM algorithm achieves this via coordinate ascent in two steps. In the
E-step, the EM algorithm fixes Θ = Θn−1 and maximizes Q (f (X) ,Θ) along f (X)
by the assignment f (X) = p (X|Y,Θn−1). In the M-step, the EM algorithm fixes
f (X) = p (X|Y,Θn−1) , and maximizes Q (f (X) ,Θ) along Θ [57]. Thus, the SDA’s
coordinate maximization of p (Xn−1, Y |Θ) along Θ can be thought of as the coordinate
maximization of Q (f (X) ,Θ) along Θ by the EM algorithm, under the substitution
f (X) = δ (X −Xn−1) .

2.3.2 Binning Produces the Histogram with the Best Fit

In Lemma 2.3 we prove our earlier claim that building a histogram of the steps U
in the estimate X̂ in the E-Stage is equivalent to maximizing the probability p(U |Θ)
with respect to the histogram bin heights Θ and thus provides the “best fit.”

Lemma 2.3. Let U = {u1, u2, ..., uT } be the observations of a stationary stochas-
tic variable. Let H be an upper semi-continuous histogram over u as described
in Definition 2.3, approximating the distribution of U . Let the bin heights be
Θ = {θ1, θ2, ..., θK}. Let sk be the number of observations ut contained within the
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bin r̄k, that is sk (U,Θ) = |{t : ut ∈ r̄k}|. Then, the local maxima of Θ 7→ p(U |Θ)
satisfy θk = sk(U,Θ)

T
. Local maxima are global maxima iff they have minimum entropy

among histograms satisfying θk = sk(U,Θ)
T

.

Proof. Let

Θ∗ := arg max
Θ

p(U |Θ).

Here each ut are independent and identically distributed. We then approximate the
density p(ut|Θ) by the histogram HΘ(ut), thus

Θ∗= arg max
Θ

T∏
t=1

p(ut|Θ) = arg max
Θ

T∏
t=1

HΘ(ut)

= arg max
Θ

T∏
t=1

K∑
k=1

θkI(ut ∈ r̄k) = arg max
Θ

K∏
k=1

θsk
k

= arg max
Θ

K∑
k=1

sk log [θk] .

Therefore
Θ∗ = arg max

Θ
p(U |Θ) = arg max

Θ

K∑
k=1

sk log [θk] . (2.4)

We now optimize f(Θ) = ∑K
k=1 sk log [θk] with respect to bin heights Θ, subject to

the equality constraint g(Θ) = ∑K
k=1 θk − K

umax−umin
= 0 . We form the Lagrangian

to solve for this constrained optimum. We show in Lemma 2.7 that despite sk (U,Θ)
being a discontinuous function with respect to Θ, f(Θ) is continuous with respect to
Θ. Further we show in Lemma 2.8, that the points at which f(Θ) is non-differentiable
cannot be its maximizers and that at ∇Θf(Θ) exists near any maximizer Θ∗. With
that, we form the Lagrangian:

Q(Θ, λ) := f(Θ) − λg(Θ).

The necessary condition for optimality gives

∇Q(Θ∗, λ∗) = 0̄.
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This is equivalent to

[
s1
θ∗

1
− λ∗, · · · , sK

θ∗
K

− λ∗,
∑K

k=1 θ
∗
k − K

umax−umin

]
= 0̄.

This implies that T = ∑K
k=1 sk = ∑K

k=1 λ
∗θ∗

k = Kλ∗

umax−umin
. We then have θ∗

k =
Ksk

T (umax−umin) . We further note that

∇2Q(Θ∗, λ∗) =



− s1
(θ∗

1)2 0 0 0
0 − s2

(θ∗
2)2 0 0

. . . ...
0 0 · · · − sK

(θ∗
K)2 0

0 0 0 0


.

Here we observe that ∇2Q(Θ∗, λ∗) is negative semi-definite, which shows that Θ∗ in
indeed a local maximizer of p(U |Θ), proving the first assertion. To prove the second
assertion, observe that since local maximizers satisfy sk = θ∗

kT (umax−umin)
K

, any local
maximizer satisfies

p(U |Θ∗) = T (umax − umin)
K

∑
k

θ∗
k log θ∗

k

= −T (umax − umin)
K

ψ(pΘ∗),

where ψ(pΘ) denotes the differential entropy of pΘ the probability density function
corresponding to Θ.

2.3.3 SDA Proof of Convergence

From (2.3) and (2.3) we note that the M-Stage and the E-Stage are maximizing
p(X,Θ|Y ) with respect to X and Θ respectively. That is

X(n) = arg max
X

p(X,Θ(n−1)|Y )

Θ(n) = arg max
Θ

p(X(n),Θ|Y ).
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The E and M stages can therefore be thought of as the stages of cyclic block coordinate
descent (coordinate ascent, but we use ’descent’ for convenience and uniformity with
literature), with p(X,Θ|Y ) as the objective function being maximized. We now find
an expression for the objective function when the density p(ut|Θ) is governed by
a histogram HΘ(ut). As observed in Lemma 2.1, using Bayes rule, p(X,Θ|Y ) =
p(Y |X,Θ)p(X|Θ)p(Θ)

p(Y ) . Here p(Y ) is not dependent on either X or Θ, and p(Θ) is assumed
to be uniform. Further Y is independent of Θ given X in the model MG. Therefore

arg max
X or Θ

p(X,Θ|Y ) = arg max
X or Θ

p(Y |X)p(X|Θ).

From (2.2),

p(Y |X) = 1√
2πσ2

exp
(

T∑
t=1

−(yt − xt)2

2σ2

)
.

As seen in (2.1), p(X|Θ) = p(U |Θ). Now ut are independent and identically dis-
tributed as per our model MG. So p(U |Θ) = ∏T

t=1 p(ut|Θ). Using the histogram HΘ(u)
for approximating the density p(u|Θ) as seen in Lemma 2.3 we get p(X|Θ) = ∏K

k=1 θ
sk
k .

Thus, ζ := arg maxX or Θ p(Y |X)p(X|Θ) can be shown to be

ζ = arg max
X or Θ

1√
2πσ2

exp
(

T∑
t=1

−(yt − xt)2

2σ2

)
K∏

k=1
θsk

k

= arg max
X or Θ

T∑
t=1

−(yt − xt)2 +
K∑

k=1
2σ2sk log(θk)

= arg max
X or Θ

J (X,Θ) .

Theorem 2.3. For a finite length bounded observation sequence Y , the sequence

{p(X̂(1),Θ(1)|Y ), p(X̂(2),Θ(2)|Y ), ..., p(X̂(n),Θ(n)|Y ), ...}

generated by the step detection algorithm converges. Further, the sequence
{
(
X̂(1),Θ(1)

)
,
(
X̂(2),Θ(2)

)
, ...,

(
X̂(n),Θ(n)

)
, ...}, contains a convergent subsequence

{
(
X̂(v1),Θ(v1)

)
,
(
X̂(v2),Θ(v2)

)
, ...,

(
X̂(vm),Θ(vm)

)
, ...}.

Proof. We observe from theorem (2.2) that p(X̂(n),Θ(n)|Y ) ≥
p(X̂(n−1),Θ(n−1)|Y ) for all n. Thus by monotone convergence, the sequence{
p(X̂(n),Θ(n)|Y )

}
converges to a bounded limit.

Further {
(
X̂,Θ

)
} are chosen from a compact set: Θ is chosen from a simplex of
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finite and non-zero volume, and the candidates for X̂ are selected from a compact
set, indeed xt ∈ [x0 + tumin, x0 + tumax] for all t = 1, . . . , T . Note that p(X̂(n),Θ(n)|Y )
is a probability density and hence non-negative for every n. For a finite number of
bins K, with umax 6= umin, sup

(
HΘ

(
U (n)

))
= K

umax−umin
.Therefore,

0 ≤ p(X̂(n),Θ(n)|Y ) ≤ K

umax − umin
for every n.

This implies that
{(
X̂(n),Θ(n)

)}
contain a convergent subsequence

{(
X̂(vm),Θ(vm)

)}
.

Lemma 2.4. The solution space for the maximization, X∗ = arg maxX L(X,Θ) is
restricted to

x∗
t ∈ {yt} ∪ {B + x∗

t−1} for all t,

with x∗
0 = 0.

Proof. Let X = arg maxX L(X,Θ). Suppose there exist xt 6= yt and xt /∈ {B + xt−1}
for some t. This implies that xt − xt−1 = ut ∈ (bk−1, bk) for some k. Since xt 6= yt,

µ := |yt − xt| > 0.

Here L(X,Θ) = ∑T
t=1 −(yt − xt)2 + 2σ2∑K

k=1 sk log[θk]. Now choose x̃t ∈ (bk−1 +
xt−1, bk + xt−1) and define X̃ := {x̃}⋃ {X \ xt}. Here sk (and thus ∑K

k=1 sk log[θk])
remains the same with X and X̃.

Now we show that ∆ = L(X,Θ) − L(X̃,Θ) < 0 in all of the following three
mutually exclusive cases:
Case 1: bk−1 + xt−1 ≤ yt ≤ bk + xt−1

We set x̃t = yt. Then

∆ = −(yt − xt)2 + (yt − x̃t)2

= −(yt − xt)2.

Therefore, ∆ < 0 since xt 6= yt. This implies L(X,Θ) < L(X̃,Θ) , which is a
contradiction that X is a maximizer of L(X,Θ).
Case 2: yt ≥ bk + xt−1
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We set x̃t = xt + ε where ε > 0 such that x̃t − xt−1 ∈ (bk−1, bk). This implies that

xt + ε < bk + xt−1

and since yt ≥ bk + xt−1, we get

µ = yt − xt > ε.

Now,

∆ = −(yt − xt)2 + (yt − xt − ε)2

= −µ2 + (µ− ε)2

= ε(ε− 2µ).

Since µ > ε > 0, ∆ < 0. Therefore L(X,Θ) < L(X̃,Θ).
Case 3: yt ≤ bk−1 + xt−1

We choose ε > 0 such that x̃t = xt − ε and x̃t − xt−1 ∈ (bk−1, bk). Therefore

xt − ε > bk−1 + xt−1 ≥ yt.

Thus,
µ = xt − yt > ε.

Now,

∆ = −(yt − xt)2 + (yt − xt + ε)2

= −µ2 + (−µ+ ε)2

= ε(ε− 2µ).

Since µ > ε > 0, we observe that ∆ < 0 and hence L(X,Θ) < L(X̃,Θ). This is a
contradiction that X is a maximizer of L(X,Θ). This completes the proof.

Lemma 2.5. For every X = {x1, x2, ..., xT } and histogram HΘ,D(U), the following
inequality holds:

J (X,HΘ(U)) ≥ J (X,HΘ,D(U)).
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Here,

J (X,HΘ,D(U)) :=
T∑

t=1
−(yt − xt)2 + 2σ2

K∑
k=1

log HΘ,D(ut),

and HΘ(U) is the upper semi-continuous version of the histogram HΘ,D(U).

Proof. We observe that

∆J := J (X,HΘ(U)) − J (X,HΘ,D(U))

=
T∑

t=1

[
−(yt − xt)2 + 2σ2

K∑
k=1

log HΘ(ut)
]

−
T∑

t=1

[
−(yt − xt)2 + 2σ2

K∑
k=1

log HΘ,D(ut)
]

= 2σ2
T∑

t=1

K∑
k=1

(
log HΘ(ut) − log HΘ,D(ut)

)
.

Let ut /∈ B for all t = α1, α2, ..., αA and ut ∈ B for all t = β1, β2, ..., βB. The descrip-
tions of the histogram in Definition 2.2 and the upper semi-continuous histogram in
Definition 2.3 imply that

HΘ(ut) = HΘ,D(ut) for all t ∈ {α1, α2, ..., αA}.

Further for all bk ∈ B
HΘ(bk) = max{θk, θk+1},

while

HΘ,D(bk) =

θk δk = 1

θk+1 δk = 0,

where δk ∈ D, the boundary selection variable. Therefore, for any choice of D

HΘ(ut) ≥ HΘ,D(ut) for all t ∈ {β1, β2, ..., βB}.
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This gives us

∆J = 2σ2
αA∑

t=α1

K∑
k=1

(
log HΘ(ut) − log HΘ,D(ut)

)

+2σ2
βB∑

t=β1

K∑
k=1

(
log HΘ(ut) − log HΘ,D(ut)

)

= 2σ2
βB∑

t=β1

K∑
k=1

(
log HΘ(ut) − log HΘ,D(ut)

)
≥ 0.

Note: J (X,HΘ(U)) = L(X,Θ) = ∑T
t=1 −(yt − xt)2 + 2σ2∑K

k=1 sk log[θk].

2.3.4 SDA Formulation with Sensor Dynamics

Measurements of stepping signals are often done with sensors whose dynamics have
time constants which are of the same time scale as the stepping rates, and thus
cannot be ignored. In such settings, accounting for the sensor dynamics improves the
estimates. Now, we briefly describe this reformulation in the case of the SDA and
show that the proof of improvement holds under the reformulation.

Note that G(Z) represents the causal sensor transfer function in the Z-domain.
Let g(τ) be the discrete time impulse response of the transfer function G(Z). Let zt

be the output of the sensor at time t. Then zt = ∑l=∞
l=−∞ g (l)x (t− l), where we have

further identified xt ≡ x(t). The reformulated SDA is summarized in Algorithm 2
and is given as follows:

M-stage: Only the M-Stage is modified, wherein the objective function
JG(X,Θ(n−1)) is minimized with respect to X to give X̂(n) , that is

X̂(n) := arg min
X

JG(X,Θ(n−1)), (2.5)

with
JG(X,Θ(n−1)) :=

T∑
t=1

(yt − zt)2 +Wt(X,Θ(n−1)),
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where
zt =

l=∞∑
l=−∞

g (l)x (t− l) ,

and

Wt(X,Θ(n−1)) =

9σ2δ̄(xt − xt−1) n = 1

−2σ2 log
[
p(ut|Θ(n−1))

]
n > 1

. (2.6)

E-Stage: This step remains unchanged from the standard SDA, and is described here
for convenience. From the X̂(n) computed in the modified M-Stage, compute u(n)

t =
x̂

(n)
t+1 − x̂

(n)
t . Evaluate Θ(n) = {θ(n)

1 , θ
(n)
2 , ..., θ

(n)
K } and select D(n) = {δ(n)

0 , δ
(n)
1 , ..., δ

(n)
K }

with δ
(n)
0 = 0, and δ

(n)
K = 1 using

θ
(n)
k = s

(n)
k

T
for all k = 1, . . . , T, (2.7)

such that Θ(n) and D(n) form an upper semi-continuous histogram.

Algorithm 2 Step Detection Algorithm with Sensor Dynamics
Input: Time series measurements Y = {y1, y2, ..., yT } and sensor dynamic model
G(z).
Output: Step fit X̂(N) = {x̂(N)

1 , x̂
(N)
2 , ..., x̂

(N)
T } and Histogram bin parameters Θ(N) =

{θ(N)
1 , θ

(N)
2 , ..., θ

(N)
K }.

1: Set initial penalty using (2.6)
2: Compute step fit X̂(1) using (2.5)
3: for all n ∈ {2, 3, ..., N} do
4: E-Stage: Compute Θ(n) using (2.7)
5: M-Stage: Compute step fit X̂(n) using (2.5)
6: end for

The dependence of JG on Z has been omitted to emphasize the fact that given
an X, Z is completely determined. The penalty Wt(X,Θ(n−1)) retains the definition
given in (2.4). The generative model assumed is as given by

xt = xt−1 + ut, (2.8)

where x0 = 0. Here the steps ut are independent and identically distributed for
every t = 1, . . . , T and generated by a distribution p (ut|Θ) , which is parameterized
by Θ ∈ RK . Here, Θ ∈ RK is an independent and identically distributed random
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vector for t = 1, . . . , T.

zt =
l=∞∑

l=−∞
g (l)x (t− l) , (2.9)

yt = zt + ηt, (2.10)

where {ηt} are independent and identically distributed and each ηt ∼ N (0, σ2) .
This modified generative model MG

s which now includes the sensor dynamics is
represented by the Bayesian Network shown in Fig. 2.3.1.

... ...

Fig. 2.3.1: Underlying generative model MG
s assumed for solving the step detection

problem, with the addition of sensor dynamics represented by G. The sequence {zt}
is obtained by the convolution of the sequence {xt} with G. Here, yt are the noisy
observations of zt, and Θ = {θ1, ..., θK} are the time invariant parameters of the step
size distribution.

Lemma 2.6. Maximizing the probability p (Z,X,Θ|Y ) with respect to X in the
Bayesian Network as shown in Fig. 2.3.1 is equivalent to minimizing JG (X,Θ) with
respect to X where Z = G (X) for some fixed, deterministic causal function G.

Proof. We observe that using Bayes, we can rewrite p (Z,X,Θ|Y ) as
αp (Y |Z,X,Θ) p (Z|X,Θ) p (X|Θ) p (Θ) with α := p (Y ), a constant. In the
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Bayesian Network shown in Fig. 2.3.1, Z forms the Markov blanket for Y , thus
p (Y |Z,X,Θ) = p (Y |Z). Thus,

p (Z,X,Θ|Y ) = αp (Y |Z) p (Z|X,Θ) p (X|Θ) p (Θ) .

