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ABSTRACT

Scanning Probe Microscopes (SPMs) are widely used for investigation of material prop-

erties and manipulation of matter at the nanoscale. These instruments are considered

critical enablers of nanotechnology by providing the only technique for direct obser-

vation of dynamics at the nanoscale and affecting it with sub Angstrom resolution.

Current SPMs are limited by low throughput and lack of quantitative measurements

of material properties. Various applications like the high density data storage, sub-20

nm lithography, fault detection and functional probing of semiconductor circuits, direct

observation of dynamical processes involved in biological samples viz. motor proteins

and transport phenomena in various materials demand high throughput operation. Re-

searchers involved in material characterization at nanoscale are interested in getting

quantitative measurements of stiffness and dissipative properties of various materials in

a least invasive manner.

In this thesis, system theoretic concepts are used to address these limitations. The

central tenet of the thesis is to model, the known information about the system and

then focus on perturbations of these known dynamics or model, to sense the effects

due to changes in the environment such as changes in material properties or surface

topography. Thus a model mismatch paradigm for probe based nanoscale imaging is

developed.

The topic is developed by presenting physics based modeling of a particular mode of

operation of SPMs called the dynamic mode operation. This mode is modeled as a forced

Lure system where a linear time invariant system is in feedback with an unknown static

memoryless nonlinearity. Tools from averaging theory are used to tame this complex

nonlinear system by approximating it as a linear system with time varying parameters.

Material properties are thus transformed from being parameters of unknown nonlinear

functions to being unknown coefficients of a linear plant.

The first contribution of this thesis deals with real time detection and reduction

of spurious areas in the image which are also known as probe-loss areas. These areas

become severely detrimental during high speed operations. The detection strategy is

based on thresholding of a distance measure, which captures the difference between
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sensor models in absence and presence of probe-loss. A switching gain control strategy

based on the output of a Kalman Filter is used to reduce probe-loss areas in real time.

The efficacy of this technique is demonstrated through experimental results showing

increased image fidelity at scan rates that are 10 times faster than conventional scan

rates.

The second contribution of this thesis deals with developing multi-frequency input

excitation strategy and deriving a bias compensated adaptive parameter estimation

strategy to determine the instantaneous equivalent cantilever model. This is used to

address the challenge of quantitative imaging at high bandwidth operation by relating

the estimated plant coefficients to conservative and dissipative components of tip-sample

interaction. The efficacy of the technique is demonstrated for quantitative material

characterization of a polymer sample, resulting in material information not previously

obtainable during dynamic mode operation. This information is obtained at speeds

which are two orders faster than existing techniques. Quantitative verification strategies

for the accuracy of estimated parameters are presented.

The third contribution of this thesis deals with developing real time tractable models

and characterization methodology for an electrostatically actuated MEMS cantilever

with an integrated solid state thermal sensor. Appropriate modeling assumptions are

made to delineate various nonlinear forces on the cantilever viz. electrostatic force, tip-

sample interaction force and capacitive coupling. Experimental strategy is presented to

measure the thermal sensing transfer function from DC-100kHz. A quantitative match

between experimental and simulated data is obtained for the large range nonlinearities

and small signal dynamics.

vi



Contents

Acknowledgements i

Dedication iv

Abstract v

List of Figures xi

1 INTRODUCTION 1

1.1 Organization of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Real Time Reduction of Probe-loss using Switching Gain Controller

for High Speed Atomic Force Microscopy 14

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3 Two-Level Model Mismatch Based Strategy for Probe-loss Reduction . . 18

2.4 Switching Gain PID Controller Architecture . . . . . . . . . . . . . . . . 21

2.5 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3 Real Time Estimation of Equivalent Cantilever Parameters in Tapping

Mode Atomic Force Microscopy 27

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Modeling Cantilever Dynamics in Tapping Mode as Linear Time Varying

Plant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

vii



3.3 Adaptive Parameter Estimation Strategy to Estimate Equivalent Can-

tilever Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.3.1 Derivation of Bias Compensated Exponentially Weighted Recur-

sive Least Squares (BCEWRLS) Technique . . . . . . . . . . . . 30

3.3.2 Persistently Excited Cantilever Excitation (Sum of Three Sinusoids) 39

3.3.3 Recursive Estimation of Equivalent Parameters (REEP) Tech-

nique for Atomic Force Microscopy . . . . . . . . . . . . . . . . . 40

3.3.4 Deriving f0 and Q from REEP Output . . . . . . . . . . . . . . . 42

3.4 Verification of REEP Estimates . . . . . . . . . . . . . . . . . . . . . . . 43

3.4.1 Validation of Off-Sample Estimates . . . . . . . . . . . . . . . . . 43

3.4.2 Minimum Error RMS Based Validation of On-Sample Estimates 44

3.4.3 Direct Validation of Estimates using Averaging Theory . . . . . 51

3.5 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4 Resonant Frequency Based Sensing for Low Q Operations of Dynamic

Mode Atomic Force Microscopy 59

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.2 Piecewise Linear Tip-Sample Interaction Force . . . . . . . . . . . . . . 60

4.3 Deriving Expressions for Equivalent Cantilever Parameters using Aver-

aging Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.4 Deriving Resonant Frequency Sensitivity to changes in Sample Topography 63

4.5 Deriving Equivalent Damping Coefficient Sensitivity to changes in Sam-

ple Topography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.6 Deriving Amplitude Sensitivity to changes in Sample Topography . . . . 68

4.7 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5 Observer Based Tapping Mode AFM 78

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.2 Analyzing Innovation Error Sensitivity to changes in Plant Model . . . . 79

5.2.1 Steady Steady Analysis of Error Signal when Plant and Observer

Models are Different . . . . . . . . . . . . . . . . . . . . . . . . . 81

viii



5.2.2 Application: Cantilever-Sample System in Tapping Mode Operation 83

5.2.3 Sensitivity of Steady State RMS to changes in Equivalent Can-

tilever Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.2.4 SNR Analysis of RMS of Error Signal . . . . . . . . . . . . . . . 92

5.3 Initial State Response Analysis of RMS of Error Signal . . . . . . . . . . 99

5.4 Experimental Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.4.1 Experimental Vs Analytical Error RMS Sensitivity Equations . . 101

5.4.2 Experimental Verification of Trade off Between the Observer Model

and Observer Gain for Enhanced Signal Bandwidth and Sensitivity104

5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6 Real Time Models of Electrostatically Actuated Cantilever Probes

with Integrated Thermal Sensor for Nanoscale Interrogation 110

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.2 Device Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.3 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

6.4 Cantilever Beam Mechanics and Force Modeling . . . . . . . . . . . . . 115

6.4.1 Cantilever Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.4.2 Feedback Models of Tip-Sample Interaction Forces and Electro-

static Forces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

6.4.3 Thermal Sensor Model . . . . . . . . . . . . . . . . . . . . . . . . 119

6.5 System Identification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

6.5.1 Laser-Photodiode Sensor Based Identification . . . . . . . . . . . 121

6.5.2 Thermal Sensor Based Identification . . . . . . . . . . . . . . . . 122

6.5.3 Virtual Position Sensor . . . . . . . . . . . . . . . . . . . . . . . 127

6.6 Dynamic Characterization of Thermal Sensor . . . . . . . . . . . . . . . 129

6.6.1 Identification of Sensing Transfer Function (ΓĨR t̃s) . . . . . . . . 133
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done. The phase plot indicates that the tip-sample interaction is attrac-

tive at low interaction levels while it is net repulsive at higher interaction

levels during the force curve. The cantilever amplitude also jumps from

the stable attractive branch to the stable repulsive branch and vice-versa

during the force curve. This behavior is consistent in all the three fig-

ures. The jump locations and magnitudes are also captured in both the

algorithms. Red plots are obtained from averaging theory while the blue

plots are obtained from the REEP algorithm. . . . . . . . . . . . . . . . 54
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3.14 Figure shows a) phase b) equivalent resonant frequency and c) equiv-

alent quality factor of the cantilever when an amplitude force curve is

being done. The off-sample quality factor of the cantilever is low (38).

The phase plot indicates that the tip-sample interaction is net attractive

throughout the force curve. Thus the phase is increasing from its off-

sample value and the equivalent resonant frequency and quality factor

are decreasing. Red plots are obtained from averaging theory while the

blue plots are obtained from the REEP algorithm. . . . . . . . . . . . . 55

3.15 Experimentally obtained a) Amplitude b) Estimated f ′0 c) Estimated

Q′ response during z-force curve experiment. ∆ Amplitude = 12 nm;

∆f0 = 350 Hz; ∆Q = 110. There are two different slopes in f ′0 estimate

curve. Both f ′0 and Q′ decrease with decrease in tip-sample separation. . 56

3.16 Experimentally obtained Sample Profile (top-blue-dash curve), Ampli-

tude (top-green-solid curve), f ′0 estimate (bottom-blue-dash curve), Q′

estimate (bottom-green-solid curve) while imaging ≤ 1 nm square profile

at (a) 10 Hz (b) 100 Hz. ≤ 1 nm steps are clearly visible in f ′0 and Q′

estimates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.17 Experimentally obtained a) f ′0 estimate b) Q′ estimate during force spec-

troscopy experiment done on a freshly cleaved mica surface and then

subsequently at 45 min, 2 hrs and 16 hrs. Localization of surface forces

within 20 nm of the sample surface occurs after 16 hrs of cleaving a mica

surface. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.1 Piecewise nonlinear tip-sample interaction force model. . . . . . . . . . 61
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4.2 Figure shows simulations results of (a) equivalent resonant frequency

force curves obtained from the REEP algorithm (b) Sensitivity of the

equivalent resonant frequency during these force curves. Each curve is

obtained for a particular off-sample quality factor of the cantilever. Seven

such plots are obtained for varying off-sample cantilever quality factor as

detailed in the legend. It is shown through these plots that the net change

in the equivalent resonant frequency during a force curve increases with

decrease in the off-sample cantilever quality factor. The sensitivity of

equivalent resonant frequency with respect to the sample topography in-

creases as well. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.3 Figure shows simulations results of (a) equivalent quality factor force

curves obtained from the REEP algorithm (b) Sensitivity of the equiv-

alent damping during these force curves. Each curve is obtained for a

particular off-sample quality factor of the cantilever. Seven such plots

are obtained for varying off-sample cantilever quality factor as detailed

in the legend. The net change in the quality factor during a force curve

decreases with a decrease in the off-sample cantilever quality factor even

though the sensitivity of the equivalent cantilever damping has an in-

creasing trend. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.4 Figure shows simulations results of (a) amplitude force curves (b) Sen-

sitivity of the amplitude during these force curves. Each curve is ob-

tained for a particular off-sample quality factor of the cantilever. Seven

such plots are obtained for varying off-sample cantilever quality factor

as detailed in the legend. Amplitude sensitivity remains fixed at one as

expected from the reporting in the literature. The amplitude sensitivity

is reported to reduce with decreasing off-sample cantilever quality factor

for non-compliant surfaces. . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.5 Figure shows simulations results of phase force curves. Each curve is

obtained for a particular off-sample quality factor of the cantilever. Seven

such plots are obtained for varying off-sample cantilever quality factor

as detailed in the legend. The net attractive regime decreases and net

repulsive regime increases with reducing off-sample cantilever quality factor. 72
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4.6 Figure shows experimental results of (a) amplitude force curves (b) Sen-

sitivity of the amplitude during these force curves. Each curve is ob-

tained for a particular off-sample quality factor of the cantilever. Seven

such plots are obtained for varying off-sample cantilever quality factor

as detailed in the legend. Amplitude sensitivity remains fixed at one as

expected from the reporting in the literature. The amplitude sensitivity

is reported to reduce with decreasing off-sample cantilever quality factor

for non-compliant surfaces. . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.7 Figure shows experimental results of (a) equivalent resonant frequency

force curves obtained from the REEP algorithm (b) Sensitivity of the

equivalent resonant frequency during these force curves. Each curve is

obtained for a particular off-sample quality factor of the cantilever. Seven

such plots are obtained for varying off-sample cantilever quality factor

as detailed in the legend. It is shown through these plots that the net

change in the equivalent resonant frequency during a force curve increases

with decrease in the off-sample cantilever quality factor. The sensitivity

of equivalent resonant frequency with respect to the sample topography

increases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.8 Figure shows experimental results of (a) equivalent quality factor force

curves obtained from the REEP algorithm (b) Sensitivity of the equiva-

lent quality factor during these force curves. Each curve is obtained for

a particular off-sample quality factor of the cantilever. Seven such plots

are obtained for varying off-sample cantilever quality factor as detailed

in the legend. The net change in the quality factor during a force curve

and its sensitivity with respect to sample topography decreases with a

decrease in the off-sample cantilever quality factor. . . . . . . . . . . . . 76

4.9 Figure shows experimental results of (a) phase force curves (b) Phase

sensitivity with respect to sample topography. Each curve is obtained for

a particular off-sample quality factor of the cantilever. Seven such plots

are obtained for varying off-sample cantilever quality factor as detailed in

the legend. The net attractive regime decreases and net repulsive regime

increases with reducing off-sample cantilever quality factor. . . . . . . . 77
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5.1 Input Output Model of a plant-observer system. Cantilever excitation

(g(t)), thermal noise (η(t)) and measurement noise (ν(t)) are three inde-

pendent inputs to the system and output is the innovation signal (e(t)).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.2 (a) Phase (b) Equivalent resonant frequency and (c) Equivalent quality

factor force curves of the cantilever with respect to amplitude. Plots (b)

and (c) provide (ωe, Qe) pairs for each amplitude point and thus each

tip-sample separation during the force curve. This is used to define a

direction of analysis in (ω,Q) space for analysis. . . . . . . . . . . . . . 85

5.3 2-D plots for RMS of the error signal. The nominal cantilever model

about which these sensitivities are plotted is off-sample cantilever model.

Each point in the 2-D space represents a particular combination for the

observer model. It can be seen from the plots that the minima is obtained

when the observer model coincides with the off-sample cantilever model. 86

5.4 2-D plots for sensitivity of the error rms to changes in the equivalent res-

onant frequency of the cantilever. The nominal cantilever model about

which these sensitivities are plotted is off-sample cantilever model. Each

point in the 2-D space represents a particular combination for the ob-

server model. It can be seen from the plots that the minima is obtained

when the observer model coincides with the off-sample cantilever model. 86

5.5 2-D plots for sensitivity of the error rms to changes in the equivalent qual-

ity factor of the cantilever. The nominal cantilever model about which

these sensitivities are plotted is off-sample cantilever model. Each point

in the 2-D space represents a particular combination for the observer

model. It can be seen from the plots that the minima is obtained when

the observer model coincides with the off-sample cantilever model. . . . 87

5.6 2-D plots for RMS of the error signal. The nominal cantilever model

about which these sensitivities are plotted is on-sample cantilever model

corresponding to a very low setpoint amplitude. Each point in the 2-D

space represents a particular combination for the observer model. It can

be seen from the plots that the minima is obtained when the observer

model coincides with the on-sample cantilever model. . . . . . . . . . . . 87
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5.7 2-D plots for sensitivity of the error rms to changes in the equivalent res-

onant frequency of the cantilever. The nominal cantilever model about

which these sensitivities are plotted is on-sample cantilever model corre-

sponding to a very low setpoint amplitude. Each point in the 2-D space

represents a particular combination for the observer model. It can be

seen from the plots that the minima is obtained when the observer model

coincides with the on-sample cantilever model. . . . . . . . . . . . . . . 88

5.8 2-D plots for sensitivity of the error rms to changes in the equivalent qual-

ity factor of the cantilever. The nominal cantilever model about which

these sensitivities are plotted is on-sample cantilever model corresponding

to a very low setpoint amplitude. Each point in the 2-D space represents

a particular combination for the observer model. It can be seen from

the plots that the minima is obtained when the observer model coincides

with the on-sample cantilever model. . . . . . . . . . . . . . . . . . . . 88

5.9 Directional plots for RMS of the error signal. The direction along which

these lines are plotted corresponds to the (ωe, Qe) values along the force

curve. The blue curve correspond to off-sample nominal cantilever model

with aggressive observer gains. The red curve correspond to on-sample

nominal cantilever model with aggressive controller gains. The green

curve correspond to the off-sample nominal cantilever model with low

observer gains. The minima in all three curves is obtained when the

observer model coincides with their respective nominal cantilever model.

Ae can be increased drastically by reducing the observer gains. . . . . . 90
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5.10 Directional plots for sensitivity of the error rms to changes in the equiva-

lent resonant frequency of the cantilever. The direction along which these

lines are plotted corresponds to the (ωe, Qe) values along the force curve.

The blue curve correspond to off-sample nominal cantilever model with

aggressive observer gains. The red curve correspond to on-sample nom-

inal cantilever model with aggressive controller gains. The green curve

correspond to the off-sample nominal cantilever model with low observer

gains. The minima in all three curves is obtained when the observer

model coincides with their respective nominal cantilever model. ∂Ae
∂ωe

can

be increased drastically by reducing the observer gains. The green curve

is divided by a factor of 100 before plotting. . . . . . . . . . . . . . . . . 91

5.11 Directional plots for sensitivity of the error rms to changes in the equiv-

alent quality factor of the cantilever. The direction along which these

lines are plotted corresponds to the (ωe, Qe) values along the force curve.

The blue curve correspond to off-sample nominal cantilever model with

aggressive observer gains. The red curve correspond to on-sample nom-

inal cantilever model with aggressive controller gains. The green curve

correspond to the off-sample nominal cantilever model with low observer

gains. The minima in all three curves is obtained when the observer

model coincides with their respective nominal cantilever model. ∂Ae
∂Qe

can

be increased drastically by reducing the observer gains. The green curve

is divided by a factor of 10 before plotting. . . . . . . . . . . . . . . . . 92

5.12 2-D plots of (a) Signal component of the thermal noise in the error sig-

nal (b) Noise component of thermal noise in the error signal and (c) the

measurement noise component in the error signal. Sη shows same trends

as Ae as expected from the derived equations whereby the minima is

reached when the observer model coincides with the nominal cantilever

model. Nη and Nν increase in variance as the quality factor of the ob-

server system increases. They show negligible variation with changes in

the observer resonant frequency as expected. . . . . . . . . . . . . . . . 94
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5.13 2-D plots for (a) Signal to Noise ratio (Sg/(Sη+Nη)) (b) Signal to noise ra-

tio (Sg/Nν) when the nominal cantilever model corresponds to off-sample

dynamics. Signal to noise ratio increases as the ”distance” of the observer

from the nominal cantilever model increases. . . . . . . . . . . . . . . . 95

5.14 2-D plots of signal component of the thermal noise in the error signal

when the nominal cantilever model is on-sample model. Sη shows same

trends as Ae as expected from the derived equations whereby the minima

is reached when the observer model coincides with the nominal cantilever

model. Nη and Nν remain the same since they do not depend on the

nominal cantilever dynamics. . . . . . . . . . . . . . . . . . . . . . . . . 95

5.15 2-D plots for (a) Signal to Noise ratio (Sg/(Sη+Nη)) (b) Signal to noise ra-

tio (Sg/Nν) when the nominal cantilever model corresponds to on-sample

dynamics with very low setpoint amplitude. Signal to noise ratio increases

as the ”distance” of the observer from the nominal cantilever model in-

creases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.16 Directional plots for (a) Sη (b) Nη and (c) Nν . The direction along

which these lines are plotted corresponds to the (ωe, Qe) values along the

force curve. The blue curve correspond to off-sample nominal cantilever

model with aggressive observer gains. The red curve correspond to on-

sample nominal cantilever model with aggressive controller gains. The

green curve correspond to the off-sample nominal cantilever model with

low observer gains. The minima in all three curves is obtained when the

observer model coincides with their respective nominal cantilever model.

There is a drastic increase in Nη and a drastic decrease in Nν as the

observer gains are reduced. . . . . . . . . . . . . . . . . . . . . . . . . . 97
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5.17 Directional plots for (a) Signal to Noise ratio (Sg/(Sη + Nη)) (b) Signal

to noise ratio (Sg/Nν). The direction along which these lines are plotted

corresponds to the (ωe, Qe) values along the force curve. The blue curve

correspond to off-sample nominal cantilever model with aggressive ob-

server gains. The red curve correspond to on-sample nominal cantilever

model with aggressive controller gains. The green curve correspond to

the off-sample nominal cantilever model with low observer gains. The

minima in all three curves is obtained when the observer model coincides

with their respective nominal cantilever model. The signal to noise ratio

with respect to the thermal noise increases slightly with reduction in ob-

server gains. But there is a drastic increase in the signal to noise ratio

with respect to the measurement noise as the observer gains are reduced.

The green curve in (b) is plotted after a division by a factor of 10000 . . 98

5.18 (a) 2-D plot (b) directional plot along the force curves of the peak tran-

sient value due to model mismatch between the observer and the equiv-

alent cantilever model. This extraneous contribution also increases as

the distance of the observer model from the nominal cantilever model

increases with the minima obtained when the two coincide. (b) shows

that the rate of increase of the peak transient component increases but

at a slow rate as compared to the rate at which Ae and its sensitivities

increase, as the observer gains are reduced. . . . . . . . . . . . . . . . . 100

5.19 Directional plots for A2
e when (a) the nominal observer model is off-sample

model with aggressive observer gains (b) nominal observer model is on-

sample model with aggressive observer gains and (c) observer model is

off-sample model with low observer gains. The blue curves are obtained

analytically using equation 5.16. The red curves are obtained from the

experimental data. Near quantitative match between the analytical and

experimentally derived quantities indicate that the experiments follow

the derived expressions closely. . . . . . . . . . . . . . . . . . . . . . . . 102
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5.20 Directional plots for dA2
e when (a) the nominal observer model is off-

sample model with aggressive observer gains (b) nominal observer model

is on-sample model with aggressive observer gains and (c) observer model

is off-sample model with low observer gains. The blue curves are obtained

analytically using equations 5.18 and 5.19. The red curves are obtained

from the experimental data. Near quantitative match between the analyt-

ical and experimentally derived quantities indicate that the experiments

follow the derived expressions closely. . . . . . . . . . . . . . . . . . . . . 103

5.21 Blue curve shows the equivalent resonant frequency of the cantilever dur-

ing a force curve. It reduces with decrease in the tip-sample separation.

The red curve is the equivalent cantilever frequency when the sample

topography consists of three different step heights. Three observers are

designed based on the nominal cantilever model at points A, B and C. 105

5.22 RMS of the error signal when (a) the observer is built on point A (b) the

observer is built on point B and (c) the observer is built on point C with

aggressive observer gains. The change in the equivalent cantilever model

during the experiment is around point B. So point B is the closest to the

cantilever models and then point C followed by point A. It can be seen

that the transients due to sudden change in the tip-sample interaction

are visible in all three plots but the sensitivity to steady state levels is

very low. It is a little better in (a) because the observer model is a little

farther from the nominal cantilever model. . . . . . . . . . . . . . . . . 106

5.23 RMS of the error signal which is the output of an adaptive observer. It

can be seen that the transients are visible in the signal but the sensitivity

to steady state levels is even lower than figure 5.22. This is because in the

case of an adaptive observer, the observer is always at the instantaneous

equivalent cantilever model. . . . . . . . . . . . . . . . . . . . . . . . . . 107
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5.24 RMS of the error signal when (a) the observer is built on point A (b) the

observer is built on point B and (c) the observer is built on point C with

very low observer gains. The change in the equivalent cantilever model

during the experiment is around point B. So point B is the closest

to the cantilever models and then point C followed by point A. The

sensitivity for the levels is maximum in (a) followed by (c) and then (b).

It can be seen that the transients due to sudden change in the tip-sample

interaction are not visible in all three plots anymore. This is because at

such low observer gains the transients due to purely (Ak−LC) matrix are

very slow and mainly governed by the cantilever dynamics. Moreover the

peak transient contribution due to model mismatch between the observer

and the cantilever model is also substantial. . . . . . . . . . . . . . . . 108

5.25 RMS of the error signal when (a) the observer is built on point A (b)

the observer is built on point B and (c) the observer is built on point C

with intermediate observer gains. The change in the equivalent cantilever

model during the experiment is around point B. So point B is the closest

to the cantilever models and then point C followed by point A. The

sensitivity for the levels is maximum in (a) followed by (c) and then (b).

In these plots, the sensitivity to the steady state levels is substantial and

the transients due to sudden changes in the tip-sample interactions are

also visible. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.1 (a) Schematic and (b) SEM image of the cantilever with integrated ther-

mal sensor. The cantilever with integrated thermal sensor is made out

of monolithic silicon. The legs are 65µm long and 1.5µm thick. Dimen-

sions of thermal sensor are 4µm × 3.2µm × 0.5µm (LxWxT). Hinge is

15µm long and 0.5µm thick. Legs of the cantilever are doped higher at

1− 2× 1020cm−3 as compared to the thermal sensor which has a doping

concentration of 4 × 1017cm−3. The mass of the cantilever is roughly

6 × 10−13 kg. There is a capacitive platform in the cantilever for elec-

trostatic actuation. All the experiments in this study were done at room

temperature with no active control of temperature, pressure or humidity. 113
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6.2 Integrated systems model with a detailed model of the thermal sensing

mechanism. Cantilever beam is modeled as a second order linear time

invariant system G(jω) which takes as input the thermal noise forcing η,

electrostatic force (per unit mass) Fesf and tip sample interaction force

(per unit mass) Fts and gives tip-deflection p as the output. p is mea-

sured by an optical sensor where the output is pm and is corrupted by a

measurement noise ν. Electrostatic force Fesf depends on the instanta-

neous potential difference between the cantilever and the sample which

is modeled as αRVR − Vsub. αR accounts for the non uniform potential

distribution along the cantilever legs. Tip sample separation ts = p− zs
modulo (l0 − th) is sensed by a thermal sensor which takes as input tip

sample separation ts and the thermal sensor voltage VR and gives current

IR = VR
R as the output. Measurement of IR is corrupted by measurement

noise γ. ΓTP is the dynamic map that relates instantaneous power dissi-

pation (V 2
R/R) in the cantilever and instantaneous tip-sample separation

(ts) to the cantilever temperature (T ). Resistance, R, of the thermal

sensor is related to temperature (T ) by a nonlinear static map, g(T ). . . 114

6.3 Experimental setup. VR is the voltage applied across the cantilever. IR

is the measured cantilever current. Vsub is the voltage applied to the

sample for actuating the cantilever electrostatically. Cantilever deflection

is sensed through a laser-photodiode mechanism. Sample positioning is

controlled through X-Y-Z positioner of DI microscope. Sample can also

be positioned with high bandwidth in z direction using a high bandwidth

z positioner. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
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6.4 (a) The feedback interconnection model encapsulates the interdependence

of the cantilever tip-deflection p and the tip-sample interaction force Fts.

The cantilever is modeled as a linear time invariant system G(s) that

takes as the input the dither VD and the tip-sample interaction force h

(per unit mass) and provides the tip deflection p as the output. The

tip-sample interaction force (per unit mass) takes as the input the tip

deflection p and provides the tip-sample force per unit mass h as the

output. The static nonlinearity Φ typically also depends on the tip ve-

locity ṗ. The signal y is the photo-diode output that provides a corrupted

version of the tip-deflection p with v being the measurement noise. (b)

Piecewise linear model of the tip-sample interaction. kr and ka denote

the repulsive and attractive spring constants. d is the parameter that

characterizes the difference in separations between the onset of attractive

and repulsive forces. d is a good measure of the thickness of the adhesion

layer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

6.5 (a) The electrostatic force modeled by a feedback interconnection of a

linear operator of the cantilever dynamics and the non-linear electrostatic

force (b) Simulated electrostatic force felt by the cantilever when the

lever-sample separation `s is varied. . . . . . . . . . . . . . . . . . . . . 119

6.6 p and zs are the tip-deflection and the sample position respectively. ts

and th are the tip-sample separation and the tip height respectively. `0

can be interpreted as the initial reference distance between the sample

and a nominal point on the lever surface. The lever-sample separation `s

is the instantaneous separation between the cantilever and the sample. . 120

6.7 (a) Experimentally obtained I-V curve. Voltage VR is ramped up lin-

early from 0V till 3.5V and then ramped down linearly at 3 Hz. Thermal

sensor output IR is measured. This is done in a quasistatic manner

so that at each point the thermal sensor is in equilibrium with its sur-

roundings. Breakdown voltage is ≈ 3.4 V (b) Experimentally identified

nonlinear static relationship, g(T ), between thermal sensor resistance (R)

and temperature (T ). This relationship is assumed to be same for all the

operating points of VR and ts. . . . . . . . . . . . . . . . . . . . . . . . . 123
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6.8 (a) The experimental z force curve with the monitored signal being IR.

z-piezo is ramped up linearly by a distance of 900nm and then ramped

down at 3 Hz. Thermal sensor output IR is recorded. Piezo is ramped up

from O to A to B. At A, the tip comes into contact with the sample. The

piezo is then ramped down from B to C to D to O. At C, the tip loses

its contact with the sample. This is called snap-off. (b) Experimentally

obtained DC gain of ΓTP = KTP as a function of ts is plotted. KTP

is a strong function of ts which results in tip-sample separation sensing

capability of the thermal sensor. . . . . . . . . . . . . . . . . . . . . . . 124

6.9 (a) Experimental electrostatic force curve with no snap-in i.e. the can-

tilever tip is in stable equilibrium with the forces at all the points in

electrostatic force curve. Vsub is ramped up from O to A to B. At A,

the tip comes into contact with the sample. The piezo is then ramped

down from B to C to D to O. At C, the tip snaps-off the sample.(b)

shows the IR axis in (a) converted to the tip-sample separation ts axis.

This experiment is performed to check the validity of the assumptions

made in converting the IR axis to the ts axis. The flat portion (ts not

changing with Vsub) should be at a value of ts = 0. Small experimental

value indicates that the assumptions made during conversion of zs into

ts are reasonably valid. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

6.10 (a) Experimental electrostatic force curve with IR vs Vsub plotted. Vsub is

ramped up from O to A to B. At A, the tip comes into contact with the

sample suddenly. This is called snap-in. The piezo is then ramped down

from B to C to D to O. At C, the tip snaps-off the sample. The IR axis is

converted to the tip-sample separation axis; a polynomial fit is obtained

to obtain a clean version of the data. The region where the tip-sample

interaction forces are negligible is used to identify the model parameters.

(b) shows the parameter fit (red-dashed) and experimental data (blue-

solid). Estimated model compares well with the experimental data at

large tip-sample separation. Slight deviation is observed at small tip-

sample separation indicating that the parallel plate model for electrostatic

force is not sufficient to capture the cantilever behavior in this region. . 126
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6.11 Fitting a second order transfer function around the resonance in measured

transfer function from Vsub to IR (a) magnitude (b) phase. Blue solid line

is the experimentally obtained response of ΓĨRṼsub and red dashed line is

the second order fit around resonance. This process allows estimation of

f0 and Q of the cantilever from the thermally sensed data. . . . . . . . . 128

6.12 Cantilever mechanical transfer function G(jω) (a) magnitude comparison

(b) Phase comparison. Blue-solid is experimental cantilever mechanical

transfer function obtained using optical beam bounce method. Red-dash

line is second order fit around the resonance of ΓĨRṼsub transfer function

obtained using thermal sensor output IR (see Figure 6.11). Good agree-

ment between both the plots indicate that parameters for the cantilever

mechanical transfer function can be estimated from the thermal sensor

output alone in the absence of an optical sensor. . . . . . . . . . . . . . 128

6.13 Small signal model for the thermal sensor about a nominal point (IR0, R0, T0).

ΓTP has been linearized as in Equation (6.8). C(jω) is the frequency re-

sponse from ∆P to ∆T and H(jω) is the frequency response from ∆ts

to ∆T . Nonlinear operators V 2

R ,
V
R , g(T ) are also linearized to obtain the

rest of the model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

6.14 Experimentally obtained magnitude and phase of cantilever mechanical
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Chapter 1

INTRODUCTION

Ever since the invention of atomic force microscope by Binnig et. al. in 1986 [1],

cantilever-beam shaped probes with a sharp tip at one end are used to interrogate ma-

terial properties such as topography ([2]), and mechanical ([2]), electrical ([3]), thermal

([4]) and optical ([5]) properties. The field of probe based sensors is fueled by develop-

ments in three critical fields.

• MEM Fabrication Technology:

Cantilever probes or arrays of cantilever probes with a sharp tip at one end can

be manufactured using semiconductor fabrication technology. By varying the size

and the material of cantilever beam (typical sizes are 100µm ×30µm ×1µm),

one can achieve probes with stiffness varying from 0.001 N/m to 140 N/m and

resonant frequency till 1.5 MHz ([6]). Tips can be grown on the cantilever beams

with tip radius ≈ 10 nm or less and from different materials for varying hardness

or conductive properties. As a result, various kinds of probe-based sensors are

available in market today that can sense topography, and electrical, magnetic,

thermal, optical and piezoelectric properties of the sample ([7, 6]).

• Sensing Technology:

Optical detection techniques like the beam-bounce method and interferometry

are used to sense cantilever deflection with a resolution of < 1Ao. In the beam-

bounce method, a laser beam is focused at the back of the cantilever tip, which

reflects it into a split photodiode. The ratio of the intensity of light in the two

1
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halves indicates the motion of the cantilever tip. Integrated sensing methods like

capacitive sensing ([8]), thermal sensing ([9]) and piezoresistive sensing ([10]) are

also commonly used.

• Application of Control Theory:

Control or feedback principles formed an integral part of the first design of the

scanning tunneling microscope (STM) and atomic force microscope (AFM) ([1]),

and still play a pivotal role in the development of probe-based sensing and imaging

schemes. Typically, the idea is to maintain the sensor (i.e. the tip) under a

constant influence of the sample for prolonged periods of time. For instance, in

contact mode AFM, a constant force is maintained on the tip by regulating the

cantilever deflection to a set value. In tapping mode AFM, the amplitude of the

oscillating cantilever is regulated. In frequency modulated AFM (FMAFM), the

resonant frequency of the cantilever is regulated. A control systems viewpoint also

plays a pivotal role in the positioning of the sample with respect to the tip of a

probe-based sensor with a positioning resolution of < 1Ao and high bandwidth.

The idea of using a probe based sensor with a sharp tip in contact mode operation

is similar to the operation of a gramophone stylus. The tip is in constant contact with

the sample and moves over the sample in a raster fashion. If there is a hill in the surface

topography then the cantilever is pushed up by the sample. Likewise if there is valley

then the cantilever is pushed down by its spring force. Corresponding deflections of the

cantilever are recorded through an optical detection method as a proportional measure

of sample topography. The cantilever is modeled as a spring with a spring constant k.

