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Abstract

Modeling and representing complex systems by a network of interacting agents pro-
vide cost-effective and efficient ways to simulate, design, and test the solutions to real-
world problems in science and engineering. Applications such as finance, neuroscience,
climate science, power grids, etc. involve modeling the agents and states that interact
and evolve dynamically and can contain feedback loops. Most existing literature as-
sumes a static relationship between the agents, which fails to capture the dependencies
across time. Learning the interdependency (topology) and cause-and-effect structure
among the agents is therefore of importance and having an active interest in the graph-
ical network representation and effective modeling of the dynamical systems.

Identifying the unknown interaction structure can in general be classified into ac-
tive and passive techniques. The active techniques involve intervention in the normal
operation of the system by injecting external signals and/or modifying agents in the
system. Critical applications in financial markets, power grids, meteorological systems
etc. do not allow active intervention in the system. In such critical applications passive
methods, which infer the information from the observed time-series measurements, are
applied. In the passive techniques, the evolution of the underlying system is mathemati-
cally modeled using a generative model, where the agents are excited with a disturbance
signal.

In this thesis, we study passive techniques to identify the interdependency and the
influence pathways in the dynamical systems, where the agents interact linearly. Fur-
ther, in practice, it might not be viable to observe all the states in the system. Thus,
it is imperative to identify the influence structure (network topology) when the system
involves hidden/latent states, which is a challenging problem. In Chapter 2, we provide
a novel algorithm to identify the interdependency structure, including the dependency
among the latent nodes, when only a subset of the nodes/agents provide the time-series
measurements. In many applications, the proposed algorithm retrieves the exact influ-
ence pathways, with partial directions, including that of the latent nodes. This chapter
is based on the article published in IEEE Transactions on Automatic Control [1]

Another practical issue is that some of the disturbances at the agents themselves
can be correlated, which renders the agents’ influence structure indistinguishable from

passive observations. Examples of such systems are observable in applications such as
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power grids and stock markets. Learning the network topology in the presence of such
correlated disturbances is difficult as it is required to extract the dependency between the
disturbances first. In Chapter 3, we show that the correlation between the disturbances
is equivalent to the dependency induced by the latent nodes. This chapter is based on
the article published in Automatica [2]

The network topology only provides the correlation structure of the network of
agents. It is well known that correlation is not equivalent to causation and the cause-
effect structure contains more information than the correlation structure. In many
applications in medicine, biology, and statistics the correlation structure might not be
sufficient. Here, it is necessary to know the causal structure of the underlying dynamics.
In Chapter 4, we provide an algorithm to learn the causal structure of a linear dynam-
ical system when the agents are excited by identical noise sources. Further, a sample
complexity analysis is provided, which finds matching upper and lower bounds on the
number of samples required to obtain a given error performance. This chapter is based
on the article accepted for future publication in AISTATS 2024 [3].

In general, without intervention and assumptions on the generative models, it is
impossible to identify a complete causal structure. The best one can identify without
further restriction is an equivalent set of graphs with the same conditional correlation
structure, Essential Graphs. In Chapter 5, we provide algorithms to estimate the essen-
tial graph in linear dynamical systems using the Wiener filter (WF). The conventional
time-domain approach to computing WF is computationally expensive. To speed up
the calculation, we propose a fast Fourier transform-based computationally efficient ap-
proach to estimate the Wiener filter. The conventional probability notion of CI fails to
capture the CI notion in a stochastic process. To tackle this problem, we propose a novel
probability notion of CI for stochastic processes in the frequency domain. This notion
is used to extend the notions of the front-door and the back-door criterion from static
graphical models to linear dynamical systems, where the nodal states are stochastic

processes. This chapter is based on the article [4].
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Chapter 1

Introduction

Modeling and representing complex systems by a network of interacting agents provide
cost-effective and efficient ways to simulate, design, and test the solutions to real-world
problems in science and engineering. Applications such as finance, neuroscience, cli-
mate science, power grids, etc. involve modeling the agents and states that interact
and evolve dynamically and can contain feedback loops. Learning the interdependency
(topology) and cause-and-effect structure among the agents is therefore of importance in
the graphical network representation and effective modeling of the dynamical systems.
Learn- ing the unknown interaction structure of a network of agents from time-series
measurements can be categorized as being active [5] or passive [6]. Active techniques re-
quire intervention in the normal operation of the system by injection of external signals
and/or altering the network structure, by removing or adding agents to the network.
Many critical systems such as the power grid, the financial markets, and the mete-
orological system either do not allow for active interventions or it is not possible to
affect the system. On the contrary, passive techniques infer topology from time-series
measurements, without affecting the underlying grid network.

Learning the topology of a network from time-series data is an active area of re-
search, with considerable emphasis from the machine learning and probabilistic graph-
ical model communities (see [5]-[10] and the references therein). However, here, most
works assume that the nodes are random variables which fail to capture the dynamics
of the interaction and thus are improper for the applications with dynamic dependen-
cies that are common, for example, in the power grid [11] and its application to smart
grid networks [12], climate science [13] and finance [14]. Moreover, in many scenarios,

topology identification is the first step in system identification[15, 16].



1.1 Network Reconstruction and Prior Works

Filtering based topology reconstruction has gained considerable attention recently for
unveiling the topology of dynamically related agents. In [17], the moral graph of a
directed network is reconstructed using the magnitude response of multivariate Wiener
filters. [18] provided a method that showed that the spurious links present in the moral
graph can be removed by checking the phase response of the Wiener filter between
the links. [17] and [19] provided algorithms for exact network reconstruction where
all parent-child relations are uncovered but the results are restricted using Granger
causality to systems with strictly causal dynamical dependencies. The aforementioned
works, [17]-[19], assumed full network observability. Several works, [21]-[26], have stud-
ied topology identification in the presence of hidden nodes, but, restricted to radial tree
topologies—characterized by undirected tree topology in [21], for polyforest networks in
[22], and polytree networks in [23]-[25]. Network reconstruction with corrupted data
streams was explored in [29]-[31].

In [32]-[38], the authors considered the problem of estimating conditional depen-
dency structure of autoregressive (AR) Gaussian stochastic processes in the presence
of latent nodes, with an emphasis on finiteness of the time-series available. Here, the
problem is formulated in terms of sparse plus low-rank decomposition of the inverse
of the power spectral density matrix (IPSDM). The articles [32]-[38] provided inter-
esting optimization frameworks and theoretical guarantees to identify the conditional
dependency from estimated IPSDM. Here, the graphical representations of conditional
dependencies reconstructed from the IPSDM retrieves the moral graph [17]. As shown
in [17, 39], moral graphs can admit many spurious edges.

In practice, observing time-series measurement at every node is not plausible, wherein
it becomes important to learn the topology of the network when only a subset of the
nodes are observed. Further, the moral graph relations can admit many spurious connec-
tions not present in the original topology. The thesis, especially, Chapter 2 demonstrate
that the rank-sparsity patterns induced by the network topology on the imaginary part
has properties that can be exploited toward the exact reconstruction of network topol-
ogy. Here, under assumptions applicable for a large class of systems, all spurious links
in the moral graph formed by observed nodes can be identified. Moreover, assuming
conditions on hidden (latent) nodes, which follow from identifiability conditions, links
between the hidden and observed nodes can be reconstructed resulting in the retrieval

of the exact topology of the network. This chapter also serves as an important bridge



between the works presented in [40] and the works related to network structure recon-
struction [17]-[28]. Furthermore, results here are applicable to many classes of directed
graphs without self loops, not restricted to directed acyclic graphs or bi-directed graphs,
unlike [18, 21].

One major caveat of the aforementioned literature on graphical models is that the
results fail if the exogenous noise sources are spatially correlated, i.e. if the noise is
correlated across the agents/variables. Prior works have studied the systems with spa-
tially correlated noise sources [41, 27, 16]; however, these studies assume the knowledge
of topology of the network. In a related work, [42] studied topology estimation un-
der spatially correlated noise sources and used this estimated topology in local module
identification. Chapter 3 studies the problem of topology identification of the LDIMs
that allow spatially correlated noise sources, similar to the problem in [42]. However,
Chapter 3 provides an alternate treatment, where the noise correlations are transformed
to latent nodes. This transformation enables one to gain additional insights and apply
techniques from topology identification with latent nodes to solve the problem.

All the aforementioned literature discussed correlation structure reconstruction. It is
well known that correlation is not causation. Causal structure recovery is an important
problem with applications in neuroscience [43], finance [44], meteorology [13], etc. The
structure of directed interactions in a network of agents is conveniently represented using
directed graphs, with the agents as nodes and the directed interactions as directed
edges. If the underlying graph doesn’t have cycles, it is called a Directed Acyclic
Graph (DAG). In general, it is not possible to reconstruct the exact structure with the
direction of different edges. Instead, in many networks it is possible to retrieve only the
Markov equivalence graphs, the set of graphs satisfying the same conditional dependence
property, from data without any intervention [45]. In applications such as finance [44],
climate science [13] etc., the agent states, instead of being temporally independent,
can evolve over time due to past directed interactions. Such temporal evolution can
be represented by a linear dynamical system (LDS). In LDS, the interaction between
agent states is captured by a linear time-invariant function. Chapter 4 studies the
identifiability and present the sample complexity results for learning a DAG of LDS,
which we term as Dynamical DAG or DDAG. This is distinguished from static DAG,
where the agent states are temporally independent and the DAG does not correspond
to temporal dynamics. Further, chapter 4 presents an information-theoretically optimal
sample complexity analysis for learning a dynamical DAG (DDAG) excited by wide-

sense stationary (WSS, i.e., non i.i.d) noise of equal power spectral density, using samples



of state trajectories of the underlying linear dynamical system (LDS).

The causal structure recovery results in Chapter 4 required the identifiability as-
sumptions that either 1) the excitation noise sources are identical, or 2) the second
order statistics of the excitation noise sources are known. Chapter 5 extends the causal
structure recovery to more general set up without the two aforementioned assumptions.
Considerable prior art and algorithms exist for recovering the causal graph of entities
modeled as random variables, when interventions on the system are possible [46]. In
a related problem of estimating the causal effect given the causal graph, the goal is to
estimate the effect of a variable on another. Here, a powerful framework of do-calculus
can be employed to ascertain the set of variables that need to be used to determine
the total and direct effect of a variable on another which result in criteria such as the
single-door, back-door and front-door criteria [47, 48].