We also note that X forms the Markov blanket for Z and thus p (Z|X,Θ) = p (Z|X).
Furthermore, given a sequence X, the sequence Z is completely determined and is
unique. This is because the interconnecting function G is assumed to be a determin-
istic quantity. Thus p (Z|X) = δ (X) , where δ (X) is the Dirac-delta function, and a
deterministic quantity. Consequently,

p (Z,X,Θ|Y ) = αδ (X) p (Y |Z) p (X|Θ) p (Θ) .

Now, applying Bayes rule, we can expand the terms of p (Z,X,Θ|Y ) and write it as:

αδ (X)
T∏

t=1
p
(
yt|Y t−1

1 , Z
)
p
(
xt|X t−1

1 ,Θ
)
p (Θ) .

In the Bayesian Network (see Fig. 2.3.1), zt forms the Markov blanket for yt implying
p
(
yt|Y t−1

1 , Z
)

= p (yt|zt) . In addition, p
(
xt|X t−1

1 ,Θ
)

= p (xt|xt−1,Θ) since xt is
independent of all non-descendants X t−2

1 given its parents (xt−1,Θ) [56]. So we can
write

p (Z,X,Θ|Y ) = αδ (X)
T∏

t=1
p (yt|zt) p (xt|xt−1,Θ) p (Θ) .

From (2.10),

p (Y |Z) = 1√
2πσ2

exp
(

T∑
t=1

−(yt − zt)2

2σ2

)
.

Since p (Y ) and p (Θ) are independent of X,

X̂∗ = arg max
X

p (Z,X,Θ|Y )

= arg max
X

p (Y |Z) p (X|Θ)

= arg max
X

T∏
t=1

p
(
yt|Y t−1

1 , Z
)
p
(
xt|X t−1

1 ,Θ
)

= arg min
X

{
T∑

t=1

(yt − zt)2

2σ2 − log
[
p
(
ut|X t−1

1 ,Θ
)]}

.
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This shows the desired result.

Note: Lemma 2.6 holds for any deterministic function G when Z = G(X).
Therefore, it also holds for deterministic sensor dynamic transfer functions wherein
zt = ∑l=∞

l=−∞ g (l)x (t− l). In Theorem 2.4, we show that the improvements in esti-
mates hold true for the modified SDA which accommodates sensor dynamics.

Theorem 2.4. Let Θ be uniformly distributed and observations Y corrupted by zero
mean Gaussian noise with known variance σ2, for the Bayesian Network shown in Fig.
2.3.1. That is yt = zt + ηt, with ηt ∼ N (0, σ2) for all t. Here Z = G (X) and G is
a deterministic function. Then, given an estimate [X(n−1),Θ(n−1)] , the modified step
detection algorithm’s iteration produces an improved estimate [X(n),Θ(n)] whereby

p
(
X(n),Θ(n)|Y

)
≥ p

(
X(n−1),Θ(n−1)|Y

)
.

Proof. From Lemma 2.6, we note that the M-Stage of the modified SDA is equivalent
to the maximization of p (Z,X,Θ|Y ) with respect to X. We note that by Bayes’
theorem, p (Z,X,Θ|Y ) = p (Z, |X,Θ, Y ) p (X,Θ|Y ) . From the Bayesian Network of
Fig. 2.3.1, observe that X forms the Markov Blanket for Z. Further, G is determin-
istic, thus p (Z, |X,Θ, Y ) = p (Z|X) = δ (X) . Hence maximization of p (Z,X,Θ|Y ) is
equivalent to maximizing of p (X,Θ|Y ) with respect to X.

In the M-Stage, we set Θ = Θ(n−1) and minimize JG (X,Θ) with respect to X to
give X(n). Therefore,

p
(
X(n),Θ(n−1)|Y

)
≥ p

(
X,Θ(n−1)|Y

)
for all X.

The E-Stage of the modified SDA remains unchanged, wherein the estimate X(n) is
binned to compute Θ(n). As shown in Lemma 2.3, this step is equivalent to maximizing
p
(
X(n),Θ|Y

)
with respect to Θ. Therefore, we have

p
(
X(n),Θ(n)|Y

)
≥ p

(
X(n),Θ|Y

)
for all Θ.

Combining these observations gives us

p
(
X(n),Θ(n)|Y

)
≥ p

(
X(n−1),Θ(n−1)|Y

)
,

proving the desired result for the modified SDA.
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2.4 Results and Comparisons

We now compare the performance of the SDA with frequently employed step detec-
tion methods: Total Variation Regularization (TVR) [58], Hidden Markov Models
(VS-HMM) [45, 46], the χ2 based method developed by Kerssemakers (χ2) [43], Lin-
early Penalized Segmentation (PELT) based search method described in [52], Gaus-
sian Kernel (PELT_KER) [53], Binary-Segmentation (BINSEG)[54], and Bottom-up
(BOTUP) [55]. For the last four methods, we use the consolidated python implemen-
tation given by [47].

2.4.1 Performance Metrics

The normalized root mean square error (NRMSE) is used for measuring the difference
between the ground truth X† and the estimates X̂, where the NRMSE is defined by

eNRMSE := 1
C

√√√√ 1
T

T∑
t=1

(
x†

t − x̂t

)2
,

with the normalization constant

C :=

√√√√ 1
T

T∑
t=1

(
x†

t − x
)2
.

Here
x = 1

T

T∑
t=1

x†
t .

The performance of the algorithms is also compared when the step detection algo-
rithms are used as binary classifiers, wherein they predict the presence or absence of
a step at any given time. Specifically, when the magnitude of an estimated step is
predicted to be within ±10% of the magnitude of the true step, and the location of
such a step is within in ±5 time steps of the true location, it is considered a true
positive (TP). Any estimated steps of incorrect magnitude or location with respect
to the previously described criterion are considered to be false positives (FP). When
the algorithms fail to estimate a step within the location tolerance band of a true
step, a false negative (FN) is assigned. True negatives constitute the remaining cases,
i.e. no step estimates when there are no true steps. Since in the stepping signals the
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number of true negatives far exceeds the number of true positives, we have used the
F1 score [59] as a classification performance metric, which is defined as

F1 = 2(PPV)(TPR)
PPV + TPR ,

where the positive predictive value is given by PPV := TP
TP+FP , and the true positive

rate TPR := TP
TP+FN .

2.4.2 Empirical Results and Discussion

The algorithms are tested on 50 randomly generated stepping signals with the same
randomization seeds for the signal and noise. The plots in Figures 2.4.1, 2.4.2, 2.4.3,
and 2.4.4 show the mean of the NRMSE and F1 scores from the multiple runs. The
error bars indicate 95% confidence intervals evaluated assuming the samples of the
performance metric follow the Student’s t distribution [60]. For each of the empirical
observations, the default settings are magnitude of step sizes = 1, number of steps
= 10, probability of a positive step = 0.5, average number of samples per step =
50, unless otherwise mentioned. For the SDA, the histogram bin widths are fixed to
0.05, with the stopping criteria being a change in histograms less than a tolerance
value of 10−7, or 100 iterations, whichever occurs earlier. The change in histograms
at iteration n are computed using the Kolmogorov-Smirnov metric [60], defined by:

dKS := max
k∈{0,1,..,K}

∣∣∣∣∣
k∑

i=0
θn

k −
k∑

i=0
θn−1

k

∣∣∣∣∣ .
In Fig. 2.4.1, the performance of the algorithms is measured as the standard devi-

ation of the noise is increased from 0.1 to 2.0. It can be seen that the deterioration of
the SDA performance is graceful with increasing noise magnitude. The SDA balances
both the NRMSE and F1 score performance measures, following closely the best al-
gorithms with respect to each metric. Fig. 2.4.2 shows the empirical performance as
the number of steps in a test signal are increased from 1 to 50. A larger number of
steps in the signal improves the performance of all the algorithms.

Fig. 2.4.3 compares performance of the algorithms as the average number of
samples per step in raised from 10 to 1000. Note that in all the tests without sensor
dynamics, the TVR along with the SDA provide the best NRMSE. Moreover the

32



VS-HMM together with the SDA provide the best F1 scores, in the absence of sensor
dynamics.

In Fig. 2.4.4, the algorithms are tested on step signals filtered by first order sensor
transfer function given by G (s) = 1

τs+1 . The sensor time constant τ is increased from
0.1 to 2 seconds, wherein the assumption is that the sampling of the signal is done at
50 Hz. This implies that the average duration of a step is 1 second. It is seen that the
SDA which can take into account the dynamics, has a 30-40% reduction in NRMSE
compared to TVR and VS-HMM.

33



0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Standard Deviation of Noise

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

No
rm

al
ize

d 
Ro
ot
 M
ea
n 
Sq
ua
re
 E
rro

r

Performance_vs_Noise_Mangitude
SDA
TVR
VS-HMM
χ2

PELT
PELT_KER
BINSEG
BOTUP

(a)

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Standard Deviation of Noise

0.0

0.2

0.4

0.6

0.8

1.0

F1
 S
co

re

Performance_vs_Noise_Mangitude
SDA
TVR
VS-HMM
χ2

PELT
PELT_KER
BINSEG
BOTUP

(b)

Fig. 2.4.1: Comparative performance with increasing noise magnitude. (a) The SDA
has the lowest NRMSE for noise standard deviations up to 0.5, follows the TVR in
performance for standard deviations beyond 0.5. (b) The SDA closely follows the
VS-HMM algorithm when the performance is measured using F1 scores. The TVR
performance is degraded in terms of F1 scores due to a large number of erroneous step
fits, despite having small NRMSE. The methods PELT, PELT_KER, BINSEG, and
BOTUP show improved performance for higher noise magnitude, while over-fitting
the data for smaller noise magnitudes.
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Fig. 2.4.2: Comparative performance of the SDA with increasing number of steps
available in the signal. (a) All the algorithms benefit from having multiple steps in
the signal. The SDA has the lowest NRMSE amongst the algorithms tested. (b) The
SDA closely follows the VS-HMM method when the performance is measured with
F1 scores. The poor F1 scores of TVR are due to multiple erroneous fits.
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Fig. 2.4.3: Comparative performance of the SDA with increasing number samples per
step in the signal. (a) A larger number of samples for any given step positively benefits
each algorithm. The SDA has the lowest NRMSE. (b) The VS-HMM has ~15% better
F1 scores compared to the SDA when the number of samples are small. For more
than 200 samples per step, the SDA and VS-HMM have equivalent performance, with
F1 scores close to 1.
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Fig. 2.4.4: Comparative performance of the SDA with sensor dynamics. A first order
transfer function is assumed for the sensor, with unity gain and the time constant
increased from 0.1 to 2s. (a) The SDA has a significantly lower NRMSE as it takes
into account the sensor dynamics. (b) As expected the SDA has a larger F1 score
compared to the other algorithms which do not account for sensor dynamics. F1
scores deteriorates beyond sensor time constants of 0.25s as sensors with large time
constants (with respect to step duration) effectively destroy stepping information.
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2.4.3 Sample Estimates

In Fig. 2.4.5, the SDA’s step size estimates are shown on a sample step signal,
for illustrating the estimation process. The sample step signal was generated with
20 randomly spaced unidirectional steps of size 1, and noise standard deviation of
0.5. Observe that the step size distributions converge to the true distribution as the
iterations increase. At the end of iteration 0, there are more incorrectly identified
step sizes, which reduces in the subsequent estimates.

Fig. 2.4.5: Histograms fit by the SDA at the end of each iteration for a sample step
signal, with 20 steps of magnitude 1, noise standard deviation of 0.5. Empirically
we observe that with each iteration, the histograms generated converge to the true
stepping distribution.
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2.5 Conclusions

The need for detecting steps in noisy signals is frequently encountered in a number of
fields. We have provided in this chapter a Step Detection algorithm, where we supply
a theoretical foundation for analysis and show that each iteration of the algorithm
necessarily improves the posterior probability of estimates given the observations.
Further the iterations result in a converging sequence of the posterior probability.
The chapter also provides a new technical toolbox for the analysis of iterations that
uses histograms to approximate probability density functions. The improvements
in estimates holds in the presence sensor dynamics, a situation often encountered,
for example, when studying the physics of biological systems at the molecular scale.
Comparative empirical analysis supports the theoretical description and the SDA’s
efficacy.
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Supporting Information

Proposition 2.1. Markov Blanket: In a Bayesian network NB, the nodes Z are
independent of every other node in the network, given the parents (P ), children (C),
and children’s co-parents (S) of Z [56].

Proof. Let X nodes in NB, let their ordering be {x1, x2, ..., xN} such that there is no
descendant of xi in {xi+1, xi+2, ..., xN} for all i. Further, a node xi is independent of
all its non-descendants given its parents. Thus by Bayes rule

p(Z|X \ Z) = p(X)∑
xi∈Z p(X)

=
∏

xi∈X p(xi|xi+1, xi+2, ..., xN)∑
xi∈Z

∏
xi∈X p(xi|xi+1, xi+2, ..., xN)

=
∏

xi∈X p(xi|parents(xi))∑
xi∈Z

∏
xi∈X p(xi|parents(xi))

.

Now we split the product ∏xi∈X p(xi|parents(xi)) into those that involve xi ∈ Z
⋃
C

and those that do not. That is we express p(X) = UV ,where

U :=
∏

xi∈X\(Z
⋃

C)
p(xi|parents(xi)),

and
V :=

∏
xi∈Z

⋃
C

p(xi|parents(xi)).

p(Z|X \ Z) = p(X)∑
xi∈Z p(X)

= UV∑
xi∈Z UV

= UV
U ∑xi∈Z V

=
∏

xi∈Z
⋃

C p(xi|parents(xi))∑
xi∈Z

∏
xi∈Z

⋃
C p(xi|parents(xi))

.

By rearrangement, we observe ∏xi∈Z p(xi|parents(xi)) = p(Z|P ).
Similarly, ∏

xi∈C p(xi|parents(xi)) = p(C|Z, S). Note also that p(C|Z, S) =
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p(C|Z, S, P ), and p(Z|P ) = p(Z|P, S). Thus,

p(Z|X \ Z) = p(Z|P )p(C|Z, S)∑
xi∈Z p(Z|P )p(C|Z, S)

= p(S, P )p(Z|S, P )p(C|Z, S, P )
p(S, P )∑xi∈Z p(Z|S, P )p(C|Z, S, P )

= p(C,Z, S, P )∑
xi∈Z p(C,Z, S, P )

= p(Z|C, S, P ).

This completes the proof.

Proposition 2.2. With VK(λ) := {X ∈ RK |∑K
k=1 xk = λ, xk ≥ 0 for all k} for

λ ∈ (0,∞),

|VK(λ)|K = λK

K!
Proof. When K = 1, this is the statement that the length of the interval [0, λ] is λ.
For K > 1 we proceed by induction. Notice, from the parameterization

VK(λ) = {(x, y)|x ∈ (0, λ), y ∈ VK−1(λ))},

we have

|VK(λ)|K =
λˆ

0

|VK−1(λ)|K−1dx.

By induction the right hand side is

λˆ

0

xK−1

(K − 1)!dx = λK

K! .

This is the required result.

Proposition 2.3. The set SK−1(λ) := {θK |∑K
k=1 θk = λ, θk ≥ 0 for all k} satisfies

|SK−1(λ)|K−1 =
√
K

λK−1

(K − 1)!
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Proof. Observe that for small h,

h√
K

|SK−1(λ)|K−1 = |VK(λ+ h)|K − |VK(λ)|K + o(h).

Thus,

|SK−1(λ)|K−1 =
√
K lim

h→0

(λ+ h)K − λK

hK!

=
√
K

λK−1

(K − 1)! ,

which is the desired result.

Lemma 2.7. For an upper semi-continuous histogram H (see Definition 2.3), the
function f(Θ) = ∑K

k=1 sk log [θk] is continuous with respect to Θ, when θk 6= 0 if
sk 6= 0.

Proof. Here sk := |{t : ut ∈ r̄k}|. For any U and Θ, consider a perturbation εΘ =
[εθ1 , εθ2 , ..., εθK

] around Θ. Then for any δ > 0, we will now show that there exists
|εθk

| > 0, for all k, such that

|∆f | = |f(Θ) − f(Θ + εΘ)| < δ.

Let r̄′
k be the bins of H with bin heights Θ + εΘ. Let s′

k := |{t : ut ∈ r̄
′
k}|. Let sk = s

′
k

for all k = α1, α2, ..., αA. Let sk 6= s
′
k for k = β1, β2, ..., βB. We note that

K∑
k=1

sk =
K∑

k=1
s

′

k.

Further,
αA∑

k=α1

sk =
αA∑

k=α1

s
′

k.

Therefore,
βB∑

k=β1

sk =
βB∑

k=β1

s
′

k.
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By Definition 2.3 of H, sk 6= s
′
k only if there exists at least one ut such that

ut = bk−1 and θk−1 = θk or

ut = bk and θk = θk+1.

Let βij
, βij+1, ..., βij+Ij

be the adjacent bins for which θβij
= θβij +1 = ... = θβIj

. Let
this be true for all J groups. Then,

βIj∑
k=βij

sk =
βIj∑

k=βij

s
′

k = qIj
, for all j.