Thus F = kp, where F is the spring force on the cantilever, k is the spring constant

and p is the measured cantilever deflection, is used to infer the force from the measured

deflection. This equation also indicates that for higher signal to noise ratio (SNR) of

measured deflection with respect to the measurement noise, one would require softer

cantilevers. A problem arises from the fact that the intermolecular forces between tip

atoms and sample atoms are not monotonic in nature ([11]). These intermolecular forces

are modeled as the Lennard Jones force where the long range Van Der-Waals forces act

in addition to the short range chemical forces to result in a force profile as shown in

Figure 1.1. This results in a “snap-in” condition when the tip approaches the sample
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wherein the tip suddenly snaps into the sample and no longer interrogates the entire

force profile. To measure this force profile, typically, large stiffness cantilevers are used

in contact mode. Also the information in this mode of sensing is located in the low

frequency range, which is heavily affected by 1
f measurement noise, thereby reducing

the SNR of the measured signal. Thus to obtain a decent SNR, it is required to engage

the tip harder with the sample. This implies large tip-sample forces and consequent

tip-sample wear and tear in contact mode.

Figure 1.1: Nonlinear Tip-Sample interaction force modeled as Lennard Jones force.
This has contributions from long range Van Der-Waals forces and short range chemical
forces.

The second mode of sensing that was developed for probe-based sensors had the

following rationale. The cantilever beam in fixed-free configuration is modeled as a

superposition of infinite modes. Each mode is a second order spring-mass-damper sys-

tem. Typically, a first mode approximation of the cantilever beam suffices to predict

the deflection trajectories. If we oscillate the cantilever with small amplitudes near the

sample at its first resonance then the following force balance equation results.

mp̈+ cṗ+ kp = kg(t) + φ(p) (1.1)

where φ(p) is the nonlinear static memoryless tip-sample interaction force which is only

dependent on the tip-sample separation. Since the amplitude of cantilever oscillation is
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small, we can linearize φ(p) about a nominal operating point and get

m¨̃p+ c ˙̃p+ kp̃ = kg(t) + dφ(p)
dp |p0 p̃

m¨̃p+ c ˙̃p+ (k − dφ(p)
dp |p0)p̃ = kg(t)

(1.2)

where p̃ captures small changes in tip deflection about a nominal operating point. Thus

the equivalent stiffness of the cantilever changes in the presence of the external force.

Since dφ(p)
dp |p0 > 0 for an attractive force (see Figure 1.1), keff = (k − dφ(p)

dp |p0) < k

and since dφ(p)
dp |p0 < 0 for a repulsive force, keff = (k − dφ(p)

dp |p0) > k. Also since

the resonant frequency of the cantilever, ω2
0 = k

m , the resonant frequency of the first

mode of the cantilever will increase for a repulsive force and decrease for an attractive

force. From a feedback perspective, the idea is to regulate the resonant frequency of

the cantilever to a set value. Since the direction of the change of resonant frequency

flips signs depending on the nature of the force, we can only stabilize the tip in the

attractive part of the tip-sample force. Therefore this mode requires the samples to be

extremely flat in topography. Moreover, since the amplitudes of the operation are small,

this mode of operation requires high stiffness cantilevers to avoid “snap-in” condition.

This is because kA, where A is the amplitude of oscillation, should be large to overcome

the snap-in force. In this operation

ω2
eff =

keff
m =

(k− dφ(p)
dp
|p0 )

m
dφ(p)
dp |p0 = k −mω2

eff.
(1.3)

This mode measures the gradient of the tip-sample interaction force ([12]).

If there are dissipative as well as conservative parts to the tip-sample interaction force

then φ = φ(p, ṗ) depends on tip velocity in addition to the tip position. Linearization

results in

∆φ(p, ṗ) = dφ(p,ṗ)
dp |p0 p̃+ dφ(p,ṗ)

dṗ |ṗ0 ˙̃p

m¨̃p+ c ˙̃p+ kp̃ = kg(t) + dφ(p)
dp |p0 p̃+ dφ(p,ṗ)

dṗ |ṗ0 ˙̃p

m¨̃p+ (c− dφ(p,ṗ)
dṗ |ṗ0) ˙̃p+ (k − dφ(p)

dp |p0)p̃ = kg(t)

(1.4)

Thus ω2
eff captures the conservative part of the force and Qeff =

ceff
m captures the

dissipative part of the force.

Good SNR in this operation comes from the fact that the operation is away from

DC and centralized around the resonance of the first mode of the cantilever. At that
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frequency, 1/f measurement noise is negligible and the operation is thermal noise limited

([13]). Moreover, high Q of the cantilever provides higher gain to the signal as compared

to the measurement noise and thus improves SNR. Thus to achieve a resolution of< 1Ao,

in this mode, we require very high Q cantilever operation (typically 10000-15000) ([12]).

Also to stabilize the tip in the attractive regime of the tip-sample force, one requires to

control the environment and the temperature carefully. This mode is thus used in low

temperature and ultra high vacuum conditions. Low temperatures reduce the thermal

vibrations of the cantilever and increase the SNR, and ultra high vacuum increases

the quality factor of the cantilever and stabilizes the tip-sample forces by avoiding any

further growth on the sample. Since there is a large spectrum of samples that require

to be imaged in their native conditions viz. biological species in their native buffers,

this mode is rendered less useful for such applications.

The third more commonly used mode of operation, which also forms the main focus

of this thesis, is the tapping mode ([14]) or intermittent contact mode operation. In

this mode, the cantilever is oscillated near its resonance at large amplitudes such that

the tip traverses a substantial part of the force profile in every oscillation cycle. Typical

operational amplitudes are in the range of 25 − 40 nm. Since the tip-sample forces

are localized typically within 1 − 4 nm from the sample surface, it means that the

tip experiences tip-sample interaction forces for a small amount of time in the entire

oscillation period. In this operation

mp̈+ cṗ+ kp = kg(t) + φ(p, ṗ) (1.5)

where φ(p, ṗ) cannot be linearized. The amplitude and sine of the phase of the cantilever

oscillations change linearly with sample height ([15]) and are measured and used for

feedback and imaging purposes.

The desired sensitivity for this operation relies on the high quality factor of the

cantilever. Since this mode is used in ambient conditions and at room temperature,

typical values of Q in this operation are between 100−250. This gets much worse under

liquid since the quality factors drop to 10− 20 and so does the sensitivity of operation.

Also, inferring sample properties from the measured observables is not a straightforward

task since the only measureables are the amplitude and the phase at the excitation

frequency. It can be shown that deriving basic sample properties like elasticity and
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stiffness of the sample from amplitude and phase measurements can be quite challenging

([16, 17]). Moreover these signals are dependent on cantilever dynamics since these are

the outputs of the cantilever beam model. Thus the desire for obtaining high sensitivity

by opting for high quality factor of the beam sets off a trade off with respect to the

imaging bandwidth. Imaging is usually done by mapping steady state measureables

of the cantilever trajectory with the sample properties. Cantilever transients decay

inversely with respect to the quality factor of the system. Thus one has to image slowly

thereby effecting the throughput of the device. Thus there is a clear need to define

signals which are of high bandwidth as compared to the amplitude and phase signals

and can be used for high throughput operation. There is also a need for developing

real time observable quantities that are a direct measure of sample properties when the

probe based sensor is operating in intermittent contact mode.

Besides these basic AFM operation modes, a slew of other modes have been de-

veloped independently for imaging various material properties viz. optical, electrical,

magnetic, thermal etc. Most of these modes of operations utilize the fact that a can-

tilever beam is a very sensitive force sensor with localized sensing property. Hence it

can be used to nanoscale imaging. Moreover operating in dynamic mode and utilizing

the gain of the cantilever beam at its mode resonances helps to increase the signal to

noise ratio (SNR) with respect to the measurement noise.

Another important application where the knowledge of probe models in real time

play a pivotal role is in bio sensing. The application setup involves observing a cellular

process in its native environment from a distance using a probe based sensor without

a tip. Depending on the rate and type of cellular process and the diffusivity of the

surrounding media, the cell releases different proteins. Probes are biologically modified

to be specific to a particular protein. If that specific protein is released from the cell,

then it attaches to the cantilever modifying its effective mass. This results in a change

of the equivalent cantilever model. Knowledge of the equivalent cantilever model in

real time can help detect the presence of certain pathogens in the atmosphere and help

study the rates of various cellular processes.

One major drawback of probe-based sensors is the low throughput and slow rates at

which imaging can be done. Typical tapping mode operations require 6− 7 min/frame.

A number of biomolecular dynamics like motion of kinesin motor on a microtubule and



7

DNA transcription, take place at µsec time scales. To observe these processes in real

time, imaging rates of 30− 40 frames/sec are required. Another promising application

that requires high throughput from probe based sensors is that of high density data

storage. Owing to the capabilities of manipulating and sensing material at nanoscale,

probe based sensors offer the possibility of data storage with aerial densities exceeding

1 Tb/in2 ([18]). But to compete with current available techniques like flash technology,

the read/write rates must be compatible.

The challenges faced by probe-based sensors can thus be categorized as follows:

• Challenge of Spatial Scales

Probe based sensors provide excellent spatial resolutions (< 1Ao) and are able to

sense a large variety of material properties at nanoscale. But mapping material

properties for macro scale sized samples (≈ mm) requires considerable time and

in some cases it is not practical. Some key applications that require solutions to

this challenge are nanolithography for technologies beyond 20 nm sized features,

fault detection which includes electrical faults in fabricated chips or detection

of cracks in sheets, nanopatterning of media and high density data storage. A

basic difficulty arises from the fact that a single probe with a tip with nanometer

dimensions has to interact with each sample point, a process that takes time.

Secondly, positioning the sample with resolution (< 1Ao) with ≈ mm scale scan

sizes is an issue.

• Challenge of Temporal Scales

A number of processes occur at nanometer to micrometer scales which have time

scales ≈ µsec. Monitoring these processes at these time scales can help in under-

standing the dynamics involved in nanoscale physics, for eg. chemical reactions,

motion of kinesis motor on a microtubule, DNA transcription and charge dissocia-

tion process in solar cell materials ([19]). Even though current probe sensor based

instruments can monitor samples at the required spatial scales, they do not have

enough temporal resolution. The basic problem lies in the lack of algorithms that

can place the probe in proximity of the desired event at fast rates, and algorithms

that can decipher these events from the observed variables of the probe.

• Challenge of Quantitative Imaging
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Typically, the desired sample properties are deciphered from the output of the

probe based sensor without any knowledge about the reliability of that output

or the fidelity with which it represents the properties that need to be monitored.

At very slow operational speeds, the probe is in quasi-static operation where the

probe interacts with the sample in steady state. This, however, is not the case at

high speeds of operation, where the probe can be in prolonged transients due to

sample interaction, it might interact with the sample at different interaction levels

or it might not interact with the sample at all. Sample properties are still inferred

from the probe output in a manner similar to the quasi-static operation without

a handle on image fidelity. Thus, there is a need for algorithms that provide real

time handles for quantitative imaging.

There are currently two approaches for increasing the sensing rates of probe-based

sensors. The first approach focuses on increasing the rates for a single probe by devel-

oping what is called a “video rate AFM” ([20, 21]). The idea is to increase the X-Y scan

rates such that values of 30−40 frames/sec are achieved. This is achieved by decreasing

the size of the scanners, which increases their mechanical resonant frequency, designing

new flexure stage designs with higher mechanical resonances or by exploiting mechan-

ical resonances of certain devices like tuning forks. Several techniques are developed

to ensure continuous interaction of the tip with the sample at such high tip velocities

and then mapping the acquired data to sample properties. The second approach is

to employ several probe-based sensors in parallel to increase the throughput ([9]). In

this approach, an array of cantilevers is used to simultaneously probe different areas

of the sample. Even though this technique cannot be used for observing fast processes

occurring at a single point, they are well disposed for data storage applications where

the data bits from multiple areas on the sample can be read at the same time for high

read/write rates.

A general notable trend in the development of SPM field is the following. Researchers

are trying to discern more information from the sample by increasing the degrees of free-

dom in the sensor model and defining multiple signals that can be measured to gain more

knowledge about the sample. For instance, in contact mode, the cantilever is not actu-

ated and is modeled as a spring. Thus, deflection is the only measureable. In dynamic
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mode, the cantilever is being excited by a single sinusoid. In this, the cantilever is mod-

eled as a second order spring mass damper system with certain resonant frequency and

a quality factor. Additional measureable quantities are amplitude, phase and resonant

frequency of the beam which can then be related to the sample properties. After this,

the researchers developed schemes where two mode approximation of the cantilever was

used such that the cantilever would amplify two harmonics in the cantilever trajectory

due to nonlinear tip-sample interaction forces ([22]). Here we have amplitude, phase

and resonant frequency of two modes of cantilever for deciphering sample information.

Very recently, researchers suggested multi-frequency excitation techniques to estimate

the quality factor of the cantilever which made simultaneous mapping of conservative

and dissipative properties of the sample possible ([23]). There is thus a clear need to

define new imaging signals by either redefining cantilever excitation signals or by shap-

ing the cantilever transfer function such that more information about the tip sample

nonlinearity can be accessed.

Another widely prevalent field in signal processing, control systems and communi-

cation is based on the idea of extracting information from changes in the models or

deviations from nominal behavior. For instance, in robust control, the idea is to design

a linear controller such that the required performance objectives are met for a certain

class of uncertain models. Thus the change in models is treated as an uncertainty and

a controller is designed with sufficient margins such that performance specifications are

achieved across the entire set of plants. If the uncertainty magnitude is very large or if

the operating conditions of the plant change during the operation then techniques like

switching gain control, linear parameter varying control and multi linear plant designs

are used to transit between optimal controllers for each operating point. In detection

algorithms, any deviation from the nominal behavior is used for fault detection or for

identifying outliers. Concepts of “model mismatch” or “distance between models” or

“deviation from nominal model” is not present in MEMS sensors including probe based

sensors. In this thesis, the paradigm of model mismatch is developed for probe based

sensors and for imaging and mapping of material properties.
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1.1 Organization of the Thesis

This thesis emphasizes on developing a model mismatch paradigm for probe-based sen-

sors for nanoscale imaging in dynamic mode operation. Such a development requires

• Development of modeling and characterization techniques that provide real time

information of the instantaneous probe model. This shall set the platform to map

model based algorithms to probe based sensing.

• Developing a measure to capture the distance of an instantaneous probe model

when it is under the influence of the sample from a nominal model. This requires

the comparison of sensitivity of such a measure with conventional imaging pa-

rameters, and development of algorithms that amplify this sensitivity for sensing

purposes.

• Using this measure to address some of the challenges that plague probe based

sensing applications, viz. detection of events based on the deviations from the

expected behavior or developing improved controllers that, apart from maintaining

stable operation and constant tip-sample force, also amplify the sensitivity of this

measure and achieve high bandwidth at higher resolutions.

The thesis is organized as follows:

• In video rate imaging, a critical problem that arises is that of “probe-loss”. Dur-

ing probe-loss, the tip loses contact with the sample for some time and hence is

no longer a reliable source of sample information. Such areas become more pro-

nounced during high speed imaging. For quantitative imaging, a real time handle

is required along with the image that tells which area of the image is reliable and

which is not. Also such areas of probe-loss need to be minimized in real time to

ensure continuous interaction of the tip with the sample. Chapter 2 exploits the

knowledge of models to address this situation.

– The problem is formulated as a two state model mismatch situation.

– RMS of innovation error is used to achieve high bandwidth operation as

opposed to currently used amplitude signal which is dependent on cantilever

dynamics.



11

– Switching gain PI controllers are used to reduce probe-loss areas in real time.

– Lost DNA strands (typical height 1.4 nm) are recovered at speeds 30 times

faster than conventional speeds.

• Chapter 3 deals with the development of a real time recursive technique for esti-

mating an equivalent probe model in dynamic mode operation.

– Sufficient cantilever excitation is chosen in a manner that is least disruptive

to normal dynamic mode operation and is sufficient to estimate the model

parameters.

– The bandwidth of estimating these parameters is < 400µsec, which is two

orders better than existing techniques and shall enable monitoring various

processes at native time scales.

– The resolution of the technique for detecting topographic changes is better

than 1 nm.

– A biased compensated exponentially weighted recursive least squares (BCEWRLS)

algorithm is developed to estimate these parameters.

– Detailed verification of the estimates provided by the REEP algorithm is

done for both off-sample and on-sample situations.

Chapter 4 and 5 present two independent measures based on model mismatch prin-

ciple, that can be used to enhance imaging performance in dynamic mode operation.

These chapters utilize the development presented in chapter 3 in their analysis.

• In Chapter 4, use of resonant frequency estimate of the cantilever as an imaging

signal is proposed during low Q tapping mode operation.

– Analytical expression for sensitivity of resonant frequency estimate, damping

coefficient estimate and amplitude with respect to changes in sample topog-

raphy is derived

– Experimental and analytical demonstration of increasing sensitivity of the

resonant frequency estimates with reducing quality factors of the cantilever.

This trend is opposite to the amplitude sensitivity which reduces with reduc-

ing quality factor and is upper bounded.
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• In Chapter 5, observer based imaging technique for tapping mode AFM is pro-

posed.

– Sensitivity expression for RMS of the observer error signal with respect to

the changes in the plant model is derived.

– It is shown that by choosing an appropriate observer model that is differ-

ent from the nominal plant model, one can obtain enhanced steady state

sensitivity and signal to noise ratio and good imaging bandwidth.

Chapter 6 and 7 develop model mismatch paradigm for electrostatically actuated

cantilevers. One particular realization of probe based high density data storage appli-

cation is the “Millipede” project being executed by researchers at IBM Research Labs,

Zurich. The probes in this application are electrostatically actuated and have integrated

thermal sensing. The bits are stored by thermally making indentations on a polymer

media. Presence of an indentation implies bit 1 and absence implies bit 0. In the initial

phases of the project, these bits were sensed in contact mode operation. This led to huge

wear and tear of the tip and the media over a large number of read operations and conse-

quent reduction in device durability. If the tip gets blunt over time, bit widths increase

and areal density of the device reduce. Also, scratching of the polymer media could lead

to degradation of the media over time. So the idea was to move towards dynamic mode

operation to lower tip-sample forces and consequent wear and tear. In dynamic mode,

the read out rates are typically lower than contact mode and hence an algorithm for

fast bit detection is required. This requires development of tractable models that can

be characterized easily from thermal sensor data alone and are able to predict cantilever

trajectories accurately. Such a model can then be used to develop abstract algorithms

for high speed bit detection using a model mismatch based paradigm.

• Chapter 6 deals with developing tractable modeling and characterization method-

ology for electrostatically actuated cantilever with integrated thermal sensor.

– Development of tractable models that can predict cantilever trajectories

quantitatively and can be simulated in MATLAB environment to test ad-

vanced algorithms as compared to resource intensive FEM simulations or

analytical models for simplified cantilever geometries.
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– Identification of model parameters using only the thermal sensor data. This

is critical in an integrated environment where optical sensing is not available.

– Identification of thermal sensing transfer function till a bandwidth of 100 kHz.

This matches well with the currently available results from FEM simulations.

• Chapter 7 uses the modeling and characterization technique developed in chapter 6

and model mismatch concept to demonstrate high bandwidth image reconstruction

in electrostatically actuated cantilevers.

– Techniques for precise characterization of electrostatic force models is pre-

sented.

– Extended Kalman filter is designed to predict the nominal behavior of the

cantilever.

– Experimental and simulation demonstration of high bandwidth sample re-

construction which can be both in topography disturbance and voltage dis-

turbance.



Chapter 2

Real Time Reduction of

Probe-loss using Switching Gain

Controller for High Speed Atomic

Force Microscopy

2.1 Introduction

Ever since the invention of scanning tunneling microscope by Binnig et al. [1] in 1986,

scanning probe microscopes (SPMs) have found widespread use for probing materials

and their related properties with spatial resolution at atomic scale and measurement of

forces in the range of 1 pN-100 pN. Despite their versatility and usefulness, SPMs are

plagued by slow imaging rates typically in the range of 3−6 min/frame and consequently

low throughput. A large number of applications viz. fault detection [24], nanolithogra-

phy [25] and visualization of the dynamics of molecular proteins [20] demand a higher

imaging rate (greater than 30− 40 frames/sec is needed).

Tapping mode operation is desirable in most applications since it reduces the lateral

forces exerted by the tip on the sample thereby reducing tip-sample wear. In tapping

mode, the cantilever is actuated near its first mode resonant frequency and interacts with

the sample intermittently. These intermittent contacts with the sample as the cantilever

14
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oscillates, transduce sample topography and its properties onto steady state amplitude

and phase of the cantilever which are then interpreted to infer sample properties. Given

the need for high speed imaging and the advantages of tapping mode operation, the

need for tapping mode high speed AFM is evident.

There are many factors that need to be carefully accounted for while developing

a high speed atomic force microscope (HSAFM) employing tapping mode operation

[26, 27]. One of the primary challenges for HSAFM is that of probe-loss. Consider

the scenario during imaging where the tip encounters a valley-like feature on the sample

topography. Suppose also that prior to the arrival of such a feature, the tip is interacting

with the sample as it oscillates, with the amplitude being maintained close to the set

point amplitude, As. On encountering the valley, the tip loses contact with the sample

and it is no longer interacting with the sample. Such a scenario leads to probe-loss [28]

or parachuting [29].

In this thesis, we report significant reduction of probe-loss effected areas by im-

plementing a switching gain PID controller which is based on the thresholding of the

reliability index. It is shown that reliability index provides a faster thresholding signal

as compared to amplitude signal. Real time reduction of probe-loss areas is shown on

imaging of calibration sample at tip velocity of 240 µm/sec. It is shown that features

that are lost during a high imaging rate with constant low gain controller are recovered

by the use of switching gain controller even for a high aspect ratio sample. Finally

a plasmid DNA on mica, with a height of 1.4 nm, is imaged at 30 Hz scan rate and

reconstruction of a lost strand is shown to reveal that the resolution of the technique is

better than 2 nm.

2.2 Problem Formulation

Note that as the cantilever is not interacting with the sample during probe-loss, the

amplitude dynamics is decoupled from the sample topography and the positioning dy-

namics in z-direction. Indeed the amplitude increases as

∆a(t) = (A0 −As)(1− e−ω0t/2Q), (2.1)

which is completely determined by operating parameters Q, ω0, A0 and As where Q,

ω0, A0 and As are the quality factor, resonant frequency, free air amplitude and set
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point amplitude of the cantilever respectively. The positioning dynamics in z-direction is

governed by the difference, ∆e, from the setpoint amplitude As of the current amplitude,

a(t), given by

a(t) = As + (A0 −As)(1− e−ω0t/2Q), (2.2)

which makes ∆e(t) = ∆a(t) = (A0 − As)(1− e−ω0t/2Q). If a PI controller is employed,

the sample position, u(t), in z-direction, is given by

u(t) = gpiezo(t) ∗ {KI

∫ t
0 ∆a(τ)dτ +Kp∆a(t)} (2.3)

where gpiezo(t) is the impulse response of the z-piezo actuator and ∗ denotes the convo-

lution operator. In typical cases, it follows from (2.3) that if ∆a(t) is large, the sample

is pushed towards the cantilever faster. If ∆h is the separation between the tip and the

sample at the onset of probe-loss then the minimum time, td, needed to recover from

probe-loss is given by

(A0 −As)(1− e−ω0td/2Q) +
[
gpiezo(t) ∗ {KI

∫ t
0 ∆a(τ)dτ +Kp∆a(t)}

]
t=td

= ∆h,

(2.4)

which is obtained by adding (2.1) and (2.3) since the tip is not interacting with the

sample.

A strategy employed by Sulcheck et. al. [26] for reducing probe-loss is to actively

reduce the quality factor Q of the cantilever that lets the amplitude increase and reach

its maximum value (A0−As) faster that leads to a larger ∆a(t). However, the drawback

of this methodology is that the quality factor remains reduced when there is no probe-

loss and thus the on-sample behavior can suffer due to low Q operation. Another

strategy for reducing td is to increase controller gains, on the positioning piezo, KI and

Kp beyond values that might be optimal for the particular sample. This strategy will

lessen probe-loss affected area, however, it will lead to worsened on-sample behavior

due to large tip-sample forces and can also induce instabilities due to the uncertain

on-sample behavior. The trade off arises due to conflicting requirements of imaging

parameters viz. Q, KI and KP when the tip is on-sample versus when it is off-sample.

Choice of optimal controller gains for imaging a sample depend on gpiezo dynamics and

sample features. Typically controller gains are chosen as high as possible to enable

better tracking of sample topography and maintaining required set point amplitude.
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However controller gains cannot be chosen arbitrarily high since that leads to unstable

behavior of the tip over the sample. This results in large tip-sample forces leading to

wear and tear of the tip and the sample. However, controller gains can be significantly

higher when the cantilever is not interacting with the sample when compared to on

sample scenario, without the adverse effect of instabilities on imaging.

A better alternative is to have separate strategies when the cantilever is on-sample

and when it is off-sample. However, such a strategy is possible only if there is a means

to infer when the cantilever is interacting with the sample and when it is not, in real

time. Ando et. al. [29] employ the cantilever amplitude as a means of indicating a loss

of interaction with the sample. Probe-loss is inferred if a(t) is larger than a threshold

amplitude Aupper. For this strategy, it is better that a(t) reaches Aupper faster and thus

from (2.1) it follows that this can be achieved by increasing (A0−As) and/or by lowering

Q. Large (A0−As) values imply large forces on the sample when the cantilever regains

its interaction with the sample. Such an alternative is not desirable for soft samples and

thus large ∆a(t) is primarily obtained by relying on low Q operation [29]. In general,

(A0 − As) is also governed by the imaging application and it is desirable to keep this

parameter for the user to decide.

It needs to be noted that probe-loss can occur even when the amplitude a(t) is

reasonably close to the setpoint As and below a given threshold value Aupper. This is

evident when the cantilever interacts with a sample feature that leads to a complex and

prolonged transient phase, where the sample topography is reasonably benign but the

cantilever trajectory does not allow interaction with the sample.

Thus, it is desirable to employ a signal that provides an independent measure of

probe-loss that is effective for real time applications without overly constraining op-

eration parameters viz. (A0 − As), Q and ω0. Such a probe-loss detection technique

called the “reliability index” signal was reported previously[28]. Such an independent

measure can be employed to (a) actively alter the cantilever dynamics by, for example,

lowering quality factor when off-sample and increasing quality factors on-sample thereby

reducing the time required by the cantilever to reach its free air amplitude during probe-

loss without worsening on-sample resolution (b) actively change controller gains of the

positioning system with higher than optimal controller gains when the cantilever is

off-sample and thereby increasing the rate at which cantilever and sample separation
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reduces while switching back to smaller controller gains on-sample thereby reducing

instabilities and thus being gentle on-sample. An independent measure of probe-loss in

real-time facilitates the use of KI , Kp and effective Q that are different when on-sample

compared to off-sample without constraining A0, As or ∆h.

Figure 1:

10

Figure 2.1: Modeling cantilever-sample interaction in tapping mode operation as a
G − Φ interconnection where G(jω) is the second order cantilever beam model, Φ is
the nonlinear tip-sample force, g(t) is the dither forcing, z(t) is the sample height
profile, ϑ is the measurement noise and p(t) is the measured cantilever deflection. This
interconnection can also be viewed as an equivalent second order system, Gz(jω), which
is dependent on sample height. Observer is built on the free air cantilever model G(jω)
and takes g(t) and p(t) as inputs and provides p̂ as an estimate of p(t). Two PID
controllers, one with low gain and the other with high gain are switched depending on
the magnitude of the reliability index signal.

2.3 Two-Level Model Mismatch Based Strategy for Probe-

loss Reduction

Cantilever dynamics in tapping mode can be modeled as a G − Φ interconnection [30]

(see Figure 2.1) where G(jω) is a second order approximation of the first mode of the

cantilever beam and Φ models the nonlinear force exerted by the sample on the tip.

It is through Φ that different sample properties like elasticity, height and charge get

modulated onto interacting cantilever trajectories. G − Φ interconnection, with a one
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mode approximation of the cantilever dynamics, can be written as

p̈+ ω0
Q ṗ+ ω2

0p = ω2
0

[
g(t) + 1

kΦ(p, ṗ)
]
. (2.5)

In the absence of the sample interaction, Φ(p, ṗ), we have

p̈+ ω0
Q ṗ+ ω2

0p = ω2
0g(t) (2.6)

where p(t) is the instantaneous cantilever position, ω0 is the resonant frequency of the

first mode, Q is the quality factor, k is the spring constant of the cantilever, g(t) is the

dither excitation and Φ(p, ṗ) is the nonlinear static memoryless tip-sample force. The

model (2.6) will be termed as “free air” model of the cantilever where the cantilever

is away from the sample and experiences no forces from the sample. This model can

be identified accurately through thermal [31] or frequency sweep methods. As the

cantilever comes close to the sample, damping and tip-sample forces (Φ) effect the

cantilever dynamics. The related models are unknown but using averaging theory [32]

it can be shown that the cantilever-sample interconnected system can be modeled as an

equivalent cantilever with the dynamics

p̈+
ω′0
Q′ ṗ+ (ω′0)2p = (ω′0)2g(t) (2.7)

where ω′0 is the equivalent resonant frequency and Q′ is the equivalent quality factor.

Thus in the presence of tip-sample interaction, G−Φ interconnection can be represented

by an equivalent second order model Gz(jω) (see Figure 2.1) that is determined by the

parameters ω′0 and Q′.

Accurate identification of the model of the cantilever when it is not experiencing any

tip sample interaction enables creation of a reference circuit called an “observer” which

takes in as input, cantilever excitation g(t) and cantilever output p(t) and estimates

the cantilever output as closely as possible taking into account the known dynamics of

the cantilever G(jω) in free air. A particular implementation of the observer can be

represented as

¨̂p+
ω2

0

Q
˙̂p+ ω2

0 p̂ = ω2
0g(t)︸ ︷︷ ︸

nominal dynamics

+ L(p(t)− p̂)︸ ︷︷ ︸
correction term

(2.8)

where p̂ is the estimated cantilever trajectory by the observer and L is the observer

gain. The nominal dynamics captures the cantilever response to applied excitation g(t)
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and the correction term tries to correct for the differences in p and p̂ due to tip-sample

interaction forces or initial condition mismatch, as fast as possible depending on the gain

L. Higher the gain L, faster the correction. For p̂ to accurately track p, the parameters

ω0 and Q used to build the observer (2.8) need to match the effective resonant frequency

and quality factor. Indeed the equivalent cantilever parameters ω′0 and Q′ are equal to

ω0 and Q when the cantilever is off-sample and thus the error p − p̂ when off-sample

is small leading to a low value of the reliability index signal. In this case the observer

gain L can be chosen such that p̂ tracks p in only a couple of cycles. However, when

on-sample, the equivalent cantilever parameters ω′0 and Q′ differ from ω0 and Q and

thus the observer dynamics propagates away from the equivalent cantilever dynamics

causing a larger error p− p̂ and the reliability index is larger. The above strategy thus

provides a signal (the reliability index signal) for the detection of the loss of tip-sample

interaction within a couple of cycles.

This can also be explained by viewing the plant and the observer dynamics in state

space. In state space the off-sample cantilever dynamics is given by

ẋ = Ax+Bg +B1η

y = Cx+ ν
(2.9)

where A =

[
0 1

−ω2
0

ω0
Q0

]
, B =

[
0

1

]
, C =

[
ω2

0 0
]
.

The observer dynamics is given by

˙̂x = Ax̂+Bg + L(y − ŷ)

ŷ = Cx̂
(2.10)

If we define e = x− x̂ then the off-sample error dynamics is given by

ė = (A− LC)e+B1η − Lν (2.11)

Thus any non zero initial condition or transients in the error dynamics will decay to a

low value depending on the eigen values of (A− LC) matrix.

On-sample cantilever model is given by

ẋ = Azx+Bzg +B1η

y = Czx+ ν
(2.12)
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where Az =

[
0 1

−ω2
e

ωe
Qe

]
, Bz =

[
0

1

]
, Cz =

[
ω2
e 0

]
Thus on-sample error dynamics is given by

ė = (A− LC)e+Bη − Lν + (A−Az − L(C − Cz))x︸ ︷︷ ︸
Forcing Term

(2.13)

This forcing term will not allow the error signal to decay in steady state. Thus on-

sample error rms will be higher than the off-sample error rms. This fact will be utilized

in detecting the presence and absence of probe-loss by thresholding of this signal.

2.4 Switching Gain PID Controller Architecture

Since a real time indication of when the tip is interacting with the sample and when it is

not (probe-loss) is available, a controller gain can be chosen when the tip is interacting

with the sample that avoids imaging instabilities and large interaction forces and a high

controller gain can be chosen when the tip is not interacting with the sample pushing

the piezo faster towards the cantilever while its amplitude is growing and eventually

engage with the tip. It must be noted that if such a high gain is chosen throughout

the imaging then it will damage the sample or the tip and lead to on-sample ringing.

Furthermore, choosing low gain throughout will lead to lost features at high scan rates or

large probe-loss areas. However, intelligently switching between the two gains provides

the best of both scenarios.

The architecture shown in Figure 2.1 is implemented on field programmable gate ar-

ray (FPGA-Xilinx Virtex 2-pro) where the amplitude based feedback, as in normal tap-

ping mode operation, is implemented but instead of one controller, two PID controllers

are implemented whose gains are chosen for optimal on-sample imaging and probe-loss

scenario. Which controller is being used at any instance depends on a switching signal

which is calculated in real time based on thresholding on the reliability index signal.

2.5 Experimental Results

To study the efficiency of the method, experiments were performed on Multimode AFM

(Veeco Inc.) with AC240 cantilever (Asylum Research Inc., f0 = 70720 Hz, Q = 210,
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Figure 2.2: Experimental data (a) shows line traces of controller effort while imaging
calibration sample at 4 Hz (with a tip velocity of 80µsec). Dotted line shows high gain
controller effort; Dash line shows low gain controller effort; Solid line shows switching
gain controller effort. (b) Line trace of amplitude (green-solid), reliability index (red-
dash) and switching signal (green-dot) while imaging calibration sample at 4 Hz (with a
tip velocity of 80µsec) in closed loop operation. Label A in the figure indicates that the
switching signal based on the reliability index switches from a low to high state with
the amplitude signal trailing the switching signal by ≈ 68 nm in the lateral direction
before it reaches its free air amplitude. Therefore, thresholding based on the reliability
index signal provides a higher bandwidth probe-loss correction method as compared to
thresholding based on the cantilever amplitude. Label B indicates that once the tip re-
engages with the sample, the reliability index signal rises faster than the rate at which
the cantilever amplitude reduces. The switching signal switches before the cantilever
amplitude registers any noticeable change.

k = 2 N/m). Free air model was identified using frequency sweep method wherein

excitation frequency ω of g(t) = A0 sinωt was varied from 0 − 100 kHz and p(t) was

recorded. Magnitude and phase information about G(jω) was obtained by evaluating

the ratios between steady state amplitude and phase of output vs input excitation

respectively. Experiments were performed with this setup where a calibration grating,

with 20 nm deep pits and a 3.5µm pitch, is imaged at 4 Hz, 8 Hz and 12 Hz with a scan

size of 10µm. Figure 2.2(a) shows that if low gain is used throughout then there is good

on-sample performance but a significant probe loss area. If high gain is used throughout

then there is negligible probe-loss area but there is considerable on sample ringing and

consequently large tip-sample forces. By employing a switching gain controller, the

probe-loss regions are limited and comparable to the probe-loss regions when using a
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high gain controller with the benefit that on-sample behavior matches the on-sample

behavior when low gains are employed with ringing effects minimized.