As mentioned before, causal inference is more challenging in the presence of dy-
namical (across time) dependencies [49, 50, 51]. One of the established techniques for
identifying the causation is Granger causality [52], which utilizes how well a set of
variables can be employed to estimate a given variable while utilizing the time-arrow.
Granger causality based approaches necessitate presence of delays in the dynamic de-
pendencies. Such an assumption is rendered problematic when the data is collected at
slower rates than the time-constants at which the dynamics evolve, thus precluding a
number of practical scenarios. Another approach in handling dependencies across times
is to consider the series at every time instant as a random variable thereby mapping
the problem to a static version; the difficulties with such an approach stem from the
lack of information on the size of the horizon in the past and future to be considered
and the combinatorial explosion of the number of variables that entail [53, 54]. In a
class of approaches for unveiling dynamic dependencies, models that include vector auto
regressive (VAR) models [50, 51|, additive noise models (ANM) [49, 51] and neural net-
work based models (NNM) [55], of how the data is being generated is assumed and the
causal graph structure is recovered via an estimation of model parameters. In another
recent line of work, the main gist of the approach is to exploit the asymmetry in the
relationships of a dependency and the inverse of the dependency. These asymmetries
can result from nonlinear maps or from linear filters with inverses that have discernable
differences that, for example, are characterizable via power spectral densities [56, 57].
Here, it is to be noted that works such as [56, 57] try to infer cause and effect relationship
between two variables; however, the causal graph structure recovery entails determining

how the influence flows from a variable to another with the possibility of intermediate



variables between the cause and the effected variables. We emphasize that effective
methodologies for causal inference for systems with dynamic interactions remain much
less developed than their static dependency counterparts. Several recent works have
bridged the causality literature ([46]) with multivariate projections of dynamically re-
lated time-series data [49, 58, 27]. [27] extended the single-door criterion [48] to include
cycles and proposed a similar criterion called revolving-door criterion. It was shown
in [17] that the Wiener projections can be employed to recover the moral graph of en-
tities interacting via linear time-invariant dynamics. Chapter 5 develops a framework
for causal graph reconstruction for a system with dynamical interactions using a fre-
quency domain approach, using both active (with intervention) and passive (from time
series) approaches. Further, two probabilistic notions of independence for stochastic
processes are provided, which is applied to extend single-,back-, and front-door criteria

to networks with linear dynamical interactions.

1.2 Summary of Contributions

This thesis combines the graduate work that have appeared in various journals and
conferences, and is organized as follows.

B Chapter 2 provides a novel algorithm for identifying the network topology in the
presence of latent nodes. The algorithm reconstructs the moral graph of observed nodes
and the Markov Blanket of latent nodes from the matrix decomposition of the Inverse
of the Power Spectral Density Matrix (IPSDM); accounting for network identifiabil-
ity issues associated with the latent nodes. The reconstruction algorithm relies on the
sparse plus low-rank decomposition of the IPSDM into the unique sparse and low-rank
parts. The chapter also provides necessary and sufficient conditions to obtain the unique
sparse plus low-rank matrix decomposition of a given matrix, in the space of skew sym-
metric matrices. It is established that the unique decomposition of the imaginary part
of IPSDM, which is skew symmetric, is sufficient to recover the exact topology of the
entire network, in a large class of systems. For the more practical scenarios where we
have access only to finite samples of time-series at each node, the chapter provides a
concentration bound for estimation error of IPSDM.

B Chapter 3 provide approaches to reconstruct the topology of a network of agents
excited by exogenous stochastic sources that are possibly correlated across the agents,
from time-series measurements alone. The first major result of this chapter is to provide

a transformation that converts an LDIM without latent nodes, but excited by spatially



correlated exogenous noise sources, to LDIMs with latent nodes. Here, the latent nodes
are characterized by the maximal cliques in the correlation graph, the undirected graph
that represents the spatial correlation structure. It is shown that, under affine corre-
lation assumption, that is, when the correlated noise sources are related in affine way
(Assumption 3.4.1), there exist transformed LDIMs with latent nodes, where all the
nodes are excited by spatially uncorrelated noise sources. A key feature of the transfor-
mation is that the correlations are completely captured using the latent nodes, while the
original topology remains unaltered. The original moral-graph/topology is the same as
the moral-graph/topology among the observed nodes in the altered graph. Thus, this
transformed problem is shown to be equivalent to topology identification of networks
with latent nodes. Consequently, any of the aforementioned techniques for the networks
with latent node can be applied on the transformed LDIM to reconstruct the original
moral graph/topology.

Next, relaxing the affine correlation assumption, polynomial correlation is consid-
ered (Assumption 3.5.1); here, the focus is on noise sources with distributions that
are symmetric around the mean. It is shown that, in this scenario, the transformed
dynamical model can be excited by clusters of noise sources, where the clusters are un-
correlated. However, the noise sources inside the clusters can be correlated. Using the
sparse+low-rank decomposition of IPSDM from [1], the true topology of the network
along with the correlation structure is reconstructed, from the IPSDM of the original
LDIM, without any additional information, if the network satisfies a necessary and suf-
ficient condition. Notice that, the results discussed here are applicable to the networks
with static random variables and AR models also, when the exogenous noise sources are
spatially correlated.

B Chapter 4 provides an information-theoretically optimal sample complexity analy-
sis for learning a dynamical DAG (DDAG) excited by wide-sense stationary (WSS, i.e.,
non i.i.d) noise of equal power spectral density, using samples of state trajectories of the
underlying linear dynamical system (LDS). The chapter considers learning under two
sampling scenarios, viz; 1) restart and record, 2) continuous sampling. While the former
pertains to samples collected from disjoint (independent) trajectories of state evolution,
the latter includes samples from a single but longer state trajectory (see Fig. 4.3). Sur-
prisingly, the results in this article show that the estimation errors are not influenced
by the sampling strategy (restart and record, or continuous) as long as the number of
collected samples are over a determined threshold given by n = O(qlog(p/q)), where p

is the number of nodes and ¢ is the maximum number of parents per node. The chapter
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where 8 and M are system parameters (see Definition 4.2.1); thus obtaining an order

also provides a matching information-theoretic lower-bound, max(

optimal bound n = ©(qlog(p/q)).

B Chapter 5 develops a framework for a system with dynamical interactions using a
frequency domain approach. The first part of the chapter applies Wiener filtering in the
frequency domain. Here, the main steps taken for reconstruction of the moral graph
(which recovers the kin structure) are: transform the time-series of each entity (modeled
as a stochastic process) to the frequency domain using Fast Fourier Transform (FFTs),
perform multivariate projections in the frequency domain, and construct an undirected
graph using the non-zero entries of the obtained multivariate projection filter. Under the
assumption that the data generative model is linear and time-invariant it is shown that
the above process recovers the moral graph. With the standard assumption of faith-
fulness, a process akin to the Peter-Clark (PC) algorithm is employed to recover the
essential graph with better computational efficiency, which exploits the phase proper-
ties of the complex valued estimates. When interventions are possible, it is shown that
the causal graph can be recovered. It is demonstrated that the computational com-
plexity for recovering the causal structure using the projections in frequency domain is
O(Tn3log N) compared to the conventional projections using time-domain which are
shown to have a complexity of O(Tn3N?); n, T and N are the number of nodes, number
of samples, and the largest time-lag in the dependency between entities, respectively. In
the second part of the chapter, two probabilistic notions of independence for stochastic
processes are developed with guarantees on the convergence of the FFT model to the
continuous frequency model provided. These notions help generalize and streamline the
framework based on joint probability distributions in the static case to the dynamic case
with the mechanics of do-calculus made possible in the dynamics case. For estimating
Wiener coefficients from time-series data, a non-asymptotic concentration bound and a
sample complexity analysis are also provided. Furthermore, for causal-effect estimation
for LTI dependencies, back-door, single-door (with cycles) and front door criteria are

obtained with proofs that are rendered straightforward in the frequency domain.

1.3 Publications
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Chapter 2

Topology Learning of Linear
Dynamical Systems with Latent
Nodes using Matrix

Decomposition

In this chapter, we present a novel approach to reconstruct the topology of networked
linear dynamical systems with latent nodes. The network is allowed to have directed
loops and bi-directed edges. The main approach relies on the unique decomposition of
the inverse of power spectral density matrix (IPSDM) obtained from observed nodes
as a sum of sparse and low-rank matrices. We provide conditions and methods for
decomposing the IPSDM of the observed nodes into sparse and low-rank components.
The sparse component yields the moral graph associated with the observed nodes, and
the low-rank component retrieves parents, children and spouses (the Markov Blanket)
of the hidden nodes. The chapter provides necessary and sufficient conditions for the
unique decomposition of a given skew symmetric matrix into sum of a sparse skew
symmetric and a low-rank skew symmetric matrices. It is shown that for a large class of
systems, the unique decomposition of imaginary part of the IPSDM of observed nodes,
a skew symmetric matrix, into the sparse and the low-rank components is sufficient to
identify the moral graph of the observed nodes as well as the Markov Blanket of latent
nodes. For a large class of systems, all spurious links in the moral graph formed by

the observed nodes can be identified. Assuming conditions on hidden nodes required



for identifiability, links between the hidden and observed nodes can be reconstructed,
resulting in the retrieval of the exact topology of the network from the availability of
IPSDM. Moreover, for finite number of data samples, we provide concentration bounds
on the entry-wise distance between the true IPSDM and the estimated IPSDM.

2.1 Introduction

Networks provide convenient representation of large scale complex systems utilized in
diverse areas such as power grids, biology, finance, and neuroscience. Reconstructing
the underlying network topology or the influence structure of the interaction from mea-
surements is useful in predicting, and steering the behavior of the system towards a
desired state. Learning the unknown interaction structure of a network of agents from
time-series measurements can be categorized as being active [5] or passive [6]. Active
techniques require intervention in the normal operation of the system by injection of ex-
ternal signals and /or altering the network structure, by removing or adding agents to the
network. Many critical systems such as the power grid, the financial markets, and the
meteorological system either do not allow for active interventions or it is not possible
to affect the system. On the contrary, passive techniques infer topology from time-
series measurements, without affecting the underlying grid network. Here, in practice,
observing time-series measurement at every node is not plausible, wherein it becomes
important to learn the topology of the network when only a subset of the nodes are
observed.

Learning the topology of a network from time-series data is an active area of research,
with considerable emphasis from the machine learning and probabilistic graphical model
communities (see [5]-[10]). However, here, most works assume that the nodes are random
variables which fail to capture the dynamics of the interaction and thus are improper
for the applications with dynamic dependencies that are common, for example, in the
power grid [11] and its application to smart grid networks [12], climate science [13] and
finance [14]. Moreover, in many scenarios, topology identification is the first step in
system identification[15, 16].

Filtering based topology reconstruction has gained considerable attention recently
for unveiling the topology of dynamically related agents. In [17], the moral graph of a
directed network is reconstructed using the magnitude response of multivariate Wiener
filters. [18] provided a method that showed that the spurious links present in the moral

graph can be removed by checking the phase response of the Wiener filter between
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the links. [17] and [19] provided algorithms for exact network reconstruction where
all parent-child relations are uncovered but the results are restricted using Granger
causality to systems with strictly causal dynamical dependencies. The aforementioned
works, [17]-[19], assumed full network observability. Several works, [21]-[26], have stud-
ied topology identification in the presence of hidden nodes, but, restricted to radial tree
topologies—characterized by undirected tree topology in [21], for polyforest networks in
[22], and polytree networks in [23]-[25]. Network reconstruction with corrupted data
streams was explored in [29]-[31].