Therefore,

|∆f | =
αA∑

k=α1

sk log θk −
αA∑

k=α1

s
′

k log(θk + εθk
)

+
βB∑

k=β1

sk log θk −
βB∑

k=β1

s
′

k log(θk + εθk
)

=
αA∑

k=α1

sk log
(

θk

θk + εθk

)

+
βI1∑

k=βi1

sk log θβI1
−

βI1∑
k=βi1

s
′

k log
(
θβI1

+ εθk

)
+ · · ·

+
βIJ∑

k=βiJ

sk log θβIJ
−

βIJ∑
k=βiJ

s
′

k log
(
θβIJ

+ εθk

)

=
αA∑

k=α1

sk log
(

θk

θk + εθk

)

+
βI1∑

k=βi1

s
′

k log
(

θβI1

θβI1
+ εθk

)
+ · · ·

+
βIJ∑

k=βiJ

s
′

k log
(

θβIJ

θβIJ
+ εθk

)
.
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Here we observe that
lim
εk→0

αA∑
k=α1

sk log
(

θk

θk + εθk

)
= 0, (2.1)

and

lim
εk→0

βI1∑
k=βi1

s
′

k log
 θβIj

θβIj
+ εθk

 = 0 for all j. (2.2)

Therefore, from 2.1 and 2.2, for any δ > 0, there exists |εθk
| > 0, for all k, such that

|∆f | = |f(Θ) − f(Θ + εΘ)| < δ.

This proves the lemma.

Lemma 2.8. If f(Θ) = ∑K
k=1 sk log [θk] is non-differentiable with respect to Θ, then

Θ cannot be a maximizer of f(Θ).

Proof. We first show that the function f(Θ) is non-differentiable with respect to Θ
when there exists at least one ut ∈ bk and θk = θk+1 = θ for some k. Consider the
directional derivative ∇V f(Θ) along V = ek −ek−1, where ek ∈ RK×1 are the standard
basis vectors defined as ek :=

[
0 · · · 1 · · · 0

]T
. (Here we assume without loss of

generality that θk−1 6= θ and θk+2 6= θ. However, in the cases where θk−p = θk−p+1 =
... = θk = θk+1 = ... = θk+1+q = θ for some p, q ≥ 1 , then we redefine our direction
vector V to be V := ek−p + ek−p+1 + ...+ ek − ek+1 − ...− ek+1+q, to arrive at the same
conclusions.) Then the directional derivative of f(Θ) along V is defined as

∇V f(Θ) := lim
h→0

f(Θ + V h) − f(Θ)
h

.

Now the limit from above

∇V f(Θ)+ := lim
h→0+

f(Θ + V h) − f(Θ)
h
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when θk = θk+1 = θ is given by

∇V f(Θ)+ = lim
h→0+

1
h
s

′

k log [θk + h]

+1
h
s

′

k+1 log [θk+1 − h]

−1
h

{sk log [θk] + sk+1 log [θk+1]}

= lim
h→0+

1
h

{
s

′

k log [θ + h] − sk log [θ]
}

+1
h

{
s

′

k+1 log [θ − h] − sk+1 log [θ]
}
.

For h ≥ 0, let s′
k = sk and s

′
k+1 = sk+1. That is we have assumed that by default

when θk = θk+1 = θ the upper semi-continuous histogram places ut ∈ bk in the bin k

(consistent with Definition 2.3). With l’Hopital’s rule, we then have

∇V f(Θ)+ = lim
h→0+

sk

h
{log [θ + h] − log [θ]}

+sk+1

h
{log [θ − h] − log [θ]} (2.3)

= lim
h→0+

sk

θ + h
− sk+1

θ − h

= sk − sk+1

θ
.

Whereas, the limit from below

∇V f(Θ)− := lim
h→0−

f(Θ + V h) − f(Θ)
h

when θk = θk+1 = θ is given by

∇V f(Θ)− = lim
h→0−

1
h
s

′

k log [θk + h]

+1
h
s

′

k+1 log [θk+1 − h]

−1
h

{sk log [θk] + sk+1 log [θk+1]}

= lim
h→0−

1
h

{
s

′

k log [θ + h] − sk log [θ]
}

+1
h

{
s

′

k+1 log [θ − h] − sk+1 log [θ]
}
.
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Let ε = −h, then

∇V f(Θ)− = lim
ε→0+

f(Θ − V ε) − f(Θ)
−ε

= lim
ε→0+

1
−ε

{
s

′

k log [θ − ε] − sk log [θ]
}

+ 1
−ε

{
s

′

k+1 log [θ + ε] − sk+1 log [θ]
}
.

For h < 0, s′
k = sk −C and s′

k+1 = sk+1 +C, with C ≥ 1. With this substitution and
l’Hopital’s rule, this implies,

∇V f(Θ)− = lim
ε→0+

−sk

ε
{log [θ − ε] − log [θ]}

−sk+1

ε
{log [θ + ε] − log [θ]}

−C

ε
{− log[θ − ε] + log[θ + ε]}

= lim
ε→0+

sk

θ − ε
− sk+1

θ + ε

− lim
ε→0+

C
( 1
θ − ε

+ 1
θ + ε

)
= sk − sk+1 − 2C

θ
. (2.4)

Thus, from 2.3 and 2.4, we observe that

lim
h→0−

f(Θ + V h) − f(Θ)
h

6= lim
h→0+

f(Θ + V h) − f(Θ)
h

.

Thus, ∇V f(Θ) does not exist. Therefore f(Θ) is not differentiable when there exists
at least one ut ∈ bk and θk = θk+1 = θ for some k.

We note that when θk 6= θk+1 for all k, f(Θ) is differentiable with respect to Θ
regardless of the value of ut for all t. In such as situation, sk remains invariant for all
k with small perturbations θk + εk, as long as for ε > εk > 0 and 2ε < |θk − θk+1| for
all k. Thus, within Bε(Θ) :=

{
ψ ∈ RK |ε > |ψk − θk|

}
, f(Θ) is linear combination of

logarithm functions and hence differentiable. Now, to show that the non-differentiable
points of f(Θ) cannot be its maximizers, consider the one sided directional derivative
along the direction −V . That is

∇−V f(Θ)+ := lim
h→0+

f(Θ − V h) − f(Θ)
h

46



∇−V f(Θ)+ = lim
h→0+

1
h
s

′

k log [θk − h]

+1
h
s

′

k+1 log [θk+1 + h]

−1
h

{sk log [θk] + sk+1 log [θk+1]}

= lim
h→0+

1
h

{
s

′

k log [θk − h] − sk log [θk]
}

+1
h
s

′

k+1 log [θk+1 + h]

−1
h
sk+1 log [θk+1] .

When there exists at least one ut ∈ bk and θk = θk+1 = θ, we make the substitution
s

′
k = sk − C and s

′
k+1 = sk+1 + C, and apply l’Hopital’s rule to determine the limit.

This gives

∇−V f(Θ)+ = lim
h→0+

sk

h
{log [θ − h] − log [θ]}

+sk+1

h
{log [θ + h] − log [θ]}

+C
h

{− log [θ − h] + log [θ + h]}

= lim
h→0+

− sk

θ − h
+ sk+1

θ + h

+ lim
h→0+

C
( 1
θ − h

+ 1
θ + h

)
= −sk + sk+1 + 2C

θ
. (2.5)

From 2.3 and 2.5, if

lim
h→0+

f(Θ + V h) − f(Θ)
h

= sk − sk+1

θ
≤ 0,

then
lim

h→0+

f(Θ − V h) − f(Θ)
h

= −sk + sk+1 + 2C
θ

> 0.

This implies that f(Θ) increases with respect to Θ along the direction −V [61]. Thus,
Θ with θk = θk+1 = θ when there exists at least one ut ∈ bk cannot be a maximizer
of f(Θ). This completes the proof.
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Chapter 3

Single Molecule Force
Spectroscopy of Muscle Proteins

In chapter 2, we provide an algorithm that can detect abrupt changes with minimal
prior information needed. In this chapter, we showcase its modification for analysing
data from single molecule force spectroscopy. We then present the nano-mechanical
characterization of the muscle protein utrophin. We describe the details of the al-
gorithms and tools we developed to conduct the characterization study.

3.1 Single Molecule Force Spectroscopy

Instruments such as atomic force microscopes (AFMs) and optical tweezers have
enabled resolution of measuring forces in the femto to multiple pico Newton range
with spatial resolution at the nanometer scale. These instruments have made it
possible to perform protein folding and unfolding experiments [3, 4, 5, 6], where
domains fold and unfold with force differentials in the pico-Newton and femto-Newton
range. The length of the domains are in the tens to hundreds of nanometers. In
force spectroscopy experiments using AFMs (see Fig. 3.1.1), a solution with protein
molecules to be studied is deposited on a substrate, and a cantilever with a sharp
tip is pressed against the substrate to enable a protein molecule to attach to the
tip. Subsequent to pressing the cantilever against the substrate, the cantilever is
retracted away from it. If there is a successful attachment the protein is extended
and comes under tension. The domains of the protein unfold under the application
of tension. The unfolding of a domain leads to a step change in the length of the
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protein. How much time is needed for the domains to unfold, the relationship to
the force applied, the changes in the structure under folding and unfolding events
are questions that are studied with AFM based force spectroscopy. Most of the
studies involve numerous iterations of experiments. Often, data is collected from
a large number of experiments, not just to ensure a high confidence on statistical
information, but also because experiment success rates are sometimes intentionally
kept low. For example, in single molecule force spectroscopy, the protein solution is
diluted enough to ensure that the the success rate of an attachment forming between
the tip and protein is between two to ten percent [32, 62]. The low probabilities of
attachment ensure that the probability of attaching to multiple protein molecules is
low [32, 62]. The task of obtaining accurate yet precise statistics of events under large
uncertainties and the confounding dynamics of the instrumentation is a daunting
one. For example, in AFM experiments, the protein domains can unfold at rapid
rates where the dynamics of the cantilever cannot be ignored. The timing of domain
unfolding or folding and changes in protein structure have to be ascertained from
the measured cantilever deflection data which is corrupted by effects of thermal noise
(process noise), measurement noise and the dynamics of the cantilever probe. It is
evident that the needs of fundamental biophysics research necessitate the development
of tools for automatic detection and estimation of abrupt changes in measurements
and parameters of models used to describe the experimental data. In addition, these
tools must be capable of operating with minimal prior information on the systems
being studied. Here we apply the change detection algorithm discussed in Chapter 2
for the analysis of data from atomic force microscope (AFM) based protein pulling
experiments.
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Fig. 3.1.1: Schematic of a protein pulling experiment. A polypeptide chain protein
is stretched between a substrate and a cantilever tip of an AFM.

3.1.1 Protein Pulling Experiments using AFMs

In a protein pulling experiment, a single molecule of a poly-peptide chain protein
is attached between a substrate and a cantilever tip of an AFM as shown in Fig.
3.1.2. The distance z between the cantilever tip and the substrate is measured and is
controlled by a piezoelectric transducer. The deflection d in the cantilever is measured
via a laser photo-diode sensor arrangement. Thus, the extension (x = z − d) can
be calculated. The deflection in the cantilever is multiplied by its spring constant
to convert it to the force f in the protein. During an experiment, the distance z is
increased at a constant speed, so as to apply an increasing tensile force on the protein.
It is known (see [2]) that force f is well characterized by the force-extension relation
of the worm like chain model fW LC , described by (3.1).

fW LC(x, l, p) = kBT

p

[
1
4

(
1 − x

l

)−2
− 1

4 + x

l

]
, (3.1)

where kB is the Boltzmann constant, and T is the temperature. Here, l, which
represents the contour length and p, which represents the persistence of the protein are
the free parameters whose estimates are of interest in the experimental study. Further,
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during a pulling experiment, folded domains in the protein unfold rapidly, thereby
abruptly changing both the contour and persistence lengths [32]. The data analysis
then involves the detection of such abrupt changes in the contour and persistence
lengths.

SUBSTRATE

EXTENSION

DEFLECTION

CANTILEVER TO
SUBSTRATE 
DISTANCE

FORCE

Fig. 3.1.2: Measurements in a pulling experiment. The deflection in the cantilever as
well as the distance between the tip and substrate are measured, allowing the force
versus extension characteristics to be determined.

3.2 Change Detection for Automatic Data Analy-
sis

Our task now is to find the estimates L̂ and P̂ of L = {l1, l2, ..., lT } and P =
{p1, p2, ..., pT } given the measurements of force F = {f1, f2, ..., fT } and extension
X = {x1, x2, ..., xT }. While experimental data shows that the noise in the measured
force is stationary, the corresponding noise in the contour and persistence lengths
when inverting the WLC function is non-stationary and dependent on the extension.
Further, the percentage change in persistence length is typically smaller than the
percentage change in the contour length, leading to a poorer SNR in the estimates of
p compared to those of l. Due to these challenges, the change detection algorithm is
reformulated as follows:

M-Stage: Minimize the objective function JW LC(L,Θ(n−1)) with respect to L to
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give L̂(n), that is
L̂(n) = arg min

X
JW LC(L,Θ(n−1)),

where, JW LC(L,Θ(n−1)) is defined as

T∑
t=1

[
ft − fW LC

t (xt, lt, po)
]2

+Wt(L,Θ(n−1)),

with

Wt(L,Θ(n−1)) =

9σ2δ̄(lt − lt−1) n = 1

−2σ2 log
[
p(ut|Lt−1

1 ,Θ(n−1))
]

n > 1
.

E-Stage: Evaluate Θ(n) using Θ(n) = arg maxΘ p(U (n)|Θ). Here σ2 is the variance
of noise in the force measurements F , n the iteration count, and po is an initial guess
of the mean persistence length. The steps ut are redefined as ut = lt − lt−1. This
reformulation allows us to determine the steps in L. Since the step locations in L

are caused by unfolding events, the locations of the steps in P must be the same. At
this stage, the regions of the force versus extension curves corresponding to the step
changes in L and P are extracted. Local estimates for both are then recomputed
using a least squares fit to improve the estimation accuracy.

52



3.2.1 Effectiveness of Data Analysis: Simulation
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Fig. 3.2.1: Estimates of the contour length with the reformulated SDA terminated
at 20 iterations. The estimates in green were obtained with the persistence length
assumed constant, which leads to the expected error in the contour length magnitudes.
The estimates recomputed locally to improve accuracy are shown in blue. This is done
after estimating the corresponding persistence lengths.

The reformulated SDA was applied to simulated data containing 8 unfolding events
with additive Gaussian noise (N (0, σ = 10 pN)) in the measured forces. The contour
lengths were incremented from 90 nm in steps of 30 nm, and the persistence lengths
incremented from 115 pm in steps of 35 pm. These simulation parameters were chosen
to represent a typical scenario encountered in our experiments.

In Fig. 3.2.1, the estimates L̂ from the SDA are compared with the ground truth.
The algorithm was initialized with po = 130 pm, and thus the errors in the estimate
for L̂ are lesser in the region where P was close to this value. Although, the errors
appear to increase in other regions, we note that the location of steps in the estimate
match those of the truth. These regions are then used to find P̂ and improve the
estimates of L̂, as shown in Fig. 3.2.2 and Fig. 3.2.1 respectively. Fig. 3.2.3 compares
the true and measured forces with those computed from the estimates L̂ and P̂ .
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Fig. 3.2.2: Persistence length estimates compared with the actual values when ap-
plying the SDA on simulated data.
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Fig. 3.2.3: Estimates of the force versus extension curve compared with the true and
measured curves from the simulated system.

3.2.2 Effectiveness of Data Analysis: Experiments

The reformulated SDA was used to analyze the data from single molecule force spec-
troscopy on the I27O AFM reference protein from AthenaES, which is a combination
of 8 repeats of the domain Ig 27 from human titin. The MFP-3D AFM from Oxford
Instruments was used with Bio-cantilevers (BL-RC-150VB) from Asylum Research
with a mean spring constant of 6 pN nm−1. Further, the actual cantilever spring
constant is measured by analyzing their thermal fluctuations. All the experiments
were conducted at a temperature of 298 K, with the protein solution applied to a
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fresh gold substrate. The AFM cantilever’s tip is then pressed against the substrate
with a force in the range of 0.5nN to 2.0nN for a duration of 3s. The tip is retracted
away at a constant speed. Whenever different ends of a segment of the protein are
adsorbed to the tip and to the substrate, a tensile force is applied on the segment.
To ensure that only a single molecule is present between the tip and the substrate,
the concentration of the protein solution is kept low (typically below 200 nM l−1).

The estimates of the most probable persistence length (P ) and the most probable
contour length per domain (∆L) from analyzing over 3000 experiments with a 6%
success rate are compared in Table 3.2.1 with the reported values in [1, 63]. A sample
force curve and its estimation is shown in Fig. 3.2.4. The automated analysis of the
data using the SDA yielded estimates within acceptable tolerances.

Table 3.2.1: Titin Parameters: Reported vs SDA estimates

Reported Estimated with SDA % Error
∆L (nm) 28.4 (see [1]) 28.04 −1.3
P (pm) 300 ± 70 (see [63]) 292 −2.7
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Fig. 3.2.4: Sample force versus extension curve from pulling experiments on titin.
The force estimates from the WLC models fit after each unfolding event are overlaid
on the measurements.
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3.3 Muscular Dystrophy

Muscular Dystrophies (MD) are a set of genetic disorders that result in partial func-
tioning or degradation of skeletal and cardiac muscles [34]. Duchenne Muscular Dys-
trophy (DMD) is the most common form of MD, occurring in 1 in 3500-6000 males at
birth [9, 10]. DMD has devastating consequences for those affected, who experience
progressive muscle weakness from early childhood. Many are wheelchair bound by
age 12 and suffer fatal cardiac or respiratory failures in their late teens to mid twenties
[34]. With medical assistance their life expectancy is about 27 to 28 years [10, 64].