High Controller Gain

Switching Controller Gain

Low Controller Gain

Large Probe-Loss 
(Blurring)

On-Sample Ringing 
due to High Gain

Large tip-sample 
forces on contact
Reduced Probe-
Loss

Reduced Probe-
Loss (No Blurring)
No On-Sample 
Ringing
Low Tip-Sample 
forces on contact

Figure 3:
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Figure 2.3: Calibration sample imaged at 8 Hz (with a tip velocity of 160µsec) in
tapping mode.

Similar characteristics are revealed through an image of a calibration sample at 8

Hz (see Figure 2.3) where the use of low gain controller leads to large probe loss areas

(blurring) leading to image artifacts, high gain controller leads to on-sample ringing

while switching gain controller gives a better image. At 12 Hz (see Figure 2.4) using

low gain controller leads to loss of features but using switching gain controller recovers

the square profile. In Figure 2.2(b), the line traces of reliability index, amplitude and

switching signal are shown while imaging a calibration sample at 4 Hz scan speed in

closed-loop operation. Region A (see Figure 2.2(b)) indicates that switching signal goes

from a low to high state with the amplitude signal trailing the switching signal by

roughly 68 nm in lateral direction before it reaches the free air amplitude value thereby

indicating that thresholding based on reliability index can provide a higher bandwidth

operation. Region B indicates that when the tip re-engages with the sample, reliability

index signal rises faster than the amplitude signal and the switching signal goes low

before the amplitude signal shows any change thereby controlling the force with which
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the tip re-engages with the sample. As the tip approaches the sample during probe-loss,

the model of the cantilever changes due to damping effects before the cantilever tip

regains interaction with the sample and is different from the free air model G(jω) on

which the observer is based. Thus the thresholding can be set such that the controller

gain is switched to a low value slightly before the tip actually makes contact with the

sample thereby reducing the piezo velocity and making a soft contact with the sample.

High Controller Gain

Switching Controller Gain

Sample Topography 

Low Controller Gain

Sample Topography 
Information Lost

Sample Topography 
Recovered

Figure 4:

13

Figure 2.4: Calibration sample imaged at 12 Hz (with a tip velocity of 240µsec) in
tapping mode.

Plasmid DNA was imaged on mica in air at 12 Hz and 30 Hz. Figure 2.5 reveals

clear reduction of probe-loss areas on the use of switching gain controller. Indeed at 30

Hz (see Figure 2.6) (with a tip velocity of 60µsec) using switching gain controller leads

to recovery of a lost DNA strand, which is close to 1.4 nm in height, compared to a low

gain controller operation where the DNA strand is lost. This provides evidence that

the proposed technique can be used for improved imaging of biological samples at high

scan rates and that it has resolution better than 2 nm.
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50 nm

Probe Loss Area
Probe Loss Area
Reduced

50 nm

Figure 5:
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Figure 2.5: Plasmid DNA on mica imaged in air at a tip velocity of 24µsec (12 Hz) in

tapping mode. Left image indicates presence of probe loss areas (dark areas) due to use

of low gain controller. Right image indicates reduction of probe loss areas in real time

(reduction of dark areas) by using switching gain controller thereby emphasizing that

the resolution of the proposed technique is ≈ 2 nm.

50 nm 50 nm

DNA Strand Lost DNA Strand Recovered

Figure 6:

15

Figure 2.6: Plasmid DNA on mica imaged in air at a tip velocity of 60µsec (30 Hz) in

tapping mode. Left image indicates loss of a DNA strand since it is present in the probe

loss area during high speed imaging with low controller gain. Right image indicates

recovery of same DNA strand by using switching gain controller at same scanning speed.
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2.6 Conclusion

This chapter presents a scheme for real time reduction of probe-loss affected areas during

high speed tapping mode imaging based on thresholding of reliability index signal. This

technique is implemented on hardware and its efficacy shown on imaging of calibration

sample and plasmid DNA at high tip velocities. The method not only helps in reduction

of probe-loss areas but also in recovering features that were lost at high imaging speeds

with a resolution of better than 2nm. Reliability index signal can be used for modifying

the cantilever dynamics in real time helping to choose different quality factor for different

on-sample and off-sample behavior and will form a part of future work.



Chapter 3

Real Time Estimation of

Equivalent Cantilever Parameters

in Tapping Mode Atomic Force

Microscopy

3.1 Introduction

In the recent past, several ways of exciting the cantilever in an atomic force microscope

(AFM) were developed with the aim of determining equivalent cantilever parameters

[23, 33]. All of these techniques rely on the fact that the cantilever interacting with the

sample can be modeled as a spring-mass-damper system whose parameters, equivalent

resonant frequency, ω′0, and quality factor, Q′, vary depending on sample properties.

There is an open question on the simplest excitation of the cantilever that can lead to

a real time estimation of the equivalent cantilever parameters.

In the recently developed, band excitation (BE) method [23] and fast chirp methods

[33], the cantilever is excited with a continuous or discrete band of frequencies near the

resonance. The cantilever input and output are recorded simultaneously and a second

order model is fitted to the measured response. This gives the information about the

equivalent resonant frequency and quality factor at each sample point with the image

27
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resolution limited by the image size, (M ×N) pixels, where same procedure has to be

carried out at each pixel. In the BE and fast chirp methods, the cantilever response

to the input excitation has large amplitude variation which makes it difficult to obtain

equivalent cantilever model parameters at one particular interaction level. Also these

techniques provide the information at discretized levels in the vertical z direction in

force spectroscopy experiments.

In this chapter, a technique is presented to estimate equivalent cantilever resonant

frequency and quality factor during normal tapping mode operation. Further it is shown

that an excitation by sum of three sinusoids is sufficient to extract equivalent cantilever

parameters.

3.2 Modeling Cantilever Dynamics in Tapping Mode as

Linear Time Varying Plant

Cantilever dynamics in tapping mode can be modelled as a G− Φ interconnection [28]

(see Figure 3.1(a)) where G(iω) is a second order approximation of the first mode of

the cantilever beam and Φ models the nonlinear force exerted by the sample on the tip.

It is through Φ that different sample properties like elasticity, height and charge get

modulated onto interacting cantilever trajectories. The G − Φ interconnection, with a

one mode approximation of the cantilever dynamics, can be written as

p̈+ ω0
Q ṗ+ ω2

0p = ω2
0

[
g(t) + 1

kΦ(p, ṗ)
]

(3.1)

where p(t) is the instantaneous cantilever position, ω0 is the resonant frequency of the

first mode, Q is the quality factor, k is the spring constant of the cantilever, g(t) is the

dither excitation and Φ(p, ṗ) is the nonlinear static memoryless tip-sample force.

The model (3.1) with Φ = 0 will be termed as “sample-free” model of the cantilever

where the cantilever experiences no forces from the sample. As the cantilever comes close

to the sample, damping and tip-sample forces (Φ) effect the cantilever dynamics. The

related models are unknown but using averaging theory [34] it can be shown that the

cantilever-sample interconnected system (3.1) can be modeled as an equivalent cantilever

with the dynamics

p̈+
ω′0
Q′ ṗ+ (ω′0)2p = (ω′0)2g(t) (3.2)
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G(iω)

Φ

g(t)
z(t)

BCEWRLS

p(t)

f0’(t)
Q’(t)

g(t) Gz(iω)

BCEWRLS

p(t)

f0’(t)
Q’(t)

z(t)

(a) (b)

Figure 3.1: (a) Modeling cantilever-sample interaction in tapping mode operation as a
G−Φ interconnection where G(iω) is the second order cantilever beam model and Φ is
the nonlinear tip-sample force. g(t), z(t), ϑ and p(t) are the dither forcing, the sample
height profile, the measurement noise and measured cantilever deflection respectively.
This interconnection can also be viewed as an equivalent second order system, Gz(iω),
which is dependent on sample height. BCEWRLS algorithm takes g(t) and p(t) as input
and gives equivalent resonant frequency, f ′0, and quality factor, Q′, of the cantilever in
real time. (b) Experimentally obtained equivalent resonant frequency f ′0 and quality
factor, Q′, of the cantilever at different nominal tip-sample separations. Tip is not
interacting with the sample. Blue-solid and Black-dash-dot curves are obtained by a
second order fit to the cantilever response to frequency sweep. Red-dash and Green-dot
curves are obtained by BCEWRLS scheme. This indicates that in most cases estimates
of f0 are accurate within +5 Hz and quality factor estimates are accurate to within +15
of actual values.

where ω′0 is the equivalent resonant frequency and Q′ is the equivalent quality factor.

Thus in the presence of tip-sample interaction, G−Φ interconnection can be represented

by an equivalent second order model Gz(iω) (see Figure 3.1(a)) that is determined by

the parameters ω′0 and Q′.
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3.3 Adaptive Parameter Estimation Strategy to Estimate

Equivalent Cantilever Model

In this section, a recursive parameter estimation algorithm is derived for a general plant

whose dynamics can be captured by a rational transfer function. The parameters of

the plant can change with time. Rate of convergence of the estimates provided by

the algorithm can be tweaked through an exponential forgetting factor depending on

the application. Later we will adapt this algorithm for a cantilever-sample system and

present experimental results.

3.3.1 Derivation of Bias Compensated Exponentially Weighted Re-

cursive Least Squares (BCEWRLS) Technique

Consider a plant whose dynamics is represented as:

Plant Dynamics :

x(t+ 1) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t) + v(t)
(3.3)

where u(t) is the input to the plant, v(t) is the measurement noise, y(t) is the output

of the system.

This gives

y(t) =
[
C(zI −A)−1B +D

]
u(t) + v(t)

= β(z−1)
α(z−1)

u(t) + v(t)
(3.4)

where

β(z−1) = β0 + β1z
−1 + ...+ βnz

−n and α(z−1) = 1 + α1z
−1 + ...+ αnz

−n.

Define e(t) := α(z−1)v(t) then

y(t) = φT (t)θ + ψT (t)θ + v(t)

= φT (t)θ + e(t)
(3.5)

where

θ =
[
α1 α2 . . αn β0 β1 . . βn

]T
,

φ(t) =
[
−y(t− 1) − y(t− 2) . . − y(t− n) u(t) u(t− 1) . . u(t− n)

]T
and
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ψ(t) =
[
v(t− 1) v(t− 2) . . v(t− n) 0 0 . . 0

]T
.

e(t) is a correlated noise process and hence it leads to a biased estimate of least squares

estimate of vector θ.

For exponentially weighted recursive least squares estimates, define the cost function as

J(t) := Σt
i=1λ

t−i(y(i)− φT (i)θ̂(t))2. (3.6)

Consider the problem

minθ̂(t)J(t) = minθ̂(t)Σ
t
i=1λ

t−i(y(i)− φT (i)θ̂(t))2. (3.7)

Let Y (t) =
[
y(1) y(2) . . y(t)

]T
, Φ(t) =

[
φT (1) φT (2) . . φT (t)

]T
,

W =


λt−1 . . 0

0 λt−2 . 0

0 0 . 0

0 0 . λ0

.

Thus (3.7) can be written as

minθ̂(t)J(t) = minθ̂(t)

[
Y (t)− Φ(t)θ̂(t)

]T
W
[
Y (t)− Φ(t)θ̂(t)

]
(3.8)

Solution to equation (3.8) is given by

θ̂LS(t) =
[
ΦT (t)WΦ(t)

]−1 [
ΦT (t)WY (t)

]
=

[
Σt
i=1λ

t−iφ(i)φT (i)
]−1 [

Σt
i=1λ

t−iφ(i)y(i)
]

=
[
Σt
i=1λ

t−iφ(i)φT (i)
]−1 [

Σt
i=1λ

t−iφ(i)
[
φT (i)θ + ψT (i)θ + v(i)

]]
= θ +

[
Σt
i=1λ

t−iφ(i)φT (i)
]−1 [

Σt
i=1λ

t−iφ(i)ψT (i)θ + Σt
i=1λ

t−iφ(i)v(i)
]
.

(3.9)

Equation (3.9) can be written as[
Σt
i=1λ

t−iφ(i)φT (i)
]

(θ̂LS(t)− θ) =
[
Σt
i=1λ

t−iφ(i)ψT (i)θ + Σt
i=1λ

t−iφ(i)v(i)
]

(3.10)
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A stochastic process x(t) is ergodic in second moment if limt→∞
1
tΣ

t
i=1x

2(i) = E
[
x2(i)

]
([35]). If v(t) is assumed to be a zero mean white noise and is uncorrelated to inputs

and has variance σ2 then

E [v(i)] = 0; E [v(t)v(t+ j)] = 0 ∀ j 6= 0; E
[
v2(i)

]
= σ2 and E [v(t)u(j)] = 0.

Assuming v is ergodic in the second moment, we have

limt→∞
1
tΣ

t
i=1v(i) = E [v(i)] = 0

limt→∞
1
tΣ

t
i=1v(i)v(i+ j) = E [v(i)v(i+ j)] = 0 ∀ j 6= 0

limt→∞
1
tΣ

t
i=1v

2(i) = E
[
v2(i)

]
= σ2

limt→∞
1
tΣ

t
i=1v(i)u(i+ j) = E [v(i)u(i+ j)] = 0 ∀ j ≥ 0.

(3.11)

The above four equations tell us that if we average all the related measurements equally

by 1/t then as t → ∞, the pdf of the left hand side will converge to a dirac delta pdf

with mean as the ensemble mean and variance zero. But in this θ is assumed to be

constant. In a time varying plant, θ has some dynamics which needs to be tracked. If

θ is constant then it can be conceived that the LHS of eqn (3.11) will converge to RHS

asymptotically. Since they are converging series ∃ to st ∀ t > to |RHS − LHS| < ε in

eqn (3.11). It can then be hypothesized that if the rate of change of θ is slower than the

window over which the process mean and variance converge to within ε of the limit then

instead of weighting all the samples equally as is done in the definition of ergodicity,

one can introduce an exponentially weighting term in the definition and obtain a time

varying ergodicity. So we introduce a definition of modified ergodicity as

A stochastic process x(t) is modified ergodic if limt→∞
1−λ
1−λtΣ

t
i=1λ

t−ix(i) = E [x(i)]

for λ ≈ 1. Assuming v(t) to be a modified ergodic process, one gets

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iv(i) = E [v(i)] = 0

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iv(i)v(i+ j) = E [v(i)v(i+ j)] = 0 ∀ j 6= 0

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iv2(i) = E
[
v(2i)

]
= σ2

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iv(i)u(i+ j) = E [v(i)u(i+ j)] = 0 ∀ j ≥ 0

(3.12)
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Thus LHS of eqn(3.12) will converge to RHS fast and then track it in case it changes.

This can be controlled depending on the process by choosing the appropriate λ. Clearly

if λ = 1 then eqn (3.12) is the same as eqn(3.11).

Multiplying (3.10) with 1−λ
1−λt and taking limt→∞ on both sides results in

limt→∞
1−λ
1−λt

[
Σt
i=1λ

t−iφ(i)φT (i)
]

(θ̂LS(t)− θ) = limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iφ(i)ψT (i)θ

+ limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iφ(i)v(i)

(3.13)

The next step is to evaluate right hand side of equation(3.13). Using the definition of

modified ergodicity one can solve

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iφ(i)v(i) = limt→∞
1−λ
1−λtΣ

t
i=1λ

t−i



−y(i− 1)v(i)

−y(i− 2)v(i)

.

.

−y(i− n)v(i)

u(i)v(i)

.

.

u(i− n)v(i)


= 0

(3.14)
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limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iφ(i)ψT (i)θ = limt→∞
1−λ
1−λtΣ

t
i=1λ

t−i



−y(i− 1)

−y(i− 2)

.

.

−y(i− n)

u(i)

.

.

u(i− n)





v(i− 1)

v(i− 2)

.

v(i− n)

0

.

0



T

θ

= −σ2Λθ

(3.15)

Thus (3.13) becomes

limt→∞
1−λ
1−λt

[
Σt
i=1λ

t−iφ(i)φT (i)
]

(θ̂LS(t)− θ) = −σ2Λθ (3.16)

Assuming that the input is stationary and modified ergodic it can be shown that

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iφ(i)φT (i) = Rφ = E
[
φ(i)φT (i)

]
(3.17)

From (3.13) one can then obtain

limt→∞ θ̂LS(t) = θ − σ2R−1
φ Λθ. (3.18)

(3.18) shows that vector θ̂LS is a biased estimator and thus there is a need to estimate

the bias term recursively and compensate for it in real time, to obtain an unbiased

estimate of vector θ

Define an unbiased estimator of θ as

θ̂C(t) = θ̂LS(t) + σ̂2(t)(1−λt
1−λ )

[
Σt
i=1λ

t−iφ(i)φT (i)
]−1

Λθ̂C(t− 1) (3.19)
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Define P (t) =
[
Σt
i=1λ

t−iφ(i)φT (i)
]−1

then eqn (3.19) can be written as

θ̂C(t) = θ̂LS(t) + σ̂2(t)(1−λt
1−λ )P (t)Λθ̂C(t− 1). (3.20)

This is an unbiased estimator of θ since assuming limt→∞ σ̂
2(t) = σ2 one can show that

limt→∞ θ̂C(t) = limt→∞ θ̂LS(t) + limt→∞ σ̂
2(t)1−λt

1−λ P (t)Λθ̂C(t− 1). (3.21)

Thus

limt→∞ θ̂C(t) =
(1−σ2R−1

φ Λ)θ

1−σ2R−1
φ Λ

= θ. (3.22)

Next we need to find an unbiased estimator of σ2(t).

Let ELS(i) := y(i)− φT (i)θ̂LS(t)

Since θ̂LS(t) is chosen at any instance t to minimize least square error
∑t

i=1 λ
t−iE2

LS(i),

the orthogonality condition gives :[
W 1/2Y (t)−W 1/2Φ(t)θ̂LS

]T [
W 1/2Φ(t)

]
= 0[

Y (t)− Φ(t)θ̂LS(t)
]T
WΦ(t) = 0

Σt
i=1

[
y(i)− φT (i)θ̂LS(t)

]
φT (i)λt−i = 0

Σt
i=1λ

t−iELS(i)φT (i) = 0

(3.23)

Next we evaluate using equation (3.23),

Σt
i=1λ

t−iE2
LS(i) = Σt

i=1λ
t−iELS(i)

[
y(i)− φT (i)θ̂LS(t)

]
= Σt

i=1λ
t−iELS(i)

[
φT (i)θ + ψT (i)θ + v(i)

]
= Σt

i=1λ
t−iELS(i)

[
ψT (i)θ + v(i)

]
= Σt

i=1λ
t−i
[
y(i)− φT (i)θ̂LS(t)

] [
ψT (i)θ + v(i)

]
= Σt

i=1λ
t−i
[
φT (i)θ + ψT (i)θ + v(i)− φT (i)θ̂LS(t)

] [
ψT (i)θ + v(i)

]
(3.24)
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Σt
i=1λ

t−iE2
LS(i) = Σt

i=1λ
t−iφT (i)

[
θ − θ̂LS(t)

] [
ψT (i)θ + v(i)

]
+ Σt

i=1λ
t−i [ψT (i)θ + v(i)

]2
(3.25)

Multiplying (3.25) by 1−λ
1−λt and taking limt→∞ results in

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iE2
LS(i) = limt→∞

1−λ
1−λtΣ

t
i=1λ

t−iφT (i)
[
θ − θ̂LS(t)

] [
ψT (i)θ + v(i)

]
+ limt→∞

1−λ
1−λtΣ

t
i=1λ

t−i [ψT (i)θ + v(i)
]2

(3.26)

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−i [ψT (i)θ + v(i)
]2

=

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−i [θTψ(i)ψT (i)θ + 2θTψ(i)v(i) + v(i)2
] (3.27)

By definition of modified ergodicity

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iv2(i) = σ2.

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−i2θT



v(i− 1)

v(i− 2)

.

.

v(i− n)

0

.

0


v(i) = 2θT .0 = 0
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limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iθT



v(i− 1)

v(i− 2)

.

.

v(i− n)

0

.

0





v(i− n)

v(i− 2)

.

v(i− n)

0

.

0



T

θ = θTσ2Λθ

Thus equation (3.27) becomes

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−i [ψT (i)θ + v(i)
]2

= θTσ2Λθ + σ2 (3.28)

Moreover using equation (3.14) results in

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iφT (i)v(i)
[
θ − θ̂LS(t)

]
= 0 (3.29)

and using equation (3.15) results in

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iφT (i)
[
θ − θ̂LS(t)

]
ψT (i)θ = −θTσ2Λ

[
θ − θ̂LS(t)

]
(3.30)

Thus using equations 3.26 - 3.30 results in

limt→∞
1−λ
1−λtΣ

t
i=1λ

t−iE2
LS(i) = σ2

[
1 + θTΛθ̂LS(t)

]
(3.31)

This implies

σ2 =
limt→∞

1−λ
1−λtΣti=1λ

t−iE2
LS(i)

1+θTΛθ̂LS(t)
(3.32)

Let J(t) := Σt
i=1λ

t−iE2
LS(i). If we define an estimator of σ2 as

σ̂2(t) =
1−λ
1−λt J(t)

1+θ̂TC(t−1)Λθ̂LS(t)
(3.33)

then limt→∞ σ̂
2(t) = σ2 is an unbiased estimator of σ2.
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The last step of the algorithm involves finding a recursive way to evaluate J(t). Ex-

ponentially Weighted Recursive Least Squares equations for θ̂LS(t) that will be used to

evaluate J(t) are

θ̂LS(t) = θ̂LS(t− 1) + P (t)φ(t)
[
y(t)− φT (t)θ̂LS(t− 1)

]
P (t) = 1

λ

[
P (t− 1)− P (t−1)φ(t)φT (t)P (t−1)

λ+φT (t)P (t−1)φ(t)

] (3.34)

J(t) = Σt
i=1λ

t−iE2
LS(i)

= Σt
i=1λ

t−i
[
y(i)− φT (i)θ̂LS(t)

]2

= Σt
i=1λ

t−i
[
y(i)− φT (i)

[
θ̂LS(t− 1) + P (t)φ(t)

[
y(t)− φT (t)θ̂LS(t− 1)

]]]2

(3.35)

Then equation (3.35) can be written as

J(t) = Σt
i=1λ

t−i
[
(y(i)− φT (i)θ̂LS(t− 1))− φT (i)P (t)φ(t)

[
y(t)− φT (t)θ̂LS(t− 1)

]]2

= Σt
i=1λ

t−i(y(i)− φT (i)θ̂LS(t− 1))2

− 2Σt
i=1λ

t−i(y(i)− φT (i)θ̂LS(t− 1))φT (i)P (t)φ(t)
[
y(t)− φT (t)θ̂LS(t− 1)

]
+ Σt

i=1λ
t−i
[
y(t)− φT (t)θ̂LS(t− 1)

]2
φT (t)P (t)φ(i)φT (i)P (t)φ(t)

= λΣt−1
i=1λ

t−i−1(y(i)− φT (i)θ̂LS(t− 1))2 + (y(t)− φT (t)θ̂LS(t− 1))2

− 2λ
[
Σt−1
i=1λ

t−i−1(y(i)− φT (i)θ̂LS(t− 1))φT (i)
]
P (t)φ(t)

[
y(t)− φT (t)θ̂LS(t− 1)

]
− 2(y(t)− φT (t)θ̂LS(t− 1))2φT (t)P (t)φ(t)

+
[
y(t)− φT (t)θ̂LS(t− 1)

]2
φT (t)P (t)

[
Σt
i=1λ

t−1φ(i)φT (i)
]︸ ︷︷ ︸

P (t)−1

P (t)φ(t)

= λJ(t− 1) +
[
y(t)− φT (t)θ̂LS(t− 1)

]2
−
[
y(t)− φT (t)θ̂LS(t− 1)

]2
φT (t)P (t)φ(t)

= λJ(t− 1) +
[
y(t)− φT (t)θ̂LS(t− 1)

]2 [
1− φT (t)P (t)φ(t)

]
(3.36)
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Then by using the relationship

1− φT (t)P (t)φ(t) = 1− φT (t)
λ

[
P (t− 1)− P (t−1)φ(t)φT (t)P (t−1)

λ+φT (t)P (t−1)φ(t)

]
φ(t)

= 1
λ

[
λ− φT (t)P (t− 1)φ(t) + φT (t)P (t−1)φ(t)φT (t)P (t−1)φ(t)

λ+φT (t)P (t−1)φ(t)

]
= λ

λ+φT (t)P (t−1)φ(t)

(3.37)

one can obtain

J(t) = λ

[
J(t− 1) +

[y(t)−φT (t)θ̂LS(t−1)]
2

λ+φT (t)P (t−1)φ(t)

]
(3.38)

Thus the final equations for Bias Compensated Exponentially Weighted Recursive Least

Squares technique are the following :

θ̂LS(t) = θ̂LS(t− 1) + P (t)φ(t)
[
y(t)− φT (t)θ̂LS(t− 1)

]
θ̂LS(0) = [0]

P (t) = 1
λ

[
P (t− 1)− P (t−1)φ(t)φT (t)P (t−1)

λ+φT (t)P (t−1)φ(t)

]
P (0) = P0I

J(t) = λ

[
J(t− 1) +

[y(t)−φT (t)θ̂LS(t−1)]
2

λ+φT (t)P (t−1)φ(t)

]
J(0) = 0

σ̂2(t) =
1−λ
1−λt J(t)

1+θ̂C(t−1)Λθ̂LS(t)

θ̂C(t) = θ̂LS(t) + σ̂2(t)(1−λt
1−λ )P (t)Λθ̂C(t− 1) θ̂C(0) = [0]

(3.39)

3.3.2 Persistently Excited Cantilever Excitation (Sum of Three Sinu-

soids)

The question of the sufficiency of the input excitation in determining the equivalent

cantilever parameters is discussed next. A general discretized second order dynamics

that represents the first mode approximated model of the cantilever is given as,

e(n) = ϑ(n) + b1ϑ(n− 1) + b0ϑ(n− 2)

u(n) = a2g(n) + a1g(n− 1) + a0g(n− 2)

p(n) + b1p(n− 1) + b0p(n− 2) = u(n) + e(n),

(3.40)

where p(n) and g(n) denote the cantilever deflection and dither forcing at sampled time

t = nTs where Ts is the sampling interval and ϑ(n) is zero mean white measurement

noise with variance σ2
ϑ. Thus to identify the dynamics in (3.40), five parameters, (b1,
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b0, a2, a1, a0), need to be identified. It is well known [36] that to identify n = 5

parameters in real time dn/2e = 3 sinusoids at the input are needed for identifying

the second order model in (3.40). Any less richness of the input will lead to diver-

gence in parameter estimates. The three sinusoids are chosen such that one sinusoid is

at or near the resonance as is the case in normal tapping mode operation. This will

lead to a nominal periodic cantilever oscillations which ensures that the cantilever is

interacting with the sample under operating condition found in conventional tapping

mode operation. Other two sinusoids are chosen at f0 ± 6 kHz (with f0 = ω0
2π ) because

G(iω) is a high Q system for operation in air and the forcing away from resonance of

the cantilever will be heavily attenuated at the cantilever output. Indeed, if the can-

tilever forcing is g(t) = A sinω0t+B sin (ω0 + ∆ω0)t+B sin (ω0 −∆ω0)t then the deflec-

tion of the sample-free cantilever is p(t) = |G(iω0)| sin (ω0t+ ∠G(iω0)) {A+ C} where

C = 2B |G(iω0+∆ω0)|
|G(iω0)| cos (∆ω0t+ ∠G(iω0+∆ω0)−∠G(iω0−∆ω0)

2 ) characterizes the change in

the output amplitude due to the added excitation at frequencies f0 + ∆f0 and f0−∆f0

and ∠G(iω) represents the phase between g(t) and p(t) at input frequency ω. Thus,

we have −2B |G(iω0+∆ω0)|
|G(iω0)| ≤ C ≤ 2B |G(iω0+∆ω0)|

|G(iω0)| . Choosing amplitudes B = A/2 with

A ≈ 25 nm, quality factor, Q ≈ 225 as representative tapping mode parameters and

∆f0 ≈ 6 kHz, results in a total variation of 1 nm in the amplitude of output trajectory

from the nominal tapping mode trajectory.

3.3.3 Recursive Estimation of Equivalent Parameters (REEP) Tech-

nique for Atomic Force Microscopy

In this section, the algorithm in section (3.3.1) is adapted for atomic force microscopy.

On identification of plant at several points on the force curve, it was observed that

the coefficients a2, a1 and a0, which capture the delays in the system, do not change

much and contribute to the response of system at frequencies considerably away from

the cantilever resonance. These coefficients are attributed to the dither piezo dynamics

or beam dynamics which is not effected by sample properties. Subsequently the values

of a2, a1 and a0 are fixed to the sample-free model values. It must be noted that

even though ϑ(n) is uncorrelated noise process, e(n) is not uncorrelated noise process.
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Equation (3.40) can be written as

z(n) = [b1 b0]︸ ︷︷ ︸
θ

[
−p(n− 1)

−p(n− 2)

]
︸ ︷︷ ︸

φ(n)

+e(n)
(3.41)

where θ represents the vector of unknown parameters and z(n) = p(n)−a2g(n)−a1g(n−
1)−a0g(n− 2). At any time instant t = nTs, past data z(k) and φk for k = 0, 1, ...n are

available. An estimate θ̂LS(n) can be computed by solving the standard exponentially

weighted least squares problem

minθ̂LS(n) Σn
k=0λ

n−k(z(k)− θ̂LS(n)φ(k))2. (3.42)

It is well known [36] that (3.42) can be solved recursively in an update manner with

θ̂LS(n) computable from θ̂LS(n − 1) alone using exponentially weighted recursive least

squares (EWRLS) method. When e(n) is uncorrelated, it can be shown [36] that

θ̂LS(n) → θ, the true parameter, with the multiple sine excitation. However, e(n)

is correlated as e(n) given in (3.40) is dependent on ϑ(n), ϑ(n− 1) and ϑ(n− 2). This

leads to the estimate θ̂LS(n) converging to θ within a bias. Recently [37], a bias com-

pensated recursive least squares is reported that provides an unbiased estimate when

the noise is correlated. Bias compensated exponentially weighted recursive least squares

(BCEWRLS) method is developed instead as presented in previous section since a han-

dle on convergence rate of the parameter estimates is required. At time instant t = nTs,

assuming z(n), φ(n), θ̂LS(n − 1), P (n − 1), J(n − 1) and θ̂C(n − 1) are available, the

corresponding updated values can be found as

θ̂LS(n) = θ̂LS(n− 1) + P (n)φ(n)l(n)

l(n) =
[
z(n)− φ′(n)θ̂LS(n− 1)

]
P (n) = 1

λ

[
P (n− 1)− P (n−1)φ(n)φ′(n)P (n−1)

λ+φ′(n)P (n−1)φ(n)

]
J(n) = λ

[
J(n− 1) +

[z(n)−φ′(n)θ̂LS(n−1)]
2

λ+φ′(n)P (n−1)φ(n)

]
θ̂C(n) = σ̂2(n)

1−λ nP (n)θ̂C(n− 1)

σ̂2(n) = ((1−λ)/n)J(n)

1+θ̂′C(n−1)θ̂LS(n)

(3.43)

where λ = 0.995 is the exponential forgetting factor, θ̂LS(n) is the parameter estimate

of θ at time instant t = nTs using EWRLS and θ̂C(n) is the bias compensated θ̂LS(n).
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Note that in (3.43), the estimate θ̂LS(n) at time t = nTs can be obtained from past

estimate θ̂LS(n − 1) and an update term that depends on certain gain P (n)φ(n) and

the instantaneous error term (z(n)− φ′(n)θ̂LS(n− 1)). P (n) represents the variance of

the error in the parameter estimates (θ − θ̂LS(n)) and J(n) represents the least square

error in (3.42) that is being minimized at any given instance. σ̂2(n) is an estimate of the

variance of noise e(n) at any instance. The algorithm is initialized with θ̂LS(0) =

[
0

0

]
,

P (0) =

[
1 0

0 1

]
× 106, J(0) = 0 and θ̂C(0) =

[
0

0

]
. The advantage of (3.43) is that

it requires a small amount of memory since only current estimated values need to be

stored and can be implemented on hardware for real time operation with ease. f ′0 and

Q′ can be calculated from estimated b1 and b0 values in closed form.

3.3.4 Deriving f0 and Q from REEP Output

Triangular transformation method is used to convert a continuous transfer function to

discrete transfer function. If H(s) is the continuous transfer function then it’s discrete

equivalent is given by

Htri(z) = (z−1)2

Tz Z(H(s)
s2

) (3.44)

If the cantilever model is represented as a second order transfer function with one zero

then its tranfer function will be

H(s) = a1s+a0
s2+b1s+b0

(3.45)

One can then derive the discrete transfer function of H(s) using triangular transforma-

tion using following steps:

H(s)
s2

= a1s+a0
s2(s2+b1s+b0)

= A
s + B

s2
+ C

s2+b1s+b0
+ Ds

s2+b1s+b0

=

A︷ ︸︸ ︷
(a1/b0 − b1a0/b

2
0)

s +

B︷ ︸︸ ︷
(a0/b0)

s2
+

C1︷ ︸︸ ︷
−a0/b0 − b1a1/2b0 + b21a0/b

2
0

s2+b1s+b0

+

D1︷ ︸︸ ︷
−a1/b0 + b1a0/b

2
0(s+b1/2)

s2+b1s+b0

(3.46)
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If the two complex roots of characteristic polynomial are s1, s2 = −p ± iq, then s2 +

b1s+ b0 = (s+ p)2 + q2 where b1 = 2p and b0 = p2 + q2. Then we have

(z−1)2

Tz Z( a1s+a0
s2(s2+b1s+b0)

) = A
T (z − 1) +B + C1

qT
(z−1)2e−pT sin qT

z2−2e−pT cos qTz+e−2pT

+D(z−1)2

T
(z−e−pT cos qT )

z2−2e−pT cos qTz+e−2pT

= 1
T

z2P+zQ+R
z2−2e−pT cos qTz+e−2pT

(3.47)

where

P = (−Ae−pT cos qT +A+BT + (C1/q)e
−pT sin qT )

Q = (Ae−2pT − 2BTe−pT cos qT − (2C1/q)e
−pT sin qT −A)

R = (−Ae−2pT +BTe−2pT + (C1/q)e
−pT sin qT +Ae−pT cos qT )

Thus we have
p = −1

2T log (b0)

q = 1
T acos(

b1
−2e−pT

)

f0 = 1
2π

√
p2 + q2

Q = πf0
p

(3.48)

3.4 Verification of REEP Estimates

In this section, we will develop techniques to verify the accuracy of the estimates ob-

tained from REEP algorithm. The verification is done in three different ways.