In [32]-[38], the authors considered the problem of estimating conditional depen-
dency structure of autoregressive (AR) Gaussian stochastic processes in the presence
of latent nodes, with an emphasis on finiteness of the time-series available. Here, the
problem is formulated in terms of sparse plus low-rank decomposition of the inverse
of the power spectral density matrix (IPSDM). The articles [32]-[38] provided inter-
esting optimization frameworks and theoretical guarantees to identify the conditional
dependency from estimated IPSDM. Here, the graphical representations of conditional
dependencies reconstructed from the IPSDM retrieves the moral graph [17]. As shown
in [17, 39], moral graphs can admit many spurious edges.

In this chapter, we approach the problem of reconstructing the topology in the
presence of latent nodes. Similar to [32]-[38] a perspective of sparse plus low-rank
decomposition of IPSDM associated with the observed nodes is taken.

Extending the results in [40], this chapter establishes conditions for a skew sym-
metric to admit a unique decomposition as a sparse and low-rank matrix. Towards
decomposing a skew symmetric matrix, this chapter provides a characterization for tan-
gent manifolds of skew symmetric matrices with a fixed rank and with a given sparsity
pattern. Furthermore, the chapter provides additional theoretical insights into an em-
pirical procedure presented in [40], which provides a sufficient condition that can be
tractably assessed for a unique decomposition. Though not emphasized in the chapter,
the methodology developed can be used to realize similar results for unique decomposi-
tion of Hermitian matrices as well.

Based on the extensions of the results in [40] established here, it is possible to
obtain a decomposition of the IPSDM of the observed nodes, where the sparse part can
be leveraged to realize the moral graph formed by the observed nodes. We establish
identifiability conditions under which the low-rank component of the observed nodes’
IPSDM yields the parents, children and spouses (all the the two hop neighbors that
form the Markov Blanket) of the latent (hidden) nodes. The IPSDM, being complex

11



and frequency dependent, has real and imaginary parts. We further emphasize the
imaginary part of the IPSDM in the chapter as it has considerable structure applicable
for a large class of problems. Here too the sparse component of the imaginary part
of the IPSDM matrix, which is skew symmetric, is shown to yield the moral graph of
networks governed by a linear dynamical model (defined later) that encompass a wide
class of systems. The above approach can be employed toward the retrieval of the moral
graph of networks of AR models and is applicable to networked systems addressed in
[32] albeit, here we do not emphasize the finite data aspects.

The moral graph relations can admit many spurious connections not present in
the original topology. We demonstrate that the rank-sparsity patterns induced by the
network topology on the imaginary part has properties that can be exploited toward the
ezxact reconstruction of network topology. Here, under assumptions applicable for a large
class of systems, all spurious links in the moral graph formed by observed nodes can
be identified. Moreover, assuming conditions on hidden (latent) nodes, which follow
from identifiability conditions, links between the hidden and observed nodes can be
reconstructed resulting in the retrieval of the exact topology of the network.

This chapter also serves as an important bridge between the works presented in
[40] and the works related to network structure reconstruction [17]-[28]. Furthermore,
results here are applicable to many classes of directed graphs without self loops, not

restricted to directed acyclic graphs or bi-directed graphs, unlike [18, 21].

We summarize below the major contributions of the chapter.

e Provides non-trivial generalizations of results of [40] to skew symmetric matri-
ces, with exact characterization of tangent manifolds of skew symmetric matrices
with a given rank and skew symmetric sparse matrices. We also provide a suffi-
cient condition that enables a practical way to select penalty factor for the convex
optimization formulation that yields the unique, sparse plus low-rank matrix de-
composition, restricted to skew symmetric matrices. This contribution is applica-
ble to general skew symmetric matrix independent of its application to topology

identification.

e Reconstructs the moral graph of observed nodes and the Markov Blanket of latent
nodes from the matrix decomposition of IPSDM; accounting for network identifi-

ability issues associated with the latent nodes.
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e Establishes that the decomposition of imaginary part of IPSDM is sufficient to
recover moral graph of observed nodes and the Markov Blanket of the latent
nodes. Conditions and methods for unique decomposition as a sum of low rank

and sparse matrices of the imaginary part are provided.

e For large class of systems, the exact topology of the entire network is reconstructed

by the decomposition of imaginary part of the IPSDM.

e For the more practical scenarios where we have access only to finite samples of
time series at each node, we provide a concentration bound for estimation error
of IPSDM.

Organization of the chapter: Section 2.2 presents the unique decomposition of a skew
symmetric matrix into its sparse and low-rank components. Section 2.3 discusses linear
dynamical systems and its graphical representation. Section 2.4 addresses moral graph
reconstruction, identifiability of latent nodes, and Markov Blanket reconstruction of the
latent nodes. Exact topology reconstruction is studied in Section 2.5. Section 2.6 dis-
cusses IPSDM estimation from finite time series. Section 2.7 provides simulation results

and Section 2.8 concludes the chapter.

Notations: Bold capital letters denote matrices and bold small letters denote vectors. S™
denotes the set of all n x n skew symmetric matrices with real entries. For a matrix M,
[M];j, M, or M(4, j) denote the (i, j)-th element of M, M|y is defined as }_, ; M,
|IM||« is defined as max;; |[M;;|, and ||[M]|lop denotes the number of non-zero entries
in M. ||M]||. denotes the nuclear norm, which is the sum of singular values of M, and
|IM]|2 denotes spectral-norm, which is defined as the largest singular value. support(M)
is defined as {(7,7) : My; # 0}. S{M} denotes imaginary part of M. For a vector, ||x||2
denotes euclidean-norm, defined as />, #2. 0;(M) denotes i*® largest singular value
of M. For time-series (Z;(t))tcz, x(2) = Z[X(k)] denotes bilateral z-transform of x.
For a set S, |S| denotes cardinality of the set. ~We use j = y/—1. For a transfer
function h(z),z € C, h = 0 means h is identically zero, i.e., h(z) = 0 for every |z| = 1.
h # 0 means h is not identically zero. Almost always or almost surely is defined for a
probability measure that is absolutely continuous with respect to the Lebesgue measure

(e.g. any continuous distribution).
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2.2 Sparse plus Low-Rank Matrix Decomposition for Skew

Symmetric Matrices

In this section, we discuss the following problem: suppose we are given a real skew
symmetric matrix C € S” that is obtained by adding a sparse matrix S € S" and a low-
rank matrix L € S™; when can we decompose the matrix and retrieve the component
matrices? The material presented in this section provides the needed preliminaries and
extensions of results from [40], which do not incorporate constraints of skew symmetry.
We remark that the results discussed in this section for the space of skew symmetric
matrices can be extended to the space of complex matrices. However, we do not discuss

it here.

2.2.1 Optimization for Sparse plus Low-rank Decomposition

Consider the following optimization problem.

(Sy.Ly) = argminy|S|lo + rank(L) (2.1)
subject to S+ L = C,
S+8"=0, L+L" =0,

where v is a fixed penalty, selected a priori. (2.1) is a combinatorial optimization
problem and is NP-hard [59]. ¢; norm is often employed as a surrogate for £y norm [60],
with nuclear norm being a proxy for rank [61]. Thus a more tractable convex relaxation

associated with (2.1) is:
(Sy:Ly) = argmin~y|[S[i + L]l (2.2)
subject to S+ L = C,
S+s8"=0, L+L" =0.

Remark 2.2.1. Given C = —CT, imposing the constraint S + ST = 0 renders L + L7

superfluous.

In this chapter, the convex formulation in (2.2) is applied for retrieving the sparse

and low-rank components from the given C.
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2.2.2 Affine Varieties and Tangent Spaces

In the seminal work [40], the convex optimization problem (2.2) without the constraints
ST = —S and LT = —L is considered, which provided sufficient conditions to retrieve
S and L exactly. The results in [40] established results for general square matrices with
a real field. In this section, we extend the results to skew symmetric matrices in real
field, S™. In order to address the decomposition, we consider the sparse matrix sets as
an affine variety and low-rank matrix sets as a manifold. We characterize the necessary
and sufficient conditions required for the unique decomposition in terms of the tangent
space to the affine variety of support constrained skew symmetric matrices at S-the
original sparse matrix—and the tangent space to the manifold of rank constrained skew
symmetric matrices at L-the original low-rank matrix. Note that an affine variety is

defined as the zero set of a system of polynomial equations [62].

Remark 2.2.2. The skew symmetric matrices with real entries have the property that
all the non-zero eigenvalues are pure imaginary and they exist in conjugate pairs. There-
fore, the rank r of every skew symmetric matrix must be even, and the multiplicity of

the singular values must be a positive multiple of two.

Next, we provide definitions of tangent spaces, specific to skew symmetric matrices in
real field, as our major focus in this chapter is on imaginary part of Hermitian matrices.
The affine variety of skew symmetric matrices constrained by support size m is defined

S(m) :={M € S" : |support(M)| < m}. (2.3)

Notice that S(m) is defined over the space of all skew symmetric matrices, S”, i.e., the
set of all matrices M € R™*" with M” = —M. We establish the following result on

tangent spaces of sparse real skew symmetric matrices.

Lemma 2.2.1. For any skew symmetric matrix M € S", the tangent space Q(M) with
respect to S(|support(M)|) at M is:

QM) :={N € S" : support(N) C support(M)}. (2.4)

Proof. See Appendix A.1. O

The dimension of this tangent space is support(M)/2 owing to the skew symmetric

property.
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We define set of skew symmetric matrices of rank r as:

R(r) :={M € S" : rank(M) = r}. (2.5)

It is shown in [63] that R(r) is a differential manifold, whose dimension is nr — ==

Lemma 2.2.2. For any skew symmetric matrix M € S", the tangent space T (M) with
respect to R(rank(M)) at M is:

T(M) := {UXT - XUT : X ¢ R}, (2.6)

where M = UDVT s the compact singular value decomposition (CSVD) of M.

Proof. See Appendix A.2. O
The dimension of T'(M) is nr — § The following lemma is obtained based on
Remark 2.2.2.

Lemma 2.2.3. Let M € S" be a skew symmetric matriz and let M = UDVT be CSVD
of M, D := diag(o1,...,0,) with oy > 092 > --- > o, where r is the rank of M.
Then, the projection matrices UUT and VVT of the given skew symmetric matriz M

are equal.
Proof. See Appendix A.3. O

Suppose we have prior information about Q(S) and T(L), in addition to being given
C=S+L. Then, it can be shown that a necessary and sufficient condition for unique

identifiability of (g, ]:) in terms of the tangent spaces is

QS)nT(E) = {o}, (2.7)

i.e., the tangent spaces Q(S) and 7T'(L) has trivial intersection. In other words, if the
tangent spaces intersect only at origin, then we can retrieve the component matrices S
and L, if we have access to Q(S) and T(L). Given exact characterization of tangent
spaces for real skew symmetric matrices in Lemma 2.2.1 and Lemma 2.2.2, it is possible
to test for the necessary and sufficient trivial intersection condition for a given matrix IM.
Now, analogous to development in [40], we obtain the sparse and low-rank decomposition

using convex optimization.
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2.2.3 Sparse Plus Low-Rank Decomposition using Optimization

In general, it is not possible to recover the original sparse and low-rank matrices by
solving (2.2). To begin with, the solution of the optimization problem depends intri-
cately on the penalty factor v. In Proposition 2.2.3, we prove that for ~ close to zero
the optimal solution (§7, fny) returned by (2.2) is (C, 0), whereas for - sufficiently large
(S4,L,) = (0,0). ) )

Another issue in decomposing the given matrix C is if either S is low-rank, or L is
sparse. For example, suppose that the low-rank matrix L is such that Li; = 0 with
every other entry zero, and S be any sparse matrix with Su # 0. Then, the optimization
may return (C,0) or (0, C) as the solution depends on the rank of S. Another example
where the unique decomposition is not possible is when S has support restricted to the
first column and the first column of L negates all the entries of S. Then, a reasonable
solution is (0, C).