Becker Muscular Dystrophy (BMD) is a less severe and rarer form of MD occurring
in about 1 in 18000 male births [35]. Both DMD and BMD have been linked to a
defect in the same gene (called the DMD gene) that codes for dystrophin [34], a muscle
protein. The DMD gene is located on the X chromosome, hence primarily affects the
male population, although 5-10% of the female carriers of the gene are reported to
show some symptoms [34, 9]. The Duchenne and Becker Muscular Dystrophies have
no cure.

3.4 Dystrophin and Utrophin: Structure and
Function

Dystrophin is present in striated muscle cells and interacts with the dystrophin-
glycoprotein complex (DGC), a set of proteins found at the membrane of muscle
cells [65]. The disease causing defects in the DMD gene lead to the loss of function
or absence of dystrophin, and subsequently to muscle cell membrane damage and
muscle fiber death [66]. Dystrophin is hypothesized to act as a molecular spring or
shock absorber to mechanically stabilize the muscle cell membranes during muscle
contractions [67].

Utrophin is a muscle protein homologous to dystrophin and is found in muscles
during fetal development and is eventually replaced by dystrophin after birth [68].
Up-regulation of utrophin is being investigated as a potential therapy for DMD [69].
Since dystrophin and utrophin have important mechanical functions in the muscle cell,
atomic force microscopy (AFM) based single molecule force spectroscopy provides a
crucial methodology for their nano-mechanical characterization. Only three studies
reported the mechanical characterization of dystrophin prior to this work and were
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limited to small recombinant fragments of dystrophin [70, 71, 72]. There were no
studies on the mechanical characterization of larger fragments and full length utrophin
prior to the work described in this chapter [73].

Dystrophin and utrophin are long chain like molecules, composed of folded do-
mains linked by non-linear springs. When stretched, the non-linear springs provide
a restoring force, and the folded domains unfold, abruptly changing the restoring
force. Here, by ’unfold’, we refer to the process in which a protein loses its native
3-dimnesional structure. Specifically, dystrophin consists of an N-terminal actin bind-
ing domain (ABD1), a central rod domain consisting of 24 triple helix spectrin-type
repeats (R1 to R24), a second actin binding (ABD2, contained in spectrin type re-
peats R11 to R17), and a C-terminal (CRCT) domain, with 5 unstructured ’hinge’
regions as shown in Fig. 3.4.1A [67]. Utrophin consists of an N-terminal domain, a
central rod domain consisting of 22 triple helix spectrin-type repeats (R1 to R22), a
cysteine rich domain (CR), and a C-terminus (CT), with 5 unstructured hinge regions
as shown in Fig. 3.4.1B [74].

(a)

(b)

Fig. 3.4.1: Schematic of (a) dystrophin and (b) utrophin.
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3.5 Single Molecule Force Spectroscopy of
Utrophin

3.5.1 Atomic Force Microscopy Protocol for Utrophin Char-
acterization

The single molecule force spectroscopy experiments were performed utilizing a MFP-
3D atomic force microscope (AFM) from Oxford Instruments. The AFM setup con-
tained a flexible cantilever with a sharp tip, a laser-photodiode based sensor which
measures the position of the cantilever tip, and a piezo electric nano-positioner which
can move the substrate in three spatial directions with respect to the cantilever
base [75]. We used a soft BioLever (BL-RC-150VB) from Asylum Research with
a typical spring constant of 6 pN/nm and a tip radius of 25 ± 12 nm coated with
Cr/Au. A droplet ( 100 µl) of purified protein solution (at concentrations ranging
from 12.5–200 nM) was deposited on freshly cleaved mica substrate and allowed to
settle for 10 minutes before commencing the experiment to ensure adsorption of pro-
teins to the mica surface. The cantilever tip was made to approach the mica surface,
pressed against the surface for 3 seconds with a force ranging from 1000 − 2000 pN
and then retracted with a specified velocity. For the experiments on the utrophin
constructs, a retraction velocity of 1 µm) was used. The approach-retraction cycle
was repeated multiple times. During such a cycle, if a part of a protein molecule
was attached to the cantilever tip with another part adsorbed on the substrate, the
intermediate segment was stretched during the retraction phase of the cantilever. The
pulling force on the molecule was balanced by the force on the cantilever which is esti-
mated from the product of the deflection of the cantilever tip and the spring constant
of the cantilever. The spring constant of the cantilever was determined before the
pulling experiments by analyzing the thermal response of cantilever deflection [76].
Forced extension caused the folded domains in the molecule to unfold, characterized
by the saw-tooth pattern observed in the cantilever deflection vs separation curve
[2]. To eliminate possibilities of pulling on multiple proteins, initial force extension
data were monitored for instances where the number of unfolding events exceeded
available domains for a single molecule. The sample was diluted until the number of
unfolding events remained in the expected range. Additionally, the success rate of
pulling was maintained between 5 − 25%. Data from 300 − 500 successful force spec-
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troscopy experiments (with at least one identifiable unfolding event) were collected
for each protein construct which were used to determine the statistical behavior of
the unfolding forces.

3.5.2 Data Analysis and Contour Length Filters

Data from each of the successful protein pulling experiments were collected and ana-
lyzed using a heuristic algorithm written in the MATLAB software from MathWorks®.
Due to the irregular nature of the full length proteins utrophin and spectrin, which
differs from the engineered protein Titin I270, the heuristic algorithm was found to be
more effective than the reformulated SDA. Collected data included the separation of
the cantilever base from the surface of the substrate from which the extension of the
molecule was calculated. Data also included the measured deflection of the cantilever
tip as a function of separation. Since the cantilever deflection is proportional to the
force applied, the measured deflection can be converted to the force acting on the
cantilever by multiplying the spring constant of the cantilever. Any observed force
peak in the data was required to be greater than three standard deviations from the
approach curve (3σ) to be considered a true unfolding event. The first significant
peak is corrupted by the adhesion forces between the tip of the AFM cantilever and
the substrate/protein and thus was discarded. Similarly, the last significant peak
was not considered for analysis as it most likely represents the detachment of the
protein molecule from the tip of the cantilever. The extension of protein molecules in
between successive unfolding events was fit with the worm like chain (WLC) models
(see 3.1). Parameters of the model are the persistence length (P ) and the contour
length (L), with statistics obtained for each utrophin construct (see Fig. 3.8.7-3.8.8).
As a validation of our experimental setup and data analysis protocols, we obtained
the statistics of the persistence length and contour length for the protein titin I27O.
Values of the most likely unfolding force, contour length, and persistence length were
found to be 212 pN, 26.4 nm, and 304 pm respectively, which matched well with the
reported values [1] of 225 pN, 28.4 nm, and 390 pm, respectively (see Fig. 3.8.1).
To further lessen the impact of measurement noise and to remove chances of analysis
and conclusions getting corrupted by pulling of multiple protein strands the analysis
was repeated on filtered data. Three filters of increasing strengths, Type A, B, and
C, based on the expected contour length were used. A single force-extension curve
considered for analysis consisted of one or more unfolding events. The contour length
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increment for unfolding event i is defined as ∆Lci
:= Lci

−Lci−1 , where Lci
is the con-

tour length before unfolding event i occurs, measured in nm. Events with a negative
contour length increment were removed from further analysis even when filters were
not used. The Type A filter discards an entire force-extension curve if it contained at
least one event with a negative contour length increment estimate. The Type B filter,
in addition Type A filtering, removes any events whose estimated contour length was
outside expected bounds. The Type C filter, in addition to Type A filtering, also
discards the entire force-extension curve if it contained at least one event with esti-
mated contour length falling outside expected bounds. The expected contour length
contribution for a domain was taken as the product of the number of amino acid
residues in the domain, which is known, with the average contour length contribution
of a single residue (0.299 nm [2]). For the first unfolding event, the smallest domain
(with the smallest number of amino acids) in the molecule formed the lower bound
of the contour length estimate, and the largest domain, the upper bound. Similarly,
for the second unfolding event, the lower bound was obtained from the two smallest
domains in the molecule, and the upper bound from the two largest domains. The
contour length bounds for the subsequent nth event were similarly computed from the
contour length contributions of the n smallest and n largest domains in the molecule.
We further applied a tolerance factor of 50% to the bounds obtained from expected
contour length increments to accommodate the errors in the parameters estimates
due to measurement noise. The presence of unstructured regions within the cen-
tral rod domain of utrophin, termed “hinges”, are not well characterized and it is
unknown whether these domains contribute to unfolding events. In our filtering pro-
cess, we used the expected contour length increments of these hinge regions ranging
from 5.4 − 22.8 nm as the lower limit, which includes the traditional hinge regions
1-4 depicted in the schematic (Fig. 3.6.1a) as well as an unstructured region between
repeats 13 and 14 [74]. The filtered data lead to the same results as the unfiltered
data, further reinforcing our conclusions (see Supplementary Fig. S14, S15, and S16
of [73]).

3.5.3 Kolmogorov-Smirnov Analysis

The sample distributions (Di = {f1, f2, ..., fni
}) of unfolding forces of different un-

folding events were compared using the Two Sample Kolmogorov-Smirnov (KS) test.
When comparing two sample distributions Di and Dj, the KS metric (HKS) is a
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measure of the distance between them [60]. HKS is given by Equation 2,

HKS = max
f

|Si (f) − Sj (f)| ,

where, Si(f) is the empirical distribution function of the sample force distributions
(Di) defined by: Si (f) := 1

ni

∑ni
k=1 Ifk≤f , where, ni is the total number of elements in

Di. HereIfk≤f is the indicator function defined by:

Ifk≤f =

1 if fk ≤ f,

0 otherwise.

HKS ranges from 0 to 1, with 0 indicating identical distributions, and 1 indicating
maximally dissimilar distributions.

3.6 Utrophin Characterization Results

We obtained AFM data for a titin reference protein (Fig. 3.8.1) and spectrin (Fig.
3.8.2) that corroborate previously published values [1, 2]. AFM data for Utr NT-R10,
Utr R11-CT, and utrophin, all showed characteristic saw-tooth patterns of individ-
ual domain unfolding (Fig. 3.6.1b-d). From representative force versus extension
curves and from the force vs unfolding event statistics (Fig. 3.8.3 and Fig. 3.6.2),
we observe that the unfolding forces for utrophin proteins was significantly larger
than the unfolding forces reported for spectrin and for fragments of dystrophin (for
example, 90–130 pNin Fig. 3.8.4 versus < 50 pN [70, 71, 72]). To rule out the pos-
sibility of pulling multiple proteins, we adjusted the protein concentrations used for
pulling experiments. When using higher concentrations, a large fraction of the cases
were observed where the number of unfolding events exceeded the number of avail-
able domains in a single molecule, suggesting unfolding of multiple proteins is being
observed (Fig. 3.8.5). The protein concentrations used in our experiments were low-
ered until such observations were absent. The concentrations were further reduced
to ensure that the probability of successful pulls were in the 5 − 25% range, a suc-
cess percentage used in previous studies to greatly reduce the probability of pulling
multiple proteins [32]. Further evidence of single molecule pulling is demonstrated
by estimating the contour length increase resulting from unfolding events, which was
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found to be uniform (Fig. 3.8.6). Thus, multi-protein pulls, if they exist, contribute
only minimally to the data we report. To determine statistical consistency, we col-
lected data for 300–500 successful pulling experiments (with at least one identifiable
unfolding event) for each protein construct and analyzed distributions for unfolding
force, contour length increment, and persistence length (Fig. 3.8.4, 3.8.7, 3.8.8). The
overall unfolding force distributions of the utrophin constructs do not show signifi-
cant differences (Fig. 3.8.4a-c). However, distributions of the unfolding force as a
function of the unfolding event count within individual force traces revealed differ-
ent behaviors for Utr NT-R10 and Utr R11-CT (Fig. 3.6.2). For Utr NT-R10, the
statistics of the unfolding forces for different unfolding event counts were similar with
overlapping distributions (Fig. 3.6.2a), where the unfolding force distribution for the
first unfolding event is similar to all unfolding events between the second and the
eighth, demonstrating a brittle behavior. Force distributions for Utr R11-CT (Fig.
3.6.2b) and full-length utrophin (Fig. 3.6.2c) were right-shifted and broadened as the
unfolding event increased, demonstrating a stiffening spring behavior. To quantify
these differences, we performed the Kolmogorov-Smirnov (KS) test that gives a mea-
sure of similarity between two distributions (Fig. 3.6.3) [60]. A KS distance of zero
(green) between a pair of distributions indicates identical distributions and a value
of one (red) indicates maximally different distributions. The results of this statistical
test comparing the distribution of each unfolding event with every other unfolding
event within each protein construct and across protein constructs demonstrate that
the unfolding behavior of Utr NT-R10 is statistically different from Utr R11-CT and
full-length utrophin. Here, the maximum KS distance between the 1st unfolding event
and any other unfolding event within Utr NT-R10 (Fig. 3.6.3a) is 0.30 in contrast to
a maximum KS distance of 0.87 and 0.91 for Utr R11-CT and full-length utrophin,
respectively (Fig. 3.6.3b-c). The KS tests also show that all the unfolding events of
Utr NT-R10 have similar distributions of forces for unfolding (Fig. 3.6.3a) whereas
Utr R11-CT and utrophin force distributions become more dissimilar with increas-
ing unfolding events (Fig. 3.6.3b-c). KS test cross comparisons between different
utrophin constructs demonstrate that the distributions of Utr NT-R10 exhibit in-
creasing dissimilarity with increasing unfolding events compared to Utr R11-CT and
full-length utrophin as indicated by heat maps (Fig. 3.6.3d-e). In contrast, the heat
map comparing Utr R11-CT and full-length utrophin demonstrates similar distribu-
tions with increasing unfolding events. Overall, these data show uniform unfolding
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forces upon extension for Utr NT-R10 and a nonlinear increase in unfolding forces
upon extension for Utr R11-CT and full-length utrophin. The mechanical differences
demonstrated between Utr NT-R10 and Utr R11-CT are in striking contrast to previ-
ously published circular dichroism data showing nearly identical thermal melt profiles
for Utr NT-R10 and Utr R11-CT20. One possible explanation for the different me-
chanical properties of Utr NT-R10 and Utr R11-CT is that their 10 − 12 homologous
spectrin-like repeats are controlled by long-range intra-protein communication from
the unique ABD1 and/or CRCT terminating domains. To test the possibility of
long-range effects we characterized the nano-mechanics of three new utrophin con-
structs (Fig. 3.6.4a) by without ABD1 (Utr R1-10), CRCT (Utr R11-22) or without
ABD1 and CRCT (Utr R1-22). Additionally, we characterized a construct contain-
ing 10 spectrin-like repeats that span both the N-terminal and C-terminal halves
(Utr R6-15). In the absence of terminal ABD1 and/or CRCT domains, Utr R-10,
Utr R11-22, and Utr R1-22 constructs maintained the brittle, or stiffening behav-
iors (Fig. 3.6.4b-e) observed with the original terminal domain-containing constructs
(Fig. 3.6.2-3.6.3). Application of the Kolmogorov-Smirnov test to compare the un-
folding force distributions with Utr NT-R10, Utr R11-CT, and full-length utrophin
confirm that the termini do not significantly contribute to the mechanical behavior of
utrophin (Fig. 3.8.9-3.8.10). Interestingly, Utr R6-15 displays brittle mechanical be-
havior despite containing 5 spectrin-like repeats associated with the stiffening-spring
behaving C-terminal half of utrophin. To summarize the AFM results, we plotted
the mode of the distribution of unfolding forces as a function of unfolding events
obtained from 300 − 500 successful pulling experiments for each of the six utrophin
constructs (Fig. 3.6.5a, Fig. 3.8.11). Figure 3.6.5b provides a plot of the KS distance
for every unfolding event compared to the distribution of the first unfolding event
distribution of Utr NT-R10 and demonstrates the statistical difference between the
N-terminal half (red and green plots) and C-terminal half (blue and cyan plots) of
utrophin independent of their unique terminating domains (ABD1 and CRCT, re-
spectively). Despite their high sequence and structural homology, our results suggest
the sequences of spectrin-like repeats within the N-terminal and C-terminal halves of
utrophin encode information that dramatically influences their respective mechanical
behaviors. Additionally, Fig. 3.6.5 reveals that full-length utrophin, both with and
without its terminating domains (pink and black plots), exhibit mechanical behavior
directed by the C-terminal half whereas a construct containing both N-terminal and
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C-terminal half spectrin-like repeats exhibits mechanical behavior directed by the N-
terminal half (Utr R6-15, black star plot). The stiffening spring behavior and high
forces of unfolding in utrophin are similar to the mechanical properties of titin rather
than spectrin (Fig. 3.8.1-3.8.2). The biological implication of these findings is that
utrophin may be too stiff to be functioning as a spring at the sarcolemma. Rather,
the mechanical properties of utrophin may be suited to function as part of an in-series
elastic element with titin at the myotendinous junction where it is localized in adult
skeletal muscle [77, 78].
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Fig. 3.6.1: AFM extension characteristics of utrophin terminal constructs. a,
Schematic of constructs analyzed by AFM. ABD - actin binding domain; DgBD -
dystroglycan binding domain; SynBD - syntrophin binding domain; DBBD - dys-
trobrevin binding domain; NT - N-terminus; CR - cysteine rich domain; CT - C-
terminus; ovals - spectrin-like repeats; diamonds - unstructured “hinge” regions. b-d,
Force vs extension representative trace curves for Utr NT-R10 (b), Utr R11-CT (c),
and full-length utrophin (d). Approach – force on the cantilever as it approaches the
substrate; Retract – force on the cantilever as the molecule is extended; Unfolding
events – force minima corresponding to domain unfolding. WLC – worm like chain
model fit to the force-extension behavior.
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Fig. 3.6.2: Unfolding force distributions for utrophin terminal constructs reveal
markedly different mechanical behaviors. a-c, Plots of the probability distribution
of unfolding force vs the unfolding force for Utr NT-R10 (a), Utr-R11-CT (b), and
full-length utrophin (c) collected from 3 batches of 300-500 successful pulls per batch.
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Fig. 3.6.3: Kolmogorov-Smirnov (KS) test metrics. KS test metrics which compare
the distribution of unfolding forces for different unfolding event counts. The color-
bars (heat maps) represent the KS metric with a 0 value (green) indicating similarity
and value of 1 representing maximum dissimilarity (red). Each of the horizontal and
vertical axes represents unfolding event counts from the corresponding molecule. The
sub-figures (a), (b), and (c) compare the distributions within the same molecule (self-
comparison). The sub-figures (d), (e), and (f) with horizontal and vertical axes from
different molecules demonstrate cross-comparisons.
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Fig. 3.6.4: Unique mechanical behavior of utrophin halves is maintained upon dele-
tion of terminal domains. a, Schematic of utrophin constructs lacking terminal do-
mains and a 10-repeat construct spanning both N- and C-terminal halves. b-e, Plots
of probability distributions vs unfolding force of each unfolding event (N) for Utr
R1-10 (b), Utr R11-22 (c), Utr R1-22 (d), and Utr R6-15 (e).
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Fig. 3.6.5: Summary of utrophin mechanical behavior. a, Comparison of modes of
the unfolding force distributions vs unfolding event count shows brittle vs stiffening
behavior of utrophin constructs. Peak (or mode) of the distribution of unfolding forces
expressed as a function of the number of domains unfolded (unfolding event count).
Data are combined over 3 batches of 300-500 successful pulling experiments per batch
for each protein construct and more detailed statistics are provided in Supplemental
Figure S11. b, KS metrics for the distributions of unfolding force corresponding
to different unfolding event counts from each of the utrophin constructs. The KS
metrics are computed by using the force distribution of the first unfolding event of
Utr NT-R10 as the reference distribution.