3.4.1 Validation of Off-Sample Estimates

When the cantilever is not interacting with the sample i.e. it is not subjected to any

nonlinear forcing in feedback, then the system is linear. Sample-free model was identified

using frequency sweep method wherein excitation frequency ω of g(t) = A0 sinωt was

varied from 0−100 kHz and p(t) was recorded. Magnitude and phase information about

G(iω) was obtained by evaluating ratios between steady state amplitude and phase of

output vs input excitation respectively. f0 and Q were extracted by a second order

fit around resonance. The same sample-free model parameters were extracted in real

time with BCEWRLS scheme using (3.43). These two sets of independent estimates

are compared in (Figure 3.1(b)). Comparison between the two independent estimates
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for equivalent cantilever parameters when the cantilever is not interacting with the

sample, indicates that in most cases estimates of f0 are accurate within +5 Hz and

quality factor estimates are accurate to within +15 of actual values identified using the

frequency sweep method. As the cantilever is brought close to the sample it experiences

squeeze film damping effect. This increases the damping coefficients of the cantilever as

the tip sample distance decreases even though the cantilever is not interacting with the

sample. Thus multiple points for verification can be obtained in off-sample situation by

predicting the cantilever response subjected to varying amount of squeeze film damping.

3.4.2 Minimum Error RMS Based Validation of On-Sample Estimates

When the cantilever is interacting with the sample i.e. when it is subjected to a non-

linear forcing in feedback then obtaining input output frequency sweep based transfer

function is not possible. This is because when we apply a frequency chirp at the input

of the cantilever then the output cantilever deflection varies in amplitude depending

on the cantilever transfer function at that particular tip-sample separation. Thus the

interaction level of the cantilever with the sample changes during the experiment. Since

cantilever model is a function of how the cantilever is interacting with the sample,

one would obtain false estimates of cantilever response using frequency sweep based

methods.

REEP estimates obtained while the cantilever is interacting with the sample can be

verified using minimum innovation rms concept. Let’s assume that the cantilever model

can vary in a set Ω : {(ωe, Qe)|ω0−∆1 ≤ ωe ≤ ω0 +∆1;Q0−∆2 ≤ Qe ≤ Q0 +∆2} where

ω0 is the off-sample cantilever resonant frequency, Q0 is off-sample quality factor, ∆1

is the expected variation in the equivalent resonant frequency and ∆2 is the expected

variation in the equivalent quality factor of the cantilever. If we pick a point (ωk, Qk) ∈ Ω

and build a Kalman filter based on this plant dynamics where dynamics is given by

˙̂x = Akx̂+Bg + L(y − ŷ)

ŷ = Cx̂
(3.49)

where the plant dynamics is given by

ẋ = Aex+Bg +Bη

y = Cx+ ν
(3.50)
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Then it can be proved that

E{eT e} = limT→∞
1
T

∫ T
0 eT (t)e(t)dt (3.51)

where e is the innovation error output of the Kalman filter, is minimum iff Ak = Ae

(ref).

Figure 3.2: Schematic for a bank of Kalman Filters where each filter is based on a

distinct equivalent cantilever model corresponding to a distinct tip-sample separation,

zi. This scheme is used for verification of on-sample REEP estimates.

Figure 3.3: Five discrete points in Ω space are picked. Five Kalman filters based

on these points are build and the innovation signals are matched to verify the REEP

estimates. The figure shows the estimated equivalent resonant frequency (blue curve)

and the quality factor (green curve) of the cantilever during a force curve experiment.
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Figure 3.4: RMS of innovation signals from the bank of five Kalman filters are plotted.

Red curve shows the voltage applied to the z-piezo during the force curve. Dashed

black lines indicate five different z-piezo positions and correspondingly five equivalent

cantilever models at which the bank of Kalman filters are constructed. Dark green,

cyan, magenta, orange and black represent the rms of innovation signals of Kalman

filters corresponding to z1, z2, z3, z4 and z5 points respectively. The minima of each

curve is reached precisely at the point when the z-piezo voltage corresponds to the

corresponding equivalent plant model. Each rms signal remains minimum in the vicinity

of its chosen plant model indicating that there is some continuous equivalent plant model

space where that particular observer model is the ”closest” as compared to other chosen

discrete points.

Figure 3.5: Schematic of an adaptive observer. The instantaneous plant model to

the observer is provided by the REEP algorithm. RMS of the innovation signal of the

adaptive observer is monitored.
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Figure 3.6: Dark green, cyan, magenta, orange and black represent the rms of innovation

signals of Kalman filters corresponding to z1, z2, z3, z4 and z5 points respectively. Red

curve is the rms of the innovation signal of the adaptive observer. The instantaneous

equivalent cantilever model is provided to this observer through the REEP algorithm.

The fact that the red curve remains the minimum at all instances indicates that the

adaptive observer is able to track the plant output at each instance. Thus the estimates

provided to us by the REEP algorithm provide the closest equivalent plant model at

each instance.

Figure 3.7: Five discrete points in Ω space are picked. Five Kalman filters based

on these points are build and the innovation signals are matched to verify the REEP

estimates. The figure shows the estimated equivalent resonant frequency (blue curve)

and the quality factor (green curve) of the cantilever during a force curve experiment.



48

Figure 3.8: RMS of innovation signals from the bank of five Kalman filters are plotted.

Red curve shows the voltage applied to the z-piezo during the force curve. Dashed

black lines indicate five different z-piezo positions and correspondingly five equivalent

cantilever models at which the bank of Kalman filters are constructed. Dark green,

cyan, magenta, orange and black represent the rms of innovation signals of Kalman

filters corresponding to z1, z2, z3, z4 and z5 points respectively. The minima of each

curve is reached precisely at the point when the z-piezo voltage corresponds to the

corresponding equivalent plant model. Each rms signal remains minimum in the vicinity

of its chosen plant model indicating that there is some continuous equivalent plant model

space where that particular observer model is the ”closest” as compared to other chosen

discrete points.
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Figure 3.9: Dark green, cyan, magenta, orange and black represent the rms of innovation

signals of Kalman filters corresponding to z1, z2, z3, z4 and z5 points respectively. Red

curve is the rms of the innovation signal of the adaptive observer. The instantaneous

equivalent cantilever model is provided to this observer through the REEP algorithm.

The fact that the red curve remains the minimum at all instances indicates that the

adaptive observer is able to track the plant output at each instance. Thus the estimates

provided to us by the REEP algorithm provide the closest equivalent plant model at

each instance.

The set Ω can be identified for the cantilever-sample system by performing a force

curve where the tip-sample separation is reduced and then increased linearly. Can-

tilever amplitude varies from its free air value to near zero value during this experiment.

Cantilever excitation and deflection are monitored simultaneously and provided to the

REEP algorithm. REEP algorithm provides the estimates of (ωe, Qe) for each value of

z-piezo position, zs. Five points from this space are chosen arbitrarily corresponding to

five z-piezo positions (z1, z2, z3, z4, z5) and five Kalman filters are designed, one for each

plant model in this set. Thus we have bank of five Kalman filters whose models should

match the cantilever model when the z-piezo position is in the set (z1, z2, z3, z4, z5) (see

Figure 3.2). Another set of experiments are performed where z-piezo position is again

varied linearly and cantilever input and output are captured simultaneously. This data

is provided to the bank of Kalman filters and five innovation rms signals are plotted

against z-piezo position. Figure 3.3 shows the equivalent resonant frequency and the

equivalent quality factor estimates for the cantilever obtained via REEP method for
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an amplitude force curve. The cantilever used for this experiment is AC-240TS can-

tilever from Asylum Research. It has an off-sample resonant frequency of 70938.44

Hz and a quality factor of 271.39. Five discrete points in this space corresponding to

(z1, z2, z3, z4, z5) tip-sample separation are picked for constructing the bank of Kalman

filters. Figure (3.4) shows that the minimum of each signal is achieved at its correspond-

ing (z1, z2, z3, z4, z5) position as expected by theory. This indicates that the plant model

obtained from REEP for the discrete set of points are indeed the closest models at that

z-piezo positions. These discrete sets of points in Ω space can be randomly chosen and

across experiments where the z-piezo position is varying across these points it can be

verified that minimum innovation rms is achieved at the corresponding z-piezo position.

To verify if the REEP method does provide closest plant model estimates in con-

tinuous domain Ω, an adaptive observer is designed whose model parameters (ωk, Qk)

are provided by REEP estimates at any particular instance (see Figure 3.5). Thus the

observer model is expected be the closest to the plant model throughout the experiment

irrespective of the z-piezo position. Thus rms of the innovation signal should always be

minimum. Figure (3.6) shows that the rms of innovation error of adaptive observer is

minimum throughout the experiment thus validating the experimental accuracy of the

REEP estimates.

Similar experiments were also done for a low quality factor cantilever. The cantilever

used in this experiment was AC-240TS cantilever from Asylum Research. Off-sample

resonant frequency of this cantilever was 80327.99 Hz and a quality factor of 188.5.

Quality factor of this cantilever was then artificially lowered by active Q-control to a

value of 36. Amplitude force curve with three sinusoids, for REEP algorithm, as the

the cantilever input was performed (see Figure 3.7). Five discrete points were chosen

along these curves for building the bank of Kalman filters. Figure 3.8 shows the rms of

the innovation signals from each of the five kalman filters. Again the minimum of these

signals is reached in the vicinity of their corresponding equivalent plant model. This

indicates that even for low quality factor cantilevers, REEP algorithm is able to provide

the ”closest” equivalent cantilever model. Figure 3.9 shows the rms of innovation signal

of the adaptive observer. This signal which is represented in red is minimum throughout

the experiment indicating that one can obtain continuous equivalent cantilever model

estimates for low Q conditions as well.
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3.4.3 Direct Validation of Estimates using Averaging Theory

Cantilever equivalent model parameters obtained using REEP method can also be ver-

ified analytically using averaging theory. This verification is a simulation based ver-

ification wherein the tip-sample interaction force is assumed to be a piecewise linear

nonlinearity as presented in eqn (4.1). With this assumed nonlinearity, simulations can

be done of the cantilever interacting with the nonlinearity at different interaction levels

and with different nonlinear model parameters.

Figure 3.10: Schematic representing the simulation setup for verification of REEP algo-

rithm and averaging theory. Simulations are performed for different values of nonlinear

tip-sample force parameters and the two independent estimates are then compared.

Averaging theory requires instantaneous amplitude A(t), tip-sample separation `(t)

and nonlinear model parameters for computation. It then provides us with analytical

estimates of ωe and Qe as presented in (4.6, 4.7, 4.8) (see Figure 3.10). Instantaneous

amplitude is obtained by demodulating the cantilever deflection signal. Instantaneous

tip-sample separation and nonlinear force model parameters are known a-priori in a

simulated environment. In experiments, instantaneous tip-sample separation can be

estimated from the z-piezo voltage and its sensitivity. Nonlinear force parameters can

be estimated using techniques outlined in [38]. If the cantilever can be approximated

as a lightly damped oscillator where the nonlinear forces it experiences are small then

it can be shown theoretically that the averaged dynamics are a close approximation of

the actual trajectories ([39]). This approximation is valid when the quality factor of the

cantilever is high. When the quality factor of the cantilever is low, then the estimates

provided by averaging theory might be incorrect.
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REEP algorithm requires cantilever excitation and cantilever deflection as its in-

puts. It then estimates the equivalent cantilever model recursively. Since averaging

theory and REEP algorithm are two independent sources of obtaining the equivalent

cantilever model, the comparison of their corresponding estimates can be used in essence

to validate both or either of the theories. Although there are theoretical justifications

of the estimates obtained from averaging theory, to be correct at high quality factor

operations of the cantilever ([39]).

Simulations were done for three different sets of nonlinear force parameters. The

off-sample cantilever model was assumed to have a resonant frequency of 80318 Hz and

a quality factor of 168. The three sets of nonlinear tip-sample force parameters used

were

• For predominant attractive interaction: d = 4; ωa = (0.31 × 1e6)2; ωb = (3.03 ×
1e6)2; ca = 0.042× 1e6; cb = 0× 1e6;

• For attractive/repulsive interaction : d = 4; ωa = (0.1×1e6)2; ωb = (0.303×1e6)2;

ca = 0.0092× 1e6; cb = 0× 1e6;

• For predominant repulsive interaction: d = 5; ωa = (0.11 × 1e6)2; ωb = (0.63 ×
1e6)2; ca = 0.0042× 1e6; cb = 0× 1e6;
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(a) (b) (c)

Figure 3.11: Figure shows a) phase b) equivalent resonant frequency and c) equivalent

quality factor of the cantilever when an amplitude force curve is being done. The off-

sample quality factor of the cantilever is low (168). The phase plot indicates that the

tip-sample interaction is net attractive throughout the force curve. Thus the phase is

increasing from its off-sample value and the equivalent resonant frequency and quality

factor are decreasing. Red plots are obtained from averaging theory while the blue plots

are obtained from the REEP algorithm.

(a) (b) (c)

Figure 3.12: Figure shows a) phase b) equivalent resonant frequency and c) equivalent

quality factor of the cantilever when an amplitude force curve is being done. The phase

plot indicates that the tip-sample interaction is attractive at low interaction levels while

it is net repulsive at higher interaction levels during the force curve. This behavior is

consistent in all the three figures. Red plots are obtained from averaging theory while

the blue plots are obtained from the REEP algorithm.
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(a) (b) (c)

Figure 3.13: Figure shows a) phase b) equivalent resonant frequency and c) equivalent

quality factor of the cantilever when an amplitude force curve is being done. The phase

plot indicates that the tip-sample interaction is attractive at low interaction levels while

it is net repulsive at higher interaction levels during the force curve. The cantilever

amplitude also jumps from the stable attractive branch to the stable repulsive branch

and vice-versa during the force curve. This behavior is consistent in all the three figures.

The jump locations and magnitudes are also captured in both the algorithms. Red plots

are obtained from averaging theory while the blue plots are obtained from the REEP

algorithm.

Figure (3.11) shows the phase, estimated resonant frequency and estimated quality

factor for the first case where the tip-sample interaction is predominantly attractive. The

blue curve estimates are obtained using the REEP algorithm and the red curve estimates

are obtained analytically using the equations of averaging theory. Figure (3.12) shows

the phase, estimated resonant frequency and estimated quality factor for the second case

where the tip-sample interaction is attractive as well is repulsive. Figure (3.13) shows

the phase, estimated resonant frequency and estimated quality factor for the third case

where the tip-sample interaction is predominantly repulsive which leads to a sudden

jump in the cantilever model between stable branches of the net attractive and repulsive

tip-sample interaction forces. It can be seen from these plots that the two independent

equivalent resonant frequency and quality factor estimates match quantitatively. The

slight deviation between the two estimates at very low set point of amplitude might

be because the averaging theory might provide us with incorrect estimates when the

cantilever is interacting with the sample harshly.
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(a) (b) (c)

Figure 3.14: Figure shows a) phase b) equivalent resonant frequency and c) equivalent

quality factor of the cantilever when an amplitude force curve is being done. The off-

sample quality factor of the cantilever is low (38). The phase plot indicates that the

tip-sample interaction is net attractive throughout the force curve. Thus the phase is

increasing from its off-sample value and the equivalent resonant frequency and quality

factor are decreasing. Red plots are obtained from averaging theory while the blue plots

are obtained from the REEP algorithm.

Simulations were also done for the case when the cantilever has low quality factor

to verify the extent of validity of the estimates provided by the averaging theory. It

must be noted that the estimates provided by the REEP algorithm have been verified

independently using a minimum rms approach for both low and high quality factors of

the cantilever in the previous section. Figure (3.14) shows the phase, equivalent resonant

frequency and equivalent quality factor for the case when the off-sample quality factor

of the cantilever is 38. The nonlinear model parameters for this simulation were d = 5;

ωa = (0.11 × 1e6)2; ωb = (1.83 × 1e6)2; ca = 0.0012 × 1e6; cb = 0 × 1e6. Again we

obtain a reasonable match between the two estimates at this quality factor. The two

independent estimates differed at quality factors below this value.

3.5 Experimental Results

To study the efficiency of the method, experiments were performed on Multimode AFM

(Veeco Inc.) with AC240 cantilever (Asylum Research Inc., f0 = 71500 Hz, Q = 206,

k = 2 N/m). Dither and deflection signals were sampled simultaneously at 500 kHz.
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Figure 3.15: Experimentally obtained a) Amplitude b) Estimated f ′0 c) Estimated
Q′ response during z-force curve experiment. ∆ Amplitude = 12 nm; ∆f0 = 350 Hz;
∆Q = 110. There are two different slopes in f ′0 estimate curve. Both f ′0 and Q′ decrease
with decrease in tip-sample separation.

(3.43) was then computed offline to get estimates of f ′0 and Q′. Rate of convergence of

parameters is lesser than 400µsec. This means the sample can have a spatial frequency

upto 2.5kHz. These convergence rates are faster than conventional imaging signals

like amplitude and phase of the cantilever deflection. This property, together with

the recursive least squares algorithm (3.43), makes it possible to estimate equivalent

cantilever model in real-time in the sense that they can be computed in a time scale

smaller than the time-scales of amplitude and phase of the cantilever oscillations. The

rate of convergence can be tuned by the exponential forgetting factor λ at the expense

of increased variance in the error in estimating parameters. It is seen that the rate of

convergence will be faster with smaller height changes in sample profile.

Equivalent cantilever parameters were identified during force curves done at 1 Hz to

observe how Gz(iω) modifies with sample height. Equivalent resonant frequency f ′0 and

quality factor Q′ are experimentally estimated together with amplitude and phase (see

Figure 3.15). Modified plant parameters were estimated when the deflection amplitude

varied from sample-free amplitude (≈ 25 nm) till 8 nm. A reduction in equivalent

resonant frequency and quality factor was observed as expected with an increase in tip

sample interaction. A sample with periodic features, which are less than 1 nm in height

(see Figure 3.16), was imaged in tapping mode at 10 Hz and 100 Hz frequency. Controller

gains were kept sufficiently small so that the controller just canceled the sample slope

and the Z-piezo drifts. It is evident that the algorithm presented in the paper can
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(a) (b)

Figure 3.16: Experimentally obtained Sample Profile (top-blue-dash curve), Amplitude
(top-green-solid curve), f ′0 estimate (bottom-blue-dash curve), Q′ estimate (bottom-
green-solid curve) while imaging ≤ 1 nm square profile at (a) 10 Hz (b) 100 Hz. ≤ 1
nm steps are clearly visible in f ′0 and Q′ estimates.

generate f ′0 and Q′ estimates in real time providing simultaneous images of amplitude,

phase, f ′0 and Q′. Experimental results (see Figures 3.16(a) and Figure 3.16(b)) indicate

that the method has an estimation resolution of better than 1 nm and can be used

during normal tapping mode operation without any dependence on the image pixel

size. Force spectroscopy experiments were done on a freshly cleaved mica sheet, and

then subsequently after 45 min, 2 hour and 16 hours. It was observed that due to the

presence of negative charges on a freshly cleaved mica sheet, the resonant frequency and

quality factor started decreasing at a distance of ≈ 1µm from the sample indicating the

presence of long distance forces in addition to the van de waal forces. It took roughly

16 hours for this charge to neutralize. Changes in resonant frequency and quality factor

after 16 hours were localized to within 20 nm from the sample surface indicating the

presence of only short range forces (see Figure 3.17).

3.6 Conclusion

This chapter presents a scheme for estimating equivalent resonant frequency and quality

factor Q with resolution better than 1 nm and speed of ≤ 400 µsec which is at least

two orders of magnitude better than current available techniques. It has also been
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(a) (b)

Figure 3.17: Experimentally obtained a) f ′0 estimate b) Q′ estimate during force spec-
troscopy experiment done on a freshly cleaved mica surface and then subsequently at
45 min, 2 hrs and 16 hrs. Localization of surface forces within 20 nm of the sample
surface occurs after 16 hrs of cleaving a mica surface.

established that sum of three sinusoids is sufficient to provide such estimates. Detailed

verification of the accuracy of these estimates is also provided.



Chapter 4

Resonant Frequency Based

Sensing for Low Q Operations of

Dynamic Mode Atomic Force

Microscopy

4.1 Introduction

Intermittent contact dynamic mode AFM operation, also known as tapping mode, is

the most prevalent form of operation to image soft samples and biological samples.

When compared to contact mode operation, tapping mode operation is gentle on the

sample due to reduced lateral and frictional forces on the sample. In tapping mode

operation, the cantilever is typically oscillated by a single sinusoid which is at or near

the resonant frequency of first mechanical mode of the cantilever. Amplitude or phase

of the oscillating cantilever, which interacts with the sample intermittently, are used to

maintain a constant tip-sample interaction and image the sample topography.

Some studies show that by increasing the quality factor of the cantilever, one

can increase the amplitude based sensitivity and decrease the forces on the sample

([40, 41, 42, 43, 44]). There is an upper bound of ’1’ on amplitude sensitivity ([45]).

This sensitivity might drop below ’1’ for non compliant surfaces and low quality factor

59
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cantilevers [46, 47]).

Several biological samples need to be imaged in buffers which are their native en-

vironment. Under fluid, tapping mode results in low quality factor operation on soft

samples ([40]). Reduced quality factor is due to additional viscous damping of the sur-

rounding liquid. Similarly in integrated sensor application where the actuator and the

sensor are integrated on the cantilever, it makes the cantilever bulky. This leads to

reduced quality factor as well ([48]).

This chapter explores resonant frequency based topography imaging during tapping

mode operation. We present analytical expressions to study f0 sensitivity with respect

to topography for variations in the off sample quality factor of the cantilever. It is

shown that this sensitivity increases with reducing quality factor which is an opposite

trend as compared to the amplitude sensitivity. Experimental results are shown to

demonstrate the assertions of the work. In this chapter, expressions for equivalent

resonant frequency and equivalent damping of the cantilever with respect to changes in

the tip-sample interaction levels and nonlinear force parameters are derived assuming a

piecewise linear tip-sample interaction model. These expressions are then used to derive

the sensitivity expressions of equivalent resonant frequency and equivalent damping and

amplitude with respect to changes in sample topography. Then the behavior of these

sensitivities is analyzed with respect to changes in the off sample cantilever’s quality

factor. Finally it is shown analytically as well as experimentally that while the amplitude

and the quality factor sensitivities reduce with reducing quality factor, the sensitivity

of equivalent resonant frequency increases with reducing quality factor.

4.2 Piecewise Linear Tip-Sample Interaction Force

Van De Waal’s interaction forces are modeled in a variety of ways ([]Garcia2002). A

piecewise linear tip-sample separation model which has the possibility to incorporate

dissipative forces as well as the conservative force interactions was presented in ([32]).

This model is shown to accurately predict the bistable behavior in amplitude during

tapping mode operation ([32]). Analytical derivations in this work are done assuming

a piecewise linear tip-sample interaction force.
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Fts(p, ṗ) = {
0 if p ≥ −l + d

−ω2
a(p+ l − d) + caṗ if − l ≤ p ≤ −l + d

ω2
b (p+ l)− ω2

a(p+ l − d) + caṗ+ cbṗ if p < −l
(4.1)

where l is the initial tip-sample separation, d is the spatial difference between the onset

of attractive and repulsive forces, ω2
a is the attractive spring constant per unit mass, ω2

b

is the repulsive spring constant per unit mass, ca is the attractive damping coefficient

per unit mass and cb is the repulsive damping coefficient per unit mass (see Figure 4.1).

In this work these parameters are chosen to be d = 1.65 nm; ω2
a = (0.18 × 1e6)2;

ω2
b = (4.03× 1e6)2; ca = 0.042× 1e6 and cb = 1.45× 1e6 for simulations.

Figure 4.1: Piecewise nonlinear tip-sample interaction force model.

4.3 Deriving Expressions for Equivalent Cantilever Pa-

rameters using Averaging Theory

When the cantilever is interacting with the sample during tapping mode operation, its

dynamics can be expressed as

mp̈+ cṗ+ kp = mg(t) + Φ(p, ṗ) (4.2)
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where m is the mass of the cantilever, c is the off sample damping, k is the off sample

stiffness, p is the cantilever deflection, ṗ is the cantilever velocity, Φ(p, ṗ) = Fts(p, ṗ)m,

ω is the excitation frequency, A is the amplitude of the excitation, g(t) = γ cos (ωt) and

γ = kA
m . This dynamics can be rewritten as

mp̈+ kp = εf(p, ṗ) + εE cos (ωt) (4.3)

where E = mγ
ε and f(p, ṗ) = −cṗ+Φ(p,ṗ)

ε .

The cantilever deflection can be assumed to be a sinusoidal trajectory in the steady

state for a high quality factor operation. Thus

p(t) = a cos (ωt+ φ)

ṗ(t) = −aω sin (ωt+ φ)
(4.4)

where ṗ(t) is the cantilever velocity, a is the amplitue of the cantilever and φ is the

phase of cantilever deflection w.r.t cantilever driver signal. On applying the above

transformation to equation 4.3 the cantilever dynamics cn be represented in amplitude

and phase coordinates as

ȧ = −1
ω

[
a(ω2 − ω2

0) cos (ωt+ φ) + εf(p,ṗ)
m + εE cos (ωt)

m

]
sin (ωt+ φ)

φ̇ = −1
aω

[
a(ω2 − ω2

0) cos (ωt+ φ) + εf(p,ṗ)
m + εE cos (ωt)

m

]
cos (ωt+ φ)

(4.5)

Using averaging theory it can be proved ([32]) that the resultant cantilever trajectories

of eqn (4.5) can be approximated by an averaged amplitude and phase dynamics where

the averaging is done over one period of cantilever trajectory.

Averaged amplitude dynamics is given by

˙̃a = −δe(a)a− ε E sin (φ)
m(ω0+ω)

δe(a) = c
2m + 1

aωΦd

Φd = 1
2π

∫ 2π
0

Φ(a cos (θ),−aω sin (θ))
m sin (θ)dθ

(4.6)

where δe(a) is the equivalent damping coefficient of the cantilever at any instance and

Φd is the average dissipative force per oscillation cycle.

Averaged phase dynamics is given by

˙̃
φ = ωe(a)− ω − εE cos (φ)

ma(ω0+ω)

ω2
e(a) = ω2

0 − 2
aΦc

Φc = 1
2π

∫ 2π
0

Φ(a cos (θ),−aω sin (θ))
m cos (θ)dθ

(4.7)
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where ωe(a) is the equivalent resonant frequency of the cantilever at any instance and

Φc is the average conservative force per unit cycle.

Using a piecewise linear tip-sample interaction force model as mentioned in eqn (4.1)

the integrals of Φd and Φc in eqns (4.6) and (4.7) can be evaluated analytically as

Φd = {
0 if a < (l − d)
−1
2π caaω(π − S1 + sin (2S1)/2) if l − d ≤ a < l
−1
2π [caaω(π − S1 + sin (2S1)/2) + cbaω(π − S2 + sin (2S2)/2)] if a ≥ l

Φc = {

0 if a < (l − d)
−1
2π

[
−ω2

aa(π − S1 − sin (2S1)/2) + 2ω2
a(l − d) sin (S1)

]
if l − d ≤ a < l

−1
2π [−ω2

aa(π − S1 − sin (2S1)/2) + 2ω2
a(l − d) sin (S1)

+ ω2
ba(π − S2 − sin (2S2)/2)− 2ω2

b l sin (S2)] if a ≥ l
(4.8)

where S1 = cos−1 (−l+da ) and S2 = cos−1 (−la ). The nonlinear model parameters can be

obtained either by design during the simulation or estimated via experiment by using

the technique presented in ([38]). ` and a can be obtained by performing a force curve

experiment and assuming the snap-in point a ` = 0. Thus relationships of ωe Vs z and

δe Vs z can be plotted using equations (4.6, 4.7, 4.8). These relationships are presented

in Chapter 3 for various force parameter models in Figs. 3.11, 3.12, 3.13 and 3.14.

4.4 Deriving Resonant Frequency Sensitivity to changes

in Sample Topography

In this section the derivation for the sensitivity of resonant frequency with respect to

the sample topography in tapping mode operation is presented. The following equations

are used to derive this relationship.
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ω2
e(a) = ω2

0 − 2
aΦc

Φc = {

0 if a < (l − d)
−1
2π

[
−ω2

aa(π − S1 − sin (2S1)/2) + 2ω2
a(l − d) sin (S1)

]
if l − d ≤ a < l

−1
2π {−ω

2
aa(π − S1 − sin (2S1)/2) + 2ω2

a(l − d) sin (S1)

+ ω2
ba(π − S2 − sin (2S2)/2)− 2ω2

b l sin (S2)} if a ≥ l
(4.9)

where S1 = cos−1 (−l+da ), S2 = cos−1 (−la ), sin (S1) =

√
(a2−(−l+d)2)

a and sin (S2) =√
(a2−(−l)2)

a . sin (S1) and sin (S2) will be positive by design since S1 and S2 should lie

in the third quadrant.

Sensitivity of equivalent resonant frequency with respect to changes in sample topogra-

phy can be written as

dωe
dl = 1

2ωe

dω2
e

dl
(4.10)

The sensitivity of equivalent resonant frequency with respect to the sample topography

will be different in the attractive and repulsive regions of tip-sample interactions. If the

cantilever is interacting in the attractive regime then we have

dω2
e(l)
dl = −ω2

a
π

d
dl (cos−1 (−l+da )) + ω2

a
π

d
dl (

(−l+d)
√
a2−(−l+d)2

a2
) (4.11)

Let x = −l+d
a . Then

dx
dl = ∂x

∂l + ∂x
∂a

∂a
∂l

= −1
a −

−l+d
a2

∂a
∂l

(4.12)

∂ω2
e(l)
∂l = ω2

a
π

[
∂
∂l (− cos−1 (x) + x

√
1− x2)

]
(4.13)

∂ω2
e(l)
∂l = −ω2

a
πa (2

√
1− x2)(1 + x∂a∂l ) sin (S1) > 0 (4.14)

If the cantilever is interacting with the sample in repulsive regime then the sensitivity of
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equivalent resonant frequency of the cantilever with respect to the sample topography

is given by

∂ω2
e(l)
∂l = −ω2

a
π

∂
∂l (cos−1 (−l+da ))− ω2

a
π

∂
∂l (

(−l+d)
√
a2−(−l+d)2

a2
) + 2ω2

a
π

∂
∂l (

(−l+d)
√
a2−(−l+d)2

a2
)

+
ω2
b
π

∂
∂l (cos−1 (−la )) +

ω2
b
π

∂
∂l (

(−l)
√
a2−(−l)2
a2

)− 2ω2
b
π

∂
∂l (

(−l)
√
a2−(−l)2
a2

)

(4.15)

Let y = −l
a . Then

dy
dl = −1

a + l
a2
∂a
∂l

(4.16)

Then using eqn (4.12) and eqn (4.16) we have

∂ω2
e(l)
∂l = ω2

a
π

[
∂
∂l (− cos−1 (x) + x

√
1− x2)

]
− ω2

b
π

[
∂
∂l (− cos−1 (y) + y

√
1− y2)

]
= −ω2

a
πa (2

√
1− x2)(1 + x∂a∂l ) +

ω2
b
πa(2

√
1− y2)(1 + y ∂a∂l )

sin (S1) > 0; sin (S2) > 0

(4.17)

The nonlinear model parameters can be obtained either by design during the simulation

or estimated via experiment by using the technique presented in ([38]). ` and a can

be obtained by performing a force curve experiment. Thus relationships of ∂ω2
e

∂l Vs z

can be plotted using equation (4.17). Figure 4.2(a) shows the simulation results for the

equivalent resonant frequency force curves with changing quality factor of the cantilever.

Figure 4.2(b) shows the simulation results for the sensitivity of the equivalent resonant

frequency with respect to changing quality factor of the cantilever. It can be seen that as

the quality factor of the cantilever decreases, the sensitivity as well as the total change

in the cantilever’s equivalent resonant frequency during the force curve increases.

4.5 Deriving Equivalent Damping Coefficient Sensitivity

to changes in Sample Topography

In this section we will present the derivation for the sensitivity of equivalent damping

coefficient with respect to the sample topography in tapping mode operation. This is
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done by using the following equations.

δe = c
2m + 1

aωΦd

= {
0 if a < (l − d)
−1
2π caaω(π − S1 + sin (2S1)/2) if l − d ≤ a < l
−1
2π [caaω(π − S1 + sin (2S1)/2) + cbaω(π − S2 + sin (2S2)/2)] if a ≥ l

(4.18)

If the cantilever is interacting in the attractive regime then we have

∂δe
∂l = −1

2π
∂
∂l (caπ − caS1 + ca sin (2S1)/2)

= − ca
2π

[
∂
∂l (− cos−1 (x) + x

√
1− x2)

]
= ca

2πa(2
√

1− x2)(1 + x∂a∂l ) sin (S1) > 0

(4.19)

If the cantilever is interacting with the sample in repulsive regime then we have

∂δe
∂l = − ca

2π

[
∂
∂l (− cos−1 (x) + x

√
1− x2)

]
− cb

2π

[
∂
∂l (− cos−1 (y) + y

√
1− y2)

]
= ca

2πa(2
√

1− x2)(1 + x∂a∂l ) + cb
2πa(2

√
1− y2)(1 + y ∂a∂l ) sin (S1) > 0; sin (S2) > 0

(4.20)

The nonlinear model parameters can be obtained either by design during the simulation

or estimated via experiment by using the technique presented in ([38]). ` and a can

be obtained by performing a force curve experiment. Thus relationships of ∂δe
∂l Vs z

can be plotted using equation (4.20). Figure 4.3(a) shows the simulation results for

the equivalent quality factor force curves with changing off-sample quality factor of the

cantilever. Figure 4.3(b) shows the simulation results for the sensitivity of the equivalent

damping with respect to changing quality factor of the cantilever. It can be seen that as

the off-sample quality factor of the cantilever decreases, the sensitivity in the cantilever’s

equivalent damping during the force curve also increases. This trend is similar to the

one we observed in the sensitivity of the equivalent resonant frequency. The sensitivity

of the equivalent quality factor decreases with decrease in the off-sample cantilever’s

quality factor.
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(a)

(b)

Figure 4.2: Figure shows simulations results of (a) equivalent resonant frequency force

curves obtained from the REEP algorithm (b) Sensitivity of the equivalent resonant

frequency during these force curves. Each curve is obtained for a particular off-sample

quality factor of the cantilever. Seven such plots are obtained for varying off-sample

cantilever quality factor as detailed in the legend. It is shown through these plots

that the net change in the equivalent resonant frequency during a force curve increases

with decrease in the off-sample cantilever quality factor. The sensitivity of equivalent

resonant frequency with respect to the sample topography increases as well.
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4.6 Deriving Amplitude Sensitivity to changes in Sample

Topography

As explained in the modeling section, the equivalent cantilever model in steady state at

any instance can be represented by G(jω) =
ω2
0

s2+2δes+ω2
e
. If the cantilever excitation is

g(t) = A0 cos (ωt) then the cantilever amplitude in steady state is given by

a =
ω2
0A0√

(ω2
e−ω2)2+4δ2eω

2
.