Next, we characterize the optimal regions of (2.2) and provide sufficient conditions
under which it obtain the unique decomposition, i.e., returns the true sparse and low-
rank matrices. The following proposition provides a sufficient condition for (2.2) to

return the optimum solution (/S\.Y, i:.,) = (S,L).

Proposition 2.2.1. Suppose that C =S+ L, C # 0 where S,L € S" is given. Then,
(g, i) is the unique optimizer of (2.2) if the following conditions are satisfied:

1. Q(S)NT(L) = {0}.

2. There exist duals Q1, Qo € R™ ™ such that
(a) PQ(S)(Ql — Qo — Q¥) = ysign(S),
(b) PT(i)(Ql) = UVT,

(c) HPQ(é)C(Ql - Q2 — Qg)”oo <7,
(d) |Pro(Qu)ll2 < 1,

where PQ(S)(M) is obtained by setting entries of M outside the support ofg to zero and
projecting it to the space of skew symmetric matrices, and PT(i)(M) .= PuM+MPy —
PyMPy; Py = UUT, L =UxVT,

Proof. See Appendix A.4. O
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2.2.4 Sufficient Conditions to Retrieve the True Matrices

Here, we provide some sufficient conditions that guarantee the existence of the duals Q;
and Qg discussed in Proposition 2.2.1. The definitions z(S) := MAXN (&) [N <1 IN||2
and (L) := maxneri). Njo<1 INlloo are used to characterize the properties of the

tangent spaces.

Remark 2.2.3. Our definitions of M(S) and f(i) are different from the respective defi-
nitions in [40]. In fact, the values of our p and & are less than or equal to the respective
values in [40].

The following proposition provides a sufficient condition to obtain the unique de-

composition.

[N

is given. Suppose that u(S)E(L) <
+) = (S.L) if

e §IL) 71—3u(§)£(1~4) . (2.8)
1—4u(S)¢(T)

Proof. See Appendix A.5. O

Proposition 2.2.2. Suppose that C = S + L
Then, the unique optimum for (2.2) is (§ L

Remark 2.2.4. The range of values in (2.8) is a superset of the range specified in [40].
In the worst case, (2.8) would return the same interval specified in [40], due to difference
in definitions of the tangent spaces, Q(S) and T(L).

Next, we define degpq. of a matrix M as

n n
degimaz (M) = max | max Zl L0 | » max (Zl l{MU#o})) :
j= i=

where 1,0y :=1if 2 # 0 and 1y, := 0 if 2 = 0 denotes the indicator function. We
define the mazimum incoherence of the row/column space of the real skew symmetric
matrix M as

inc(M) := max UU e |2,

where UXVT is the CSVD of M. This definition is different from the one in [40] due
to Lemma 2.2.3.
The following lemma extends the sufficient condition in Proposition 2.2.2 in terms

of degmaq: and maximum incoherence.
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Lemma 2.2.4. Let C = S + L with degmas(S) and inc(L) as defined above. If
degmaz(S)inc(L) < &, then the unique optimum of the convex program (2.2) is (§7, f,,y) =
(S,L) for a range of values of ~ given by:

(2.9)

y e ( 2inc(L) 1- 6degmam(5)inc(f1)> ‘
1 — 8degmaz(S)ine(L)’ degmaz(S)

Proof. The proof is similar to Corollary 3 in [40], and is skipped due to space constraint.
O

Thus, by picking a proper v the convex optimization (2.2) returns the unique de-
composition (S, L) without the need to determine Q(S) and T'(L).

Remark 2.2.5. Lemma 2.2.4 provides a conservative sufficient condition and hence
covers only a subclass of uniquely decomposable matrices. In Section 2.7 we provide an
example that does not satisfy the sufficient conditions, but still is uniquely decomposable
using Algorithm 1, i.e., the network satisfies the transverse intersection (2.7), but not

the sufficient condition in Lemma 2.2.4.

It can be observed from the structure of singular vectors in the projection matrix
UU7 that n must be large for mc(i) to be small enough to satisfy the condition in
Lemma 2.2.4.

Moreover, using the results from [64], it can be shown that the number of non-zero
entries in S must be at most O(n) for the sufficient conditions to hold.

The convex program (2.2) is equivalent to the following formulation with the map-

ping t = ﬁ, where t € [0, 1]:

(Se.Ly) = argmint|S]y + (1 - 1)||L]. (2.10)
subject to S+ L = C,
s"=-8, L' = -L.

The following definitions are used to measure the closeness of the estimated matrices
with the true matrices.
S-S L, - L
tol, — 15:=Sle | T~ Lilr (2.11)
ISIl7 1Ll F

diffi = (ISe-c = Stllr) + (| L — L]l ), (2.12)
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where ||.| denotes the Frobenius norm and € > 0 is a sufficiently small fixed constant.
Note that tol; requires the knowledge of the true matrices S and L, whereas di ff: does
not require any such prior information. Moreover, the mapping between ¢ and -~ is
one-to-one.

In practice, we may not have access to any extra information other than C; thus
determining ¢ required for the unique decomposition from Lemma 2.2.4 and tol; becomes
difficult. Here we provide guidance on which ¢ (and this ) to be employed. The
following proposition provides a systematic approach to identify a proper penalty factor

t for the unique decomposition.

Proposition 2.2.3. Suppose we are given a matriz C, which is obtained by summing
S and L, where S is a sparse matriz and L is a low-rank matriz. If S and L satisfies
deg,,..(S)inc(L) < 1/12, then there exist at least three regions where diffi = 0. In
particular, there exists an interval [t1,t2] C [0,1] with 0 < t; < to < 1 such that

(St.Ly) = (S, L) for any t € [t1, 1]
Proof. See Appendix A.6. O

Corollary 2.2.1. By solving (2.10) and calculating dif f; for every t € {e,2¢,...,1}
we obtain gt and f;t and the zero regions specified in Proposition 2.2.3, specifically
[t1,ta], 0 <ty < to <1, wheredif f; = 0. For a givent € [t1,ta], if degay (St)ine(Ly) <
1/12, then the decomposition is exact, that is, toly = 0 and (§t,f;t) = (S,L).

Remark 2.2.6. Proposition 2.2.3 and Corollary 2.2.1 are applicable in any general
sparse plus low-rank matriz decomposition, and is not restricted to skew symmetric

matriz decomposition.

Remark 2.2.7. Conwversely, if there are only two zero regions, t close to zero and t close
to 1, then we can assert that it may not be possible to obtain a unique decomposition

with this approach. Simulations show that t € [.26, .4] is a good region to look for t.

Based on Proposition 2.2.3 and Corollary 2.2.1, we propose Algorithm 1 to obtain
the unique decomposition, which returns the estimated sparse matrix S and estimated

low-rank matrix L.

Remark 2.2.8. The aforementioned results can be extended to the space of complex

Hermitian matrices also; however, we do not discuss them here.
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In the following section, we discuss some preliminaries of linear dynamical systems
that are useful in understanding the rest of the chapter. In Section 2.4 and Section 2.5,
we discuss how the matrix decomposition is extremely useful to reconstruct the moral

graph/topology of a given linear dynamical model.

2.3 Linear Dynamical Systems

Consider a linear dynamical system with n interacting agents, each equipped with time-
series measurements (7;(t))ez, @ € {1,...,n}, governed by the following linear dynam-
ical model (LDM):

X(k)= Y HOR(k—1)+8(k), (2.13)

where x(k) = [Z1(k), -, Zn(k)]T, €(k) = [e1(k), - ,en(k)]T, and for i, j € {1,2,--- ,n},
i # j, €;(k) is a zero mean wide sense stationary (WSS) process uncorrelated with €;(k).
Additionally, the processes {z;(k),e;(k)}?_, are jointly WSS. Let H(z) = Z[H(k)).
Then, fI(l) € R™ "™ denotes the weighted adjacency matrix with diagonal entries ﬁ“(l ) =
0,1 <1 <mn,l € Z,such that H is well posed, i.e., every entry of (I—H(z))~! is analytic
on the unit circle, |z| = 1, z € C. An LDM is said to be topologically detectable if
®q(2) is positive definite for every |z| = 1. The above model can be represented using

the following Transfer Function Model (TFM),
x(z) = H(2)x(z) + e(z), z € C, (2.14)

where x(z) = Z[x(k)] and e(z) = Z[e(k)]. In general, there may exist nodes whose
observations are not available and remain hidden. These nodes that are not accessible
are called hidden/latent/unobservable nodes. V, denotes the set of observable nodes

with cardinality n, and V}, is the set of latent nodes with cardinality ny,.

2.3.1 Graphical Representation

The Linear Dynamic Graph (LDG) associated with the LDM (2.14) is defined as the
directed graph G(V,€), where V = {1,2,--- ,n} and £ = {(4,j)|Hj; # 0}. Thus, there
exists a directed edge (i, j) from node i to node j in the LDG if and only if H;; # 0. For
a directed graph G(V, £), parent set of node j is P(j) := {i|(i, ) € £}, child set of node
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jis C(j) = {i|(j,7) € £} and spouse set of node j is S(j) := {i|i € P(C(j))}. Nodes
i and j are strict spouses if i € S(j), i ¢ C(j) UP(j). The Markov Blanket of node i,
denoted kin(i) := C(i) UP(i) US(i). The moral or the kin graph, kin(G) := {(i,7) | i €
kin(j), i,7 € V}, where (i,7) denotes an unordered pair. The topology of G is defined
as an undirected graph top(G) == {(¢,7) | 1 € P(j) UC(j), i,7 € V}.

Similarly, an LDG obtained by restricting the vertex set to the observed nodes
is defined by G,(V,, &), where & = {(i,j)|i,j € V, and Hj; # 0}. The topology
among the observable nodes, T(V,,&,) = top(Go(Vs,&,)). We define an undirected
edge set &, = {(i,7) | (i,j) € & or (j,i) € &, i < j}. Similarly, the moral graph
among the observable nodes is the undirected graph kin(G,) := {(¢,7) | ¢ € kin(j), i,j €
Vo}. We define a path between nodes ¢ and j in an undirected graph as a set of
nodes {i,xo,...,Tk,j} where {(i,x0), (x1,22),..., (xx_1,2k)} € E. We define a path
between nodes i and j in an undirected graph as a set of nodes {4, zg,...,xg,j} where
{(i,x0), (x1,22), ..., (xp—1,25)} € E. A directed path in a directed graph is a path
between nodes ¢ and j with the constraint that all the edges are directed from ¢ towards
J- dhop(i, j) is defined for undirected graphs as the number of links between nodes ¢ and
j on the shortest path connecting 7 and j. It can be shown that dpp(i,j) is a metric
for undirected graphs. For a node i € V, the degree of the node is deg(i) := [{j € V :
(i,7) € £}|. Note that this definition is for undirected edges.