3.7 Conclusion

This chapter extends the use of the step detection algorithm for estimating parameters
of a model for polymer chains. Furthermore, it shows the efficacy of the methods
developed on force spectroscopy data obtained using atomic force microscopy. We
report the first nano-mechanical characterization of full length and partial constructs
of the muscle protein utrophin using AFM based force spectroscopy. Our experimental
protocol was validated using the I27O titin reference protein and the softer human
spectrin protein. Our data suggest that utrophin is stiffer than was expected based on
earlier force spectroscopy data available for spectrin type repeats. Further we observe
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an unexpected ’brittle’ unfolding pattern for the N-terminal half of utrophin, wherein
the unfolding forces do not change with increasing unfolding domains. These findings
indicate utrophin might have a function similar to titin at the myotendinous junction.
Post-translational phosphorylation by the insect cell expression system has now been
suggested as a reason for the higher unfolding forces observed [79]. We provide the
filters and algorithms that help automate the analysis of the large amounts of data
that arise from force spectroscopic studies and ensure that our data are from single
molecules of proteins.
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Fig. 3.8.1: AFM statistics of titin I27O (an AFM reference protein with 8 repeats of
the Ig 27 domain of human titin). a, Histogram plot of unfolding forces with the mode
at 212 pN when pulled at 1um/s with a cantilever spring constant of 6.67 pN/nm.
This matches closely with the reported value of 225 pN [1]. b, Histogram plot of
contour length increments indicates that the most probable value is 26.4 nm, while
28.4±0.3 nm was the corresponding reported value [1]. c, The peak persistence length
was measured to be 304 pm compared to the reported value of 390±70 pm [1]. d, Box
plots of the unfolding forces classified based on the unfolding count, with the red line
indicating the median value and the dotted black line indicating the mode. The edges
of the box represent the 25% and 75% percentiles, with the whisker plots marking the
minimum and maximum recorded values excluding the outliers. The unfolding forces
for titin I27O range from 200 pN to 300 pN (a 50% increase) for unfolding counts of
1 to 8, respectively.
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Fig. 3.8.2: AFM statistics of spectrin. a, Unfolding force histogram when pulled
at 0.25 µm/s with a cantilever of spring constant 6.88 pN/nm with a most likely
peak value of 40 pN compared to 28 pN reported in the literature under similar
conditions [2]. b, Contour length increment histogram plot with a peak value of
26.6 nm, consistent with a value of 31.7 nm from the earlier report [2]. c, Persistence
length histogram plot with a peak measured 89 pm. d, Box plots of the unfolding
forces classified based on the unfolding count, with the red line indicating the median
value and the dotted black line indicating the mode. The edges of the box represent
the 25% and 75% percentiles, with the whisker plots marking the minimum and
maximum recorded values excluding the outliers. The unfolding forces vary from
26 pN for the first unfolding event to 40 pN for the sixth (a 54% increase), indicating
that the molecule exhibits a mildly stiffening spring behavior.

72



Utrophin

0 100 200 300 400 500
Extension (nm)

-100

0

100

200

300

Fo
rc

e 
(p

N
)

Utr NT-R10
Approach
Retract
WLC fit
Unfolding event

Utrophin Utrophin

0 50 100 150 200 250 300 350 400
Extension (nm)

-600

-400

-200

0

200

Fo
rc

e 
(p

N
)

Titin

Approach
Retract
WLC fit

a Titin

0 50 100 150 200 250 300
Extension (nm)

-100

0

100

200

Fo
rc

e 
(p

N
)

Spectrin
Approach
Retract
WLC fit
Unfolding event

0 50 100 150 200 250
Extension (nm)

-50

0

50

100

150

200

Fo
rc

e 
(p

N
)

Spectrin
Approach
Retract
WLC fit
Unfolding event

0 50 100 150 200 250 300
Extension (nm)

-100

0

100

200

Fo
rc

e 
(p

N
)

Spectrin
Approach
Retract
WLC fit
Unfolding event

0 100 200 300 400 500 600 700
Extension (nm)

-400

-200

0

200

Fo
rc

e 
(p

N
)

Utrophin
Approach
Retract
WLC fit
Unfolding event

0 100 200 300 400 500
Extension (nm)

-400

-200

0

200

Fo
rc

e 
(p

N
)

Utrophin
Approach
Retract
WLC fit
Unfolding event

0 100 200 300 400 500
Extension (nm)

-400

-200

0

200

Fo
rc

e 
(p

N
)

Utrophin
Approach
Retract
WLC fit
Unfolding event

0 100 200 300 400 500 600
Extension (nm)

-300

-200

-100

0

100

200

300
Fo

rc
e 

(p
N

)
Utr NT-R10

Approach
Retract
WLC fit
Unfolding event

0 100 200 300 400 500 600 700 800
Extension (nm)

-600

-400

-200

0

200

Fo
rc

e 
(p

N
)

Utr R11-CT

Approach
Retract
WLC fit
Unfolding event

0 100 200 300 400 500
Extension (nm)

-300

-200

-100

0

100

200

300

Fo
rc

e 
(p

N
)

Utr R11-CT

Approach
Retract
WLC fit
Unfolding event

0 100 200 300 400 500 600 700 800
Extension (nm)

-400

-200

0

200

Fo
rc

e 
(p

N
)

Utr R11-CT

Approach
Retract
WLC fit
Unfolding event

b Spectrin

c Utr NT-R10

d Utr R11-CT

e Utrophin

Supplementary Figure S3. Additional force vs extension curves with WLC fits. Candidate force vs extension curves of titin (a), spectrin (b), Utr 
NT-R10 (c), Utr R11-CT (d), and full-length utrophin (e). Approach - force on the cantilever as it approaches the substrate; retract - force on the cantilever 
as the molecule is extended; WLC fit - fit of the worm like chain model, which relates the force exerted on the molecule to its extension; unfolding event - 
force minima corresponding to domain unfolding. 
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Fig. 3.8.3: Additional force vs extension curves with WLC fits. Candidate force vs
extension curves of titin (a), spectrin (b), Utr NT-R10 (c), Utr R11-CT (d), and full-
length utrophin (e). Approach - force on the cantilever as it approaches the substrate;
retract - force on the cantilever as the molecule is extended; WLC fit - fit of the worm
like chain model, which relates the force exerted on the molecule to its extension;
unfolding event - force minima corresponding to domain unfolding.
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Fig. 3.8.4: Unfolding force histograms for the seven utrophin constructs. The unfold-
ing forces are reported for a pulling speed of 1 µm/s with cantilever spring constants
between 5.04 − 9.06 pN/nm.
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Supplementary Figure S5. Force extension characteristics of multiple 
protein pulls. a-c, Example force traces of Utr NT-R10 at high concentra-
tions (500nM) with unfolding events exceeding the number of available 
domains for a single molecule (11 domains for Utr NT-R10).

Fig. 3.8.5: Force extension characteristics of multiple protein pulls. a-c, Example
force traces of Utr NT-R10 at high concentrations (500 nM) with unfolding events
exceeding the number of available domains for a single molecule (11 domains for Utr
NT-R10).
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Fig. 3.8.6: Box plots of contour lengths as a function of unfolding count. Box
plots of the contour length classified based on the unfolding count, with the red line
indicating the median value and the dotted black line indicating the mode. The edges
of the box represent the 25% and 75% percentiles, with the whisker plots marking the
minimum and maximum recorded values excluding the outliers. These figures show
contour length increasing linearly with unfolding events, where unfolding events are
represented as ‘Ni’, i = 1, 2, 3 . . . and ‘d’ denotes the number of pulling experiments
that resulted in ‘Ni’ events. A nearly linear increase in the contour length is expected
as the unfolding events occur.
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Fig. 3.8.7: The most probable contour length increments range between 23.6 to 41.1
nm. In previous reports, spectrin repeats of 106 amino acids had an average contour
length increment of 31.7 nm [2] which gives a predicted contour length increment of
32.6 nm for utrophin repeats of 109 average amino acids.
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Fig. 3.8.8: Persistence length histograms for the seven utrophin constructs. The
most probable persistence lengths were found to be between 23.4 to 38.2 pm for the
utrophin constructs.
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Supplementary Figure S9. Heat maps of Kolmogorov-Smirnov (KS) statistics. KS test metrics which compare the distribution of unfolding forces for 
different unfolding event counts. The color-bars (heat maps) represent the KS metric with a 0 value (green) indicating similarity and value of 1 representing 
maximum dissimilarity (red).
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Fig. 3.8.9: Heat maps of Kolmogorov-Smirnov (KS) statistics. KS test metrics which
compare the distribution of unfolding forces for different unfolding event counts. The
color-bars (heat maps) represent the KS metric with a 0 value (green) indicating
similarity and value of 1 representing maximum dissimilarity (red).
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Supplementary Figure S10. Heat maps of Kolmogorov-Smirnov (KS) statistics. KS test metrics which compare the distribution of unfolding forces for 
different unfolding event counts. The color-bars (heat maps) represent the KS metric with a 0 value (green) indicating similarity and value of 1 representing 
maximum dissimilarity (red).
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Fig. 3.8.10: Heat maps of KS test metrics which compare the distribution of unfolding
forces for different unfolding event counts.
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relative frequencies of each unfolding event are represented in Supplemental 
Figure S13. 

Fig. 3.8.11: Box plots of unfolding forces as a function of unfolding count. Utr
NT-R10, Utr R1-R10, and Utr R6-15 (a, d, and g) can be seen to exhibit brittle
behavior, wherein the unfolding force for the 10th unfolding event is comparable to
that of the 1st unfolding event. Utr R11-CT and UTR R11-R22 show a stiffening
spring behavior, wherein the unfolding forces have a 3 to 5-fold increase for the 10th
unfolding event compared to the 1st (b and e). Full-length utrophin and Utr R1-
22 show a strongly stiffening spring behavior with 4 to 6-fold increases for the 10th
unfolding events compared to their 1st (c and f). The relative frequencies of each
unfolding event are represented in Fig. 3.8.13.
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Fig. 3.8.12: Peak to peak distance. Distribution of the elongation of the utrophin
constructs in between successive unfolding events. Each construct exhibits an asym-
metric distribution with single peak (mode).
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Fig. 3.8.13: Unfolding events per trace. The probabilities of observing a particular
number of events (vertical axes) consistently reduce with the increasing unfolding
event counts (horizontal axes). The value Γ inset in the figures represents the proba-
bility of observing force vs extension curves where the total number of unfolding events
exceeds the expected number of folded domains for the given protein construct. The
highest value of Γ observed is 2.8% (a).
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Chapter 4

Quantifying Errors in the
Jarzynski Estimator

In chapter 3, we presented the single molecule nano-mechanical characterization of
the muscle protein utrophin. We followed followed the state of the art techniques to
conduct the study. The key property reported in our study and other similar studies,
the unfolding force, is not truly intrinsic to the protein. The unfolding force depends
on a multitude of experimental conditions such as the temperature, loading rate,
spring constant of the probe etc. On the other hand, free energy differences between
two states of protein, is independent of experimental conditions. Estimating the free
energy is made more complex when the experiments on the system are done in a
non-equilibrium manner, as is the case in many single molecule force spectroscopic
studies. In this chapter, we provide methods to quantify the errors in the estimates of
free energy differences obtained from finite samples of non-equilibrium experimental
data.

4.1 Introduction

Non-equilibrium processes are commonplace in a wide range of systems in physics,
chemistry, and biology. They frequently provide a convenient and often the only
means to study the thermodynamic and equilibrium properties of systems at the
small scale [80]. For example, the equilibrium free energy differences between states
is used for characterizing many important biomolecular systems [81]. Molecular mo-
tors, such as kinesin and dynein, are known to operate in the non-equilibrium regime
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to convert chemical free energy in the form of ATP molecules, to useful work in car-
rying intracellular cargo [82, 83, 84]. Such cellular transport phenomena play a vital
role in understanding the diseases such as cancers, deafness, and several neurode-
generative disorders [37]. Similarly, the nano-mechanics of shock absorbing muscle
proteins, such as dystrophin and utrophin are studied via single molecule force spec-
troscopy . Here, characterizing the free energy landscape is crucial to unraveling
the mechanisms of incurable diseases such as Duchenne Muscular Dystrophy caused
by the malfunctioning or absent muscle protein dystrophin [73, 85]. Single molecule
force spectroscopy while providing a fast and convenient experimental method for
studying such molecules, excites them far from equilibrium [86]. Here, extracting
the equilibrium free energy information from non-equilibrium experiments is thus of
critical interest.

The Jarzynski equality links the equilibrium free energy differences between two
states of a system to the non-equilibrium work required to move the system between
the states [87]. The equality is given by:

e−β∆F =
〈
e−βW

〉
, (4.1)

where ∆F is the free energy difference between two states of interest, and β := 1
kBT

with Boltzmann constant kB and the temperature T. The angular brackets 〈·〉 denote
an ensemble average obtained in the limit of infinite number of samples. The Jarzynski
estimator employing a finite number of work samples, Wi, i = 1, 2, ..., N ∈ N, is given
by:

∆F̂N := − 1
β

ln
[

1
N

N∑
i=1

e−βWi

]
, (4.2)

which yields an approximate estimate of the free energy difference ∆F with an error,
εN := ∆F − ∆F̂N , between the true free energy difference and the estimate, when
the number of samples is N .

One of the earliest results in quantifying the quality of the Jarzynski estimator
is presented in [88], wherein the bias and variance errors in the Jarzynski estimates
are studied under the assumption that the work samples are taken from a Gaussian
distribution; such an assumption holds primarily under near equilibrium conditions.
In [88], a numerical simulation study was used to develop empirical formulae for the
bias and variance errors that depended on the knowledge of the dissipative work. The
authors of [89] and [90] establish that the number of samples required for a desired
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accuracy increases exponentially with an increase in system size and in proportion
to the average of the dissipated work. The investigation in [91] refines the analysis
and provides an approximate lower bound on the percentage error in the estimate.
However, an upper bound is not provided.

The analysis in [92] proposes a maximum likelihood based technique to improve
the convergence rate of the estimates when the distribution of the work is known
and Gaussian. In [90] and [93], the use of experiments that move the system from
an initial state A to a final state B and from an initial state B to a final state A
are shown to improve efficiency of the free energy calculations. Further, [93] suggests
strategies, such as the use of diagnostic plots, the Bennett Acceptance Ratio [94],
and the use of intermediate states to increase the robustness of the computations. In
cases where free energies are computed via simulation studies, [95] gives a re-sampling
technique in which some trajectories are eliminated and replaced with clones, whose
work values have a greater impact on the final result.