Let D = (ω2
e − ω2)2 + 4δ2

eω
2. Then one can obtain

∂a
∂l = − ω2

0A0

2D3/2

[
∂D
∂ωe

.∂ωe∂l + ∂D
∂δe
.∂δe∂l

]
= − A0ω2

0

2D3/2 .
[
4(ω2

e − ω2)ωe
∂ωe
∂l + 8δeω

2.∂δe∂l
] (4.21)

If the cantilever is interacting in the repulsive regime then the amplitude sensitivity can

be calculated using eqn 4.17 and eqn 4.20. Assume that sin (S1) > 0 and sin (S2) > 0.

Then

∂a
∂l = A1+A2

1−A1x−A2y
(4.22)

where A1 = − A0ω2
0

2D3/2 (2
√

1− x2)(−2ω2
a(ω2

e−ω2)
aπ + 8δeω2ca

2πa ) and

A2 = − A0ω2
0

2D3/2 (2
√

1− y2)(
2ω2
b (ω2

e−ω2)
aπ + 8δeω2cb

2πa ).

Similarly if the cantilever is interacting with the sample in attractive regime then the

amplitude sensitivity to changes in sample topography is given by

∂a
∂l = A1

1−A1x
(4.23)

The nonlinear model parameters can be obtained either by design during the simulation

or estimated via experiment by using the technique presented in (). ` and a can be

obtained by performing a force curve experiment. Thus relationships of ∂a
∂l Vs z can

be plotted using equation (4.22). Figure 4.4(a) shows the simulation results for the

amplitude force curves with changing off-sample quality factor of the cantilever. Fig-

ure 4.4(b) shows the simulation results for the sensitivity of the amplitude with respect

to changing off-sample quality factor of the cantilever. The amplitude sensitivity of the

cantilever remains constant at 1 even with changes in off-sample quality factor. This
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is in agreement with the work reported in [45]. Amplitude sensitivity is expected to

reduce for non-compliant and soft surfaces with reduced off-sample quality factors of

the sample. But for large range of samples it remains constant at 1. For completeness

sake, Figures (4.5) presents the phase force curves with changes in the off-sample can-

tilever quality factor. As quality factor decreases, the net repulsive part of tip-sample

interaction grows and net attractive part reduces as expected from literature.



70

(a)

(b)

Figure 4.3: Figure shows simulations results of (a) equivalent quality factor force curves

obtained from the REEP algorithm (b) Sensitivity of the equivalent damping during

these force curves. Each curve is obtained for a particular off-sample quality factor of

the cantilever. Seven such plots are obtained for varying off-sample cantilever quality

factor as detailed in the legend. The net change in the quality factor during a force

curve decreases with a decrease in the off-sample cantilever quality factor even though

the sensitivity of the equivalent cantilever damping has an increasing trend.
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(a)

(b)

Figure 4.4: Figure shows simulations results of (a) amplitude force curves (b) Sensitivity

of the amplitude during these force curves. Each curve is obtained for a particular

off-sample quality factor of the cantilever. Seven such plots are obtained for varying

off-sample cantilever quality factor as detailed in the legend. Amplitude sensitivity

remains fixed at one as expected from the reporting in the literature. The amplitude

sensitivity is reported to reduce with decreasing off-sample cantilever quality factor for

non-compliant surfaces.
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Figure 4.5: Figure shows simulations results of phase force curves. Each curve is

obtained for a particular off-sample quality factor of the cantilever. Seven such plots

are obtained for varying off-sample cantilever quality factor as detailed in the legend.

The net attractive regime decreases and net repulsive regime increases with reducing

off-sample cantilever quality factor.

4.7 Experimental Results

In this section, the theory developed in the previous sections is validated through ex-

periments. The cantilever used for these experiments was an AC-240TS cantilever from

Asylum Research. It has an off-sample resonant frequency of 80328 Hz and a quality

factor of 189.32. The force curves were done on a mica sheet. The quality factor of the

off-sample cantilever is varied by active Q-control circuit. Amplitude and phase force

curves were obtained by demodulating the cantilever deflection signal. Corresponding

amplitude and phase sensitivites were obtained by applying the difference method on

the amplitude and phase force curve. Equivalent resonant frequency and quality factor

force curves were obtained by providing the cantilever excitation and cantilever deflec-

tion to the REEP algorithm. Corresponding sensitivites were obtained by applying

difference method on these estimated force curves.

Figures (4.6 (a) and (b)) show the experimentally obtained amplitude force curves

and its sensitivity with respect to the sample topography. As expected, the amplitude

sensitivity remains constant at 1 with changes in the off-sample quality factor of the
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cantilever since these force curves are done on a mica sheet.

(a)

(b)

Figure 4.6: Figure shows experimental results of (a) amplitude force curves (b) Sensi-

tivity of the amplitude during these force curves. Each curve is obtained for a particular

off-sample quality factor of the cantilever. Seven such plots are obtained for varying

off-sample cantilever quality factor as detailed in the legend. Amplitude sensitivity re-

mains fixed at one as expected from the reporting in the literature. The amplitude

sensitivity is reported to reduce with decreasing off-sample cantilever quality factor for

non-compliant surfaces.
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Figure (4.7 (a) and (b)) show the experimentally obtained equivalent resonant fre-

quency and its sensitivity with respect to changes in sample topography. It can be seen

that the net change in the equivalent resonant frequency during force curves increases

with decrease in off-sample cantilever quality factor. Moreover, its sensitivity also in-

creases with decrease in the quality factor as expected from the analytical plots.

Figure (4.8 (a) and (b)) show the experimentally obtained equivalent quality factor and

its sensitivity with respect to the sample topography. It can be seen that the net change

in the equivalent quality factor reduces with reducing off-sample cantilever quality fac-

tor. Also its sensitvity decreases with reducing off-sample cantilever quality factor as

expected from analytical results.

For competeness sake, we are also including the phase force curves for these experiments.

Figure (4.9 (a) and (b)) shows the phase force curves and its sensitivity with respect to

the sample topography for changing off-sample cantilever quality factor. It can be seen

the the net attractive regime decreases and net repulsive regime increases with decrease

in the off-sample cantilever quality factor as reported in literature previously.

4.8 Conclusion

Thus in this chapter, we derived the expressions for the equivalent resonant frequency

and the equivalent damping of the cantilever assuming a piecewise linear tip-sample force

interaction model. These expressions were used to obtain the expressions for the sensi-

tivity of the equivalent resonant frequency and quality factor and amplitude with respect

to changes in sample topography. The behavior of these equations were studied with

changing off-sample cantilever quality factor. It was shown that trends in the sensitivity

of equivalent resonant frequency and equivalent damping of the cantilever are opposite

to that of the amplitude sensitivity that is usually used for sensing at nanoscale. These

sensitivities increase with reducing off-sample cantilever quality factor. Hence these

signals can potentially be used for imaging under liquid and in integrated applications

with low Q sensors. These trends were confirmed through exhaustive experiments on a

mica sheet.
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(a)

(b)

Figure 4.7: Figure shows experimental results of (a) equivalent resonant frequency force

curves obtained from the REEP algorithm (b) Sensitivity of the equivalent resonant

frequency during these force curves. Each curve is obtained for a particular off-sample

quality factor of the cantilever. Seven such plots are obtained for varying off-sample

cantilever quality factor as detailed in the legend. It is shown through these plots

that the net change in the equivalent resonant frequency during a force curve increases

with decrease in the off-sample cantilever quality factor. The sensitivity of equivalent

resonant frequency with respect to the sample topography increases.
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(a)

(b)

Figure 4.8: Figure shows experimental results of (a) equivalent quality factor force

curves obtained from the REEP algorithm (b) Sensitivity of the equivalent quality

factor during these force curves. Each curve is obtained for a particular off-sample

quality factor of the cantilever. Seven such plots are obtained for varying off-sample

cantilever quality factor as detailed in the legend. The net change in the quality factor

during a force curve and its sensitivity with respect to sample topography decreases

with a decrease in the off-sample cantilever quality factor.
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(a)

(b)

Figure 4.9: Figure shows experimental results of (a) phase force curves (b) Phase sen-

sitivity with respect to sample topography. Each curve is obtained for a particular

off-sample quality factor of the cantilever. Seven such plots are obtained for varying

off-sample cantilever quality factor as detailed in the legend. The net attractive regime

decreases and net repulsive regime increases with reducing off-sample cantilever quality

factor.



Chapter 5

Observer Based Tapping Mode

AFM

5.1 Introduction

Tapping mode or intermittent contact mode atomic force microscopy is one of the most

prevalent mode for imaging topography of samples at nanoscale. It is specially preferred

for under fluid imaging or imaging of soft samples because it exerts lower forces on the

sample due to reduced lateral and frictional forces.

In tapping mode operation, the cantilever is typically excited by a single sinusoid

whose frequency is chosen to be at or near the resonance of first mechanical mode

of the cantilever. Amplitude or phase of the excitation frequency is typically used as

the feedback signals to maintain a constant tip-sample interaction. Amplitude of the

cantilever deflection is dependent on the cantilever beam dynamics. If the quality factor

of the cantilever is high, which is preferred to obtain higher sensitivity and lower forces

on the sample, then any transients in the cantilever amplitude takes a long time to

decay. This reduces imaging speeds considerably. Moreover image interpretation is

very difficult while the cantilever is in transients.

To detect a sudden increase in the topographic profile, observer based methods were

suggested in ([49]), where it was experimentally demonstrated that detection band-

widths could be increased by three orders of magnitude by observing the innovation

signal of the output. Observer error rms based methods to detect and reduce sudden

78
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reduction in topographic profile, which leads to condition of probe-loss, were presented

in ([50, 51]). Thus it is demonstrated in the earlier works that the rms of innovation

error is a higher bandwidth imaging signal as compared to the amplitude signal where

sudden topographic transitions, either increasing or decreasing, can be detected or im-

aged even while the cantilever is in transients. The observer that was used in these

studies was based on the off-sample cantilever dynamics.

This chapter discusses that by appropriate choice of the observer model or the refer-

ence model, which could be different from the off-sample cantilever dynamics, one can

obtain a handle on the trade off between the bandwidth and sensitivity of the rms error

signal to changes in the equivalent cantilever model, for imaging purposes. It will be

shown analytically that as the observer model moves “farther” from the nominal plant

model, there is an increase in the sensitivity of the rms error signal with respect to the

changes in the plant model. Signal to noise ratio also improves with similar trends.

The transients of the observer error are dependent on the observer dynamics only as

long as the observer and the plant model are same. In case they are different, then the

transients of the error signal will be dominated by the plant dynamics itself. Transients

have a better SNR when the observer model is close to the plant model. Their contri-

butions in the error signal can be controlled by an appropriate choice of the observer

model. Thus by appropriate choice of the observer model and the observer gains one

can find a sweet spot where the sensitivity of the rms of error signal to changes in the

equivalent plant model is high and the transients are still detectable in the signal. It

must be noted that such handles are not available for amplitude and phase signals based

imaging.

5.2 Analyzing Innovation Error Sensitivity to changes in

Plant Model

In this section, we assume that there is a second order linear plant with time varying

parameters whose dynamics is given by G(s) = c1s+c0
s2+b1s+b0

. In state space this can be
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represented as

ẋ = Ax+Bg +B1η

y = Cx+ ν

x(0) = x0

(5.1)

where A =

[
0 −b0
1 −b1

]
, B =

[
c0

c1

]
, C =

[
0 1

]
, D = 0 and B1 =

[
f0

f1

]
. The

coefficients c1, c0, b1 and b0 of the plant are varying with time. Such a variation might

be due to a change in the sensor model due to changes in external environment for

which it is sensitive. For instance, if a cantilever beam shaped sensor is being used for

mass sensing application, then as external agents deposit on the beam, the mass of the

cantilever will change. Thus the sensor model will change with time.

We then build an observer to estimate the states of the plant. Since the plant has

time varying coefficients, the observer model cannot be same as the plant dynamics as

is usually the case. Moreover, the idea here is not to estimate plant states accurately.

The idea is to synthesize a signal which selectively amplifies the changes in the plant

model for sensing purposes.

Let the observer dynamics in state space be represented as

˙̂x = Akx̂+Bkg + L(y − ŷ)

ŷ = Cx̂

x̂(0) = x̂0

(5.2)

where Ak =

[
0 −bk0
1 −bk1

]
, Bk =

[
ck0

ck1

]
and L =

[
L1

L2

]
.

The error signal is defined as e = (x− x̂). The error dynamics can be written as

ė = (Ak − LC)e+ (A−Ak)x+ (B −Bk)g +B1η − Lν
e1 = Ce

e(0) = x0 − x̂(0)

(5.3)

If plant and observer model are same then

ė = (A− LC)e+B1η − Lν (5.4)

which is the standard observer error equation.
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5.2.1 Steady Steady Analysis of Error Signal when Plant and Observer

Models are Different

In steady state, the initial condition response of eqn 5.3 is zero since we assume that

the matrix (Ak − LC) is Hurwitz and it has four inputs x, g, η and ν. Thus resultant

error output will have contributions from four transfer functions.

• T.F.1x→e1 : Transfer function from x to e

• T.F.2g→e1 : Transfer function from g to e

• T.F.3η→e1 : Transfer function from η to e

• T.F.4ν→e1 : Transfer function from ν to e

These transfer functions can be evaluated from eqn 5.3. These transfer functions are

T.F.1x→e1 = C(sI − (Ak − LC))−1(A−Ak)

=

[
0 (−b0 + bk0) + s(−b1 + bk1)

]
s2+(bk1+L2)s+(bk0+L1)

(5.5)

T.F.2g→e1 = C(sI − (Ak − LC))−1(B −Bk)
=

(c0−ck0)+s(c1−ck1)

s2+(bk1+L2)s+(bk0+L1)

(5.6)

T.F.3η→e1 = C(sI − (Ak − LC))−1B1

= f0+f1s
s2+(bk1+L2)s+(bk0+L1)

(5.7)

T.F.4ν→e1 = −C(sI − (Ak − LC))−1L

= −L1−sL2

s2+(bk1+L2)s+(bk0+L1)

(5.8)

From input-output point of view (see Figure 5.1), there are three inputs to the sys-

tem g, η and ν. Therefore, we need to evaluate two more transfer functions.

• T.F.5g→x : Transfer function from g to x

• T.F.6η→x : Transfer function from η to x
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Figure 5.1: Input Output Model of a plant-observer system. Cantilever excitation
(g(t)), thermal noise (η(t)) and measurement noise (ν(t)) are three independent inputs
to the system and output is the innovation signal (e(t)).

T.F.5g→x = (sI −A)−1B

= 1
s2+b1s+b0

[
c0(s+ b1)− b0c1

c0 + sc1

]
(5.9)

T.F.6η→x = (sI −A)−1B1

= 1
s2+b1s+b0

[
f0(s+ b1)− b0f1

f0 + sf1

]
(5.10)

Thus total contribution due to g at e1 is

T.F.1× T.F.5 + T.F.2 =
(c0+sc1)[(−b0+bk0)+s(−b1+bk1)]+(s2+b1s+b0)[(c0−ck0)+s(c1−ck1)]

(s2+b1s+b0)(s2+(bk1+L2)s+(bk0+L1))

(5.11)

Thus the distance of the plant model from observer model reflects as coefficients of

zeros of this transfer function. It must be noted that this structure is created only when

the plant and observer model are different. If these models are same then this transfer

function is identically zero indicating perfect cancellation of the plant input g(t).

Total contribution of η at e1 is

T.F.1× T.F.6 + T.F.3 = f0+f1s
s2+(bk1+L2)s+(bk0+L1)

{1 +
(−b0+bk0)+s(−b1+bk1)

s2+b1s+b0
} (5.12)

Thus e(t) has components due to g(t), η(t) and ν(t).
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5.2.2 Application: Cantilever-Sample System in Tapping Mode Oper-

ation

In dynamic mode operation, when the cantilever is interacting with the sample, it can

be viewed as a linear second order system with time varying parameters ([52]). These

parameters change depending on the material properties. As shown in ([52]), even

though the input-output characterization of cantilever yields a zero in transfer function,

this zero is seen to be independent of sample properties. Thus the equivalent cantilever

can be represented as

G(s) = c1s+c0
s2+(ωe/Qe)s+ω2

e
(5.13)

where c1 and c0 are fixed and ωe and Qe vary depending on sample properties. Thus

A =

[
0 −ω2

e

1 −ωe/Qe

]
, B =

[
c0

c1

]
, C =

[
0 1

]
and D = 0 for this system. By using

derivations presented in previous section, one can show that the transfer function from

g(t) → e1(t), where g(t) is the cantilever excitation and e1(t) is the error signal from

the observer, is given by

T.F.g→e1 =
(c0+c1s)(s(

ωk
Qk
− ωe
Qe

)+(ω2
k−ω

2
e))

(s2+(ωe/Qe)s+ω2
e)(s2+s(ωk/Qk+L2)+(ω2

k+L))
(5.14)

Thus if g(t) = A0 sin (ωt) then we have Ae =
[

(ω2
k−ω

2
e)2+ω2(ωk/Qk−ωe/Qe)2

(ω2
k+L1−ω2)2+ω2(ωk/Qk+L2)2

]1/2
A1 where

A1 = (
c20+ω2c21

(ω2
e−ω2)2+ω2ω2

e/Q
2
e
)1/2A0. Thus in steady state, the error signal will be e1(t) =

Ae sin (ωt+ θe) where θe is the resultant phase between g(t) and e1(t).

The signal of interest for imaging is the rms of the error signal, e1(t). Thus, assuming

g(t), η(t) and ν(t) to be uncorrelated we obtain

RMSe1 = E
[
e2

1

]1/2
= Ae/

√
2 +

√
σ2
ηe +

√
σ2
νe (5.15)

where σ2
ηe is the resultant variance due to thermal noise and σ2

νe is the resultant output

variance due to measurement noise.

5.2.3 Sensitivity of Steady State RMS to changes in Equivalent Can-

tilever Parameters

Since we want to use the rms signal of error output from the observer for imaging,

we are interested in analyzing the sensitivity of this signal with respect to changes in
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the plant model. Plant model changes in terms of shifts in its resonant frequency and

quality factor due to changes in material properties. We would like to maximize this

sensitivity with respect to the changes in model parameters ωe and Qe. In this chapter,

we will derive the expressions for this sensitivity and study it’s behavior with respect

to different choices of observer model.

Changes in error signal output variance due to input g(t) can be represented as

dA2
e = ∂A2

e
∂ωe

dωe + ∂A2
e

∂Qe
dQe (5.16)

where
A2
e = P1.P2

P1 =
(c20+ω2c21)A2

0

(ω2
k+L1−ω2)2+ω2(ωk/Qk+L2)2

P2 =
(ω2
k−ω

2
e)2+ω2(ωk/Qk−ωe/Qe)2

D

D = (ω2
e − ω2)2 + ω2ω2

e
Q2
e

(5.17)

We can express the partial sensitivities as

∂A2
e

∂ωe
= P1

∂P2
∂ωe

∂P2
∂ωe

=
D{−4ωe(ω2

k−ω
2
e)−(2ω2/Qe)(ωk/Qk−ωe/Qe)}−{(ω2

k−ω
2
e)2+ω2(ωk/Qk−ωe/Qe)2}{4ωe(ω2

e−ω2)+2ωeω2/Q2
e}

D2

(5.18)

∂A2
e

∂Qe
= P1

∂P2
∂Qe

∂P2
∂Qe

=
D{(2ω2ωe/Q2

e)(ωk/Qk−ωe/Qe)}−{(ω2
k−ω

2
e)2+ω2(ωk/Qk−ωe/Qe)2}{−2ω2ω2

e/Q
3
e}

D2

(5.19)

Since Qk and ωk can technically belong to entire real space, we would like to define

a meaningful subspace over which we will vary the observer parameters to study the

behavior of equations 5.18 and 5.19 and compare the trends with experimental data. To

define this subspace, we perform a force curve experiment in tapping mode operation.

In this experiment, a ramp is applied at the z-piezo such that the tip-sample separation

first reduces linearly and then increases linearly. This experiment is done at 1 Hz input

frequency to the z-piezo. The cantilever amplitude varies from free air amplitude to

a very small value close to zero. Using REEP method as reported in ([52]), we can

calculate the equivalent plant parameters, ωe and Qe, for each point during the force

curve. Thus we have [Qe1 , Qe2 ] and [ωe1 , ωe2 ] where Qe1 is the minimum equivalent
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quality factor during the force curve, Qe2 is the maximum quality factor, ωe1 is the

minimum resonant frequency and ωe2 is the maximum resonant frequency. In the current

work, the simulation results presented are based on a AC-240TS cantilever from Asylum

Research. This cantilever had a off-sample resonant frequency of 70692.44 and quality

factor of 182.564.

(a) (b) (c)

Figure 5.2: (a) Phase (b) Equivalent resonant frequency and (c) Equivalent quality

factor force curves of the cantilever with respect to amplitude. Plots (b) and (c) provide

(ωe, Qe) pairs for each amplitude point and thus each tip-sample separation during the

force curve. This is used to define a direction of analysis in (ω,Q) space for analysis.

Figure 5.2(a),(b) and (c) show the phase, equivalent resonant frequency and equivalent

quality factor force curves for this cantilever. Even though this is a 2-D space over

(Qe, ωe), we can still define a direction along which the cantilever model changes during

the force curve i.e. (Qfree, ωefree) till (Qlow, ωelow). Here Qfree and ωefree are the

cantilever parameters in free air and Qlow and ωelow are the cantilever parameters when

the amplitude is minimum.

Figure 5.3 shows the variations in the rms of the error signal in the 2-D space when the

nominal plant model is the off-sample cantilever model. Figure 5.4 and 5.5 indicate the

sensitivity ∂A2
e

∂ωe
and ∂A2

e
∂Qe

where the nominal cantilever parameter model is (Qfree, ωefree)

and observer model is changing at each point in the matrix. It can be seen from these

plots that the minima is reached when the observer model and the off-sample cantilever

model coincides. As the observer model moves ”farther” from the plant model these

curves increase in value.
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Figure 5.3: 2-D plots for RMS of the error signal. The nominal cantilever model about

which these sensitivities are plotted is off-sample cantilever model. Each point in the

2-D space represents a particular combination for the observer model. It can be seen

from the plots that the minima is obtained when the observer model coincides with the

off-sample cantilever model.

Figure 5.4: 2-D plots for sensitivity of the error rms to changes in the equivalent

resonant frequency of the cantilever. The nominal cantilever model about which these

sensitivities are plotted is off-sample cantilever model. Each point in the 2-D space

represents a particular combination for the observer model. It can be seen from the

plots that the minima is obtained when the observer model coincides with the off-sample

cantilever model.
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Figure 5.5: 2-D plots for sensitivity of the error rms to changes in the equivalent quality

factor of the cantilever. The nominal cantilever model about which these sensitivities

are plotted is off-sample cantilever model. Each point in the 2-D space represents a

particular combination for the observer model. It can be seen from the plots that the

minima is obtained when the observer model coincides with the off-sample cantilever

model.

Figure 5.6: 2-D plots for RMS of the error signal. The nominal cantilever model

about which these sensitivities are plotted is on-sample cantilever model corresponding

to a very low setpoint amplitude. Each point in the 2-D space represents a particular

combination for the observer model. It can be seen from the plots that the minima is

obtained when the observer model coincides with the on-sample cantilever model.



88

Figure 5.7: 2-D plots for sensitivity of the error rms to changes in the equivalent res-

onant frequency of the cantilever. The nominal cantilever model about which these

sensitivities are plotted is on-sample cantilever model corresponding to a very low set-

point amplitude. Each point in the 2-D space represents a particular combination for

the observer model. It can be seen from the plots that the minima is obtained when

the observer model coincides with the on-sample cantilever model.

Figure 5.8: 2-D plots for sensitivity of the error rms to changes in the equivalent quality

factor of the cantilever. The nominal cantilever model about which these sensitivities are

plotted is on-sample cantilever model corresponding to a very low setpoint amplitude.

Each point in the 2-D space represents a particular combination for the observer model.

It can be seen from the plots that the minima is obtained when the observer model

coincides with the on-sample cantilever model.
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Figure 5.6 shows the variations in the rms of the error signal in the 2-D space when

the nominal plant model is the on-sample cantilever model. Figure 5.7 and 5.8 indicate

the sensitivity ∂A2
e

∂ωe
and ∂A2

e
∂Qe

respectively where the plant model is (Qlow, ωelow) and

observer parameters vary at each point. From these plots it can be seen that as observer

parameters move farther away from the plant parameters the A2
e and sensitivity of A2

e

increases.

Figure 5.9, 5.10 and 5.11 show the projections of above 2-D plots along the direction

(Qfree, ωefree) till (Qlow, ωelow). This is the direction along which the equivalent plant

model moves during the force curve. In all the three plots, the blue curve represents the

response when the observer is built based on the off-sample nominal cantilever model

and the observer gain is aggressive so that the error transients decay within 4 − 10

cantilever oscillation cycles. The red curve represents the response when the observer

is built based on on-sample cantilever model, (Qelow, ωelow) and the observer gain is

chosen such that the error transients decay within 4 − 10 cantilever oscillation cycles.

The green curves represent the response when the observer is built based on off-sample

nominal cantilever model but the observer gain is such that the error signal decays at

the time scales of nominal cantilever model. One can observe from red and blue curves

that the minima in those curves occurs when the observer model coincides with the

nominal cantilever model based on which it was built. Thus the minima of blue curve is

at free air amplitude and the minima in the red curve is at the lowest amplitude. When

we compare the blue and the green curve, then the nominal cantilever model in both

cases is the off-sample cantilever dynamics. That is why the minima of both the curves

is near free air amplitude. But the observer gain is much more aggressive in case of blue

curve as against the green curve. It can be seen that just by varying the observer gain

we can achieve a two order of increase in the magnitudes of these curves. The green

plot in Figure 5.10 is divided by 100 and the green plot in Figure 5.11 is divided by 10

before plotting.
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Figure 5.9: Directional plots for RMS of the error signal. The direction along which

these lines are plotted corresponds to the (ωe, Qe) values along the force curve. The

blue curve correspond to off-sample nominal cantilever model with aggressive observer

gains. The red curve correspond to on-sample nominal cantilever model with aggressive

controller gains. The green curve correspond to the off-sample nominal cantilever model

with low observer gains. The minima in all three curves is obtained when the observer

model coincides with their respective nominal cantilever model. Ae can be increased

drastically by reducing the observer gains.
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Figure 5.10: Directional plots for sensitivity of the error rms to changes in the equivalent

resonant frequency of the cantilever. The direction along which these lines are plotted

corresponds to the (ωe, Qe) values along the force curve. The blue curve correspond

to off-sample nominal cantilever model with aggressive observer gains. The red curve

correspond to on-sample nominal cantilever model with aggressive controller gains. The

green curve correspond to the off-sample nominal cantilever model with low observer

gains. The minima in all three curves is obtained when the observer model coincides with

their respective nominal cantilever model. ∂Ae
∂ωe

can be increased drastically by reducing

the observer gains. The green curve is divided by a factor of 100 before plotting.
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Figure 5.11: Directional plots for sensitivity of the error rms to changes in the equiv-

alent quality factor of the cantilever. The direction along which these lines are plotted

corresponds to the (ωe, Qe) values along the force curve. The blue curve correspond

to off-sample nominal cantilever model with aggressive observer gains. The red curve

correspond to on-sample nominal cantilever model with aggressive controller gains. The

green curve correspond to the off-sample nominal cantilever model with low observer

gains. The minima in all three curves is obtained when the observer model coincides

with their respective nominal cantilever model. ∂Ae
∂Qe

can be increased drastically by re-

ducing the observer gains. The green curve is divided by a factor of 10 before plotting.

5.2.4 SNR Analysis of RMS of Error Signal

In this section, we derive analytical expression for signal to noise ratio and its variations

with respect to observer model parameters. Signal in this setup would include all the

terms which are dependent on changes in the plant model. Thus signal at the output

of the observer should constitute S = A2
e/2+ part of σ2

ηe term = Sg + Sη. Noise at the

output should consist of σ2
νe+ remaining part of σ2

ηe = Nν + Nη. In this work, we are

interested in treating only the Sg part as the signal and hence we define two different

SNRs in this work. One is with respect to the input thermal noise which is defined

as S =
Sg

Nη+Sη
and the other is with respect to the input measurement noise which is
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defined as S =
Sg
Nν

where

Sg =
[(ω2

k−ω
2
e)2+ω2(ωk/Qk−ωe/Qe)2](c20+ω2c21)A2

0/2

[(ω2
k+L1−ω2)2+ω2(ωk/Qk+L2)2][(ω2

e−ω2)2+ω2ω2
e/Q

2
e]
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η

∫∞
0
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0
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∫∞
0

L2
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2

(ω2
k+L1−ω2)2+ω2(ωk/Qk+L2)2

dω

(5.20)

where σ2
η is the input noise variance due to thermal noise and σ2

ν is the input noise

variance due to the measurement noise.

Figure 5.12(a), (b) and (c) shows the variations in Sη, Nη and Nν in the 2-D space

of (Qk, ωk). Nη and Nν are not dependent on the nominal cantilever model and their

magnitude increase with increasing quality factor of the observer. Sη obtains a minima

when the observer model is closest to the nominal cantilever model and it grows as

the ”distance” of the observer from the nominal cantilever model increases. Interesting

thing to note here is that in case the cantilever is not periodically excited, even then its

model will change in presence of external long range perturbations. This method will

give selective amplification to the thermal noise component which can then be used for

sensing purposes.

Figure 5.13(a) and (b) shows the SNR plots in 2-D space. Despite an increase in Sη,

the overall SNR still increases as the ”distance” between the observer and the nominal

plant model increases. Figures 5.14 and 5.15 show a similar trend in Sη and the SNR

values respectively when the nominal cantilever model is chosen to be on-sample with

(Qelow, ωelow) parameters.

Figure 5.16(a), (b) and (c) represent the variations in Sη, Nη and Nν along the direction

in which the equivalent cantilever model changes during a force curve. The blue curves

represent the values when the nominal cantilever model is off-sample and the observer

gains are such that the error transients decay within 4 − 10 oscillation cycles. The

red curves represent the values when the nominal cantilever model is on-sample and

the observer gains are such that the error transients decay within 4 − 10 oscillation

cycles. The green curves represent the values when the nominal cantilever model is

off-sample and the observer gains are such that the error transients decay depending on

the cantilever dynamics.
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(a) (b)

(c)

Figure 5.12: 2-D plots of (a) Signal component of the thermal noise in the error signal

(b) Noise component of thermal noise in the error signal and (c) the measurement noise

component in the error signal. Sη shows same trends as Ae as expected from the derived

equations whereby the minima is reached when the observer model coincides with the

nominal cantilever model. Nη and Nν increase in variance as the quality factor of the

observer system increases. They show negligible variation with changes in the observer

resonant frequency as expected.
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(a) (b)

Figure 5.13: 2-D plots for (a) Signal to Noise ratio (Sg/(Sη +Nη)) (b) Signal to noise

ratio (Sg/Nν) when the nominal cantilever model corresponds to off-sample dynam-

ics. Signal to noise ratio increases as the ”distance” of the observer from the nominal

cantilever model increases.

Figure 5.14: 2-D plots of signal component of the thermal noise in the error signal

when the nominal cantilever model is on-sample model. Sη shows same trends as Ae as

expected from the derived equations whereby the minima is reached when the observer

model coincides with the nominal cantilever model. Nη and Nν remain the same since

they do not depend on the nominal cantilever dynamics.
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(a) (b)

Figure 5.15: 2-D plots for (a) Signal to Noise ratio (Sg/(Sη + Nη)) (b) Signal to noise

ratio (Sg/Nν) when the nominal cantilever model corresponds to on-sample dynamics

with very low setpoint amplitude. Signal to noise ratio increases as the ”distance” of

the observer from the nominal cantilever model increases.
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(a) (b)

(c)

Figure 5.16: Directional plots for (a) Sη (b) Nη and (c) Nν . The direction along which

these lines are plotted corresponds to the (ωe, Qe) values along the force curve. The

blue curve correspond to off-sample nominal cantilever model with aggressive observer

gains. The red curve correspond to on-sample nominal cantilever model with aggressive

controller gains. The green curve correspond to the off-sample nominal cantilever model

with low observer gains. The minima in all three curves is obtained when the observer

model coincides with their respective nominal cantilever model. There is a drastic

increase in Nη and a drastic decrease in Nν as the observer gains are reduced.
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(a) (b)

Figure 5.17: Directional plots for (a) Signal to Noise ratio (Sg/(Sη +Nη)) (b) Signal to

noise ratio (Sg/Nν). The direction along which these lines are plotted corresponds to the

(ωe, Qe) values along the force curve. The blue curve correspond to off-sample nominal

cantilever model with aggressive observer gains. The red curve correspond to on-sample

nominal cantilever model with aggressive controller gains. The green curve correspond

to the off-sample nominal cantilever model with low observer gains. The minima in

all three curves is obtained when the observer model coincides with their respective

nominal cantilever model. The signal to noise ratio with respect to the thermal noise

increases slightly with reduction in observer gains. But there is a drastic increase in the

signal to noise ratio with respect to the measurement noise as the observer gains are

reduced. The green curve in (b) is plotted after a division by a factor of 10000

Here we observe that Nη and Nν are not much dependent on the observer model but

they are highly sensitive on the observer gains. Nη increases while Nν decreases when

the observer gains are made sluggish. Sη does depend on the observer model but it

increases in value while preserving the overall trend with respect to choice in observer

models, when the observer gains are made sluggish. Figure 5.17(a) and (b) show that

SNR with respect to η increases slightly when the observer gains are made sluggish and

SNR with respect to ν increases by orders of magnitude by changing the observer gains.

The green curve in Figure 5.17(b) is plotted after a division by a factor of 10000.

Thus we see that there is a clear benefit of choosing an observer model different from
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plant model to obtain increased sensitivity and SNR while imaging using RMS of error

signal from observer output. We still need a handle on bandwidth of rms signal.