In the next section, we study properties of the IPSDM of a given LDM that are

useful in topology/moral graph reconstruction.

2.4 Exact Reconstruction of Moral Graph of Observed
Nodes and Markov Blanket of Latent Nodes

2.4.1 Moral Graph Reconstruction under Complete Observability

In this part of the section we present some important preliminaries for reconstruction of
moral graphs from power spectral density matrices and methods on how to reconstruct
moral graph under full observability of the network.
For the graph G(V, £), the power spectral density matrix (PSDM), ®x(z) € C**" is
given by
0o

Oy(2) == Y E{X(k)X'(0)}z7F, z€C 2| = L. (2.15)

k=—00
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The PSDM and the IPSDM of the dynamical system governed by (2.14) can be
respectively written as (see [17]) ®x(z) = (I — H(2)) 1@ (2)(I — H*(2)) ! and

0l (2) = (I- H(2)) g ' (2)(I - H(2)). (2.16)

Note that ®21(z) is a diagonal matrix, since &;(k) is uncorrelated with &, (k) for i # /.

The following lemma (Theorem 27 in [17]) provides a sufficient condition to estimate
the moral graph of G(V, &) from the IPSDM.

Lemma 2.4.1. Consider a well posed and topologically detectable LDM (H, e) with the
associated LDG G(V, E), described by (2.14), having full node observability. Let IPSDM
of x be given by (2.16). Then, [®3'];; # 0, i # j implies i € kin(j). Moreover, the

converse holds almost always.

Remark 2.4.1. In [32] and the related works, [P ];; # 0 is considered to be equivalent
to nodes i and j being conditionally dependent given the rest of the observations. That

18, retrieving conditional dependence is equivalent to reconstructing moral graph.

Remark 2.4.2. The results of [32] can be extended to AR models with WSS noise
by considering conditional correlation instead of conditional dependence. In this case,

retrieving conditional correlation is equivalent to moral graph reconstruction.

2.4.2 Structure of the IPSDM with Latent Nodes

In the previous subsection we studied the properties of IPSDM under the assumption
that all the nodes are observable. However, topology identification becomes complicated
in the presence of latent nodes, often leading to lack of identifiability (see 2.4.3). Here,
we discuss some of the special properties of the IPSDM in the presence of latent nodes

that are exploited in this chapter.

By separating observable nodes and latent nodes, we represent x(z) = [XO((Z)] and
Xpl 2

e,(2)

en(2)

en(z) = Zlep(k)]. The TFM in (2.14) can be expressed as follows:

], where x,(2) = Z[X,(k)], xp(2) = Z[Xn(k)], eo(2) = Z[e,(k)], and

x0<z>] _ [Hoo<z> Hoh<z>] [xo<z)
xn(2) Hjo(z) Hpn(2)

€o(2)
)] ) (2.17)
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Letting

and

D l(2) =

X

Kno(2) Knn(2)

Koo(2) Koh(z)]

we have that (by ignoring the index 2)

(bo_ol =Ko — Kth};}}Kho’
which follows by applying block matrix inversion formula and using Schur’s comple-
ment representation [65]. Furthermore, using (2.16), the IPSDM corresponding to the

observed variables can be written as:

@} =S + L, where (2.18)
S = (I, — H;,)®..' (I, — Hy,), (2.19)
L =H;, o, 'H, — VAP, (2.20)

U =H}, o, (I-Hy,) + (I—Hj,)®, 'Hy,, and
A=H},0 ' Hy + (I - Hjy )@, (I— Hyp).

The following proposition shows that support(S) can retrieve the moral graph among
the observable nodes, kin(G,).

Proposition 2.4.1. Consider a well-posed and topologically detectable LDM, (H,e),
described by (2.14), with the associated graph G(V,E). Let S be given by (2.19). Then,
the set €, = {(4,7)ISs5 # 0, < j} reconstructs kin(G,) almost always.

Proof. Notice that (2.16) and (2.19) are exactly the same, except H, @, and I in (2.16)
are replaced with H,,, ®e,, and I, respectively in (2.19). Thus, by applying Lemma

2.4.1 on S, &, retrieves kin(G,) almost always. O

The following theorem shows that S is sparse if the moral graph, kin(G,) is sparse,
while L is a low-rank matrix if nj, << n,. This particular structure aids in decomposing
®_linto S and L (or more precisely S{®,,'} into 3{S} and S{L} using the results from
Section 2.2). Notice that the index z is omitted from the notations. The results hold

for every |z| = 1 uniformly.
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Theorem 2.4.1. Consider the LDG G(V, &) described by (2.14). Let Go(V,, &) be the
LDG, G(V, &), restricted to the observed nodes. The following holds:

|support(S)| < 2|&| + 2|E5°| + n, rank(L) < 2np, (2.21)

where £5° denotes the set of undirected edges between the observable strict spouses with

a common observable child.
Proof. See Appendix A.7. O

Remark 2.4.3. Here, we are interested in the scenarios where 2|E,| + 2|E5°] = O(n);
note that the maximum number of interconnections in a graph of n nodes is n?. In
this sense, S is considered sparse. If we can uniquely decompose ®,}(z) into the sparse
matriz S and the low-rank matriz L, then one can obtain kin(G,) from S (see Proposition
2.4.1) and the Markov Blanket of the hidden nodes from L (see Section 2.4.4). Further,
in Section 2.5.2, we reconstruct the exact topology of the entire network, including that
of hidden nodes, under some assumptions. However, there are certain identifiability
1ssues related to hidden nodes, inherent in network topology, which make the detection

of hidden nodes from L difficult, even impossible in some cases. We address them next.

2.4.3 Identifiability of Latent Nodes

Here, we discuss identifiability of the hidden nodes inherent to the graph structure and
not limited to any specific reconstruction method. We illustrate the non-identifiability
via examples.

Figure 2.1a and Figure 2.1d represent LDGs with LDMs given by 1 = €1, To =
T+ Y iy hoi * Ti(k) + €2, Ty = hga * Ta(k) + €3, where node 1 is latent, and Ty =
Yoy hoi % Ti(k) + é2, T3 = hsg * To(k) + €3 respectively. Let éa = €3 + €1. Then the
observed node time-series obtained from the two LDMs are identical and the two models
are indistinguishable from ®}!.

Similarly, consider the LDGs shown in Figure 2.1b and Figure 2.1e with LDMs
given by 71 = €1, To = 71 + 2?24 ho; * fl(k) + €3, T3 = hgo * EEQ(k) + €3, 71 = €1, Tg =
T1+ Y ;4 hoi * T;(k) + €2 respectively, where node 3 is latent. Again, the time-series
among the observable nodes obtained from both the LDGs are the same and hence the
two models are indistinguishable.

Based on the aforementioned discussion, we make the following assumptions for
identifiability of a hidden node.

25



j
H?é@

(a) (b) ©
Q‘@
(d) (e) D)

Figure 2.1: Non-identifiability of hidden nodes (red colored nodes): (a) hidden node
is terminal and strict parent; (b) hidden node is terminal and strict child; (c) Markov
Blankets of hidden nodes 1 and 2 overlapped.

Assumption 2.4.1. Any hidden node ki in G(V,E) has at least one observed-child
¢ € V,. Further, ky, is a parent or child of another observable node j € V, \ {c}.

We next illustrate that non-identifiability issues arise when the Markov Blankets of
hidden nodes overlap. Consider the LDGs shown in Figure 2.1c and Figure 2.1f with
LDMs given by 23 = 2?25 hgi*fi(k)+g3, T1 = T3+€1, Tog = T3+€Ey, Ty =T1+To+ey,
and 23 = 2?25 hs; * fz(k) + €3, T1 = T3+ é1, T4 = T1 + €4, where &1 = €1 + 22 ,
respectively, where nodes 1 and 2 are latent. Both LDMs result in the same observed
time-series, which leads to non-identifiability of hidden node 2. Hence, we make the
following assumption about the spatial distribution of hidden nodes in the LDG G(V, £).

Assumption 2.4.2. For every distinct ky, kj, € Vi, dpop(kn, k) > 4.

Assumption 2.4.2 is sufficient to ensure that Markov Blankets of any two distinct
hidden nodes kj, and k;, do not overlap. When the intersection of the Markov Blankets
of kj and kjs contain more than one observable node, then one of the hidden nodes
kp or kps is non-identifiable (see the illustration associated with Figure 2.1c). If the
intersection has at most one node, then both the hidden nodes might be identifiable.
We make a slightly more conservative assumption that the Markov Blankets of the
hidden nodes are non-overlapping. Moreover, the implication of Assumption 2.4.2 is
that the Markov Blanket of a hidden node h € Vj, is {P(h) UC(h) US(h)} C V.
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Remark 2.4.4. Note that Assumption 2.4.2 might seem stronger than Assumption 2 in
[21]. However, [21] restricted attention to radial topologies associated with bi-directed
LDGs and assumed that the hidden nodes are at least three hops away from the leaf
nodes. On the contrary, algorithms in Section 2.5 can reconstruct more general linear

dynamical networks, including loopy networks.

2.4.4 Markov Blanket Reconstruction of the Latent nodes

Here, we provide the following definition and theorems which helps in learning the
Markov Blanket of hidden nodes.

Definition 2.4.1. Fori,j € V, and hidden node h € Vy, define DEy(i,5) = {91, 92, 93, 94, g5
96,97, 98,99}, DE;*(4,7) :== {910,911}, and DMy(i,j) == DEy(i,j) U DE;®(i,j), where i — h
is denoted as (i,h) with gi = {(h,3), (h,5)}, g2 = {(h,), (G, h)}, g5 = {(h,0), (h, k), (j, k)}, Vk €
Vo\{i, 5}, g4 = {(i,h), (h, 7))}, 95 = {(i, h), (h, k), (4, k) }, VE € Vo\{i, i}, g6 = {(i, k), (h, k), (4, h)}, Yk €
Vo \{i,j}, g7 = {(i,k), (R, k), (h,5)}, VE € Vo \{i,j}, g8 = {(h,0),(5,0)}, g0 = {(h,]),(5,9)}
gio ={(i,h), (5, 1)}, and g1 = {(i, k1), (h, k1), (R, k2), (K2,5)}, ki, k2 € Vo \ {4, j}.

DMy, (i, j) enumerates all the possible paths between two observable nodes 4, j present
in the Markov Blanket of hidden node h. We now present a result which infers the
Markov Blanket of a hidden node h in G(V, &) from support(L).