The state-of-the-art work referenced above leave considerable gaps in quantifying
the error of the Jarzynski estimator. Here, the shortcomings of the existing work
include: 1) assumptions of near-equilibrium conditions [88] , or 2) the information on
experimental variables, such as the need of the true free energy difference [91] or the
knowledge of the true mean of the dissipated work [88, 90], or 3) the prerequisite of
special experimental conditions that lead to Gaussian work distributions [92]. Plenty
of systems undergo non-equilibrium state transitions that do not fall under these
restrictive criteria [80]. For example, [96] reports asymmetric non-Gaussian work dis-
tributions for atomically flat surfaces undergoing friction when away from equilibrium.
Recently, [97] observed for the first time, gamma distributed work when studying ad-
sorption free energies of the A3 peptide on gold surface using non-equilibrium single
molecule pulling experiments.

To overcome the limitations in the existing literature and to meet the challenges
involved, we provide a comprehensive method to compute the confidence error bounds
on the estimates from a sample limited Jarzynski estimator. Our method: 1) is
applicable on far from equilibrium experiments, 2) can operate on a wide range of
unknown work distributions, 3) has tunable confidence levels, 4) depends only on the
experimentally measured quantities, i.e. the measured work done.

This chapter is organized as follows: 1) A rigorous analytical framework for quan-
tifying the errors produced in computing free energy differences as a result of having
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a finite amount of data is presented in Section 4.2. 2) Two methods for determining
confidence bounds with provable guarantees and a technique to combine the methods
to leverage their strengths are described in Section 4.3. 3) The methods are empir-
ically verified and experimentally validated in Section 4.4 and Section 4.5. 4) The
interpretation of the results and future directions of this work are given in Section
4.6.

4.2 The Jarzynski Estimator

The Jarzynski equality developed in [87] translates an ensemble of non-equilibrium
measurements of work done to move a system between two states, to the equilibrium
free energy differences between the states. In this section, we briefly review the
Jarzynski equality and explicitly state the assumptions under which the equality
applies. We then show that the ensemble of work involved are independent and
identically distributed (i.i.d). This provides us with the framework to develop the
confidence bounds.

Consider two Hamiltonian systems A and B. Here A represents a system of
interest and B represents the environment. The primary focus will be on the system A.
Let XA (t) := (qA (t) , pA (t)) be the states of the system A, where qA (t) ∈ RK , K ∈
N, are the generalized coordinates and pA (t) ∈ RK are the generalized momentums
of A, and t represents time. Let λ (t) ∈ R be an externally controlled variable that
can affect the states XA (t). We denote a trajectory using {·}, for example, {XA}τ

0 :=
{XA (t) |0 ≤ t ≤ τ}, represents the trajectory of all the states XA (t) from t = 0 to
t = τ . We represent the Hamiltonian by HA (qA (t) , pA (t) , λ (t)) : R2K+1 → R. We
make the following assumption about the two systems A and B.

Assumption 4.1. a) The energy in system A is finite.
b) Energy absorptions or donations from A to B do not change the temperature

TB of B.
c) The dynamics of A and B are Markovian, that is
p
(
XA (t+ dt) | {XA}t

0

)
= p (XA (t+ dt) |XA (t)) for all t.

Now consider an experiment, wherein A and B start at thermal equilibrium at
t = 0, and are at a temperature TA = TB = T . Subsequently, the system A is
perturbed away from the equilibrium by a protocol in which λ (t) is varied in a fixed

87



trajectory {λ}τ
0 from λ (0) = u to λ (τ) = v. During this perturbation when 0 ≤ t ≤ τ ,

the temperature of A is free to be different from that of B,i.e. TA 6= TB = T . After
this perturbation, the system A is equilibriated with B, i.e. at t >> τ , TA = TB = T .

At t = 0, when A is in thermal equilibrium with B, the probability of finding the
system A in a state XA (0) = x0

A is given by p (XA (0) = x0
A) = e

−βHA
(

x0
A,λ(0)

)
Z

;where
Z :=

´
e−βHA(XA,λ(0))dXA is the partition function and β = 1

kBT
. The change in

HA (XA (t) , λ (t)) due to a change dλ is defined as the work done on the system and
is given by:

đW := dλ
∂HA (XA, λ)

∂λ
.

The work done on the system over the entire trajectory {λ}τ
0 , is given by

W =
ˆ

đW =
ˆ τ

0

dλ

dt

∂HA (XA, λ)
∂λ

dt.

We now consider N independent and identical realizations of this experiment, where:

1. The systems Ai and Bi are identical to A and B respectively for every i =
1, 2, ..., N .

2. The system Ai is in thermal equilibrium with Bi at temperature T at t = 0, for
every i = 1, 2, ..., N .

3. The parameter λi is varied from λi (0) = u to λi (τ) = v along the same trajec-
tory {λ}τ

0. That is

{λi}τ
0 = {λ}τ

0 , for all i = 1, 2, ..., N.

Then, for each realization i = 1, 2, ..., N ;

Wi =
ˆ τ

0

dλi

dt

∂HAi
(XAi

, λi)
∂λi

dt, (4.1)

where XAi
represents the states of the system Ai. Further, the initial canonical

distributions for each realization are the same. That is

pi

(
XAi

(0) = x0
A

)
= p

(
XA (0) = x0

A

)
= e−βHA

(
x0

A,λ(0)
)

Z
,
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for every i = 1, 2, ..., N. In addition, since the systems Ai and Bi are identical to A
and B for every i = 1, 2, ..., N , the transition probability functions for each realization
are the same. That is,

pi (XAi
(t+ dt) |XAi

(t)) = p (XA (t+ dt) |XA (t)) ,

for each i = 1, 2, ..., N.
Thus, in each realization i, the trajectory {XAi

}τ
0 will be sampled from the same

joint distribution. Since the trajectory {XAi
}τ

0 in a realization i determines the work
done Wi in that realization, pi (Wi = w) = ρ (w), for every i = 1, 2, ..., N. This implies
that the random variables W1,W2, ...,WN are independent and identically distributed.
Under the conditions described, the Jarzynski equality states that [87], for each i =
1, 2, ..., N,

e−β∆F =
〈
e−βWi

〉
=
ˆ ∞

−∞
pi (w) e−βwdw.

Invoking the Strong Law of Large Numbers [98],

P

(
lim

N→∞

1
N

N∑
i=1

e−βWi = e−β∆F

)
= 1.

The convergence in probability of summation 1
N

ΣN
i=1e

−βWi to e−β∆F provides the basis
for the practical Jarzynski estimator ∆F̂N := − 1

β
ln
[

1
N

∑N
i=1 e

−βWi

]
that approximates

the free energy change. We define the error εN in the free energy estimate as εN :=
∆F − ∆F̂N . With the framework developed here, we now describe the confidence
bounds on εN .

4.3 Confidence Bounds

Based on Assumption 4.1, the work is finite and thus there exist Wmin,Wmax ∈ R
such that Wmin ≤ Wi ≤ Wmax for all i = 1, 2, ..., N, where |Wmin| , |Wmax| < ∞.
In the previous section, we established that the measured values of work Wi, i =
1, 2, ..., N are independent and identically distributed random variables. We leverage
the properties of random variables to develop confidence bounds on the error εN as
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follows.

4.3.1 Via Mean and Range

The Jarzynski estimator as given in (4.2), primarily computes the approximate mean
of e−βWi . To find a bound on the error εN , we obtain a bound for the error between an
approximate mean and the true mean of a random variable. The Empirical Bernstein
Inequality as given in [99], permits us to develop such a bound. We state the theorem
next.

Theorem 4.1. Empirical Bernstein Inequality: Let X1, X2, ..., XN be indepen-
dent and identically distributed real valued random variables, with mean E [Xi] = µ

for all i = 1, 2, ..., N , each Xi ∈ [0, R], R > 0. Then the following inequality holds
with probability at least 1 − δ:

∣∣∣XN − µ
∣∣∣ ≤ sN

√
2 ln (3/δ)

N
+R

3 ln (3/δ)
N

.

Here,

XN := 1
N

N∑
i=1

Xi,

denotes the empirical mean and

sN :=

√√√√ 1
N

N∑
i=1

(
Xi −XN

)2

denotes the empirical standard deviation of X1, X2, ..., XN .

As can be seen, the Empirical Bernstein Inequality depends on the empirical mean,
the empirical variance, and the range R of the random variable. Estimating R for
a system under study will be discussed in Section 4.3.3. We now show how to find
confidence bounds on ∆F using the Bernstein Inequality.

Lemma 4.1. Let W be the non-equilibrium work done on a system and let it follow
some unknown distribution ρ (W ) . Let Wi ∈ [Wmin,Wmax] , i = 1, 2, ..., N be the
i.i.d and real valued samples drawn from ρ (W ). Define Yi := e−βWi for every i =
1, 2, ..., N , Y := e−βW , and ∆F̂N := − 1

β
ln
[

1
N

∑N
i=1 e

−βWi

]
. Then, for any δ ∈ (0, 1),

the following inequality holds with probability at least (1 − δ):
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− 1
β

ln
(
e−β∆F̂N − ΨN

)
≥ ∆F ≥ − 1

β
ln
(
e−β∆F̂N + ΨN

)
,

where

ΨN := σN

√
2 ln (3/δ)

N
+R

3 ln (3/δ)
N

,

R = e−βWmin − e−βWmax ,

σN =

√√√√ 1
N

N∑
i=1

(
Yi − Y N

)2
, Y N = 1

N

N∑
i=1

e−βWi .

Here the upper bound on ∆F exists only when ΨN < e−βF̂N .

Proof. We note that Yi are i.i.d and real valued. Let Zi := Yi − e−βWmax , for all
i = 1, 2, ..., N , and Z := Y − e−βWmax . We observe that Z ∈ (0, R) , where R =
e−βWmin − e−βWmax . We use the Bernstein inequality from Theorem 4.1 to find the
bounds on

∣∣∣ZN − E [Z]
∣∣∣ , where ZN = 1

N

∑N
i=1 Zi. From the Jarzynski equality, it

follows that,

ZN − E [Z] = Y N − E [Y ]

= 1
N

N∑
i=1

e−βWi − e−β∆F .

We observe that with probability (1 − δ) , the following inequality holds:

∣∣∣∣∣ 1
N

N∑
i=1

e−βWi − e−β∆F

∣∣∣∣∣ ≤ σN

√
2 ln (3/δ)

N
+R

3 ln (3/δ)
N

.

Rearranging and applying the logarithm, gives

− 1
β

ln
(
e−β∆F̂N − ΨN

)
≥ ∆F ≥ − 1

β
ln
(
e−β∆F̂N + ΨN

)
,

where

ΨN := σN

√
2 ln (3/δ)

N
+R

3 ln (3/δ)
N

.

Since the term e−β∆F̂N − ΨN must be positive for the logarithm to be valid, we see
that the upper bound is valid only when ΨN < e−βF̂N . This completes the proof.
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The bounds derived in Lemma 4.1 are valid for any distribution ρ (W ) and are
practically computable entirely from the measured samples Wi. We observe that
limN ΨN → 0 at a rate of at least 1√

N
. This implies that the upper and lower bounds

given by Lemma 4.1 converge to the true free energy difference ∆F in the limit. In
addition, when R � σN , the convergence rate of ΨN could be as fast as 1

N
. For small

N, the upper bound derived in Lemma 4.1 doesn’t exist when ΨN ≥ e−β∆F̂N . Thus
for situations when ∆F̂N is large, the number N needs to be high for obtaining an
upper bound. This might not be feasible in certain situations. We derive an alternate
bound which overcomes this issue next.

4.3.2 Via the Cumulative Distribution Function

Our approach here is to use the uncertainty quantification on the empirical cumula-
tive distribution function (CDF) of the work measurements. The Dvoretzky-Kiefer-
Wolfowitz inequality [100] quantifies the uncertainty in the empirical CDF of a ran-
dom variable. This inequality was subsequently made tighter by Massart in [101]; we
use this version of the inequality for our result and henceforth refer to this inequal-
ity as the Dvoretzky-Kiefer-Wolfowitz-Massart (DKWM) Inequality. The DKWM
Inequality is described below.

Theorem 4.2. DKWM Inequality: Let X1, X2, ..., XN be i.i.d random variables
with a continuous cumulative distribution function Φ (x), with x ∈ R. Let Φ̂N (x) be
the empirical cumulative distribution function defined by

Φ̂N (x) = 1
N

N∑
i=1

I(Xi≤x), x ∈ R

with

I(Xi≤x):=

1 Xi ≤ x

0 Xi > x
,

representing the indicator function. Then the following inequality holds without any
restrictions on α

P
(√

N sup
x

∣∣∣Φ̂N (x) − Φ (x)
∣∣∣ > α

)
≤ 2e−2α2

.

Theorem 4.2 thus gives the interval in which the true cumulative distribution Φ (x)
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lies. Indeed,
P
(√

N sup
x

∣∣∣Φ̂N (x) − Φ (x)
∣∣∣ > α

)
≤ 2e−2α2

,

implies
P
(√

N
∣∣∣Φ̂N (x) − Φ (x)

∣∣∣ > α
)

≤ 2e−2α2
,

holds for all x. Then setting η = 2e−2α2 , we see that with probability at least 1 − η,

√
N
∣∣∣Φ̂N (x) − Φ (x)

∣∣∣ ≤ α,

or
Φ̂N (x) − ξ ≤ Φ (x) ≤ Φ̂N (x) + ξ,

with ξ = α/
√
N =

√
1

2N
ln (2/η).

Lemma 4.2. Let Wi ∈ [Wmin,Wmax] for all i = 1, 2, ..., N , be the work values sampled
from an unknown distribution ρ (W ). Let Φ (W ) be the cumulative distribution func-
tion of W , and Φ̂N (W ) the empirical cumulative distribution function, constructed
using Wi. Given an arbitrary a, b ∈ [Wmin,Wmax], the following inequalities hold with
probability 1 − η:

− 1
β

ln (U) ≥ ∆F ≥ − 1
β

ln (L) ,

where

U := e−βa
[
Φ̂N (a) − Φ̂N (Wmin) − 2ξ

]
+ e−βWmax

[
Φ̂N (Wmax) − Φ̂N (a) − 2ξ

]
, (4.1)

and

L := e−βWmin

[
Φ̂N (b) − Φ̂N (Wmin) + 2ξ

]
+ e−βb

[
Φ̂N (Wmax) − Φ̂N (b) + 2ξ

]
, (4.2)

if L,U > 0, and ξ :=
√

ln(2/η)
2N

.

Proof. The Jarzynski equality gives us the following relationship

e−β∆F =
ˆ Wmax

Wmin

ρ (W ) e−βWdW.
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With a choice of an intermediate variable a such that Wmin ≤ a ≤ Wmax, we get:

e−β∆F =
ˆ a

Wmin

ρ (W ) e−βWdW +
ˆ Wmax

a

ρ (W ) e−βWdW

≥ e−βa

ˆ a

Wmin

ρ (W ) dW + e−βWmax

ˆ Wmax

a

ρ (W ) dW

= e−βa [Φ (a) − Φ (Wmin)]

+ e−βWmax [Φ (Wmax) − Φ (a)] . (4.3)

Invoking Theorem 4.2, we know that with probability 1 − η,

Φ̂N (W ) − ξ ≤ Φ (W ) ≤ Φ̂N (W ) + ξ,

where ξ =
√

ln(2/η)
2N

. Thus, we have

e−β∆F ≥ e−βa
[
Φ̂N (a) − ξ −

(
Φ̂N (Wmin) + ξ

)]
+ e−βWmax

[
Φ̂N (Wmax) − ξ −

(
Φ̂N (a) + ξ

)]
= e−βa

[
Φ̂N (a) − Φ̂N (Wmin) − 2ξ

]
+ e−βWmax

[
Φ̂N (Wmax) − Φ̂N (a) − 2ξ

]
.

Applying the logarithm and rearranging the terms, we get:

∆F ≤ − 1
β

ln (U) , (4.4)

with

U := e−βa
[
Φ̂N (a) − Φ̂N (Wmin) − 2ξ

]
+ e−βWmax

[
Φ̂N (Wmax) − Φ̂N (a) − 2ξ

]
,

if U > 0. Note that the upper bound on ∆F doesn’t exist for U ≤ 0. Starting with
the definition e−β∆F =

´Wmax

Wmin
ρ (W ) e−βWdW and following identical steps, we find
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the lower bound of ∆F as follows.

e−β∆F =
ˆ b

Wmin

ρ (W ) e−βWdW +
ˆ Wmax

b

ρ (W ) e−βWdW

≤ e−βWmin

ˆ b

Wmin

ρ (W ) dW + e−βb

ˆ Wmax

b

ρ (W ) dW

= e−βWmin [Φ (b) − Φ (Wmin)] + e−βb [Φ (Wmax) − Φ (b)] .

Using Theorem 4.2, we get:

e−β∆F ≤ e−βWmin

[
Φ̂N (b) + ξ −

(
Φ̂N (Wmin) − ξ

)]
+ e−βb

[
Φ̂N (Wmax) + ξ −

(
Φ̂N (b) − ξ

)]
= e−βWmin

[
Φ̂N (b) − Φ̂N (Wmin) + 2ξ

]
+ e−βb

[
Φ̂N (Wmax) − Φ̂N (b) + 2ξ

]
.

This relationship gives us the lower bound

∆F ≥ − 1
β

ln (L) ,

where

L := e−βWmin

[
Φ̂N (b) − Φ̂N (Wmin) + 2ξ

]
+ e−βb

[
Φ̂N (Wmax) − Φ̂N (b) + 2ξ

]
.

Since the cumulative distribution function Φ̂N (W ) is monotonic and non-decreasing,
we observe that L > 0 for finite N . Thus the lower bound is well defined for all
N > 0. This completes the proof.