5.3 Initial State Response Analysis of RMS of Error Signal

From equation ( 5.3) we have

e(t) = e(Ak−LC)te0 +
∫ t

0 e
(Ak−LC)(t−τ)(A−Ak)x(τ)dτ

+
∫ t

0 e
(Ak−LC)(t−τ)(B −Bk)g(τ)dτ +

∫ t
0 e

(Ak−LC)(t−τ) [B1η(τ)− Lν(t)] dτ

(5.21)

Thus the initial state response is given by

e(t) = e(Ak−LC)te0 +
[∫ t

0 e
(Ak−LC)(t−τ)(A−Ak)eAτdτ

]
X0

E(s) = [sI − (Ak − LC)]−1
[
E0(s) + (A−Ak) [sI −A]−1X0(s)

] (5.22)

This equation indicates that if the plant model and observer model are same then by

varying L one can obtain a desired decay rate of the initial state response by appropriate

placement of the eigen values of the (Ak − LC) matrix. But when plant and observer

models are not the same then there is an additional component due to the initial state

response in x(t). This response is slow and it depends on the cantilever dynamics.

Equation 5.22 indicates that this component gets a gain depending on how far the

observer model is from the nominal cantilever model. Thus the object of interest is

the peak value of the additional transient which we would need to minimize to let the

error transients that results purely due to the dynamics of (Ak−LC) matrix dominate.

Figure 5.18(a) indicates that the peak of the additional transients also increase in 2−D
space as the distance between the observer and the nominal cantilever model increases.

Figure 5.18(b) shows these responses along the direction of force curves. The blue curve

is the peak transient values when the observer is based on off-sample cantilever model

and with aggressive observer gains. The red curve is the peak transient response when

the observer is based on the on-sample dynamics and with aggressive observer gains.

The green curve represents the peak transient values when the observer is kept sluggish.

One can see from Figure 5.18(b) and Figure 5.10 that the peak transient growth is

slower as compared to the increase rate of the relevant sensitivity values as the observer
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(a) (b)

Figure 5.18: (a) 2-D plot (b) directional plot along the force curves of the peak transient
value due to model mismatch between the observer and the equivalent cantilever model.
This extraneous contribution also increases as the distance of the observer model from
the nominal cantilever model increases with the minima obtained when the two coincide.
(b) shows that the rate of increase of the peak transient component increases but at
a slow rate as compared to the rate at which Ae and its sensitivities increase, as the
observer gains are reduced.

model starts to deviate from the plant model if we choose a sluggish observer gain.

But it needs to be noted here that if the observer gains are made too sluggish then the

error transients which were purely due to the dynamics of (Ak − LC) matrix will also

become prolonged. Thus we cannot reduce the observer gain arbitrarily. Thus one way

of maintaining reasonable transients while obtaining good steady state sensitivity is by

choosing an observer model that is not very far from the nominal cantilever model and

by choosing reasonably low observer gains. These notions will be posed mathematically

and made more rigorous as a future work.

5.4 Experimental Validation

In this section, we will experimentally verify the notions that were developed analytically

and through simulations in the previous section. There were two sets of experiments

performed for the verification.
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5.4.1 Experimental Vs Analytical Error RMS Sensitivity Equations

Amplitude force curve was performed using an AC-240TS cantilever from Asylum Re-

search. The cantilever excitation and deflection were captured simultaneously. REEP

algorithm was used to provide the estimate of equivalent cantilever model along the

force curves. This information was used to build two observers, one of which was based

on the off-sample cantilever model and the other was based on the on-sample cantilever

model at a very low set point amplitude. These observers had aggressive observer gains.

A third observer based on the off-sample cantilever model but with a sluggish observer

gain was also designed. The captured cantilever excitation and deflection were given

to these observers as input and their corresponding rms signal of error output were

monitored. This data was used to calculate A2
e and dA2

e plots along the force curve

direction. Analytical expressions for A2
e and dA2

e were obtained using equations 5.16,

5.18 and 5.19. ∂A2
e

∂ωe
and ∂A2

e
∂Qe

can be obtained a-priori once the observer and the nominal

cantilever model are chosen. dωe and dQe were obtained from the equivalent resonant

frequency and equivalent quality factor plots that were obtained using the REEP algo-

rithm.

Figure 5.19(a), (b) and (c) shows the comparison of experimental and analytical plots

for A2
e values when the nominal plant model is assumed to be the off-sample cantilever

model with aggressive observer gains, the nominal plant model is assumed to be the

on-sample cantilever model with aggressive observer gain and when the nominal plant

model is assumed to be the off-sample cantilever model with sluggish observer gains

respectively. Near quantitative match between the two plots in each figure indicate the

expressions derived for A2
e are correct. Figure 5.20(a), (b) and (c) shows the comparison

of experimental and analytical plots for dA2
e values when the nominal plant model is as-

sumed to be the off-sample cantilever model with aggressive observer gains, the nominal

plant model is assumed to be the on-sample cantilever model with aggressive observer

gain and when the nominal plant model is assumed to be the off-sample cantilever

model with sluggish observer gains respectively. Near quantitative match between the

two plots in each figure indicate the expressions derived for dA2
e are correct. It is thus

established that the rms sensitivity increases as the ”distance” between the observer and

the nominal plant model increases. This sensitivity increases drastically if the observer

gains are made sluggish.
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(a) (b)

(c)

Figure 5.19: Directional plots for A2
e when (a) the nominal observer model is off-sample

model with aggressive observer gains (b) nominal observer model is on-sample model

with aggressive observer gains and (c) observer model is off-sample model with low

observer gains. The blue curves are obtained analytically using equation 5.16. The red

curves are obtained from the experimental data. Near quantitative match between the

analytical and experimentally derived quantities indicate that the experiments follow

the derived expressions closely.
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(a) (b)

(c)

Figure 5.20: Directional plots for dA2
e when (a) the nominal observer model is off-

sample model with aggressive observer gains (b) nominal observer model is on-sample

model with aggressive observer gains and (c) observer model is off-sample model with

low observer gains. The blue curves are obtained analytically using equations 5.18

and 5.19. The red curves are obtained from the experimental data. Near quantitative

match between the analytical and experimentally derived quantities indicate that the

experiments follow the derived expressions closely.



104

5.4.2 Experimental Verification of Trade off Between the Observer

Model and Observer Gain for Enhanced Signal Bandwidth and

Sensitivity

Another set of experiments were performed where an AC-240TS cantilever from Asylum

research was used. The cantilever was engaged with the sample (mica sheet) in tapping

mode. The controller gains were kept low so as to cancel the sample slope and piezo

drifts only. A random three level voltage signal was applied to the z-piezo such that the

cantilever interacted with three distinct levels of topography. The width of each level

was 0.1 sec. Cantilever excitation and deflection signals were recorded. This data was

provided to the REEP algorithm. Equivalent resonant frequency and quality factor of

the cantilever along the time axis as the levels in the sample topography change were

obtained. This was overlaid on the force curve data to obtain the relative position of

these level changes with respect to the equivalent cantilever model change along the

force curve. Thus three observers were designed corresponding to point A, B and C

(see Figure 5.21). These observers were designed for aggressive observer gains, sluggish

observer gains and intermediate observer gain values. Cantilever excitation and the

deflection data was provided to these observer banks and the output rms of error signal

was monitored. This data was also provided to an adaptive observer, so that the observer

always remained at the instantaneous equivalent cantilever model. The output rms of

the error signal from the adaptive observer was also monitored.

Figure 5.22(a), (b) and (c) shows the rms of error signal from the three observers

(A, B and C respectively) when the observer gains are aggressive. One can see that

the sensitivity of detecting levels is low in (b) and (c) since their observer models are

close to the equivalent cantilever models. But since the observer gains are aggressive,

we are still able to see the transient behavior due to purely (Ak − LC) matrix in the

rms signal. The rms sensitivity is minimum when we use the adaptive observer since it

is ensured that the observer model is always in sync with the instantaneous equivalent

cantilever model. This is shown in Figure 5.23. If we choose to reduce the observer

gains drastically to improve the imaging sensitivity and the SNR of the rms signal, then

we do see an enhanced sensitivity to the topography levels (see Figures 5.24(a), (b) and

(c) but at the cost of poor signal transients. The transients due to (Ak−LC) matrix are

prolonged. Therefore they are not visible in the plots. By choosing an observer model
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Figure 5.21: Blue curve shows the equivalent resonant frequency of the cantilever during
a force curve. It reduces with decrease in the tip-sample separation. The red curve is the
equivalent cantilever frequency when the sample topography consists of three different
step heights. Three observers are designed based on the nominal cantilever model at
points A, B and C.

which is farther from the range of equivalent cantilever models during the operation and

by choosing an appropriately small observer gain, one can achieve reasonable sensing

sensitivity as required by the application and the transients are preserved as well. This

is shown in Figures 5.25(a), (b) and (c).

5.5 Conclusion

Thus we have established in this work that by increasing the distance between the

observer model and the nominal plant model, one can obtain increased sensitivity for

the steady state RMS of error signal with respect to small changes in the equivalent

plant model about the chosen nominal dynamics. This happens at the cost of reduced

signal bandwidth since the peak transient value due to the slow cantilever dynamics also

gets amplified by such a choice. A careful choice of the observer model and the observer

gains can get the good of both scenarios. Systematic ways to choose the observer model

will be studied in future.
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(a) (b)

(c)

Figure 5.22: RMS of the error signal when (a) the observer is built on point A (b) the
observer is built on point B and (c) the observer is built on point C with aggressive
observer gains. The change in the equivalent cantilever model during the experiment
is around point B. So point B is the closest to the cantilever models and then point
C followed by point A. It can be seen that the transients due to sudden change in the
tip-sample interaction are visible in all three plots but the sensitivity to steady state
levels is very low. It is a little better in (a) because the observer model is a little farther
from the nominal cantilever model.



107

Figure 5.23: RMS of the error signal which is the output of an adaptive observer. It
can be seen that the transients are visible in the signal but the sensitivity to steady
state levels is even lower than figure 5.22. This is because in the case of an adaptive
observer, the observer is always at the instantaneous equivalent cantilever model.



108

(a) (b)

(c)

Figure 5.24: RMS of the error signal when (a) the observer is built on point A (b)
the observer is built on point B and (c) the observer is built on point C with very low
observer gains. The change in the equivalent cantilever model during the experiment
is around point B. So point B is the closest to the cantilever models and then point
C followed by point A. The sensitivity for the levels is maximum in (a) followed by
(c) and then (b). It can be seen that the transients due to sudden change in the tip-
sample interaction are not visible in all three plots anymore. This is because at such low
observer gains the transients due to purely (Ak −LC) matrix are very slow and mainly
governed by the cantilever dynamics. Moreover the peak transient contribution due to
model mismatch between the observer and the cantilever model is also substantial.
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(a) (b)

(c)

Figure 5.25: RMS of the error signal when (a) the observer is built on point A (b) the
observer is built on point B and (c) the observer is built on point C with intermediate
observer gains. The change in the equivalent cantilever model during the experiment is
around point B. So point B is the closest to the cantilever models and then point C
followed by point A. The sensitivity for the levels is maximum in (a) followed by (c)
and then (b). In these plots, the sensitivity to the steady state levels is substantial and
the transients due to sudden changes in the tip-sample interactions are also visible.



Chapter 6

Real Time Models of

Electrostatically Actuated

Cantilever Probes with

Integrated Thermal Sensor for

Nanoscale Interrogation

6.1 Introduction

The importance of cantilevers with integrated thermal sensors is exemplified by a va-

riety of applications viz. calorimetry [53], thermal dip pen lithography [54], thermal

metrology [55, 56], room temperature chemical vapor deposition [57], microfluidic actu-

ation [58], thermomechanical actuation [59], local thermal property measurements [60]

and high density data storage [18]. Typical thermo-mechanical cantilevers rely on de-

pendence of the resistance of an electrical path on the temperature of the surrounding

environment. For example, in probe based data storage, the separation of the media

from the cantilever determines the heat transfer from the cantilever to the media, which

in turn determines the resistance of the electrical path. Also, most of the resistance of

110
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the electrical path is typically concentrated in a small region, which is achieved by dif-

ferentially doping cantilever legs (see Figure 6.1). This region is termed as the thermal

sensor in this article. As the resistance of the electrical path is primarily determined by

the thermal sensor, the current through the electrical path is primarily determined by

the thermal sensor. We define this current as the thermal sensor output. Various studies

that research heat transfer processes which affect the thermal conduction pathway from

the cantilever to the sample are reported in [61, 62, 63, 64, 65, 66, 67, 68] and [69].

In most present operation schemes, cantilevers are operated in contact mode where

cantilever dynamics do not play a significant role, and the thermal sensor output is

interpreted in a quasi-static sense. Operation in contact mode leads to significant tip-

sample wear due to high lateral forces. It is known (see [70], [71]) that in dynamic

mode operation where the cantilever is in intermittent contact mode with the sample,

frictional forces between media and the cantilever are smaller, resulting in considerable

reduction of tip and media wear. An attractive method of obtaining such an operation

is to oscillate the cantilever by inducing a changing voltage between media surface and

the cantilever, producing a changing electrostatic force on the cantilever.

In dynamic, intermittent contact operation with electrostatic actuation, cantilever

trajectories result from interaction of cantilever beam mechanics with electrostatic, Van

Der Waal’s and adhesive forces. In addition, the current through the cantilever for cer-

tain cantilever geometries can be influenced by capacitive and magnetic affects that can

make the interpretation of the thermal sensor output challenging. Thus the complexity

of quantitatively predicting the cantilever motion and the associated thermal sensor

output is considerable.

In this chapter, a characterization of time constants of various physical processes

with the ability of quantitatively predicting thermally as well as optically measured tra-

jectories is presented. Viewing dynamics of components as feedback interconnections

[65, 38] together with system identification tools enable the modeling of complex pro-

cesses by simpler components. Interconnections and simpler components provide useful

insights into overall dynamics. It is shown that all parameters used in the model can

be identified using thermal sensor output alone making this approach applicable where

optical sensing is not available. The complex geometry of MEMS levers precludes a
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tractable physical model of thermal sensor dynamics. It is shown that for practical op-

erating amplitudes of dynamic mode operation, linearized characterizations obtainable

from black box identification techniques using Fourier methods suffice. It is discovered

that the thermal sensor output is affected by extraneous factors with capacitive and

possibly magnetic origins that need to be considered. Experimental strategies that iso-

late these deleterious effects are presented. An experimental characterization of thermal

sensor dynamics is achieved and compared with FEM simulations. The efficacy of the

paradigm developed in this chapter is verified with comparison between simulated and

experimental data. In summary, this chapter provides a comprehensive understanding

of physical effects governing dynamics of an electrostatically actuated MEMS lever with

integrated thermal sensing. It also provides a means of identifying time constants of

various physical processes from thermal sensor measurement. Steps needed to construct

the model are straightforward, enabling quantitative real time prediction of the motion

of the cantilever and the thermal sensor measurement.

6.2 Device Description

The cantilevers studied in this article are made of highly doped material with a lowly

doped region that forms the thermal sensor (see Figure 6.1 and [9] for a detailed descrip-

tion). The resistance of electrical path is primarily due to the resistance of the thermal

sensor. The resistance of rest of the electrical path is negligible. Thus, the current IR

flowing through the electrical path when a voltage VR is applied, is determined by the

resistance of the thermal sensor. The proximity of the thermal sensor to the sample

being imaged governs the heat lost from the cantilever, and thereby governs the temper-

ature and resistance of the thermal sensor. As the sample is positioned laterally with

respect to the cantilever, distance between the sample and the thermal sensor is changed

due to the topography of the sample. This change in proximity leads to a change in

resistance of the thermal sensor which, in turn, results in a change in the current. The

above mechanism provides a means of inferring the topography of the substrate from

the thermal sensor output.
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Figure 6.1: (a) Schematic and (b) SEM image of the cantilever with integrated thermal
sensor. The cantilever with integrated thermal sensor is made out of monolithic silicon.
The legs are 65µm long and 1.5µm thick. Dimensions of thermal sensor are 4µm ×
3.2µm × 0.5µm (LxWxT). Hinge is 15µm long and 0.5µm thick. Legs of the cantilever
are doped higher at 1 − 2 × 1020cm−3 as compared to the thermal sensor which has a
doping concentration of 4× 1017cm−3. The mass of the cantilever is roughly 6× 10−13

kg. There is a capacitive platform in the cantilever for electrostatic actuation. All the
experiments in this study were done at room temperature with no active control of
temperature, pressure or humidity.

6.3 Experimental Setup

Figure 6.3 shows a cantilever with the capability of sensing the distance of the cantilever

from the media (also termed as the “sample”) by monitoring the heat transfer to the

media. This cantilever is made compatible with the Digital Instrument, Multimode

Atomic Force Microscope (AFM) that has the following features (1) an optical means of

detecting cantilever deflection p. (2) positioning capability with nanometer resolution,

laterally (x, y direction) and vertically (z direction). In addition to the z positioning

capabilities of the long range tube piezo (J-scanner), a small disc piezo, placed on the

J scanner provides positioning in the z direction with a bandwidth close to 300 kHz

(3) a means to electrostatically actuate the cantilever by applying a voltage Vsub to the

sample.

Before providing the modeling assumptions, notation is provided with the aid of Fig-

ure 6.6. p and zs represent the cantilever tip deflection and sample position respectively.

th, ts and `0 are the tip height, the tip-sample separation and the initial distance of the
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Figure 6.2: Integrated systems model with a detailed model of the thermal sensing
mechanism. Cantilever beam is modeled as a second order linear time invariant system
G(jω) which takes as input the thermal noise forcing η, electrostatic force (per unit
mass) Fesf and tip sample interaction force (per unit mass) Fts and gives tip-deflection
p as the output. p is measured by an optical sensor where the output is pm and is
corrupted by a measurement noise ν. Electrostatic force Fesf depends on the instanta-
neous potential difference between the cantilever and the sample which is modeled as
αRVR − Vsub. αR accounts for the non uniform potential distribution along the can-
tilever legs. Tip sample separation ts = p− zs modulo (l0 − th) is sensed by a thermal
sensor which takes as input tip sample separation ts and the thermal sensor voltage VR
and gives current IR = VR

R as the output. Measurement of IR is corrupted by measure-
ment noise γ. ΓTP is the dynamic map that relates instantaneous power dissipation
(V 2
R/R) in the cantilever and instantaneous tip-sample separation (ts) to the cantilever

temperature (T ). Resistance, R, of the thermal sensor is related to temperature (T ) by
a nonlinear static map, g(T ).
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lever from the sample respectively. `0 can be interpreted as the initial reference dis-

tance between the sample and a nominal point on the lever surface. The lever-sample

separation `s is the instantaneous separation between the cantilever and the sample.

With the above notation it follows that ts = l0 + p− th − zs and `s = `0 + p− zs. Note

that p can be measured using the laser and the photodiode arrangement and zs can be

changed by using the piezo scanner to position the sample in the vertical direction.

Photodiode Laser

Read back
Signal

DAC

Cantilever 
Deflection 
Signal

High Bandwidth
positioner

X-Y-Z
Positioner

Electrostatic
Actuation

Amp

Figure 6.3: Experimental setup. VR is the voltage applied across the cantilever. IR is the
measured cantilever current. Vsub is the voltage applied to the sample for actuating the
cantilever electrostatically. Cantilever deflection is sensed through a laser-photodiode
mechanism. Sample positioning is controlled through X-Y-Z positioner of DI micro-
scope. Sample can also be positioned with high bandwidth in z direction using a high
bandwidth z positioner.

6.4 Cantilever Beam Mechanics and Force Modeling

6.4.1 Cantilever Model

The cantilever is considered to be a flexure member and is modeled as a linear filter G

(see Figure 6.2). G processes input forces on the cantilever and provides the displace-

ment p of the cantilever as the output. Though an experimental means of identifying

the cantilever dynamics is employed for the development of the model for dynamic mode

operation purposes, the following second order approximation of the cantilever dynamics

given by
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p̈+
ω0

Q
ṗ+ ω2

0p = f (6.1)

where f, ω0 and Q are the total external force, first modal resonant frequency and the

quality factor of the cantilever respectively, proves useful for the approach curve analysis

described later.

The primary forces on the cantilever are (1) the tip-sample interaction force Fts

that is dominated by attractive forces at large range and at short range the forces are

predominantly repulsive. This force depends on the separation between the tip and the

sample, ts (2) the electrostatic force Fesf that is caused by the difference in potential

between the tip/cantilever surface and the sample surface and depends on the lever

sample separation `s (3) the Langevin thermal noise forcing.

The tip-sample interaction forces are appreciable over a relatively shorter range when

compared to electrostatic forces. Tip-sample interaction forces, which include Van de

Waals, adhesive and meniscus forces, are negligible for tip-sample separation ts greater

than 20 nm, whereas the electrostatic force remains effective over the entire operating

range of the cantilever motion. Electrostatic forces are realized by applying a voltage

Vsub to the substrate.

The modeling of the various components of the dynamics follow the principle of

separating the parts of the dynamics that can be precisely characterized from the com-

ponents that are either not known or are not tractable for real-time applications. Such

a separation is facilitated by the feedback interconnection modeling of the various forces

on the cantilever that is presented next.

6.4.2 Feedback Models of Tip-Sample Interaction Forces and Electro-

static Forces

The cantilever tip deflection p depends on the tip-sample interaction force. The related

model, denoted by G, that processes the input force to generate the deflection p is linear

and does not vary with time. Also, the related cantilever dynamics can be characterized

precisely [72, 73]. However, the tip-sample interaction force, that depends on the tip-

sample separation ts is non-linearly related to p and often only a qualitative nature of

tip-sample force (Φ) is known. The entire dynamics can be considered as a feedback

interaction of a linear time invariant system G that models the cantilever and a static

nonlinearity, Φ, in the feedback path [38]. This feedback interaction model of a linear
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and time-invariant system with a static nonlinearity Φ = 1
mFts is shown in Figure 6.4(a).

The above feedback interconnection model consolidates the known information about

the system G and the unknown part Φ into two separate operators that interact with

each other.

Figure 6.4: (a) The feedback interconnection model encapsulates the interdependence
of the cantilever tip-deflection p and the tip-sample interaction force Fts. The cantilever
is modeled as a linear time invariant system G(s) that takes as the input the dither VD
and the tip-sample interaction force h (per unit mass) and provides the tip deflection
p as the output. The tip-sample interaction force (per unit mass) takes as the input
the tip deflection p and provides the tip-sample force per unit mass h as the output.
The static nonlinearity Φ typically also depends on the tip velocity ṗ. The signal y is
the photo-diode output that provides a corrupted version of the tip-deflection p with v
being the measurement noise. (b) Piecewise linear model of the tip-sample interaction.
kr and ka denote the repulsive and attractive spring constants. d is the parameter that
characterizes the difference in separations between the onset of attractive and repulsive
forces. d is a good measure of the thickness of the adhesion layer

A piecewise linear model is assumed to approximate the tip-sample interaction force

described by

Fts = 0 if ts > d

= ka(ts − d) if 0 ≤ ts ≤ d
= krts + ka(ts − d) if ts ≤ 0

(6.2)

where ts is the tip sample separation, d is a parameter that characterizes the onset

of the attractive interaction, ka is the spring constant modeling attractive tip-sample

interaction forces and kr is the spring constant modeling repulsive forces [38]. The

origin is placed at the onset of the repulsive interaction (see Figure 6.4(b)). This model
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depends on the parameters kr, ka and d. Effects of adhesive and meniscus forces are

accounted for by suitably modifying parameters d and ka.

The main source of inducing oscillations in the lever are electrostatic where a voltage

differential is applied between the cantilever and the sample. The cantilever acts as one

plate of a capacitor while the substrate forms the other plate. The cantilever feels a

capacitive force denoted by Fesf that depends on the difference of potentials on the

cantilever and on the sample. When the voltage VR is applied across the legs of the

cantilever and Vsub is applied to the sample, that can be assumed uniform across the

substrate, the voltage difference between the cantilever and the sample varies with the

spatial coordinate on the cantilever surface. This variation is caused due to variability

of resistance along the cantilever. The cantilever surface and the substrate are modeled

as a parallel plate capacitor with the voltage difference being

Vesf = αRVR − Vsub (6.3)

where αR is the scaling factor that accounts for the non-uniform voltage on the cantilever

surface. The capacitive (electrostatic) force on the cantilever is described by

Fesf = −KesfV
2
esf

`2s
if `s > th

= −KesfV
2
esf

t2h
if `s ≤ th,

(6.4)

where Vesf is given by (6.3), Kesf is an electrostatic force constant and `s = `0 + p− zs
is the instantaneous lever-sample separation. The above characterization reflects the

fact that if the lever-sample distance `s is smaller than the tip-height th then th gov-

erns the electrostatic force on the cantilever. The above model depends on parameters

Kesf , `0, th and αR. Figure 6.5(b) shows the forces felt on the cantilever when the

lever-sample separation `s is varied. Similar to the tip-sample interaction force, the

cantilever deflection affects the electrostatic force, which in turn is affected by the elec-

trostatic force. This scenario admits a feedback interconnection as shown in Figure 6.2

(dash-dot line). One crucial difference between the electrostatic and tip-sample forces is

that electrostatic forces, though nonlinear, admit a more precise physical model. Unlike

tip-sample interaction forces, (that are in a sense to be measured) electrostatic forces

are introduced in a controlled manner. Figure 6.2 also shows the assumption that elec-

trostatic and tip-sample forces appear additively on the cantilever. Measurement of
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cantilever deflection p, is corrupted by white noise ν with a variance of 100 pm and

the measurement of the thermal sensor output IR, is corrupted by white noise γ with a

variance of 107µA.

Figure 6.5: (a) The electrostatic force modeled by a feedback interconnection of a linear
operator of the cantilever dynamics and the non-linear electrostatic force (b) Simulated
electrostatic force felt by the cantilever when the lever-sample separation `s is varied.

6.4.3 Thermal Sensor Model

A voltage VR generates a current IR = VR
R through the cantilever depending on the

instantaneous resistance R, of the cantilever. The generated heat with power P =
V 2
R
R dissipates by conduction through the cantilever as well as the sample through the

surrounding medium. The operator ΓTP (see Figure 6.2) maps the dissipated power

to the thermal sensor temperature T . It is assumed that time constants relating the

resistance and the temperature are negligibly small. It is thus assumed that a relation

R = g(T ) holds, with g a nonlinear and memoryless map. Thermal sensor dynamics

is also cast as a feedback interconnection (see Figure 6.2) wherein dissipated power

leads to a temperature change of the sensor, which leads to a change in the sensor

resistance, which in turn changes the power dissipated in the thermal sensor. Such a

model was first developed in [65] to shape the temperature profile of the write heater

for the contact mode operation. In this thesis, sensing dynamics of the read heater

(thermal sensor that is used to read bits in a high density data storage application) for

dynamic mode operation is addressed. As the power dissipation depends on the applied

voltage VR, and tip-sample distance ts, it follows that ΓTP = ΓTP (VR, ts). The above

description requires characterization of ΓTP and R = g(T ). Unlike models for forces
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cantilever

surface

Figure 6.6: p and zs are the tip-deflection and the sample position respectively. ts and
th are the tip-sample separation and the tip height respectively. `0 can be interpreted
as the initial reference distance between the sample and a nominal point on the lever
surface. The lever-sample separation `s is the instantaneous separation between the
cantilever and the sample.

presented earlier, an exact form of the operator ΓTP is not known for realistic cantilever

geometries even though some intuition of the form of the ΓTP operator is gained from

closed form expressions derived for simplified cantilever geometries [64].

6.5 System Identification

The characterization framework provided in the previous section assumes that (1) can-

tilever and the substrate form a parallel plate capacitor. Even though the sample

remains flat, bending of the cantilever due to forces might violate these assumptions

(2) adhesive, meniscus and tip sample interaction forces appear as single piecewise lin-

ear forcing (3) cantilever mechanical response is in cascade with the thermal sensor

dynamics. Typically, the temperature, T (x, t), is a function of position (x) along the

legs and time. Thus, the operator ΓTP that maps the thermal sensor voltage, VR, and

tip-sample separation, ts, to thermal sensor temperature, T , is also dependent on x.

In this study we assume a lumped parameter model wherein T , not a function of x, is
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able to predict changes in thermal sensor current, IR. This makes the operator ΓTP

independent of x. As will be demonstrated later, these assumptions are realistic, and

furthermore an effective means of identifying parameters from experimental data will

be developed. As optical sensing is not available in many integrated applications, it will

be shown that model parameters can be identified accurately using only thermal sensor

measurement and electrostatic actuation. The optical deflection signal will be used to

verify the accuracy of identified parameters and understand dynamics of the cantilever

beam.

6.5.1 Laser-Photodiode Sensor Based Identification

Static mode approach curves with tip-sample and electrostatic forces provide the first

means of characterizing model parameters. Consider the cantilever that is experiencing a

force F (p, q) where p is the deflection of the cantilever and q is an independent parameter

that is available as an input. For example, q can be the sample position zs that can

be changed by using the piezo positioner or it can be the electrostatic potential Vsub

applied to the sample substrate. Assuming a one mode approximation as given in (6.1),

it is straightforward to show that the equilibrium position p is unstable if ∂F (p,q)
∂p > k

where k is the stiffness of the cantilever. If this condition occurs while the tip is coming

closer to the sample then the tip “snaps-in” with the sample otherwise the approach

is smooth. Note that in (6.1), the resonant frequency ω2
0 = k

m where k is the spring

constant of the cantilever and m is the mass of the cantilever.

The electrostatic approach curve is obtained by using Vsub as the input q and record-

ing both the optical measurement and the thermal measurement. Vsub is ramped up

quasistatically in a linear manner and then ramped down linearly. During this process

VR is maintained at a set voltage. Note that for the electrostatic approach curve both

the tip-sample interaction forces and the electrostatic forces affect the cantilever. Thus

F (p, Vsub) = Fesf (p, Vsub) + Fts(p). At relatively large tip-sample separations (termed

Region 1) the tip-sample interaction force is minimal and can be neglected. Assuming

that the piecewise linear model (see (6.2)) of the tip-sample interaction force holds, if

the tip-sample separation ts > d then the tip-sample interaction force is zero. In such

a case, as Vsub is increased, the cantilever tip assumes a new equilibrium position that
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satisfies

kp = Fesf = −KesfV
2
esf

`2s

= −Kesf (−Vsub+αRVR)2

(`0+p)2
.

(6.5)

This implies that the (p, Vsub) pair satisfies the polynomial

(k)p3 + (2`0k)p2 + (`20k)p = −(Kesf (−Vsub + αRVR)2). (6.6)

This polynomial dependence in the measured quantity p and the applied Vsub can be

used to identify related model parameters k, `0, Kesf and αR when the optical sensor

is available for measuring the deflection signal p.

6.5.2 Thermal Sensor Based Identification

In this section, the aim is to estimate all physical parameters of the system, in Figure 6.2,

from thermal sensor measurement alone and to compare estimates with ones obtained

from the optical signal.

I-V curves and resistance as a function of temperature

In this part we provide a method to identify g(T ). The input VR is first ramped up and

then ramped down in a quasistatic manner at 3 Hz and the signal IR is recorded (see

Figure 6.2 and Figure 6.7(a)). Since the current and the applied voltage VR are known,

the resistance R = VR
IR

can be found. Similarly, once R is known, the power
V 2
R
R can

be evaluated. As the power P or the current through the thermal sensor is increased,

beyond a value Pk, characteristics of the sensor change abruptly due to intrinsic carrier

thermal runaway [68, 69]. The temperature Tk at which this breakdown of the sensor

happens depends on the doping concentration of the heater and is assumed to be known

(which was 550 0C for the present study). The power Pk at which the breakdown

happens can be read from the data by recognizing the “knee” in the P−VR relationship.

Note that the temperature at the thermal sensor is Tr (the room temperature) when the

power is zero. From the above identification, the pair (Tk, Pk) is known. In the above

experiment where VR is ramped up and down, the ramp input is slow. Therefore, from

the linearity assumption of the power-temperature map ΓTP , at a particular tip-sample

separation, it follows that the slope of the line joining (Tr, 0) and (Tk, Pk) identifies
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KTP , the DC gain of ΓTP . Once this information is obtained, the temperature T can

be found at various values of VR. The resistance at corresponding values of VR was found

earlier and thus the functional dependence g(T ) of the resistance R on temperature T

(see Figure 6.7(b)) can be found.

(a) (b)

Figure 6.7: (a) Experimentally obtained I-V curve. Voltage VR is ramped up linearly
from 0V till 3.5V and then ramped down linearly at 3 Hz. Thermal sensor output IR is
measured. This is done in a quasistatic manner so that at each point the thermal sensor
is in equilibrium with its surroundings. Breakdown voltage is ≈ 3.4 V (b) Experimen-
tally identified nonlinear static relationship, g(T ), between thermal sensor resistance
(R) and temperature (T ). This relationship is assumed to be same for all the operating
points of VR and ts.

Relationship of power-temperature DC gain, KTP , vs tip-sample separation,

ts

The relationship between the power-temperature DC gain KTP and tip-sample sepa-

ration ts can be found by keeping VR constant and performing a force curve with the

sample position zs as the input and IR as the output. Such a force curve is shown in

Figure 6.8(a).

Note that for a given VR and zs, as IR is known, R = VR
IR

can be evaluated and

thus P =
V 2
R
R can be found. Also, as g(T ) and g−1(R) are functions that were evaluated

previously, the temperature can be found by T = g−1(R)−Tr. Thus the ratio KTP = P
T

can be found at each value of zs. The task of converting zs to tip-sample separation
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Figure 6.8: (a) The experimental z force curve with the monitored signal being IR.
z-piezo is ramped up linearly by a distance of 900nm and then ramped down at 3 Hz.
Thermal sensor output IR is recorded. Piezo is ramped up from O to A to B. At A, the
tip comes into contact with the sample. The piezo is then ramped down from B to C
to D to O. At C, the tip loses its contact with the sample. This is called snap-off. (b)
Experimentally obtained DC gain of ΓTP = KTP as a function of ts is plotted. KTP is
a strong function of ts which results in tip-sample separation sensing capability of the
thermal sensor.
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remains. It is assumed that the value zsn of zs at which the tip snaps into contact

with the sample in the IR − zs force curve is where the tip-sample separation is zero.

Cantilever bending is assumed to be negligible during z-force curve when the tip is not

in contact with the sample. With these assumptions, the sample position zs can be

converted to ts as ts = zsn − zs. As KTP is known at each value of zs, the plot of KTP

versus ts can be obtained (see Figure 6.8(b)).
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Figure 6.9: (a) Experimental electrostatic force curve with no snap-in i.e. the cantilever
tip is in stable equilibrium with the forces at all the points in electrostatic force curve.
Vsub is ramped up from O to A to B. At A, the tip comes into contact with the sample.
The piezo is then ramped down from B to C to D to O. At C, the tip snaps-off the
sample.(b) shows the IR axis in (a) converted to the tip-sample separation ts axis. This
experiment is performed to check the validity of the assumptions made in converting
the IR axis to the ts axis. The flat portion (ts not changing with Vsub) should be at a
value of ts = 0. Small experimental value indicates that the assumptions made during
conversion of zs into ts are reasonably valid.