Theorem 2.4.2. Suppose the LDM in (2.17) satisfies assumptions 2.4.1, 2.4.2. Let L
be given by (2.20) and let i,j € V,, i # j. Then, the following statements hold:

(a) If L;j # 0, then there exists g € DMy(i, j) such that g € GV, E), for some h € V.
Further, dpop(i, h) <2 and dpep(j, h) < 2.

(b) Given L;; # 0, suppose there exist gy € DMy, (4, j) and g2 € DMy, (i,j) connecting
i and j such that g1,92 € G(V,E), for some h1,ho € V. Then hy = ho.

Proof. See Appendix A.8. O

Remark 2.4.5. We note that, for a set of system parameters, noise statistics can be
construed such that a g € DMy(i,j) is present in the LDG G(V,E), with L;j; = 0. We
remark that such cases are pathological; we will assume that the converse of Theorem

2.4.2(a) holds almost everywhere.
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Thus, based on the locations of non-zero entries in L, we construct Vi = {i|i €
Vo, 3k € Vo \ {i} s.t. Ly # 0} and Ey = {(4,5)|i,5 € Vu,Li; # 0}. The following
result shows that (Vy, Ef) is a disjoint collection of connected undirected subgraphs
(see Figure 2.4b for example). Moreover, the number of connected undirected subgraphs
in Fpy is equal to number of hidden nodes nj, in the LDG G(V,€).

Theorem 2.4.3. Suppose the LDM in (2.17) satisfies assumptions 2.4.1, 2.4.2. Let
L be given by (2.20). From L, construct the following: Vg = {ili € V,,3k € V, \
{i} s.t. Ly # 0}, Eg = {(i,4)|i,j € Vu,Lij # 0}. For every hidden node I € Vy, let
My = PU)UCW) U S, Qi = {(i, )lirj € My, Liy £ 0}. Then

((J,) Ml1 ﬂMlz = (D, for allly,ls € Vi, 11 # lo.
(b) Qll ﬂng = (Z), fOT‘ all ll,lg S Vh,ll 75 lg.

Nh
(C) VH = U Ml.
=1

np,
(d) Eg = U Q.
=1
Proof. See Appendix A.9. O

Remark 2.4.6. The above theorem estimates the number of hidden nodes ny as the
number of connected undirected subgraphs in Ep. Each connected component (M, Q)
is due to a hidden node | € Vy, that is, M, is the Markov Blanket of | in G(V,E), while

Q1 is an undirected edge set that contain edges among any two distinct nodes in M.

2.4.5 Moral Graph Reconstruction of Observable Nodes and Localiza-
tion of Hidden Nodes from IPSDM

As shown in Theorem 2.4.1, S is sparse and L is low-rank. Then, one can retrieve S

and L from ®_! by employing the following optimization.
8y.Ty) = arg_min ~[S|li+ Ll (2.22)
S7L6(Cn><n
subject to S+ L = @},

S-S*=0, L-L*=0.
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Section 2.2 has provided certain sufficient conditions for the unique decomposition, in
the space of skew symmetric matrices. As mentioned in Remark 2.2.8, one can extend
the results to the space of complex Hermitian matrices also, which can be applied to

~

solve (2.22). Then, support(S,) recovers the exact moral graph among the observable

nodes, kin(G,), and rcmk:(fw) provides a lower bound on the number of hidden nodes.

Additionally, as shown in Theorem 2.4.3, support(L., ) retrieves Markov Blankets of all
the hidden nodes.

2.4.6 Reconstruction based on the Imaginary Part of IPSDM

In Theorem 2.4.1, it was shown that S is sparse and L is low-rank, which implies that
the same applies respectively to I{S} and S{L}. Based on Theorem 2.4.1, one can
show that [support(S{S})| < 2|&| + 2|E5°| and rank(S{L}) < 4n;,. Therefore, I{S} is
sparse and S{L} is low-rank. As ®_! is Hermitian, 3{®_,} is skew symmetric, and
hence the results from Section II are applicable here. Then, by applying the convex
optimization (2.10) with C = 3{®,.!(2)}, one can retrieve the ground truth {S(z)}
and S{L(2)}, for all |z| = 1, and appropriately selected vy as shown in Section 2.2.
This procedure is provided in Algorithm 1. The caveat of decomposing S{®_,!} is that
the following assumption is required for consistent moral graph/topology reconstruction
from ¥{S} and S{L}.

Assumption 2.4.3. For any 1 < i,k <n, i # k, if Hix(2) # 0, then S{H;;(2)} # 0,
for all z, |z| = 1.

Remark 2.4.7. Assumption 3 is necessary to reconstruct kin(G,) and the Markov
Blankets of the hidden nodes from the decomposition of I{®,}}, instead of decom-
posing ®_ 1 directly. From (2.19), (2.20), it follows that 3{S} and I{L} depend on
elements of S{H}. Hence, when Assumption 2.4.3 holds, the Lemma 2.4.1, Propo-
sition 2.4.1, Theorem 2.4.1, 2.4.2, and 2.4.3 hold by replacing ®;1, ®,1, S, and L
with S{®; 1}, I{P1}, S{S}, and S{L} respectively. In other words, kin(G,) and the
Markov Blanket of hidden nodes can be obtained by decomposing 3{®,.1} instead of ®,}.

We focus on the decomposition of S{®, '} in this chapter.

Remark 2.4.8. kin(G,), obtained from I{S} using Proposition 2.4.1, would contain
top(G,) as well as additional edges due to strict spouses in G,. Likewise, (M;, Q) ob-
tained from support(S{L}) using Theorem 2.4.3 may contain edges apart from P(l)U
C(1) of a hidden node . Such spurious edges maybe many; examples include bi-directed

LDGSs. There is a need to eliminate them so that exact recovery of top(G) is possible.
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In the next section, we develop techniques to eliminate the spurious edges and re-

construct the exact topology, for a wide class of networks.

2.5 Exact Topology Reconstruction

In this section, we develop methods for exact recovery of top(G), under Assumption

2.5.1, which is applicable to wide class of applications.

2.5.1 Elimination of Strict Spouse Edges

Here, we show that, in certain LDMs, the strict spouse edges satisfy properties that
can be exploited toward exact topology reconstruction. Notice that for some of the
results (viz Theorem 2.5.1 and Theorem 2.5.2), we restrict our interest to the models
that satisfy the following assumption. For the networks that satisfy Assumption 2.5.1,
Theorem 2.5.1 will show that support(3{S}) would reconstruct the exact topology,
top(G,) (not kin(Gy,)).

Assumption 2.5.1. For the LDM in (2.14), and i, k,l € V, if Hy;(2) # 0 and Hy(z) #
0, then /Hm(z) = /Hkl(z).

Remark 2.5.1. Assumption 2.5.1 is satisfied by a large class of engineering systems.
For instance, Section 2 of [18] provides engineering systems that satisfy Assumption
2.5.1. Also, other examples include linearized chemical reaction ODEs [66]. For exam-
ple, see (10.2.2) in [66].

The following lemma (Theorem 3 in [18]) is useful in proving the subsequent results
and helps in exploiting additional structure enjoyed by the IPSDM in the networks
satisfying Assumption 2.5.1.

Lemma 2.5.1. Consider a well-posed and topologically detectable LDM (H,e) with
the associated graph G(V,E), described by (2.14), having full node observability and
satisfying Assumption 2.5.1. If i and j are strict spouses, then [S{®x'}];; = 0.

Lemma 2.5.1 eliminates the spurious edges formed due to strict spouse connections
by observing the entries of 3{®;'}. The proof follows from the expansion of (2.16).
Here, [S{®;'}];; = 0 if H;; = 0, Hj; = 0, and /Hy; = /Hij for all k€ C(i) N
C(j). This can be employed to separate the true parent-child connection from the strict

spouse edges in the moral graph obtained from Lemma 2.4.1. Combining Lemma 2.4.1
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and Lemma 2.5.1 with Assumption 2.4.3, one can conclude that, the undirected graph
constructed from 3{®, 1} is equal to top(G), if Assumption 2.5.1 holds; else it would be
kin(G). We use this fact in the following theorem to reconstruct top(G,).

Theorem 2.5.1. Consider a well-posed and topologically detectable LDM (H,e) with
the associated graph G(V,E), described by (2.14) and satisfying Assumption 2.5.1. Let
S be given by (2.19) and let &, = {(i,]) : 3{Si;} # 0, i < j}. Then, g, CE,.
Additionally, if the LDM satisfies Assumption 2.4.3, then &, =&, almost always.

Proof. See Appendix A.10. O

In the following, we discuss the exact topology reconstruction from {®!} based
on Theorems 2.4.3 and 2.5.1.

Algorithm 1 Matrix decomposition
Input:®, ! (z): IPSDM among V,, ¢, z = /¥, w € (—m, 7]
Output: Matrices (S(z)) and I(L(z))
Set C = \SiCI)ggl(z)}
Initialize (Sp,Lo) = (C,0)
for all t € {¢,2¢,...,1} do
Solve the convex optimization (2.10) and calculate dif f, in (2.12)
end for

Identify the three regions where dif f; is zero and denote the middle region as [¢1, t2].
Pick a tg € [t1,t2] and the corresponding pair (Sto, thO).
if degmax(gto)inc(tto) < % then
(S(z)a L(i)) :/gstov L)
: Return (S(z),L(z))
10: end if

®

2.5.2 Reconstruction of Topology:

The topology, T(V,€), of the LDG G(V, &) will be reconstructed in three steps: (a)
recover the topology restricted to observed nodes given by T (V,,&,), (b) determine
the number of hidden nodes nj, in the LDG G(V, &) and (c¢) reconstruct the topology
associated with each hidden node. We denote the reconstructed topology as 7 (Vg, Er).
The reconstruction is said to be exact when T(V, &) = T (Vg, Er)-

The first step in topology reconstruction is to obtain S = S{S(z)} and L = S{L(z)}

from Algorithm 1. Then, from §, we reconstruct the topology among observed nodes
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T(V,, &) as shown in Theorem 2.5.1. This is performed in Algorithm 2, which recon-
structs 7 (V,, Er), where V, is the set of observable nodes and £p is the undirected edge

set reconstructed from support(S). Apart from pathological cases, T (V,, ER) is identical
to T(Vs,&,) under Assumption 2.5.1.

Remark 2.5.2. Algorithms 1 and 2 are applicable for any LDM with Assumption 2.4.3
and need not satisfy Assumption 2.5.1. However, in that case, T (Vo,ER) would return

kin(G,).

Remark 2.5.3. As mentioned in Section 2.4.5, one can decompose the complex ®,} to
obtain S and L, instead of their respective imaginary parts, thus avoiding the need for
Assumption 2.4.3. S and L can then retrieve moral graphs among the observable nodes
and Markov Blanket of hidden nodes.

Algorithm 2 Topology reconstruction of observable nodes

Input: §(z) from Algorithm 1, threshold 7

Output: Reconstructed topology among observable nodes T (V,, ER)
1: Edge sets g + {}

2: for all (i,7) € {1,2,...,n} X{1,2,....,n} do
3 if \/S\U(zﬂ > 7 then

4 Er+— ErU{G,])}

5: end if
6
7
8

: end for
Vo {1,2,--- ,n}
: Return 7 (V,, Er)

We now proceed with estimating number of hidden nodes and reconstructing the
topology associated with hidden nodes using S{L}.