Remark: In implementing the bounds given in Lemma 4.2, we select a∗ =
arg mina

[
− 1

β
ln (U)

]
and b∗ = arg maxb

[
− 1

β
ln (L)

]
to obtain the sharpest values for

the bounds.
It would appear that the upper bound given in 4.1 suffers from the same prob-

lem of non-computability for small N as seen in the previous result. However,
in practice U is computable for a relatively small N . From 4.1, we observe that
U ≥ e−βWmax

[
Φ̂N (Wmax) − Φ̂N (Wmin) − 4ξ

]
. By definition of the empirical CDF,
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Φ̂N (Wmax) − Φ̂N (Wmin) = 1. Therefore, the upper bound is computable when ξ < 1
4 ,

or in other words when N > 8 ln (2/η). For example, if η is chosen to be 0.05 (for
a 95% confidence bound), N > 29.51,implying that the upper bound is computable
after 30 samples. This is independent of the choice of a and b, as well as the nature
of the CDF.

To get the benefits of convergence to the ground truth of Lemma 4.1 and the
improved computability offered by Lemma 4.2, we combine the bounds as follows.

Theorem 4.3. Let Wi ∈ [Wmin,Wmax] , i = 1, 2, ..., N be the i.i.d and real valued
non-equilibrium work measurements sampled from some unknown distribution ρ (W ).
Then, for any δ, η ∈ (0, 1), the following holds with probability at least (1 − δ) (1 − η) :

U ≥ ∆F ≥ L, (4.5)

with the upper bound U and lower bound L defined as follows:
(i) The upper bound

U := min [Ua,Ub] ;

Ua :=

− 1
β

ln
(
e−β∆F̂N − ΨN

)
e−β∆F̂N > ΨN

∞ e−β∆F̂N ≤ ΨN

,

and

Ub :=

− 1
β

ln (U) U > 0

∞ U ≤ 0
.

(ii) The lower bound

L := max
[
− 1
β

ln
(
e−β∆F̂N + ΨN

)
,− 1

β
ln (L)

]
.

Here Y N and ΨN are as defined in Lemma 4.1. Further U,L are as defined in Lemma
4.2.

Proof. The bound in Lemma 4.1 holds with probability at least (1 − δ) and the bound
in Lemma 4.2 holds with probability at least (1 − η) . We observe that the bounds in
4.5 are the sharper of the two bounds given in Lemmas 4.1 and 4.2. Thus, for 4.5 to
hold, we assume that both of the original bounds must be satisfied. This proves the
assertion.
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Note: For ease of use, given a user specified confidence percentage z ∈ (0, 100) in
the bounds on ∆F , we set δ = η = ζ, where ζ := 1 −

(
z

100

)1/2
.

We have shown via Lemmas 4.1, 4.2, and Theorem 4.3, confidence bounds U ≥
∆F ≥ L on ∆F with provable guarantees. These bounds work with non-restrictive
assumptions and require only the work measurements Wi, i = 1, 2, ..., N to be known.
Given the bounds on ∆F , we can obtain the bounds on the error εN = ∆F − ∆F̂N

as U − ∆F̂N ≥ εN ≥ L − ∆F̂N with the same confidence. In the next section, we
demonstrate an empirical verification and experimental validation of these bounds.

4.3.3 Estimating the Range of Work

The bounds we have proposed require the limits [Wmin,Wmax] of the work measure-
ments Wi. We provide the following methods to estimate the upper and lower limits
of work Wi.

Range of Measurements

Given the measurements of work Wi, i = 1, 2, ..., N , the authors in [102] provide the
estimates of the lower and upper limit as:

Ŵmin := min
i
Wi,

Ŵmax := max
i
Wi.

We found these estimates to be inaccurate for small sample sizes. The following two
methods work well in a wider range of settings.

Instrument Limits

In many experiments at the single molecule scale, the work is done using instruments
whose physical limits are well known. The physical limits can be used to estimate
the maximum and minimum work that can be performed by the instrument. The
knowledge of the instruments and experiments gives us 1) the maximum duration of
the experiment τm, 2) the maximum absolute force applied, Fm := max

∣∣∣∣∂HAi

(
XAi

,λi

)
∂λi

∣∣∣∣,
and 3) the maximum absolute rate with which the external variable can be changed,
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νm := max
∣∣∣dλi

dt

∣∣∣. Then from 4.1, for all i = 1, 2, ..., N , we have,

|Wi| =
∣∣∣∣∣
ˆ τ

0

dλi

dt

∂HAi
(XAi

, λi)
∂λi

dt

∣∣∣∣∣
≤
ˆ τm

0
νmFmdt

= vmFmτm.

Therefore, we can estimate the limits of the work done as

Ŵmin := −vmFmτm,

Ŵmax := vmFmτm.

Empirical Chebyshev Inequality

A probabilistic estimate for the limits and range of work can be obtained using the
Empirical Chebyshev Inequality. The following theorem is originally due to Saw et.
al. [103], and later modified by Kaban [104], who gives a version of the Empirical
Chebyshev Inequality that uses only the empirical estimates. The theorem is valid
for weakly exchangeable random variables. The definition as used by Saw et. al. [103]
is given in Definition 4.1.

Definition 4.1. Weak exchangeability: A set of random variables
X1, X2, ..., XN are said to be weakly exchangeable if the joint probability
P {X1 ≤ x1, X2 ≤ x2, ..., XN ≤ xN} is invariant over all permutations of x1, x2, ..., xN

for all values of x1, x2, ..., xN .

Theorem 4.4. Empirical Chebyshev Inequality: Let X1, X2, ..., XN , and X with
N ≥ 2 be weakly exchangeable samples (i.i.d implies weakly exchangeable but the
reverse is not true) from an unknown distribution, such that P{X1 = X2 = ... =
XN = X} = 0. Then, for any ε > 0,

P{
∣∣∣X −XN

∣∣∣ ≥ ε
∣∣∣XN

∣∣∣} ≤ N + 1
N

1
ε2

(
sN

XN

)2

+ 1
N
.
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Here XN = 1
N

∑N
i=1 Xi, is the empirical mean, sN =

√
1
N

∑N
i=1

(
Xi −XN

)2
is the

empirical standard deviation.

We note that the measurements of work Wi, i = 1, 2, ..., N are i.i.d. Setting the right
hand side of the inequality in Theorem 4.4 to γ ∈ [0, 1], and solving for εγ yields

εγ =
√

N+1
Nγ−1

(
sN

W N

)2
. Here WN = 1

N

∑N
i=1 Wi and sN =

√
1
N

∑N
i=1

(
Wi −WN

)2
. This

implies that the inequality Ŵmin < W < Ŵmax holds with probability at least 1 − γ,

where:
Ŵmin := WN − εγ

∣∣∣WN

∣∣∣ ,
Ŵmax := WN + εγ

∣∣∣WN

∣∣∣ .
In practice, we recommend choosing probability threshold γ to be an order smaller
the probability threshold ζ chosen for the Jarzynski bound, i.e. γ < ζ/10.

4.4 Methods

We verified and validated the proposed confidence bounds empirically using 1) synthe-
sized data, 2) simulations, and 3) experiments. In each of these cases, non-equilibrium
work samples Wi, i = 1, 2, ..., N are collected and the free energy difference ∆F̂N com-
puted using the Jarzynski estimator (see 4.2). Then the bounds, which are computed
with only the work samples, are compared with the ground truth of the free energy
difference ∆F. These steps are repeated multiple times under identical conditions to
obtain the statistical behavior of the confidence bounds while keeping the sample
number N fixed. To obtain the characterization for a range of sample numbers, the
process is repeated for different values of N. We now describe the methods by which
the three techniques generate the work samples.

Synthesized Data

The free energy difference ∆F between two states and the work W required to move
the system between these states are related by:

W = ∆F + wd, (4.1)
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where wd denotes the dissipated work [105]. If the states are fixed, then ∆F is
a constant. However, the dissipated work is stochastic and follows some unknown
distribution wd ∼ ρwd

(wd). For the verification, we used the truncated normal, a bi-
modal distribution (the mixture of two truncated normals), and the beta distribution
as possible candidates for ρwd

(wd) . We generate work samples Wi by fixing ∆F and
adding to it randomly generated samples of dissipated work wd from a fixed candi-
date distribution for ρwd

(wd) . To ensure the Jarzynski equality in 4.1 applies to these
samples, the distribution ρwd

is selected such that
〈
e−βwd

〉
= 1. There are multiple

advantages to synthesizing data in this manner. The ground truth free energy ∆F is
known. The distribution of work ρ (W ) is very flexible. It is possible to quantify and
control the distance from equilibrium by adjusting the mean of the dissipated work
wd.

Simulations

Here we generate non-equilibrium work samples Wi using Monte Carlo simulations.
We chose to use two different systems whose dynamics are modeled by Langevin
equations. They are: 1) the Spring Mass system described in [106] and 2) the Particle
in a Time-Multiplexed Potential discussed in [107]. The detailed description of these
systems is as follows.

The Spring Mass System

Fig. 4.4.1 shows a schematic of the Spring Mass system. It consists of a mass
m connected to wall and a controllable handle (represented by a blue circle) via two
identical springs, with identical spring constants k and rest lengths lo. The position of
the mass with respect to the wall is given by qA (t) and the position of the controllable
handle is λ (t) . The momentum of the mass is given by pA (t) = mq̇A (t) . The wall,
the two springs, and the mass comprise the system of interest A and are placed in
an environment B. The temperature of A and B are TA and TB respectively. In
a non-equilibrium experiment, A and B are equilibriated to temperature T and the
handle is moved according to a schedule {λ}τ

0. The equations that model the states
(qA, pA) are given by:
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q̇A (t) = pA (t) /m,

ṗA (t) = −2k (qA (t) − lo) + kλ (t) . (4.2)

When the handle position is changed in the form of a ramp, i.e. λ (t) = (L1 − L0) t
τ

+
L0; 0 ≤ t ≤ τ, where L0, L1 are the initial and final positions of λ (t), the free energy
change between the start and end points is given by [106] as,

∆F = k

4
(
L2

1 − L2
0

)
.

In simulations, the work done on the system is computed using the relationship [105]:

Wi =
ˆ τ

0
k [λ (t) − 2 (qA (t) − lo)] q̇A (t) dt.

Here Wi is the work done on the ith instance with the initialization (qi
A (0) , pi

A (0))
sampled from the canonical distribution of A.

Fig. 4.4.1: Schematic of the Spring Mass system

Particle in a Time-Multiplexed Potential

Radiation pressure from lasers can be used to trap transparent micro-spheres in op-
tical tweezers. The potential created by such a system applies a force that holds
the micro-sphere at the focus of the laser. The force can be approximated as
f(x) = k (x− xo), where k is the spring constant of the optical trap, x the posi-
tion of the micro-sphere, and xo the focus of the laser [108]. Fig. 4.4.2A shows the
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schematic of such a particle in an optical trap and the resulting parabolic potential
U (x) is shown in Fig. 4.4.2B.

A

B

C

D

Micro-sphere

Laser

Focus
Time-Multiplexed

Laser BeamsForce

Fig. 4.4.2: Time-Multiplexed Potentials created by optical tweezers. (A) A micro-
sphere trapped by a laser beam experiencing a restoring force f towards the focus.
(B) The parabolic potential created by the laser trap of width ω. (C) The resultant
of a laser beam rapidly multiplexed between two different foci - Ll and Lr and (D)
the resultant time averaged potential. Changing the duty ratio D from 0.5 to 0.7
results in a reshaping of the potential and W work is done on the micro-sphere.

By multiplexing the focus of the laser rapidly between two locations, say Lr and
Ll, the time averaged potential can be shown to form a double well as shown in Fig.
4.4.2C and Fig. 4.4.2D. The depth of the two potential wells can be controlled by the
amount of time the laser spends in the two locations. Let tr and tl be the amount
of time the laser spends in the right and left wells respectively, before switching to
the other well. We define the duty ratio as D := tr

tr+tl
and a Boolean variable r (t)

to indicate if the laser focus is at location Lr. The value of r (t) is 1 if the laser is
at location Lr at time t and 0 if the laser is at Ll at t. The potential Ũ (x, r) is
described by [107]:

Ũ (x, r) =


1
2k (x− Lr)2 + Ub, if |x− Lr| ≤ ω, r = 1,
1
2k (x− Ll)2 + Ub, if |x− Ll| ≤ ω, r = 0,
1
2kω

2 + Ub, otherwise,

(4.3)
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where ω is the width of the potential well, Ub is a constant. A particle in such a
laser trap, can be modeled as a Brownian particle in a time multiplexed double well
potential. The dynamics of the particle are then described by

c
dx

dt
= ν (t) − ∂Ũ (x (t) , r (t))

∂x
. (4.4)

Here c is the coefficient of viscosity and ν (t) is a noise term that implicitly models
the particle’s collisions with the particles in its environment. Specifically, ν (t) is
Gaussian random variable such that 〈ν (t)〉 = 0 and

〈
ν (t) , ν

(
t

′
)〉

= 2c
β
δ
(
t− t

′
)

for
all t, t′ ∈ R, with δ (·) being the Dirac-delta function.

By trapping such a particle with some initial duty ratio Di and switching the duty
ratio to a final value Df , we can perform work on it. If the time to switch from Di

to Df is much smaller than the time required for the particle to equilibriate with its
environment, we can perform non-equilibrium work. Sekimoto [109] provides a way
to compute the work done on the particle described by

W = U
(
x (tj) ,D

(
t+j
))

− U
(
x (tj) ,D

(
t−j
))
. (4.5)

Here tj is the time at which the duty ratio is changed, with t−j = tj − dt, and
t+j = tj + dt the times just before and after the change. In 4.5, the time averaged
potential U (x,D) derived from 4.3 is used and is given by

U (x,D) =


D
2 k (x− Lr)2 + 1−D

2 kω2 + Ub, if |x− Lr| ≤ ω,

1−D
2 k (x− Ll)2 + D

2 kω
2 + Ub, if |x− Ll| ≤ ω,

1
2kω

2 + Ub, otherwise.

(4.6)

Monte Carlo simulations of the system can be done using 4.4 and the samples of work
generated using 4.5. The free energy difference between the potentials created by the
duty ratios Di and Df can be computed analytically (see 4.4) and can be used to
verify the confidence bounds on the estimate.

Experiments

We use optical tweezers to perform non-equilibrium experiments. The optical tweezers
consist of a 1064 nm trapping laser and a 850 nm detection laser. An acousto-optic
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deflector (AOD) is used to control the position of the focus of the trapping laser in the
x-y plane. The detection laser, in conjunction with a quadrature photodiode (QPD)
is used to measure the location of a micro-sphere caught in the optical trap. For
the experiment protocol, we used Di = 0.5 and Df = 0.75, with the time to switch
from one duty ratio to the other kept below 1µs. The multiplexing period tr + tl

of the laser was set to 20µs. The two foci of the laser were at Ll = −500 nm and
Lr = 500 nm. The width ω of the potential wells were determined to be 80 nm and
the spring constant at full power of the laser was estimated to be 13.3 pN/nm. A
dilute solution of polystyrene beads with an average diameter of 1µm in water was
used at room temperature (T = 297K) . The average time constant of the beads was
experimentally found to be 1 ms using a step test.

4.5 Results

We now present the validation data obtained from the empirical study conducted on
the confidence bounds.

Synthesized Data

Fig. 4.5.1 shows the performance of the three confidence bounds described in Section
4.3. To verify the bounds function correctly under varied conditions, three candidate
distributions ρ (W ) for the non-equilibrium work were chosen: the truncated normal
distribution, the bimodal distribution, and the beta distribution. While keeping the
free energy difference ∆F fixed to 10 kBT , the mean of the dissipated work 〈wd〉 was
varied from 2 kBT to 20 kBT . Thus, the ratio 〈wd〉

∆F
, which represents the distance

from equilibrium was varied from 0.2 to 2.0. This was done for each of the candidate
distributions. Further, the number of samples of work N , was changed from 20 to
104.

For each case, where the distribution of work, the ratio 〈wd〉
∆F

, and N are fixed,
M = 250 batches of work samples were generated. Upper and lower confidence bounds
are computed for each batch of work samples. Thus, the empirical observations for
each case are derived from M = 250 independent calculations of the bounds. We
chose a confidence level of 95%.

In Fig. 4.5.1a, we show using box plots, batches of Combined Bounds computed
for the cases where N is varied, for the truncated normal distribution of work and
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〈wd〉
∆F

= 0.5. Boxes are drawn such that the center line represents the median value of
a batch. The edges of the boxes represent the inter-quartile range, which is 50% of
the population from both sides of the median. The whiskers show the minimums and
maximums after excluding outliers. The outliers are data points which lie outside of
three standard deviations from the median, assuming a Gaussian distribution for the
data. The graph on the right in Fig. 4.5.1a, shows the histograms of the M = 250
upper bounds, free energy estimates ∆F̂N , and the lower bounds computed for the
case where N = 864. In this example, all of the upper and lower bounds contain the
true ∆F , which is shown by the dotted line passing through 10 kBT . Since we are
using confidence bounds, in some instances, the bounds may fail to contain the true
∆F . We track such ’fail’ cases and have included them in our data. This empirical
study shows that the probability of seeing such bound failures is less than 5%, as
is guaranteed and expected from confidence bounds determined at 95% (see SI Fig.
4.7.1). The box plots in this figure start only from N = 20, because the bounds are
not computable for lesser number of samples as alluded to earlier.