The validity of assumptions to obtain KTP vs ts relationship is assessed by per-

forming an electrostatic force curve where Vsub is ramped up and down at 3 Hz and

IR is recorded (see Figure 6.9(a)). VR is chosen to prevent the tip from snapping

into contact with the sample ([74]). IR can be converted to ts by following steps:

R = VR
IR
, P =

V 2
R
R , T = g−1(R) − Tr, KTP = P

T . Once KTP is known, using Fig-

ure 6.8(b), ts can be evaluated. Thus the IR − Vsub plot is converted to ts − Vsub plot

(see Figure 6.9(b)). Note that when ts = 0 any further change in Vsub cannot change the
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current IR. Thus the value of ts where the IR remains constant (the part of the curve

in Figure 6.9(b) that remains constant) should be zero. This value is approximately

5.8% of the entire trajectory. This discrepancy, though small, is attributed to partial

violation of assumptions which were made during the conversion of zs into ts.

Electrostatic force curve for identification

Consider an electrostatic force curve with Vsub as input and IR as the monitored variable

where the tip does snap into contact with the sample (see Figure 6.10(a)). By converting

IR to ts, the ts versus Vsub plot, as shown in Figure 6.10(b), is obtained.
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Figure 6.10: (a) Experimental electrostatic force curve with IR vs Vsub plotted. Vsub is
ramped up from O to A to B. At A, the tip comes into contact with the sample suddenly.
This is called snap-in. The piezo is then ramped down from B to C to D to O. At C,
the tip snaps-off the sample. The IR axis is converted to the tip-sample separation axis;
a polynomial fit is obtained to obtain a clean version of the data. The region where
the tip-sample interaction forces are negligible is used to identify the model parameters.
(b) shows the parameter fit (red-dashed) and experimental data (blue-solid). Estimated
model compares well with the experimental data at large tip-sample separation. Slight
deviation is observed at small tip-sample separation indicating that the parallel plate
model for electrostatic force is not sufficient to capture the cantilever behavior in this
region.

In the region of the force curve where the tip-sample interaction forces are negligible,

forces on the cantilever are predominantly electrostatic and the equilibrium position
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p = ts + th − `0 of the cantilever satisfies

k(ts + th − `0)(ts + th)2 = −Kesf (−Vsub + αRVR)2. (6.7)

The above is a polynomial in data (ts, Vsub) where coefficients k, th, `0, Kesf and αR

have nonlinear dependence on each other. Nonlinear least squares curve fitting algorithm

[75] is used to identify the best fit to data in Figure 6.10(b). Parameters identified are

αR, Kesf , k, th, and `0 where k is the cantilever spring constant.

Estimation of mechanical cantilever parameters, viz. resonant frequency and quality

factor of G(jω), is done by fitting a second order transfer function around the resonance

of the transfer function from Vsub to IR (see Figure 6.11). Experimental data for this

step is collected at a large tip-sample separation such that the electrostatic forcing does

not alter the parameters of cantilever mechanical response, G(jω) significantly. This

provides an estimate of f0 as 51.8578 kHz and quality factor, Q, as 2.37148. Estimating

the relationship of the cantilever deflection p and the electrostatic forcing using only

the thermal sensor measurement involves decoupling thermal sensor dynamics from me-

chanical dynamics of the cantilever. An optical beam-bounce method provides a direct

measure of p without introducing its own dynamics and therefore provides precise char-

acterization of the relationship between Vsub and p. The p-Vsub relationship as obtained

independently from the optical beam-bounce measurement and from the thermal sensor

measurement respectively is shown in Figure 6.12. Evidently with methods provided,

there is a quantitative match of the thermal sensor based model response to the optical

beam bounce based experimentally measured response, indicating that G(jω) can be

identified well from thermal sensor data alone.

Thus, using the above procedure, model parameters can be estimated fairly well

using the thermal sensor output and actuation signal Vsub.

6.5.3 Virtual Position Sensor

The cantilever, the tip sample interaction and electrostatic interaction models can be

identified based on the optical beam bounce measurement of the cantilever deflection

p. The optical measurement does not introduce any new dynamics unlike the thermal

sensor and therefore is expected to provide a more precise and easier identification of

parameters. Such an identification strategy is reported in [48], which also demonstrates
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Figure 6.11: Fitting a second order transfer function around the resonance in mea-
sured transfer function from Vsub to IR (a) magnitude (b) phase. Blue solid line is the
experimentally obtained response of ΓĨRṼsub and red dashed line is the second order fit
around resonance. This process allows estimation of f0 and Q of the cantilever from the
thermally sensed data.
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Figure 6.12: Cantilever mechanical transfer function G(jω) (a) magnitude comparison
(b) Phase comparison. Blue-solid is experimental cantilever mechanical transfer function
obtained using optical beam bounce method. Red-dash line is second order fit around
the resonance of ΓĨRṼsub transfer function obtained using thermal sensor output IR (see
Figure 6.11). Good agreement between both the plots indicate that parameters for the
cantilever mechanical transfer function can be estimated from the thermal sensor output
alone in the absence of an optical sensor.
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Parameter Optical Thermal

αR 0.2504 0.2156
`0 1166 nm 1243 nm
Kesf 1.39744e-021 1.64991e-21
th not estimated 711.75 nm
k 0.14123 0.13975
f0 54.41 kHz 51.858 kHz
Q 2.1234 2.3715

Table 6.1: Comparison of the optical sensor and thermal sensor based identified pa-
rameter values

that optical sensor-based identified parameters quantitatively predict cantilever deflec-

tion. Table 6.1 provides a comparison of the parameters as identified by the thermal

sensor using methods proposed earlier in the chapter, and the optical sensor based

methods. The fact that these models are amenable to real time implementation and

fast simulations facilitate better understanding of the device, and obviate the need for

elaborate experiments to test various hypotheses. In an integrated environment, where

optical position sensing is not available, the proposed technique enables estimation of

parameters from thermal sensor measurement. One can then obtain estimates of can-

tilever position in real time from the implementation of this model. This can be viewed

as a virtual position sensor that replaces the optical sensor.

6.6 Dynamic Characterization of Thermal Sensor

In this section, the notation Γõ̃i will denote the dynamic operator between the input

i and output o. Thermal means of sensing topography enables an operation where an

array of cantilevers can probe the sample in a parallel operation. However, the thermal

sensor introduces new dynamics (unlike the optical beam-bounce method) that need

to be understood for appropriate interpretation of data. Also, there are a number

of applications where the thermal sensor is used to study thermal processes at the

nanoscale. A dynamic characterization of the thermal sensor provides insights on how

to better employ these sensors for fundamental studies of thermal transport, and also

characterizes the limitations and capabilities of the sensor. In this section, the primary
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aim is to understand thermal sensor dynamics and its relation to cantilever dynamics.

Note that, in the previous sections, a quasistatic characterization of the thermal sensor

was achieved.

Unlike the electrostatic force model where the form of forcing is known, physical

models relating the power to the temperature of the thermal sensor for realistic can-

tilever geometries are not readily available for the operator ΓTP . A characterization

of the operator for quasistatic inputs is achieved in Section 6.5. ΓTP operator can be

linearized (see Figure 6.13) about (VR0, ts0) as follows:

∆T =
∂ΓTP
∂P

∣∣∣∣
P0,ts0︸ ︷︷ ︸

C(jω)

∆P +
∂ΓTP
∂ts

∣∣∣∣
P0,ts0︸ ︷︷ ︸

H(jω)

∆ts.
(6.8)

It is assumed that the temperature of the thermal sensor depends primarily on the

Figure 6.13: Small signal model for the thermal sensor about a nominal point
(IR0, R0, T0). ΓTP has been linearized as in Equation (6.8). C(jω) is the frequency
response from ∆P to ∆T and H(jω) is the frequency response from ∆ts to ∆T . Non-

linear operators V 2

R ,
V
R , g(T ) are also linearized to obtain the rest of the model.

power P , and the tip sample separation ts.

As no physical model to describe the dynamics of the operator ΓTP is available,

the validity of the small signal model in (6.8) takes special significance. If the small
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signal model is valid for practical operating conditions of dynamic mode, then one can

identify the small signal model parameters in (6.8) using Fourier methods. One can thus

overcome the lack of a tractable physical model of the operator ΓTP . Fortunately, as is

shown later in the article, a small signal model does suffice for quantitative prediction

of thermal trajectories in the dynamic mode.

Nonlinear operators VR
R ,

V 2
R
R and R = g(T ) (see Figure 6.2) can also be linearized

about the operating point (I0, R0, T0, P0, ts0, VR0) to obtain small signal model for the

thermal sensor (see Figure 6.13). The dynamic relationships ΓĨR t̃s (Sensing transfer

function) and ΓĨRṼR (Thermal transfer function) that relate tip-sample separation to

thermal sensor current and VR to thermal sensor current respectively can be experimen-

tally obtained by varying VR and ts while measuring IR (the means of varying ts are

discussed later). Note that the sensing transfer function is of fundamental importance

as it provides information on the speed with which the thermal sensor can measure the

topography of the sample.

Using the small signal model shown in Figure 6.13, the following relationships can

be derived:

ΓĨRṼR =
∆IR
∆VR

=
1

R0

[
1− g′(T0)C(jω)I2

R0

1 + g′(T0)C(jω)I2
R0

]
, (6.9)

ΓĨR t̃s =
∆IR
∆ts

=
−IR0

R0

[
g′(T0)H(jω)

1 + g′(T0)C(jω)I2
R0

]
. (6.10)

From (6.9), it follows that

C(jω) =
1

I2
R0g
′(T0)

[
1−R0ΓĨRṼR
1 +R0ΓĨRṼR

]
. (6.11)

Note that from (6.10) and (6.11) it follows that

H(jω) =
−R0

IR0g′(T0)
ΓĨR t̃s

[
2

1 +R0ΓĨRṼR

]
. (6.12)

Such a relationship (6.11) provides useful information on the rate at which the thermal

sensor can be heated and therefore translates into assessing, for example, the write

speeds in a high density data storage application. Once C(jω) and H(jω) are identified,

important closed loop relations (for example ∆VR to ∆T ) can be obtained, which reflect

on the bandwidth with which the temperature of the thermal sensor can be changed

using voltage VR.
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Electrostatic forcing of the cantilever changes the tip-sample separation ts, allowing

ΓĨR t̃s to be obtained. The small signal model Γt̃sṼesf that relates small changes in Vesf

to small changes in tip sample separation ts, can be found by linearizing the nonlinear

electrostatic forcing (6.4), as follows

p̈+
ω0

Q0
ṗ+ ω2

0p︸ ︷︷ ︸
G(jω) dynamics

= ω2
0(
−KesfV

2
esf

(l0 + p)2
)

p̈+
ω0

Q0
ṗ+ ω2

0p = ω2
0(
−2KesfVesf0

(l0 + p0)2
∆Vesf +

2KesfV
2
esf0

(l0 + p0)3
∆p).

(6.13)

Thus the following relationships can be evaluated (see Figure 6.2) and are found to be

Γp̃Ṽesf = L
ω′2

s2 + ω′

Q′ + ω′2
,

ω′ = ω0

√
1−

2KesfV
2
esf0

(l0 + p0)3
,

Q′ = Q0

√
1−

2KesfV
2
esf0

(l0 + p0)3
,

L =
−2KesfVesf0

(l0 + p0)2

[
1−

2KesfV
2
esf0

(l0 + p0)3

]−1

, (6.14)

where Vesf0 and p0 are nominal electrostatic voltage and cantilever deflection respec-

tively, and it is assumed that sample height is not varying.

Remark: It is evident from (6.14) that Q′ and ω′ reduce as lever-sample separation

(l0 +p0) reduces. DC Gain L of frequency response Γp̃Ṽesf increases as lever-sample sep-

aration decreases. Experimental results confirm these trends, as shown in Figure 6.14.

As tip-sample separation increases, Q′ and ω′ converge to Q0 and ω0, latter being the

cantilever model parameters without electrostatic forcing. L converges to zero indicat-

ing that the effect of electrostatic forcing reduces with increasing tip-sample separation.

Cantilever parameter identification is therefore done at a tip-sample separation where

Q′ and ω′ are close to Q0 and ω0, and L is sufficient to actuate the cantilever.

Γt̃sṼesf , ΓĨR t̃s and ΓĨRṼR can be represented as in Figure 6.15 where it is assumed

that the cantilever sensor with Vesf as an input and IR as the output can be modeled
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Figure 6.14: Experimentally obtained magnitude and phase of cantilever mechanical
transfer function (Vsub to p) at various tip sample separation. (a) Magnitude (b) Phase.
Tip sample separation increases from top to bottom. DC gain increases with reducing
tip-sample separation and f0 and quality factor Q decrease with reducing tip-sample
separation as indicated by Eqn 6.14

as a cascade in series of two maps: the mechanical transfer function that maps the

substrate voltage Vsub to the tip deflection p, and the thermal sensing transfer function

that maps the tip deflection p into the measured current IR (Figure 6.15). Note that

with the experimental setup in place, it is possible to monitor the tip deflection p as

well as the thermal sensor current IR. ts = l0 + p+ th− z (see Figure 6.6) and therefore

we have ∆ts = ∆p since z, `0 and th are constant. Also as VR is constant we have

∆Vesf = ∆Vsub.

6.6.1 Identification of Sensing Transfer Function (ΓĨR t̃s)

In this part of the chapter, experimental results and procedures for identifying the dy-

namic map ΓĨR t̃s are presented. In related experiments, the voltage VR is kept constant

at 3 V. The sample is held fixed in the lateral direction and small-signal dynamic maps

are obtained at various nominal tip-sample separations ts0. The nominal tip-sample

separation can be changed using a piezoelectric actuation based sample positioner.

The substrate voltage Vsub provided is sinusoidal (of the form A sin(2πf)), with one

volt peak to peak voltage. A sinusoidal Vsub with frequency at the resonant frequency,
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Figure 6.15: Simulation Model for an electrostatically actuated cantilever with inte-
grated thermal sensor, about a nominal point of operation of dynamic mode operation.
Tip sample separation ts changes in response to changes in electrostatic voltage Vesf
related by transfer function Γt̃sṼesf . Any manifestation of sample profile zs in the can-

tilever trajectory manifests itself in ∆ts. ∆ts perturbs the thermal system and results
in a consequent change in the thermal sensor output IR related by the transfer function
ΓĨR t̃s . This map is low pass in nature with a bandwidth of approximately 12kHz (see
Figure 6.19). Alternatively ∆IR can also change through ∆VR related by the transfer
function ΓĨRṼR . All these three maps are experimentally measurable.

f0, of the electrostatically forced cantilever results in cantilever oscillations with approx-

imately 60 nm amplitude. These amplitudes translate to practical values for dynamic

mode operation. The thermal sensor current IR and the optical deflection signal p are

recorded. Effectively, data is recorded with Vsub = A sin(2πf), for various values of

f ∈ [0, 100 kHz]. At each Vsub actuation frequency f , the measured deflection signal

p and the thermal signal IR, are found to be nearly sinusoids with frequency f , with

steady state amplitudes |p̂(jω)| and |ÎR(jω)| respectively. The higher harmonics are

negligibly small for most of the frequency range of f . The gains | p̂(jω)
A | and | ÎR(jω)

A | and

their relative phase with respect to Vsub, thereby identifying Γt̃sṼesf and ΓĨRṼesf (see

Figure 6.15), are provided in Figure 6.14 and Figure 6.16.

Throughout the article an implicit assumption made is that the substrate voltage

affects the thermal sensor current IR only through the tip-sample separation. Thus, it

is assumed that when there is a change in Vsub, the electrostatic force on the cantilever

changes and therefore the cantilever deflection is changed, leading to a changed distance

from the sample. This leads to a changed current due to the changed thermal sensor

resistance. However, the cantilever is a current path that is present in an oscillating

electric field and there is a possibility that the voltage Vsub directly affects the current IR
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Figure 6.16: Experimentally obtained magnitude and phase of transfer function from
Vsub to IR at various tip sample separation. (a) Magnitude (b) Phase. Tip sample
separation increases from top to bottom.

Figure 6.17: Modified Small Signal Simulation Model of the system about a nominal
point of operation of dynamic mode to include a direct path from Vesf to IR with
no dependence on ∆ts which is called ΓĨRṼesf sp. This needs to be included because

oscillating Vesf voltage gives rise to oscillation on IR even when ∆ts = 0 i.e. the tip
is in contact with the sample. This can possibly be attributed to the capacitive or
inductive coupling between cantilever and sample.
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even when the tip-sample separation is unchanged (see Figure 6.17). In the setup, such

a direct feedthrough term ΓĨRṼesfsp , can be found by engaging the tip with the sample

and then observing the current IR while the substrate voltage Vsub is changed. As the

tip remains in contact with the sample, ∆ts remains zero and thus the feedthrough term

can be characterized. The corresponding data obtained when the tip is engaged with

the sample, identifies ΓĨRṼesfsp and is presented in Figure 6.18.
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Figure 6.18: Experimentally obtained magnitude and phase of ΓĨRṼesf sp close to the

sample. (a) Magnitude (b) Phase. Blue-Solid: Experimental; Red-Dash: Transfer
function fit to the data. Rise in magnitude and phase with frequency suggests of possible
capacitive or inductive origins to this component of ∆IR due to changes in Vesf .

The sensing transfer function is determined using the relationship

ΓĨR t̃s =
ΓĨRṼesf − ΓĨRṼesf sp

Γt̃sṼesf
(6.15)

with the tip close to the sample. Note that ΓĨRṼesf , ΓĨRṼesf sp and Γt̃sṼesf have been

experimentally identified. Figure 6.19 shows the sensing transfer function evaluated fol-

lowing (6.15) and presents a comparison with FEM simulations. The sensitivity of the

thermal sensor output close to the sample is 102.63µA/nm and the bandwidth is nearly

12kHz. The sensing transfer function has a roll-off of 10 dB/decade as expected from

theoretical calculations for the thermal sensor size under consideration [64]. Experi-

mental identification of the sensing transfer function does not require any assumption

on the form of ΓTP once the overall block diagram (Figure 6.17) is fixed.
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(a) (b)

Figure 6.19: Experimentally obtained magnitude and phase of sensing transfer function
due to heat conduction processes. (a) Magnitude (b) Phase. Solid-Blue: Experimentally
obtained without assuming any model for the thermal sensor using (6.15); Dash-Green:
FEM Simulations; Red-dash/dot: obtained from (6.10) and experimentally obtained
H(jω). Experimentally obtained sensing transfer function matches with the results
obtained from FEM simulations both in magnitude and phase. A 10dB/decade drop
at higher frequencies and a bandwidth of approximately 12kHz is as expected from
theoretical predictions.
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Figure 6.20: Experimentally obtained magnitude and phase of transfer function from
ts to IR at a tip sample separation close to the sample using (6.16). The total drop in
magnitude plot from 0−100kHz is around 5−6dB and there is also a rise in magnitude
and phase at high frequency. This is not in agreement with the theoretical predictions
for the considered cantilever geometry.
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Remark: Note that if the direct feedthrough term is neglected then the sensing

transfer function can be found as

ΓĨR t̃s =
ΓĨRṼesf
Γt̃sṼesf

. (6.16)

Such an evaluation results in ΓĨR t̃s as shown in Figure 6.20. This agrees with the sensing

transfer function shown in Figure 6.19 where the feedthrough term is not neglected

except for the high frequency rise where Figure 6.20 shows a rise in magnitude. Such a

rise is not corroborated by the existing analysis and FEM simulations. The conclusion

is that the feedthrough term affects the high frequency region only and can be neglected

if such a frequency region is not of interest.

6.6.2 Identification of H(jω)

We now seek to determine H(jω), the dynamic map between ts and temperature T ,

experimentally. Towards this goal, input perturbations of approximately 200mV are

introduced at VR about a nominal point of VR0 = 3V, and IR is recorded. At this stage

g(T ) and g′(T ) are known from methods described in Section 6.5.
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Figure 6.21: Experimentally obtained C(jω) at a tip sample separation close to the
sample (a) Magnitude (b) Phase

Figure 6.21 shows experimentally evaluated C(jω) using methods outlined in [65]

when the tip is close to the sample. It shows that C(jω) has low pass characteristics with
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roughly 10 dB/decade drop as expected for the thermal sensor size under consideration

[64]. The power to temperature conversion factor when cantilever is close to the sample,

represented by the DC gain of C(jω), is 111 0C/mW and bandwidth is roughly 12kHz.

A method to evaluate H(jω) is to use a nonlinear model (Figure 6.23) where we

assume that data ∆ts (measured optically) and IR are recorded and VR is kept constant

at a nominal value VR0. At this stage, C(jω) and g(T ) have been obtained experimen-

tally. From the measurement IR, ∆P = VR0IR − P0,∆T = g−1(VR0
IR

) − g−1(R0) and

∆T1 = ∆T − Γ−1(C(jω)) ∗ ∆P can be obtained where R0, P0 are the mean value of

resistance and power, T1 is the output of H(jω) block and Γ−1(C(jω)) ∗∆P is the in-

verse Fourier transform of C(jω) convolved with ∆P . Thus H(jω) can be evaluated as

H(jω) =
CT̃1 t̃s

(jω)

Ct̃st̃s (jω) where CT̃1 t̃s(jω) denotes the cross covariance between ∆ts and ∆T1,

and Ct̃s t̃s(jω) denote the auto covariance of ∆ts. Figure 6.22 shows experimentally ob-

tained H(jω) when the tip is close to the sample. DC Gain of H(jω) is a positive value

which increases with reducing tip-sample separation. Positiveness comes from the fact

that a small reduction in ts about a nominal point will further reduce the cantilever

temperature. The increase in DC Gain with reducing tip-sample separation reflects

increase in sensitivity with reducing tip-sample separation.
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Figure 6.22: Experimentally obtained H(jω) (a) magnitude variation (b) phase vari-
ation. Deviation of H(jω) from a simple DC gain indicates that there is dynamics in
H(jω) that needs to be considered during modeling. Blue-solid curve represents exper-
imentally obtained data. Red-dash curve is an optimal transfer function fit to the blue
curve.
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Figure 6.23: Large Signal Thermal Sensor Simulation Model with first order Taylor
approximation of ΓTP operator as given in (6.8). Nominal temperature T0 is given
by the relationship ΓTP (P0, ts0) which is evaluated from z-force curves as explained in
Section 6.5 and C(jω) and H(jω) are transfer function between ∆P−∆T and ∆ts−∆T
respectively.
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H(jω) evaluated in this manner can be substituted in (6.10) to obtain one estimate

of sensing transfer function, ΓĨR t̃s . This estimate can be compared to the experimentally

obtained sensing transfer function ΓĨR t̃s , assuming no models and using (6.16). Such

a comparison is presented in Figure 6.19. The blue-solid curve is the experimentally

identified sensing transfer function assuming no models, whereas the red-dash curve

represents the sensing transfer function estimated using (6.10) and experimentally ob-

tained H(jω). There is a good agreement between the magnitude and phase response of

the sensing transfer function using (6.10) and experimentally obtained H(jω), and the

sensing transfer function estimated assuming no models (see (6.15) and Figure 6.19).

This indicates that linearization of ΓTP operator and other nonlinear operators in the

thermal sensor accurately capture system response to small input perturbations at Vsub.

6.7 Validation

6.7.1 Model Characterization and Validation using the Optical Based

Deflection Measurement

The cantilever transfer function can be obtained by providing a chirp to Vsub and record-

ing the deflection data p. A second order transfer function is fitted to obtain an input

(Vsub) vs output (p) transfer function. The transfer function of the cantilever (see Fig-

ure 6.24) was estimated to be

G(s) =
1.825e11

s2 + 1.577e5s+ 2.549e11
.

The resonant frequency and the quality factor of the cantilever were determined to be

f0 = 80.354 kHz and Q = 3.2015, respectively. Using the piecewise linear model (6.4)

to fit the experimental data, the parameters ka, kr and d were found to be ka = −0.29

N/m, kr = 3.4 N/m, and d = 65 nm.

Figure 6.25(b) shows the experimentally obtained electrostatic approach curve using

photodiode current as the deflection sensor. As Vsub is increased, the deflection follows

the curve from a to b. Any further increase in Vsub leads to the snap-in condition where

the cantilever tip makes contact with the sample at c. As Vsub is reduced, the cantilever

snaps out of contact at d and jumps to e before retracing its path from f to a. Region

1 (a to b), corresponds to the electrostatic approach curve before snap-in occurs. The
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Figure 6.24: A chirp signal from DC-100 kHz is applied at Vsub and the photodiode
voltage is recorded. The input-output transfer function is estimated using Matlab.
The plot shows the comparison of the estimated (red-dash) and the experimental data
(blue-solid)

vertical axis is converted to nm by using the sensitivity S (30 nm/V) obtained using

the contact mode approach curve (Figure 6.25(a)). If ts > d in any region of the

electrostatic approach curve, then each value of (p, Vsub) provides one relation (6.6)

that is a polynomial in p with coefficients of the polynomial related. This aspect can

be exploited to find the coefficients that best satisfy the relations imposed by (6.6). A

nonlinear curve fitting algorithm based on trusted region is employed to determine a

polynomial of the form (6.6) for the initial a− b part of the approach curve where it can

be assumed that tip-sample separation ts > d and therefore the cantilever experiences

no interaction force. VR = 3V for the data presented. The parameters identified are

k = 0.16486 N/m, `0 = 1318.25 nm, Kesf = 1.24× 10−21 F-m, αR = 0.2085.

In this part, experimental results are compared with model-based simulation results

with the model parameters as identified previously. Figure 6.26(a) shows the comparison

of the experimentally-obtained z approach curve (piezo positioner is moved in the z

direction and the deflection signal is captured) with the one obtained from the simulation

model. The figure shows that the simulation model predicts the snap-in and snap-off

points relatively accurately and predicts the cantilever deflection well in the repulsive

region. Figure 6.26(b) shows the comparison of the experimentally obtained electrostatic

approach curve (ramp is applied at Vsub and optical signal is captured) with the one

obtained from the simulation model.
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Figure 6.25: (a) Experimental optical Z-Approach curve. The slope in the repulsive
region is the reciprocal of the photodiode sensitivity S. (b) Experimental optical elec-
trostatic approach curve

Figure 6.27(a) shows the comparison between experimentally measured and simu-

lated snap off response during Z-approach curve. Exact match of frequency reveals

that the cantilever model is precise enough to capture the actual resonant frequency.

Figure 6.27(b) shows the comparison between experimentally measured and simulated

snap-off response during electrostatic approach curve. Exact match of frequency re-

veals that cantilever model also captures the reduction in resonant frequency due to

electrostatic actuation.

Figure 6.28(a) shows the deflection trajectory as monitored by the optical lever

when Vsub is a sinusoid at 1 kHz and the sample position zs is altered in a square

pattern with the square wave frequency of 3 Hz. Figure 6.28(b) shows the deflection

trajectory as monitored by the optical lever when Vsub is a sinusoid at 50 kHz and the

sample position zs is altered in a square pattern with the square wave frequency of 3 Hz.

These experiments are performed to evaluate the efficacy of the model in predicting the

optical deflection trajectories when the tip encounters a sample profile. As is evident

from the simulation and the experimental data a quantitative match is obtained with

the simulation model capable of predicting intricate features like the snap-off conditions

and the response after snap-off.

Figure 6.28(c) shows the deflection trajectory as monitored by the optical lever when
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Figure 6.26: (a) The experimental (blue) and model predicted (red) z approach curves
are compared. (b) The experimental (blue-solid) and model predicted (red-dash) electro-
static approach curves (Vsub is the input and IR is the monitored variable) are compared

Vsub is a sinusoid at 1 kHz and the sample position zs is altered in a sinusoidal pattern

with the frequency of 3 Hz. Figure 6.28(d) shows the deflection trajectory as monitored

by the optical lever when Vsub is a sinusoid at 50 kHz and the sample position zs is

altered in a sinusoidal pattern frequency of 2 kHz. The sample profile was discernible

in the data indicating that topographic features can be read at 2000 bits/sec speeds.

6.7.2 Model Characterization and Validation using the Thermal Based

Sensor Measurement

A characterized large signal model for the device is presented in Figure 6.23. The

operator ΓTP is modeled by using a small signal model with the DC part parameterized

by nominal tip-sample separation and power P0. To validate the identified model,

simulation results are compared with experimentally obtained results . Thermal z-force

curve is shown in Figure 6.29(a).

Identified parameters are able to reproduce the snap-in and snap-off in the z-force

curve and also the slope of the curve in the repulsive regime accurately. Thus the piece-

wise linear model (6.2) for tip- sample interaction forces, adhesive and meniscus forces

is accurate enough to capture important system behavior due to these forces. Thermal

electrostatic force curve is shown in Figure 6.29(b) where a good quantitative agreement
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Figure 6.27: (a) The experimental (blue-solid) and model predicted (red-dash Q = 3.2,
green-dash Q = 2.5) snap off response in Z-approach curves are compared. (b). The ex-
perimental (blue-solid) and model predicted (red-dash) snap off response in electrostatic
approach curves (Vsub is the input and IR is the monitored variable) are compared.

is obtained when the tip is away from the sample. Snap-in and snap-off instances of

electrostatic force curves are not accurately captured and off-sample agreement indi-

cates that an assumption of parallel plates for the electrostatic force model accurately

predicts off-sample system behavior.

The model shown in Figure 6.23 is simulated for various Vsub profiles. It is seen

that noninteracting optical and thermal trajectories are quantitatively predicted by

simulations (see Figure 6.30 and Figure 6.31). Quantitative agreement between the

simulated and experimental trajectories indicate that even though Fesf model (6.4)

is not accurate for modeling quasistatic behavior near the sample, it is still able to

quantitatively predict the overall trajectories near the sample. Periodic Vsub at low

excitation frequencies yield IR trajectories that are not sinusoidal, and the model is

able to predict the phase and magnitude of harmonics to get a quantitative match. As

the excitation frequency of Vsub is increased, the trajectories of IR become sinusoidal

because the cantilever mechanical response G(jω) filters the higher harmonics of input

excitation effectively. Linearized models (6.9-6.14) can thus be used at high actuation

frequencies when the trajectories are near-sinusoidal while a nonlinear model is required

for lower actuation frequencies for good prediction of experimental trajectories.
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Figure 6.28: (a) and (b) show model predicted data (in red-dash) and experimental
results (in blue-solid) when the sample follows a square wave profile at 3 Hz with the
Vsub following sinusoidal pattern at 1 kHz and 50 kHz. Monitored data is the photodiode
signal. (c) and (d) show model predicted data (in red-dash) and experimental results
(in blue-solid) when the sample follows a sinusoidal wave profile at 3 Hz (c) and 1 kHz
(d) with the Vsub following sinusoidal pattern at 50 kHz.

Interacting trajectories obtained by allowing the tip to interact with the sample at

a single point for 1kHz and 10 kHz input excitation sinusoids are shown to agree with

simulations (see Figure 6.32 and Figure 6.33).

Interacting trajectories are also periodic and non sinusoidal at low frequencies. These

trajectories have more nonlinearities i.e. have more harmonics, as compared to non-

interacting trajectories because they are also affected by the nonlinear tip sample inter-

action force. The model accurately predicts the change in harmonics with the input fre-

quency. Interacting trajectories also become sinusoidal at higher excitation frequencies.

Thus the model is accurate for on-sample and off-sample behavior of electrostatically

actuated cantilever with integrated solid state thermal sensor. The model is also able

to predict quasistatic large input signal behavior of the system accurately. Quantitative
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Figure 6.29: (a) z-force curve plotted between thermal sensor output IR and z-piezo
motion zs. Experimental (solid-blue) curves agree well with the simulated curves (dash-
red) curves indicating that the tip sample interaction model is able to capture snap-in,
snap-off points and the slope in the repulsive region for tip interacting with the polymer
sample. Quasistatic dependence of ΓTP on ts is calibrated well. (b) Electrostatic force
curve plotted between the thermal sensor output IR and substrate voltage Vsub. Blue
solid line is experimental;Red dashed line is simulation. Electrostatic force curves agree
quantitatively when the tip is far from the sample but tend to deviate slightly near
sample because the parallel plate capacitor model for Fesf is not very accurate near the
sample.
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Figure 6.30: Experimental (blue-solid curve) and simulated (red-dashed curve) non-
interacting cantilever trajectories that are sensed optically are shown. (a) Cantilever
response to 1kHz sine Vsub actuation measured optically (b) Cantilever response to
30kHz sine Vsub actuation measured optically. In these trajectories the tip is not inter-
acting with the sample. Nominal distance of tip from the sample is approximately 70
nm. Cantilever trajectories are non-sinusoidal but periodic at low actuation frequen-
cies. They tend to become sinusoidal at higher actuation frequencies because higher
harmonics are filtered by the cantilever, G(jω).
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Figure 6.31: Experimental (blue-solid curve) and simulated (red-dashed curve) non-
interacting cantilever trajectories that are sensed thermally are shown. (a) Cantilever
response to 1kHz sine Vsub actuation measured thermally (b) Cantilever response to
30kHz sine Vsub actuation measured thermally. Quantitative agreement between the
simulated and the experimental trajectories at various frequencies indicate that exper-
imental characterization of thermal sensing transfer function is accurate.
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Figure 6.32: Experimental (blue-solid curve) and simulated (red-dashed curve) inter-
acting cantilever trajectories that are sensed optically is shown. (a) Cantilever response
to 1kHz sine Vsub actuation measured optically (b) Cantilever response to 10kHz sine
Vsub actuation measured optically.
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Figure 6.33: Experimental (blue-solid curve) and simulated (red-dashed curve) inter-
acting cantilever trajectories that are sensed thermally is shown. (a) Cantilever response
to 1kHz sine Vsub actuation measured thermally (b) Cantilever response to 10kHz sine
Vsub actuation measured thermally. These trajectories result from tip interaction with
the sample at a single point. At low actuation frequencies, snap-in and snap-off points
are present in each oscillation cycle whereas their effect reduces as actuation frequency
increases. Interacting trajectories also become sinusoidal at higher actuation frequen-
cies.



151

agreement of the thermal sensor output for different input signals indicate that lumped

parameter modeling for the thermal sensor accurately predicts its behavior.