We emphasize that the undirected edges in (); are not necessarily present in the
true topology T (V, ). The only task remaining in constructing the topology 7 (V, &) is
finding the true parents or children of the hidden nodes. For this purpose, we consider
each connected component (M, Q);), and reconstruct the topology associated with the
hidden node .

The following result is useful in reconstructing the exact topology associated with
hidden node [ from degree of nodes in (M;, Q;). It shows that the information about the
degree of each node is sufficient to reconstruct the topology associated with the hidden

node [.
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Theorem 2.5.2. Suppose the LDM in (2.17) satisfies Assumptions 2.4.1-2.5.1. Con-
sider a hidden node | € Vy, and its associated undirected graph (M, Q) as defined in
Theorem 2.4.3 for S{L}. Define oy := ma:vjeMldeng(j), where degp, (i) == |{j €
Mi\i:(i,5) € Qi}|. The following holds: 3k € M; such that degp, (k) < oy if and only
if [P\ (C(HUSD)| =2 or [SI) N\ (CA)UPWA))] =2 in GV, E).

Proof. See Appendix A.11. O
Remark 2.5.4. From the proof of the above theorem, the following holds:

(a) Consider a node a1 € C(I) U (P(l) N S(l)). Then, for every az € (C(I) UP(l)U
S()) \{ar}, (a1,a2) € Q-

(b) Consider a strict spouse, s1 € S(I)\ (C(1) UP(l)). Then, for any a1 € C(I) U
P(), (s1,01) € Q.

(¢c) Consider a strict parent, p1 € P(l) \ (C(l) US(l)). Then, for any a; € C(l) U
S(1), (p1,a1) € Q-

Regardless of the number of strict spouses and strict parents in the LDG, G(V,E), for
M; = C(HUP(1)US(1), the following holds from (a), (b) and (¢): fori € C()U(P(1)NS(1))
and for k € M\ i,(i,k) € Q. That is, a node from C(l) U (P(l) N S(1)) is connected
to every other node from M; in Q;. Hence, degpy, (i) = |M;| — 1 and it is the node with
mazimum degree. Therefore, C(1) U{P()NS(l)} = {i|i € M;,degn, (i) = |M;| —1}. The
nodes in M with degny, (1) < |M;|—1 are either strict parents or strict spouses of hidden

node 1.

We provide the following assumption which is needed for exact reconstruction of
topology associated with hidden nodes. When the below assumption is violated, that
is, if the number of strict spouse for a hidden node h is one, then there will be a
single false edge present in the reconstructed topology associated with the hidden node.
Rephrasing, the strict spouse of a hidden node h will be considered as a neighbor in the
reconstructed topology associated with the hidden node h. The number of such false
edges reconstructed for a network is limited to a maximum of one per hidden node.
Nevertheless, to avoid these false edges associated with a hidden node, we make the

following assumption.

Assumption 2.5.2. In the LDG, G(V,E), for any hidden node, h € Vy,, if there exists

a strict spouse, then there must exist at least one more strict spouse associated with h.
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Based on the above theorem and assumption, we propose Algorithm 3, which outputs
the reconstructed topology T (Vgr,Er) that is identical to the true topology 7 (V,€) of
the LDG G(V,&). The Algorithm 3 consists of three parts as outlined below.

(a)

From support of S{L}, determine Vy and Ep. The graph (V, Ex) will be a dis-
np,

joint collection of connected subgraphs |J (M, @;). The number of hidden nodes,
=1

np, is given by the number of connected subgraphs. This is done in steps 1 — 10.

Vi and Ep are both initialized with {} (steps 11 —12).

For each (M, @Q);), we create a hidden node h; and add this to Vg (steps 15 — 16).
Next, we construct the topology associated with h;. For this, we compute the
degree of each node in (M;,@;) and calculate its maximum, «o; (step 17). We
check if there is a node in M; with degree smaller than «;. If there is no node
in M; with degree smaller than aq, then add undirected edge (hy,i) to Eg for all
i € M (steps 18 — 28). Otherwise, we collect the nodes in M; with degree «; in
the set dj, and the nodes with degree smaller than ¢, in the set ]\Z (steps 29— 38).
The vertex set dp, = C(h;) UP(h;) US(h). Thus, add (hy,i) to Eg for all i € dp,
(steps 39 — 41). The nodes in M, are either strict parents of h; or strict spouses
of hy in G(V,E). We find the strict parents from M; and add their edges with Iy
to Eg (steps 42 — 47).

Repeat (b) for all I = {1,2,--- ,ns} (step 13). Assign Vg as Vg UV, and &g
as &g U &, (steps 49 — 50). The reconstructed topology of the LDG G(V, &) is
T (Vr,ER) (step 51).

The reconstructed topology T (Vg,Er) is identical to the true topology T (V,E) of
the LDG G(V,¢&).

Till now, we have investigated topology identification under the assumption that the

perfect PSDM is available. However, in practice, we have access only to finite number

of observations of the time-series. In the next section, we show that if the number

of observations, N, is large enough, then each entry of the estimated IPSDM can be

brought e-close to the actual IPSDM. Note that we do not assume the presence of any

latent node here. The analysis in this section is applicable to networks with or without

latent nodes.
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Algorithm 3 Full Topology reconstruction with hidden nodes

Input: IAJ(z) from Algorithm 1, threshold 7 and T (V,, £g) from Algorithm 2
Output: 7 (Vg, ER), reconstructed topology of the LDG G(V,€)
: VH — {}
Ep « {}
for all (i,5) € {1,2,...,n} X{1,2,...,n} do
if |Lj;(z)| > 7 then
Ep < Eg U{(i,j)}
Vi < Vg U{i,j}
end if
end for .

(VHvEH) = U (Mlan) such that Ml1 N Ml2 = Qll N Ql2 = @ vzlle € {1727"'7nh}7ll 7& l2-

np : number (1)f disjoint connected subgraphs in Fy
: Vertex set Vg <+ {}

: Edge set &g + {}

: for alll e {1,2,....n4}

: ﬂag =0

: add a hidden node h;

: Vg« Vg U {hl}

Doy i=mag ey dega, ()

e e e
N O Ut R W N = O

18: for all i € M; do

19: if deng(i) < g then
20: flag =1

21: break

22: end if

23: end for

24: if flag == 0 then

25: for all : € M; do

26: En %gHU{(i,hl)}
27: end for

28: end if

29: If flag == 1

30: dhl — {}, M + {}

w
—

: for all + € M; do

32: if degny, (i) == oy then
33: dhl — {dhl} U {Z}
34: end if

35: if deng (7,) < aq then
36: M, < M, U {i}

37: end if

38: end for
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for all k£ € dj, do
En +— Eq U{(k,)}
end for
for all k € M; do
if (k,d) ¢ Eg for all d € dj, then
Ey +— &g U {(k), hl)}
end if
end for
end for
Ve < Vg UV,
:Ep+— EgUER
: Return Vg, &g

_= = =

2.6 IPSD Estimation from Finite time-series

In this section, we investigate the effect of finite time-series on the estimation of the
IPSDM. Suppose that we are given the time-series {x(¢) € R"} ;. We show that, with
high probability, the entries of an estimated IPSDM are close to the original IPSDM,
if the number of samples, N is large enough. To begin with, recall that (2.13) can be

rewritten as X(¢) = Y o0 __ &(k)e(t — k), t € Z, where £(z) := (I - H(z))™!. Similar to

k=—o00

[67], for the convenience of analysis, we define:
Ho(L, L) :={(x(t),t € Z) : 0 <1 < |A(&(2))| < L, for |z| < p}, (2.23)
where A({(z)) denotes eigenvalues of £(z), and restrict ourselves to the family #,(, L).

2.6.1 Estimation Error

Here, we characterize the difference between the actual PSDM, ®y(z), in (2.15) and a
PSDM estimated from finite time-series. We assume that the true correlation function
Ry (k) = E[x(0)x” (k)] follows the relation

| R (k) |l < C1p", (2.24)

for some p such that |p| < 1 (recall that x is WSS). Note that this assumption is common
in scalar Gaussian processes and is an example of strongly mixing process (see [67] and

the references therein for details).
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Let ®x(z) denote the truncated version of the PSDM, ®(z), and let </I\>x(z) be
the PSDM estimated from data. That is, ®x(2) = i:—p Ry(k)z7%, and ®y(z) =
zzip Ry(k)z", where Ry(k) = ﬁzl]\;}k x(D)xT (1 + k) is thAe estimated corre-
lation matrix. We employ a concentration bound for [|[®x(z) — ®x(2)|lc to bound

@t (2) — @;1(z)||oo, for any |z| = 1. By triangle inequality,
19x(2) = @x(2)lloo < [@x(2) = Bx(2)loo + 1 Px(2) = Bx(2)l|oc- (2.25)

|®x(2) — @x(2)]|oo is the truncation error, which is the error in truncating PSDM to
order p, and ||®x(z) — Px(2)||s is the estimation error, which denotes the error in
estimating the p-th order truncated PSDM.

The following proposition provides a bound on element-wise distance between ®y
and ®y.

Proposition 2.6.1. Consider a linear dynamic system governed by (2.13). Suppose that
the autocorrelation function Rx(k) satisfies (2.24). For anye > 0, ifp > log,, ((12_0‘?5> -1,

then the truncation error ||®x(z) — Px(2)c0 < €.

Proof. See Appendix A.12. O

Note that,

H‘i)X(Z) = O (2)]loc =

oo

Y 1 Rx(k) = Ruck)lloo- (2.26)

k=—p

IN

Thus, we can upper bound ||®x(z) — ®x(2)||sc by bounding on || Rx(k) — Rx(k)]|ce-
Next, we provide probably approximately correct (PAC) bounds for estimating auto-

correlation matrices, which in turn is used in obtaining PAC bounds on PSDMs. The

following proposition bounds deviation of each individual elements of auto-correlation

matrix.

Proposition 2.6.2. For every delay index k < N —n, k € {0,...,p}, and all € > 0,
we have

P (Hﬁx(k) — Ry(k)| oo > e) < n2exp (—(N — k) min {32;2012 8715(]1}> . (2.27)
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Proof. See Appendix A.13. O

Now, we are ready to obtain the following lemma, which bounds the estimation error
in (2.25) using (2.26).

Lemma 2.6.1. For every z = e/“, w € (—m, 7|, the error in estimating truncated
PSDM () is || Dx(2) — ®x(2)|lce < & with probability at least

g2 €
1—n? —(N — i .
P ( (N = p) min { 32(2p + 1)2n2C2° 8(2p + 1)nCi })
Proof. See Appendix A.14. O

By combining the above lemmas, we obtain the following theorem.