In Fig. 4.5.1b, the behavior of the three bounds are summarized for all the cases
tested. The graphs on the first column show the distributions of non-equilibrium work
used. The second column shows the performance of the Bounds using Mean, the third
column the Bounds using CDF, and the fourth column the Combined Bounds. The
graphs in the second, third, and fourth columns are determined as follows. The upper
and lower boundaries of the shaded region of a particular color represent the modes
of the M = 250 values of the upper and lower bounds computed for a particular case.
We observe that the Bounds using Mean and the Combined Bounds converge to the
true ∆F as the number of samples of work increases. Further, all the bounds are
sharper and converge faster when the experiment is closer to the equilibrium, that is,
when 〈wd〉 is smaller. Out of the three bounds, we note that the Combined Bounds
have the benefits of the other two - the convergence property of the Bounds using
Mean, and the better computability (N ∼ 50) of the Bounds using CDF. We remark
that all of the bounds, for each of the cases were computed strictly from the work
values Wi, without any knowledge of true ∆F or the nature of the work distributions.
The range of the work values was assumed to be known obtained using instrument
limits. The performance of the bounds on the synthetic data using range estimation
using measurements and using the empirical Chebyshev inequality are shown in SI
Fig. 4.7.7 to 4.7.10.
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In Fig. 4.5.2, we have provided a performance comparison of our bounds with
the method given by Gore-Ritort-Bustamante in [88]. We refer to this approach as
the ’GRB’ method in this document. The GRB method is applicable only when
the distribution of work is normal. It can be seen that the bounds produced
by the GRB method, while sharper for distributions of work close to equilibrium
(〈wd〉 /∆F = 0.2, 0.5), are inaccurate close to 50% of the time (see SI Fig. 4.7.2).
Our bounds give a predictable and tunable confidence level. For distributions of work
far from equilibrium (〈wd〉 /∆F = 1.0, 2.0), the GRB bounds are more conservative.

106



(a)

(b)

Fig. 4.5.1: A summary of the performance and characteristics of the bounds on
the synthetic data. (a) A detailed view of the performance results. The box plot
shows (left) showcases the performance of the Combined Bounds at 95% confidence
level on work distributions that are truncated normals, with 〈wd〉 /∆F = 0.5 as the
number of samples are increased. Each box plot represents one case of the synthetic
data validation, wherein each case comprises of a collection of 250 computations
of the bounds. An example case (N = 864) is shown in more detail on the right.
The summarized view of the bounds from the synthetic data study, with varying
distributions, varying 〈wd〉, and increasing N , is shown in (b). The performance
curves have been obtained using 250 computations for each case and interpolating
the modes of the data obtained in each case.
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Fig. 4.5.2: Comparison of our combined bounds with the GRB method on synthetic
data with truncated normal distributions of work. The performance curves have been
obtained using 250 computations for each case and interpolating the modes of the
data obtained in each case.

The Spring Mass System

The confidence bounds on the work values obtained from the simulated Spring Mass
system are shown in Fig. 4.5.3. The work values are normally distributed. The
mean of the dissipated work 〈wd〉 is varied by changing the speed with which λ (t)
in Fig. 4.4.1 is changed. The faster speeds lead to higher dissipated work and thus
are farther from the equilibrium. Similar to the analysis on the synthesized data,
the bounds corresponding to each case were computed M = 250 times on freshly
generated simulated data sets with new initializations. The modes of these bounds
are plotted as the upper and lower boundaries for the regions displayed in Fig. 4.5.3.
The graphs show that the bounds contain and converge to the true ∆F , with the
Combined Bounds becoming computable around 30 samples of work and converge to
within 10% of ∆F around 300 − 3000 samples, depending on the dissipated work.
The confidence bounds were found to contain the true value 100% of the time for all
the cases in this example (see SI Fig. 4.7.3).

Fig. 4.5.3: Distributions of work and the corresponding bounds obtained from the
simulated Spring Mass system.
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Particle in a Time-Multiplexed Potential

Fig. 4.5.4A, shows the work values obtained in moving a 1µm particle in an optical
potential at 50% duty ratio, to one at 30% duty ratio using optical tweezers. The
work is seen to be beta distributed with two distinct modes. Fig. 4.5.4B, shows the
modes of the 95% confidence bounds computed on M = 250 batches of work values
(with different sample numbers N). The Combined Bounds are the sharpest and
contain the true ∆F in all of the cases tested here (see SI Fig. 4.7.6). The true
∆F is computed by using a large batch of 107 work values and is ensured to match
the expected analytical and simulated results (see SI Fig. 4.7.5). The ratio 〈wd〉

∆F

was computed to be 1.03, indicating the experiment was done in the non-equilibrium
setting.

Fig. 4.5.4: (A) Distribution of the work done on a microsphere by changing the shape
of the double well optical potential, from an initial duty ratio of 50% to a final duty
ratio of 30%. (B) Confidence bounds and the true ∆F applied to the experimental
work measurements.

4.6 Discussion

Free energy differences are an important quantity in a wide range of applications
including the study of systems at the nano-scale. The experiments conducted to
measure this quantity are often easier done under the non-equilibrium setting. While
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the Jarzynski equality provides a way to link the equilibrium free energy differences
to the non-equilibrium work measurements, it is asymptotic. Is it possible to quantify
the errors in the estimates when only a finite number of work samples are available?
In this chapter, we provided two methods to obtain confidence intervals on the finite
sample estimates and consequently the errors. We fused the the two methods to
combine the advantages of each technique - computability at small sample sizes and
convergence to the ground truth. The confidence bounds developed in this chapter are
the first of their kind and have several advantages over previously proposed solutions.
They require only the measured work samples. We demonstrated that they can
successfully be used on a wide range of work distributions without having any prior
knowledge on the nature of distributions or the true free energy difference. This
can be seen in Fig. 4.5.1, wherein the combination of our techniques produces 95%
confidence bounds that are within 20% of the true ∆F at around 500 − 1500 samples
of work. For a fixed number of samples of work, our bounds become less sharp with
increasing distance form the equilibrium. However, the width of the bounds grow
slowly with the distance from the equilibrium. For example, at N = 1000 samples and
〈wd〉 /∆F = 0.2 when the true ∆F = 10 kBT , we observe the width of the combined
bounds are 0.69 kBT for the truncated normal distribution, 3.75 kBT for the bimodal
distribution, and 0.40 kBT for the beta distribution of work. The corresponding
widths for N = 1000 samples, 〈wd〉 /∆F = 2.0, and true ∆F = 10 kBT are: 6.67 kBT

for truncated normal distribution, 3.77 kBT for the bimodal distribution, and 0.71 kBT

for the beta distribution of work. Therefore, for a 10 fold increase in the distance
from equilibrium, the width of bounds increase by a factor of 9.66 for the truncated
normal, 1.005 for the bimodal distribution, and 1.76 for the beta distribution. The
comparison with the GRB method showcases this robustness to the distance from
equilibrium even better. In Fig. 4.5.2, we observe that for N = 1000, 〈wd〉 /∆F = 0.2,
and true ∆F = 10 kBT , the width of the GRB bound is 0.054 kBT . At N = 1000 and
〈wd〉 /∆F = 2.0 the width of the GRB bound is 14.12 kBT , which is an increase by a
factor of 261 where our bounds increased by a factor of 9.66. Note also that the GRB
bounds do not have a tunable confidence level, the confidence is set to a default level
of 50% and the bounds are guaranteed only when the distribution of work is normal.

The distributions we selected for the synthetically generated work samples re-
flect the nature of distributions of work observed in real systems. In Fig. 4.5.3, we
provide the distributions of work done on a Spring Mass system whose schematic is
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shown in Fig. 4.4.1. The Spring Mass system is a proxy for force spectroscopy of
single molecules of proteins using atomic force microscopes and produces normally
distributed work. Our bounds work under this setting with a growth in the width of
the bounds by a factor of ∼ 30 when the distance to equilibrium increases by a factor
of 44, corroborating our observations on synthetic data. Using optical tweezers to
do work on a particle in a time-multiplexed well (see Fig. 4.4.2), we show a real ex-
ample where the non-equilibrium work done is beta distributed. Such a multi-modal
distribution cannot be approximated by a normal distribution and hence methods
developed for normal distributions are not applicable. In contrast, our method can
be successfully applied, as seen in Fig. 4.5.4. Our method produces 95% confidence
bounds whose width converges to less than 20% of the true ∆F at around N = 400
samples.

We believe the techniques provided in this chapter are an important step to-
wards improving reproducibility of research and increasing confidence on measure-
ments made at the nano-scale. Future directions of this research are to improve the
sharpness of the bounds. This might be possible by further optimizing the interme-
diate steps or by using the bounds to detect dominant events which contribute more
to errors in the estimates. The developments in this chapter are available as an user
friendly toolbox in Python with tunable confidence levels.

4.7 Supporting Information

4.7.1 Time Averaged Potential of a Time-Multiplexed Opti-
cal Trap

The instantaneous potential Ũ (x, r) generated by an optical trap that is switched
between two locations, centered at Lr and Ll, with width ω is described by [107] and
given in 4.3. This is restated here for convenience:

Ũ (x, r) =


1
2k (x− Lr)2 + Ub, if |x− Lr| ≤ ω, r = 1,
1
2k (x− Ll)2 + Ub, if |x− Ll| ≤ ω, r = 0,
1
2kω

2 + Ub, otherwise.
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Here Ub is a constant, r (t) represents the location of the laser focus at time t, and
k is the spring constant of the laser trap. The location of the laser focus is at Lr

when r (t) = 1 and at Ll when r (t) = 0. Let tr and tl be the amount of time the
focus of the laser spends in the locations Lr and Ll respectively. Define T := tr + tl,
the switching time period. The duty ratio D defined as D := tr

tr+tl
. To find the time

averaged potential U (x,D) we consider the following three cases:

• Average potential of the right well, i.e. |x− Lr| ≤ ω.

U (x,D) = 1
T

ˆ T

0
Ũ (x, r) dt

= 1
T

ˆ DT

0

[1
2k (x− Lr)2 + Ub

]
dt+ 1

T

ˆ T

DT

[1
2kω

2 + Ub

]
dt

= D
2 k (x− Lr)2 + (1 − D)

2 kω2 + Ub.

• Average potential of the left well, i.e. |x− Ll| ≤ ω.

U (x,D) = 1
T

ˆ T

0
Ũ (x, r) dt

= 1
T

ˆ DT

0

[1
2kω

2 + Ub

]
dt+ 1

T

ˆ T

DT

[1
2k (x− Ll)2 + Ub

]
dt

= (1 − D)
2 k (x− Ll)2 + D

2 kω
2 + Ub.

• Average potential of the unlit region, i.e. |x− Lr| > ω and |x− Ll| > ω.

U (x,D) = 1
T

ˆ T

0
Ũ (x, r)dt

= 1
2kω

2 + Ub.

Therefore,

U (x,D) =


D
2 k (x− Lr)2 + 1−D

2 kω2 + Ub, if |x− Lr| ≤ ω,

1−D
2 k (x− Ll)2 + D

2 kω
2 + Ub, if |x− Ll| ≤ ω,

1
2kω

2 + Ub, otherwise.

112



4.7.2 Free Energy Difference for a Particle in a Time-
Multiplexed Optical Trap

The free energy of a particle in a bounded optical trap can be computed using the
relationship given by:

F = − 1
β

ln [Z (D)] ,

where, Z (D) is the partition function defined as:

Z (D) :=
ˆ ∞

−∞
e−βU ∗(x,D)dx.

Here U ∗ (x,D) is the time averaged potential of a bounded optical trap and is given
by:

U ∗ (x,D) =



D
2 k (x− Lr)2 + 1−D

2 kω2 + Ub, if |x− Lr| ≤ ω,

1−D
2 k (x− Ll)2 + D

2 kω
2 + Ub, if |x− Ll| ≤ ω,

1
2kω

2 + Ub, if |x| ≤ M, |x− Lr| > ω, |x− Ll| > ω,

∞ otherwise.

The infinite potential at −M and M represents the bounding walls at those locations,
implying the probability of finding the particle outside of the bounds is zero. In the
experimental setting, M > max {|Lr| , |Ll|} + ω. Therefore,

Z (D) = (2M − 4ω)e−β[ 1
2 kω2+Ub] (4.1)

+ Cl

2 ( π
αl

) 1
2 [erf(ω√

αl) − erf(−ω√
αl)] (4.2)

+ Cr

2 ( π
αr

) 1
2 [erf(ω√

αr) − erf(−ω√
αr)] , (4.3)

with Cl := e−β
(

D
2 kω2+Ub

)
, Cr := e−β

(1−D)
2 kω2+Ub , αl := β (1−D)

2 k, and αr := βD
2 k.

The free energy difference due to switching the duty ratio from an intial value of Di

to a final value of Df is thus given by:

∆F := F (Df ) − F (Di) = − 1
β

ln
[
Z (Df )
Z (Di)

]
. (4.4)
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4.7.3 Performance Figures

Fig. 4.7.1: Success rates for the bounds on the synthesized data with a known range.

Fig. 4.7.2: Success rates for the GRB bounds on the synthesized data with a known
range.
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Fig. 4.7.3: Success rates for the bounds on the Spring Mass data.

Fig. 4.7.4: Particle in a Time-Multiplexed Potential: Simulated Results
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Fig. 4.7.5: Success rates for the bounds on the simulated data from the optical
tweezers system.

Fig. 4.7.6: Success rates for the bounds on the experimental data from the optical
tweezers.
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Fig. 4.7.7: Performance and characteristics of the bounds on the synthesized data
with range estimated using the range of measurements method.
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Fig. 4.7.8: Success rates for the bounds on the synthesized data with range estimated
using the min-max method.
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Fig. 4.7.9: Performance and characteristics of the bounds on the synthesized data
with range estimated using the empirical Chebyshev inequality.
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Fig. 4.7.10: Success rates for the bounds on the synthesized data with range estimated
using the empirical Chebyshev inequality.
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Chapter 5

Conclusion and Future Scope

5.1 Conclusion

In the first part of this dissertation, we demonstrated an iterative change detection al-
gorithm. The algorithm works with minimal prior information to meet the challenges
of change detection in single molecule studies. We provided a theoretical framework
for understanding how the algorithm ’learns’ from data and from its own previous
estimate. We provided theoretical guarantees on the algorithm’s ability to improve
the posterior probability with each iteration. We corroborated our analysis with an
empirical performance study on a wide variety signals. Our algorithm is versatile and
is adaptable for a range of experimental conditions such as low signal to noise ratio,
sensor distortion, and non-linear parameter identification.

In the second part, we showcased how to modify our algorithm to help automate
data analysis required in single molecule force spectroscopic studies of proteins. We
then presented the techniques involved in the nano-mechanical characterization of the
muscle protein utrophin. Our nano-mechanical characterization of the large multi-
domain protein, utrophin, is the first study of its kind. Besides the tools for automated
data analysis, we provide the experimental protocols and diagnostic tools needed to
ensure only single molecules of the protein are being observed. We validated our
protocols as well as our tools on the engineered protein titin and the well studied soft
protein spectrin. Our study of utrophin yielded unexpected results - that utrophin is
stiffer than expected and that it exhibits heterogeneous behavior along its length. The
results, which led to the hypothesis that utrophin is more similar to titin rather than
spectrin could not have been observed from bulk studies, wherein, all fragments of
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utrophin have near identical characteristics. Our tools and techniques have enabled
the comparative study of utrophin derived using different expression systems and
helped suggest post-translation phosphorylation as a potential mechanism of tuning
the stiffness of utrophin [79].

Free energy, an important intrinsic property of proteins as well as many small
scale systems. This is different from the parameters such as unfolding forces, which
are dependent on experimental conditions. In the final part of the dissertation, we
develop confidence bounds for the free energy calculated using the Jarzynski equality
from a finite number samples of non-equilibrium work. We use optical tweezers as a
test bench to produce non-equilibrium work. We show that the work measured can be
well characterized analytically, yet produced a beta distributed non-equilibrium work
that cannot be approximated by a Gaussian distribution. Our confidence bounds do
not require prior information on the free energy or assumptions about the nature
of the distributions. We show the convergence properties of our bounds using both
synthetic data, as well as real data.

5.2 Future Scope

There are multiple avenues to extend the work presented in this thesis. One direction
is directed force spectroscopy, either using AFMs or optical tweezers, to improve the
interpretability of the data. In directed force spectroscopy, a protein under study is
modified to have directional chemical tags on either end, while the instrument probes
contain the complementary chemical tags that will link with the tags. This technique,
along with a fingerprint molecule in sequence with the protein will help ensure only
one molecule is being studied and will provide specificity on the exact domain of the
protein being studied. This is in contrast to our undirected force spectroscopic study,
which obfuscates information on the domains being unfolded.

The use of optically excitable fingerprints (fluorophore) in conjunction with To-
tal Internal Reflection Microscopy (TIRF) is another method to improve specificity
on the data being collected. The change detection algorithm can be expanded for
image analysis or for characterizing the fluorophores used in the TIRF based single
molecule force spectroscopy. The confidence bounds developed for the finite data
Jarzynski estimator can be expanded for reconstructing free energy landscapes from
non-equilibrium experiments, such as for the method provided in [86]. The use of
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the confidence bounds for the more general Crooks equality [110] in energy landscape
reconstruction will expand the scope of this work.
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