6.8 Conclusion

This chapter presents a comprehensive modeling paradigm for a MEMS cantilever that is

electrostatically actuated and has an integrated thermal sensor for topography measure-

ment. It also provides a precise means of identifying model parameters. The proposed

methodology is corroborated with experimental data to determine the reasonableness

of the assumptions made in the modeling and identification procedures. It is evident

that systems approach to modeling a MEMS cantilever, that interacts with the tip-

sample potential and the electrostatic forces, provides an efficient means of predicting

experimental data. A significant conclusion is that model parameters can be identified

using thermal sensor data alone. This chapter further presents for the first time, an

experimentally obtained sensing transfer function due to heat conduction processes till

a bandwidth of 100kHz for an integrated solid state heater. A good match with FEM

simulations is shown. A significant outcome of the work is a reliable simulation model

that obviates the need for elaborate experimental validation.



Chapter 7

Model Mismatch Based High

Bandwidth Electrostatic Force

Microscopy

7.1 Introduction

Electrostatic force microscopy (EFM) and its variants like Kelvin Force Microscopy

(KFM) and Scanning Capacitance Microscopy (SCM) are used extensively to probe the

electrical properties of matter viz. local work functions, potential distributions, charge

distributions, capacitance, polarization and piezo electric effects at nanoscale. [76, 77]

summarizes the modes of operation and usage of these techniques.

To briefly summarize these modes of operation, in EFM, a voltage (VDC+Vac sinωt),

is applied to the cantilever such that the local voltage difference between the lever and

the sample is (VDC − Vφ + Vac sinωt) where Vφ is the local potential of the sample that

is closest to the tip. Force on the cantilever is modeled as

Fesf = 1
2
∂C
∂z (VDC − Vφ + Vac sinωt)2 (7.1)

There are a number of studies that model the effective capacitance between the can-

tilever and the sample ([78, 79]). There are three main contributing capacitances viz.

the capacitance between the cantilever lever and the sample (C1), capacitance between

the cantilever tip cone and the sample (C2) and the capacitance between the tip and

152
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the sample (C3). Total capacitance is C = C1 + C2 + C3. The idea is to maximize C3

and minimize C1 and C2 for enhanced spatial resolution. C1 is reduced by increasing

the tip height. C3 is maximized by reducing the tip radius and operating the cantilever

very close to the sample. Thus, it can be shown ([79]) that EFM sensitivity is approxi-

mately R where R is the tip radius, if the distance between the tip and the sample ≤ R.

Typically one can achieve sub 10 nm lateral resolution in EFM ([80]).

There are a number of implementations of EFM and related techniques for different

applications. Initially the drive frequency ’ω’ was kept way below the resonant frequency

of the cantilever. Changes in cantilever deflection or resonant frequency were used to

measure changes in sample properties ([76]). Then ω was chosen to be at the first mode

mechanical resonance of the cantilever. This gave a boost to the sensitivity by a factor

of ’Q’ where Q is the quality factor of the cantilever. But there used to be considerable

amount of crosstalk between the topography and the electrical properties ([76]). Thus

lift-off mode was invented where in the first pass, the topography of the sample would

be measured using the conventional methods. In second pass, the cantilever will be

lifted by a known distance such that it is no longer interacting with the sample and the

cantilever will be moved to negate the measured sample topography at each point, in

an open loop operation. Sample or cantilever drifts effect this mode of operation and it

is slow. Then the idea was developed to separate out mechanical oscillation frequency

ωmech of the cantilever with electrical oscillation frequency ωelec of the cantilever such

that the cantilever would be oscillated using the dither piezo at ωmech which is typically

the first mode resonant frequency of the cantilever and a constant interaction level

will be maintained by regulating setpoint amplitude, phase or resonant frequency of

ωmech. Also simultaneously, the cantilever will be oscillated electrically by pulsating the

voltage difference between the cantilever and the sample. There were many variations of

choosing ωelec but the more prevalent one is to choose ωelec at second mode resonance

of the cantilever. The net perturbation due to this secondary excitation is very minimal

such that it does not alter mechanical interactions of the cantilever with the sample.

Electrical properties are monitored by either monitoring ω, amplitude or phase of ωelec

or regulating them at a setpoint. Some studies show that there is still crosstalk between

the topography and the electrical properties ([81]). Another variation of this technique

has been developed to monitor electrical pulses in integrated circuits for fault detection
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in manufacturing or for testing circuits. Since the operation of these circuits is in MHz

and GHz range, the information cannot be observed by exciting the cantilever at its

mechanical resonant frequency since that is approximately in the range of kHz- few MHz.

So heterodyne and homodyne AC excitation techniques ([82]) were developed for these

applications. In these applications, the AC voltage applied to the cantilever is in MHz or

GHz and the voltage in the circuit is also assumed to be near this excitation frequency.

Since voltage difference V , between the cantilever and the sample, appears as V 2 in

the forcing term of Fesf (Equation 7.1), we get various inter modulation frequencies of

these interactions which are at lower frequency and fall within the mechanical response

bandwidth of the cantilever and these can then be monitored.

To understand the operation philosophy of EFM, the cantilever dynamics is modeled

as

mp̈+ cṗ+ kp = Fesf (p) + η(t). (7.2)

Linearizing the dynamics about the operating point of the cantilever states we get

m¨̃p+ c ˙̃p+ kp̃ =
∂Fesf
∂p |p0 p̃+ η(t).

m¨̃p+ c ˙̃p+ (k − ∂Fesf
∂p |p0)p̃ = η(t)

(7.3)

Thus by monitoring the change in resonant frequency of the cantilever we can measure

the force gradient due to electrostatic forces. Change in force gradient can be due

to changes in various electrical properties of the sample ([76, 19]). But this does not

provide quantitative measurements of these properties. KFM and SCM are used to

obtain quantitative measurements. The idea is following

mp̈+ cṗ+ kp = 1
2
∂C
∂p (VDC − Vφ + Vac sinωt)2

= 1
2
∂C
∂p {
[
(VDC − Vφ)2 + 1

2V
2
ac

]
+ 2(VDC − Vφ)Vac sinωt+ 1

2V
2
ac sin 2ωt}

= 1
2
∂C
∂p

[
(VDC − Vφ)2 + 1

2V
2
ac

]
+ ∂C

∂p (VDC − Vφ)Vac sinωt+ 1
4
∂C
∂p V

2
ac sin 2ωt

(7.4)

Now we can lock in on ω frequency and null it by choosing an appropriate VDC such

that amplitude of cantilever oscillation at ω is zero. At this point VDC = Vφ and we

can measure it quantitatively. This leads to KFM. To measure ∂C
∂p we need to lock in

at 2ω. In this case ω can be so chosen such that 2ω lies at second mechanical resonant

mode of the cantilever. ∂C
∂p can be measured by monitoring the changes in amplitude of

2ω oscillation.
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Operation modes that are monitoring or regulating the changes in cantilever ampli-

tude are slow since amplitude dynamics is dependent on cantilever dynamics. Higher

quality factor cantilevers are preferred for higher operational sensitivities. This makes

the amplitude dynamics slower and consequently the imaging is slower. This chapter

presents model mismatch based EFM technique where the changes in the cantilever tra-

jectory due to Fesf are monitored as deviations from the nominal cantilever trajectory

by predicting the nominal behavior accurately.

The approach can be understood as follows. Suppose we apply a voltage V =

VDC + Vac sinωt across the cantilever and the sample. The mean or nominal distance

of the cantilever from the sample is `0 and the off-sample cantilever dynamics can be

modeled as a second order spring mass damper system then the dynamics of the oscil-

lating cantilever subjected to an electrostatic forcing, Fesf , is given by

mp̈+ cṗ+ kp = 1
2

KesfV
2

(`0+p+z)2
(7.5)

The unknown parameters in this system are m, c/m, k/m, Kesf and `0. It must be

noted here that we have modeled the capacitance between the cantilever and the sample

as a parallel plate capacitor. A more detailed modeling for this capacitance can be done

as presented in [78, 79] depending on the application. It must be noted that the form of

nonlinear forcing is known since the cantilever is not interacting with the sample. This

is critical since if the cantilever is interacting with sample then it will experience an

additional Van de Waal’s forces which cannot be precisely modeled a-priori. If precise

characterization of this nominal behavior i.e. m, c/m, k/m, Kesf and `0 is possible then

it should be possible for us to estimate using nonlinear observer, the nominal trajectory

of this cantilever in presence of Fesf . When any of the parameters like Kesf , `0, z or

Vφ changes due to changes in the external environment, it will induce perturbations

into this trajectory which the observer can hardly track. Thus this residual nonlinear

behavior which comprises of DC, f0 and 2f0 residuals due to external changes can be

measured with ultrahigh bandwidth since as long as we know the nominal, even slight

deviation from that can be monitored assuming it is not embedded in noise.
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7.2 System Identification

Precise system modeling and characterization techniques need to be developed to be

able to predict the nominal trajectory of the cantilever accurately. An electrostatically

actuated cantilever can be modeled as a forced Lure’s model as shown in figure 6.5.

The cantilever is modeled as a second order spring mass damper system with resonant

frequency f0 and quality factor Q. This transfer function is represented as G. This takes

as input the nonlinear electrostatic forcing Fesf which is modeled as Fesf = 1
2

KesfV
2

(`0+p+z)2
.

This forcing is dependent on the cantilever deflection p. This interaction can be modeled

as a feedback interconnection between G and Fesf . Thus to be able to model the

nominal system, we need to characterize the cantilever transfer function and the static

parameters of the nonlinear electrostatic force.

7.2.1 Cantilever Model Identification

The cantilever transfer function from the electrostatic forcing to the cantilever deflection

is represented by

G(jω) =
ω2
0

s2+(ω0/Q)s+(ω2
0)

(7.6)

Second order dynamics of the cantilever beam can be estimated using frequency sweep

methods. In this thesis, we would assume that the cantilever deflection can be moni-

tored using an optical beam-bounce method. Identification of the transfer function, G,

can be done in two ways. In situation where the cantilever can be excited at the base

using a dither piezo, then the cantilever transfer function can be measured by applying

a frequency chirp at the dither piezo and simultaneously capturing cantilever deflection.

Correlating cantilever deflection with applied frequency chirp provides us with the mag-

nitude and the phase response of the cantilever. In situation where the electrostatic

forcing is the only way of actuating, for instance in an integrated application viz. high

density data storage ([18]), one has to be careful of choosing the initial tip-sample sepa-

ration such that the electrostatic forcing is enough to move the cantilever but does not

alter the cantilever resonant frequency significantly ([83]). This is explained in detail in

chapter 6. Thus by applying a chirp in cantilever voltage, V , and capturing cantilever

deflection and again correlating the two provides the transfer function of the cantilever

response.
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For present study, the cantilever transfer function was characterized by inducing an

electrostatic actuation. The resonant frequency was 57185 Hz and the quality factor

was 1.0148. The bode plot of the cantilever is presented in figure 7.1(a) and (b) where

the blue curve is the experimentally obtained bode plot of the cantilever and the red

curve is the second order transfer function fit to this response.

(a) (b)

Figure 7.1: (a) Magnitude response and (b) phase response of the off-sample cantilever
identified using input-output frequency sweep based method with electrostatic actuation
and optical sensing. The blue curve is the experimentally obtained magnitude response
of the cantilever and the red curve is a second order fit to the blue response.

7.2.2 Static Parameter Identification of Nonlinear Electrostatic Force

The static parameters of the nonlinear electrostatic forcing are identified next. Electro-

static forcing can be modeled as

Fesf = 1
2
Kesf (Vsub+αRVR)2

(`0+p+z0)2
(7.7)

where voltage VR is applied across the legs of the cantilever, Vsub is applied to the sam-

ple, αR is the scaling factor that accounts for the non-uniform voltage on the cantilever

surface and Kesf is an electrostatic force constant, `0 is the initial lever sample separa-

tion, z0 is the changes in the sample topography and `0 + p + z0 is the instantaneous

lever-sample separation. Here we are assuming that there is no variation in the sys-

tem environment during the nominal characterization since we want to characterize the
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nominal behavior of the cantilever. We have also assumed that the setup is similar to a

parallel plate capacitor such that the electrostatic forcing is as given in eqn (7.7). This

assumption is valid as long as the capacitance between the cantilever and the sample

are the major contributing factor to the electrostatic forcing. In case the tip cone or the

tip itself are the major contributing sources in electrostatic forcing, which will be the

case in electrostatic force microscopy, then the equations of Fesf will need to be changed

accordingly. The process and experimental demonstration in this work is based on eqn

(7.7). For high resolution electrostatic force microscopy, one would need to choose a

cantilever and operating conditions such that the tip capacitance is dominating. The

methodology outlined in this work can still be applied with a different equation which

are available in the literature.

These unknown parameters can be estimated by performing a quasi static electro-

static force curve. In this, a low frequency triangle wave is applied at substrate voltage,

Vsub, such that the cantilever deflects till it snaps in contact with the sample and then

snaps-out and comes back to its original starting deflection. Thus one can obtain an

electrostatic force curve as shown in figure( 7.2). Since the experiment is done such that

force on the cantilever is in equilibrium at each point, we have the following relationship:

kp = −1
2Kesf

(Vsub+αRVR)2

(`0+p)2
(7.8)

By using the fact that −p = `0 − ts − th, where th is the tip height and ts is the instan-

taneous tip-sample separation, we get the following polynomial relationship between ts

and Vsub.

−k(ts + th − `0)(ts + th)2 = Kesf (Vsub + αRVR)2 (7.9)

One can fit a nonlinear least squares curve fitting algorithm in eqn 7.9 to obtain an

estimate of k, Kesf , `0, th and αR. Optically sensed electrostatic force curve provides

us a relationship between cantilever deflection and substrate voltage. To convert the

cantilever deflection p into tip-sample separation ts we assume the point at which the

tip comes into contact with the sample as ts = 0. With this assumption, we can obtain

ts from the measured cantilever deflection p. For the experiment done in this chapter,
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those values were estimated to be

k = 0.140431274517259 N/m

Kesf = 1.66457112363619e−21 F-m

th = 768.3 nm

αR = 0.254886399993193

`0 = 1081.8 nm

(7.10)

It must be noted here that `0 value is experiment dependent unlike other static parame-

ters which are system properties. These values were then fed to a simulation model and

the experimental and simulated electrostatic force curves were compared (see figure 7.2).

The blue curve represents the experimentally obtained electrostatic force curve and the

green curve represents the simulated electrostatic force curve with identified force pa-

rameters. Slight mismatch between the two is due to inaccurate electrostatic force model

assumed for this setup. It will be shown later that the proposed model based strategy

is robust to such modeling errors.

7.3 Designing Extended Kalman Filter to Estimate Can-

tilever States in Presence of Noise

In this section, a nonlinear observer namely an Extended Kalman Filter will be designed

to estimate the cantilever states in presence of process and measurement noise. The

cantilever dynamics is represented as

p̈1 + (ω0/Q)ṗ1 + ω2
0p1 =

f(p1)︷ ︸︸ ︷
−

KesfV
2

k(`0 + p1 − d)2

(7.11)

In state space, the cantilever dynamics is represented as

Plant︷ ︸︸ ︷
ẋ = Ax+B1V

2 +B2η; x(0) = x0,

y = Cx+ ν,

(7.12)
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Figure 7.2: Comparison between the experimental and the simulated plot for electro-
static force curve of the cantilever. The simulations are done using the identified non-
linear forcing parameters and the cantilever transfer function. The blue curve indicates
the experimentally obtained force curve and the green curve indicates the simulated
force curve. Slight mismatch between the two is due to inaccurate electrostatic force
model assumed for this setup. It will be shown later that the proposed model based
strategy is robust to such modeling errors.

where

x =

(
p1

p2

)

A =

(
0 1

−ω2
0 −ω0/Q

)

B1 =

(
0

f(p1)

)

B2 =

(
0

1

)
C =

(
1 0

)

(7.13)
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Dynamics of extended Kalman filter is given by

Observer︷ ︸︸ ︷
˙̂x = Ax̂+ B̂1V

2 + L(y − ŷ); x̂(0) = 0,

ŷ = Cx̂,

(7.14)

where

x̂ =

(
x̂1

x̂2

)

B̂1 =

(
0

− Kesf
(`0+x̂1)2

) (7.15)

Define error as

e = x− x̂
e1 = Ce

ė = Ax+B1V
2 +B2η −Ax̂− B̂1V

2 − L(Cx+ ν − Cx̂)

ė = (A− LC)e+B2η − Lν + (B1 − B̂1)V 2

(7.16)

where
B1(2, 1)− B̂1(2, 1) = − Kesf

(`0+x1−d)2
+

Kesf
(`0+x̂1)2

= −Kesf
`20

(1− 2(x1−d)
`0

) +
Kesf
`20

(1− 2x̂1
`0

)

=
2Kesf
`30

(x1 − x̂1)− 2Kesf
`30

d

(7.17)

Let

Z =

 0 0
2Kesf
`30

V 2 0


B3 =

 0
2KesfV

2

`30

 .

(7.18)

then the error dynamics is given by

ė = (A− LC + Z)e+B2η − Lν −B3d. (7.19)

This leads to distinct scenarios:

• If d = 0 then ė = (A− LC + Z)e+B2η − Lν
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• if d 6= 0 then ė = (A− LC + Z)e+B2η − Lν −B3d

Thus one can detect the perturbations in presence and absence of the disturbance d

by monitoring the error process. The plant-observer setup can be understood through

figure (7.3).

Figure 7.3: Schematic of an Extended Kalman filter (EKF) design for an electrostat-
ically actuated and an optically sensed cantilever. The inputs to the EKF are the
electrostatic voltage (V (t)) applied across the cantilever and the measured cantilever
deflection (y). It outputs an error signal (e1(t)).

7.4 Estimating `0 via Error RMS Minimization

Most of the static parameters except `0 are experiment independent once the cantilever

and the nominal sample is fixed. `0 is still experiment dependent. So `0 needs to be

estimated prior to the experiment. To estimate `0, we perform the experiment for some

time such that there is no external perturbation and the cantilever is operated at its

nominal trajectory. The input voltage and cantilever deflection is captured simultane-

ously. Then this data is fed to the simulation model (see Figure 7.3) and a ramp is

applied to `0 in the extended Kalman filter equation. Thus the observer estimates the

nominal trajectory for a range of `0 values. RMS of error signal is observed for this

simulation (see figure 7.4(a)) and is plotted against the applied `0 ramp values (see fig-

ure 7.4(b)). The value of `0 at which the error rms is minimum is chosen as an estimate
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of `0 of the cantilever-sample system for that particular experiment. The blue curve is

the mean square error plotted against time as the ramp in `0 is applied in simulation.

The red curve is the mean square error on the same data when the minimum value of `0

is chosen for simulations from the blue curve. The value of `0 chosen for the verification

experiments was 1090 nm.

(a) (b)

Figure 7.4: (a) Mean square error at the EKF output for varying values of `0. The
x-axis is time axis. (b) Mean square error vs the `0 distance. The blue curve is the
mean square error when the value of `0 in the system is changing in a triangle fashion.
The red curve is the mean square error when the value of `0 is fixed at the minimum
value of the blue curve. There is a unique minima in plot (b) indicating that a distinct
value of `0 will be able to best predict the cantilever deflection.

7.5 Verification of Nominal Experimental and Estimated

Trajectories

The characterized model was verified for different input excitation frequencies. Fig-

ures 7.5(a), (b), (c) and (d) show that the proposed verification strategy result in

quantitative matches between the experimentally captured and simulated dynamical

trajectories. The blue curves are the experimentally obtained optical trajectories. The

red curves are obtained from simulation.
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(a) (b)

(c) (d)

Figure 7.5: Comparison between the experimental and the simulated dynamic trajec-

tories of a characterized electrostatically actuated cantilever for (a) 50 Hz (b) 1 kHz (c)

30 kHz and (d) 50 kHz frequency of the sinusoidal electrostatic voltage applied across

the cantilever. The blue curves are the experimentally obtained cantilever deflection

and the red curves are the simulated trajectories. Quantitative matches between the

two indicates that the system is identified accurately.
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7.6 High bandwidth sample detection using model mis-

match based strategy

The proposed strategy was applied for high bandwidth sample detection. A random

bit data was generated in MATLAB such that the minimum bit width corresponded

to 30 kHz in one experiment and 50 kHz in the other. This bit stream was applied to

a small z-piezo which moved the sample in the vertical direction according to the bit

profile. The cantilever was actuated at 100 kHz which was above its resonant frequency.

Bit height was less than 5 nm. Cantilever excitation voltage, deflection and applied bit

profile were captured simultaneously at 2 MHz sampling frequency. This data was then

processed in the simulink model. Figure 7.6(a) and Figure 7.7(a) show the bit profile

and the applied bit sequence. Figure 7.6(b) and Figure 7.7(b) show the raw cantilever

deflection. It can be seen that the bit profiles are not clearly visible in the raw deflection

data. It must be noted that since the bit pattern was random with a minimum bit width

corresponding to 30 kHz and 50 kHz, the topography data is a wide band data whose

information content will be present till 30 kHz and 50 kHz respectively. Hence there

was no information present in the amplitude signal when we demodulated the deflection

signal at 100 kHz. Figure 7.6(c) and Figure 7.7(c) show the raw innovation error signal.

It can be seen from these plots that the nominal cantilever trajectory is canceled well

by the observer and the residual deviation due to the bit sequence is clearly visible in

these plots. Thus it is possible to detect the bits from this data even for such a wide

band data. Figure 7.8 shows the power spectral density (psd) of the raw deflection and

raw error signal for the experiment in which the bit width corresponded to 50 kHz. The

blue curve is psd of the raw deflection signal and the red curve is the psd of the error

signal. It can be seen from this plot that the information content of the bits is present

till 50 kHz. The observer is able to cancel the excitation frequencies at 100 kHz and its

harmonic at 200 kHz precisely leaving the information content due to bits intact.
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Figure 7.6: (a) Bit sequence (b) Raw cantilever deflection (c) Error signal of EKF

when the cantilever is being actuated electrostatically at 100 kHz and the bit sequence

is random with minimum bit width corresponding to 30 kHz. Thus each bit is sampled

at least three times. The bit signature in raw deflection signal is not very clear but is

very clearly visible in the error signal.
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Figure 7.7: (a) Bit sequence (b) Raw cantilever deflection (c) Error signal of EKF

when the cantilever is being actuated electrostatically at 100 kHz and the bit sequence

is random with minimum bit width corresponding to 50 kHz. Thus each bit is sampled

at most two times. The bit signature in raw deflection signal is not very clear but is

very clearly visible in the error signal.
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Figure 7.8: Power spectral density of raw cantilever deflection (blue curve) and the error

signal of EKF (red signal) when the cantilever is being actuated electrostatically at 100

kHz and the bit sequence is random with minimum bit width corresponding to 50 kHz.

This plot shows that the signal content is wideband and spans the spectrum from low

frequencies till 50 kHz. EKF is instrumental in canceling the nominal behavior of the

cantilever which constitutes the fundamental and the first harmonic of the excitation

frequency at 100 kHz.

7.7 Analyzing the Effect of Voltage Variations of Sample

in the Error Signal for Low and High Quality Factor

Cantilever

Last section dealt with studying the effects of changes in topography in the error signal.

This section presents the analysis of the effects in the error signal due to variations in

Fesf , due to changes in the voltage, Vφ, where Vφ is the surface potential. Electrostatic

force is a long range force that acts over the entire trajectory of the cantilever. This is

in stark contrast with the Van De Waal’s forces which act for only a very short period of
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time of the cantilever trajectory. Thus any change in the nonlinear electrostatic forcing

changes the cantilever trajectory from its nominal trajectory instantaneously depending

on the cantilever dynamics.

Simulations were done for three different quality factors of the cantilever. In first case

the quality factor of the cantilever was chosen to be 1.0148, in the second case it was

100.0148 and in the third case it was 1000.0148. A step of 0.1 V was given in Vφ

during the simulation. The cantilever was actuated at 57185.01 Hz. The observer

was so designed such that its error transients decayed in less than 5 oscillation cycles

for Q = 100 and Q = 1000 case. The effect of the step in voltage was studied in raw

deflection signal (see figure 7.9), amplitude (see figure 7.10), error signal (see figure 7.11)

and the mean of the error signal (see figure 7.12). The blue curves correspond to the case

where quality factor is 1.0148. The red curves correspond to the case where the quality

factor is 100.0148 and the green curves correspond to the case where the quality factor

is 1000.0148. The transients in the cantilever deflection and the amplitude of deflection

at the oscillation frequency become slower as the quality factor increases as expected.

Thus, any imaging scheme based on the amplitude of the excitation frequency will be

slow. The error signal on the other hand has a high transition bandwidth due to proper

equalization of the channel. Thus using mean of the error signal or raw error signal can

lead to high bandwidth detection of features during electrostatic force microscopy.

7.8 Conclusion

In this work, we modeled an electrostatically actuated cantilever as a feedback intercon-

nection system in which a linear cantilever plant is in feedback with a nonlinear elec-

trostatic forcing. Methods to characterize these models accurately were presented. The

identified model parameters were verified by comparing the experimental and simulated

data. Quantitative agreement between the two indicate that the model identification is

accurate. This known model of the system was used to design an extended Kalman fil-

ter to predict the cantilever trajectories in presence of noise. The error signal is shown

to have a higher detection bandwidth as compared to the cantilever deflection or its

amplitude. Finally it is shown experimentally that the bits (¡ 5 nm in height) which

were hard to discern from the raw cantilever deflection data become prominent in the
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Figure 7.9: Cantilever deflection signal when the cantilever is being actuated electro-
statically at 57185.01 Hz and the off-sample cantilever quality factor is (a) 1.0148 (b)
100.0148 and (c) 1000.0148. A step of height 0.1 V, is introduced in the electrostatic
voltage at 5e4 sample. It is seen that as the quality factor increases the transients take
longer time to decay in the cantilever deflection signal.

error signal due to close cancellation of the nominal trajectory.
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Figure 7.10: Cantilever amplitude signal when the cantilever is being actuated electro-
statically at 57185.01 Hz and the off-sample cantilever quality factor is (a) 1.0148 (b)
100.0148 and (c) 1000.0148. A step of height 0.1 V, is introduced in the electrostatic
voltage at 5e4 sample. It is seen that as the quality factor increases the transients in
the cantilever amplitude take longer time to decay in the cantilever deflection signal.
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Figure 7.11: EKF error signal when the cantilever is being actuated electrostatically
at 57185.01 Hz and the off-sample cantilever quality factor is (a) 1.0148 (b) 100.0148
and (c) 1000.0148. A step of height 0.1 V, is introduced in the electrostatic voltage at
5e4 sample. It is seen that as the quality factor increases the transients decay time can
be made independent of the quality factor of the cantilever. An impulse response of
the disturbance to error dynamics is visible in the error signal. This can be used for
detecting the presence of disturbance.
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Figure 7.12: Running mean of the EKF error signal when the cantilever is being
actuated electrostatically at 57185.01 Hz and the off-sample cantilever quality factor is
(a) 1.0148 (b) 100.0148 and (c) 1000.0148. A step of height 0.1 V, is introduced in the
electrostatic voltage at 5e4 sample. It is seen that as the quality factor increases the
transients decay time can be made independent of the quality factor of the cantilever.
Thus fast detection events can be detected using this signal.



Chapter 8

CONCLUSIONS AND

DISCUSSION

In this thesis, model mismatch based sensing paradigm for nanoscale imaging was devel-

oped. Open problems in high speed atomic force microscopy and quantitative material

characterization using scanning probe microscopy techniques were addressed using the

model mismatch and system theoretic concepts.

Application of such a paradigm can lead to enhanced sensing in terms of resolution

and bandwidth at the cost of incorporating cantilever model information in the problem

formulation. Thus precise and tractable system characterization techniques need to be

developed. Since this approach delves into monitoring the perturbations, about a certain

nominal trajectory of the system due to external environment changes, it is imperative

that the nominal behavior of the sensor is quantitatively predictable. Moreover, in a

sensing scenario, the nominal behavior of the sensor might change due to persistent

external perturbations. Thus there is a need to adapt to this varying nominal behavior

in real time.

The cantilever probe during tapping mode operation is modeled as an equivalent

second order system with modified equivalent resonant frequency and modified qual-

ity factor using techniques of averaging theory. This resultant model, from cantilever

excitation to the cantilever output, thus changes with changing material properties.
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In absence of changes in the external environment, the nominal cantilever model cor-

responds to the off-sample dynamics. It was shown in the thesis that the deviations

from this nominal behavior can be viewed not just in the time trajectories of the sensor

output but also in the deviations of the sensor model itself. This requires real time

estimation of the instantaneous sensor model.

In chapter 2 and 5, model mismatch due to external perturbations was viewed as

a prediction error distance. To obtain such a measure, an observer is built on some

nominal characterizable sensor dynamics. RMS of the prediction error is then used for

sensing. In chapter 2, off-sample model of the cantilever is used to build the observer.

RMS of the innovation error was then used to reduce probe-loss areas during high speed

imaging. The problem was casted as a two state model mismatch condition wherein by

thresholding of RMS of the error signal and then using it as the switching condition

for a switching gain PID controller, it was experimentally demonstrated that one can

obtain same imaging fidelity at an order higher scan rates. In chapter 5, sensitivity of

the prediction error distance with respect to changes in the equivalent cantilever model

parameter was explored. It was shown that by choosing the observer model which is

not the same as the instantaneous equivalent cantilever model increases the sensitivity

of rms of the error signal to changes in the equivalent plant model coefficients. Signal

to Noise ratio also increases as the distance between the observer and the cantilever

model increases. Although the sensing bandwidth in terms of detecting sudden changes

in the external environment, in the transients of the error signal reduces as the distance

between the observer and the plant model increases. Thus a trade-off between the

sensitivity and bandwidth of rms of the error signal resulting from a proper choice

of observer model and its gain was demonstrated through simulations. It was shown

experimentally that there is a sweet spot of choosing an appropriate cantilever model

and observer gain such that the high bandwidth transients are preserved in the error

signal in addition to an acceptable sensing sensitivity.

Chapter 3 dealt with developing a recursive parameter estimation scheme called the

REEP method to estimate the instantaneous equivalent cantilever model during tapping

mode operation. It was shown that by replacing traditional single sinusoid excitation by

a sum of three sinusoids excitation, one can obtain an unbiased estimate of the model

parameters. Detailed on-sample and off-sample verification strategies were presented
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to develop confidence in the estimates provided by the REEP algorithm. The efficacy

of this technique was demonstrated experimentally for topography imaging and force

spectroscopy. It was shown that the rate of convergence of this technique is two orders of

magnitude better than any existing technique in the literature and is the only technique

which provides these estimates during tapping mode operation.

Chapter 4 dealt with exploring the benefits of REEP algorithm for sensing ap-

plications. Model mismatch based sensing was viewed in terms of variation of plant

coefficients with time. In the case of a cantilever, these coefficients are equivalent reso-

nant frequency and equivalent quality factor/damping. It is known that the elastic and

dissipative components of tip-sample separation get decoupled in equivalent resonant

frequency and equivalent quality factor behavior respectively. This kind of decoupling

is not present in the amplitude and the phase measurements. Hence getting these esti-

mates in real time during tapping mode operation addresses the challenge of quantitative

imaging for applications like polymer characterization where the study of the elastic and

dissipative properties with variation in temperature and humidity is of interest to ma-

terial scientists. In this chapter, the idea of using equivalent resonant frequency and

equivalent damping estimation for topography imaging during tapping mode operation

was explored. The equation for the sensitivity of these estimates with respect to the

topography was derived and it was shown that contrary to the behavior of the amplitude

signal whose sensitivity decreases or remains fixed at one with reduction in the quality

factor of the off-sample probe, the sensitivity of the equivalent resonant frequency and

equivalent damping increase with decrease in the off-sample quality factor of the can-

tilever. This behavior was also demonstrated through experimental force curves. This

behavior is interesting because in a lot of applications viz. under fluid imaging or an

application where the probe is designed for integrated sensing and actuation, the oper-

ation is intrinsically low Q. Hence there is a loss of sensitivity in using amplitude and

phase measurements as topography indicators during tapping mode operation. It was

suggested that the equivalent resonant frequency and the equivalent damping estimates

obtained from REEP algorithm can be used for imaging during low Q operations.

Chapter 2, 3, 4 and 5 dealt with casting the model mismatch paradigm for the

case where the tip experiences Van De Waal’s forces. But the concepts developed are

extendible to other modes of SPM operations viz. EFM, KFM, PFM and Acoustic
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AFM etc..

In chapter 6 and 7, model mismatch paradigm was developed for a probe with

integrated solid state thermal sensing and electrostatic actuation. This probe is being

used in the high density data storage project, ”Millipede”, being developed at IBM

Research Lab, Zurich. Initially this probe was being used in contact mode operation to

read and write bits on a polymer substrate. Read channel modeling for this mode did not

involve modeling of cantilever dynamics and its interaction forces since the cantilever was

not being excited. However this mode led to the wear and tear of both the tip and the

sample thereby reducing the life of the device. So the idea was to move towards dynamic

mode operation. But since there is a drop in the sensing bandwidth when we move from

contact mode operation to dynamic mode operation, it was desired to explore model

mismatch based idea to achieve high bandwidth bit detection. The first crucial step in

this endeavor was to develop tractable models and a characterization methodology for

these devices being operated in dynamic mode. This is a particularly complicated task

since the cantilever is being excited electrostatically and hence besides experiencing

electrostatic and Van De Waal’s forces, it also experiences capacitive and magnetic

forces at the same time. These forces then effect the cantilever trajectory and one needs

to dig out the perturbation due to changes in sample topography (bits) from cantilever

trajectory. We made appropriate modeling assumptions wherein it was assumed that

the electrostatic and Van De Waals forces effect the cantilever in an additive way and

remaining forces can be clubbed into spurious effects and characterized independently.

Nonlinear curve fitting algorithm and input output based frequency sweep methods were

utilized to characterize the system large signal nonlinearity and small signal dynamics

respectively. These parameters could also be identified by using the thermal sensor

data alone which is crucial for integrated setting where the bulky optical sensor is no

longer available. It was shown experimentally that a quantitative match between the

experimental and simulated trajectory is obtained for non interacting dynamics and

near quantitative match for the interacting trajectories. Moreover the model developed

is tractable and real time implementable for control purposes unlike the exhaustive FEM

simulations.

In chapter 7, this modeling was used to design an extended Kalman filter where it is

assumed that optical sensor measurements are available. It was shown experimentally
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that by monitoring the error signal process of this observer it is indeed possible to

detect a wide band signal content reflecting the change in sample topography. Thus the

extended Kalman filter uses the fact that the form on the nonlinear forcing is available

along with the off-sample cantilever model and then detects changes due to unknown

sample topography as perturbations to this nominal trajectory.

Thus it is effectively demonstrated in this thesis that by proper modeling and char-

acterization of the sensor and its interaction with the environment it is possible to

cast the problem wherein the known and the tractable part is well identified and the

unknown part of the system dynamics is viewed as perturbation to this characterized

dynamics. The model mismatch can be viewed either in time domain as a perturbation

error distance by monitoring the rms of the error signal or by viewing it as a change in

the equivalent sensor model itself.
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