Theorem 2.6.1. Consider a linear dynamic system governed by (2.13). Suppose that
the autocorrelation function Ry (k) satisfies (2.24). Let 0 < g1 < . Then, for any p
such that p > log, (%) , we have || ®x(z) — @x(z)Hoo < &, with probability at

least

62 €1
1—n? —(N — i L )
noexp ( (N = p)min { 32(2p + 1)2n2C2’ 8(2p + 1)nCy })

Proof. The proof follows by combining Lemma 2.6.1 and Proposition 2.6.1. O

2.6.2 IPSDM Estimation Error

Next, we provide a bound for the difference between the original and the estimated
IPSDMs in terms of the difference between corresponding PSDMs.
Theorem 2.6.2. Consider a linear dynamic system governed by (2.13) satisfying the
Assumption (2.23). Suppose that the autocorrelation function Rx(k) satisfies (2.24).
Let 0 < ey <e. Then, for any p such that p > log, ((1—02)%) — 1, we have

N VnL?c?
05" — Byl < o T (e (2.28)

ol \Bo? —/ne

with probability at least
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82 €1
1—n? (N — p) mi 1
noexp ( (N = p)min { 32(2p + 1)2n2C2° 8(2p + 1)nCs }) ’

where Tep and Tt denote the largest and the smallest eigenvalues of ®.(z) respec-

tively.
Proof. See Appendix A.15. O

It follows from Theorem 2.6.2 that the element-wise distance between ®; ! and </15; ! can

be made arbitrarily small with high probability, by picking N large enough.

2.7 Simulation results

In this section, we validate our algorithms with simulations. All the simulations are
performed in Matlab; to solve the optimization problem for matrix decomposition, we
use YALMIP [68] with SDPT3 [69] solver.

For the simulations, we assume that we have access to the perfect IPSDM, ®_ 1.
From 3{®,,} alone, we aim to reconstruct the topology of the LDM which involves (a)
recover the topology restricted to observed nodes given by T (V,, &), (b) determine the
number of hidden nodes nj, in LDG G(V,€), and (c) reconstruct topology associated
with each hidden node.

Remark 2.7.1. The objective of our simulation is to demonstrate the working of Algo-
rithm 1 to decompose S{®;1} of this network into S = S{S} and L = S{L}. Then, by

applying algorithms 2 and 3 on S and f;, we can retrieve the original topology.

2.71 LDM

For the simulation, we assume that ®,, of a topologically detectable LDM in (2.17) with
32 nodes, having the LDG as shown in Figure 2.2 is given. The nodes colored in red
(30,31, 32) are hidden and the rest are observed. Note that the network in Figure 2.2
and the corresponding LDM satisfies the assumptions 2.4.1-2.5.2.

2.7.2 Sparse plus low-rank decomposition of the Imaginary of IPSDM

We applied Algorithm 1 for matrix decomposition of 3{®;.!(z)} to obtain I{S(z)} = S
and S{L(z)} = L. Here, we took z = /% and € = 0.01 for running Algorithm 1.
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Figure 2.2: LDG G(V, ) with hidden nodes shown in red.

5 —'[OI7 i
—difft
41
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Figure 2.3: Comparison between tol; and dif f, for decomposition of S{®, 1} obtained
by the LDG in Figure 2.2

40



sre o g, ool
°® o° §

(a) Reconstructed topology among observable nodes, T (V,,&,) obtained from ${S} using
Algorithm 2.

(b) (Vu, Ey) obtained from S{L} (step 9 in Algorithm 3).

Figure 2.4: Applying Algorithms 2 on I{S} and Algorithm 3 on I{L}.

Figure 2.5: T(Vg, Er): Final reconstructed topology with hidden nodes.
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Figure 2.3 shows the values of tol; and dif f, corresponding to the decomposition of
3{®,,1(2)} for various values of t. From the plots, we see that the diff; plot shows
three zero regions, similar to what was proposed in Proposition 2.2.3. We would like
to stress that the network does not satisfy the sufficient condition of Lemma 2.2.4.
Nevertheless, the plot can retrieve the true sparse and low-rank matrices by picking a
t in the middle zero region, as described by Algorithm 2. This network belongs to the
subclass of the networks that does not satisfy the sufficient condition of Lemma 2.2.4,
but satisfy the necessary and sufficient condition of (2.7).

We make three important observations in Figure 2.3: (a) for small ¢, we observe a
beginning zero region where dif f, is zero. This verifies Proposition 2.2.3: when the
value of ¢ is very small (smaller than 0.15), the optimal objective value is obtained by
setting zero to S{L} and the objective achieves the minimum value of zero at (3{S} +
S{L},0). As t is increased but less than 0.15, we still obtain the optimal solution at
(3{S} + S{L},0), and hence, dif f, is zero for ¢ very small. (b) The opposite behavior
is observed when t is very large (greater than 0.5). This is the end zero region, which
corresponds to the optimal solution at (0, 3{S}+ S{L}). Nevertheless, the value of tol;
is quite high for both of these scenarios, since neither of the solutions are correct. (c)
In the middle region (¢ € [0.24,0.35]) , it is observed that both the tol; and dif f, are
zero; the range specified by Proposition 2.2.2 (See Corollary 2.2.1).

Note that dif f; need not be zero in the middle region. However, it is observed from
simulations that if we pick a t corresponding to minimum value of dif f; in the middle
region between (0.3,0.4), it is still possible to reconstruct topology. This is because the
finite value of di f f; in middle region is due to element wise mismatch of non-zero entries.
However, the structural pattern of sparse and low-rank matrices is almost preserved.
For topology reconstruction, structural pattern is more important than the exactness

of the element-wise values.

2.7.3 Reconstruction of Topology

Topology reconstruction of the LDM involves (a) recover the topology restricted to
observed nodes given by T(V,, &), (b) determine the number of hidden nodes ny, in
LDG G(V,€) and (c) reconstruct the topology associated with each hidden node.
From Figure 2.3, it is evident that 3{®,.!(2)} was decomposed uniquely into I{S}
and S{L} when t € [0.3,0.4], since tol; is zero. Indeed, due to perfect retrieval, the

optimal solution is (3{S},I{L}). We now use the decomposed matrices I{S} and
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${L} with 7 = 1079 to obtain the following:

(a) From 3{S}, we apply Algorithm 2 to obtain the topology of the subgraph re-
stricted to the observable nodes. The reconstructed topology among observed
nodes is shown in Figure 2.4a, which matches perfectly with topology of the LDG
in Figure 2.2 restricted to observed nodes 7 (V,, &).

(b) From S{L}, we apply Algorithm 3 and construct (Vg, Efr), which is a union of
3
three disjoint connected subgraphs, i.e., (Vi, Eg)= (M;, Q) (refer Figure 2.4b).
=1
Therefore, the number of hidden nodes in the LDG are three hidden nodes present.

ny is 3.

(c) In Figure 2.4b, each connected component (M, @) is a clique. For [ = {1,2, 3},
Algorithm 3 considers I*" clique (M, Q;), places a single hidden node h; in the
clique and reconstructs the topology associated with hidden node h;. Since (M, Q;)
is a clique, M; = C(hy) U{P(h;) NS(h;)}.

From (a), (b), and (c), Algorithm 3 reconstructs the complete topology including
latent nodes (see Figure 2.5), which matches exactly with the topology of the LDG. To
summarize, Algorithm 1 decomposed 3{®.!(2)} into sum of sparse S{S} and low-rank
S{L}. Using I{S}, Algorithm 2 reconstructs the topology reconstructed to observable
nodes. Using S{L}, Algorithm 3 estimates the number of hidden nodes, reconstructs
the topology associated with each hidden node, and the full topology of the LDG in
Figure 2.2 is reconstructed as shown in Figure 2.5, which matched exactly with the true
topology of the LDG.

2.8 Conclusions

In this chapter, a novel approach to reconstruct the topology of networked linear dynam-
ical systems with latent agents, from IPSDM of the observed nodes, is presented. The
network was allowed to have directed loops and bi-directed edges. It was shown that
the IPSDM can be uniquely decomposed into sparse and low-rank matrices. The sparse
component unveiled the moral graph of the observed nodes, and the low-rank compo-
nent retrieved the Markov Blanket associated with the latent nodes. Necessary and
sufficient conditions for unique sparse plus low-rank decomposition of a skew-symmetric

matrix were established, along with an optimization-based algorithm that decomposes
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the skew-symmetric matrix to yield the sparse component S and the low-rank compo-
nent L. For a large class of systems, the unique decomposition of the imaginary part
of the IPSDM is sufficient to achieve the moral graph of the observed nodes including
the Markov Blanket of latent nodes. Under some assumptions, it was shown that the
imaginary part of the IPSDM can be employed to reconstruct the exact topology of
the network. Furthermore, a concentration bound on IPSDM estimation from a finite

time-series is provided.
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Chapter 3

Topology lIdentification under
Spatially Correlated Noise

This chapter addresses the problem of reconstructing the topology of a network of
agents interacting via linear dynamics, while being excited by exogenous stochastic
sources that are possibly correlated across the agents, from time-series measurements
alone. It is shown, under the assumption that the correlations are affine in nature, such
network of nodal interactions is equivalent to a network with added agents. The added
agents are represented by nodes that are latent, where no corresponding time-series
measurements are available; however, here all the exogenous excitements are spatially
(that is, across agents) uncorrelated. Generalizing affine correlations, it is shown that,
under polynomial correlations, the latent nodes in the expanded networks can be excited
by clusters of noise sources, where the clusters are uncorrelated with each other. The
clusters can be replaced with a single noise source if the latent nodes are allowed to have
non-linear interactions. Finally, using the sparse plus low-rank matrix decomposition
of the imaginary part of the inverse power spectral density matrix (IPSDM) of the
time-series data, the topology of the network is reconstructed. Under non conservative

assumptions, the correlation graph of the noise sources is retrieved.

3.1 Introduction

Networks and graphical models provide convenient tools for effective representations of
complex high dimensional multi-agent systems. Such a representation is useful in appli-

cations including power grids [12, 11], meteorology [13], neuroscience [43], and finance
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[70]. Knowledge of the network interaction structure (also known as network topology)
helps in understanding, predicting, and in many applications, controlling/identifying
the system behavior [71, 72, 27, 16, 73, 15]. In applications such as power grid, finance,
and meteorological system, it is either difficult or impossible to intervene and affect the
system. Hence, inferring the network properties by passive means such as time-series
measurements is of great interest in these applications. An example is unveiling the
correlation structure between the stocks in the stock market from daily share prices
[70], which is useful in predicting the market behavior.

Learning the conditional independence relation between variables from time-series
measurements is an active research field among machine learning (ML), probabilistic
graphical model (PGM), and statistics communities [8, 74, 75, 76, 77, 9], where the sys-
tem modules are considered as random variables. However, such studies fail to capture
dynamic dependencies between the entities in a system, which are prevalent in most of
the aforementioned applications. For dynamical systems, autoregressive (AR) models
that are excited by exogenous Gaussian noise sources, which are independent across
time and variables, are explored in [35, 78, 79, 80]. Here, the graph topology captured
the sparsity pattern of the regressor coefficient matrices, which characterized the condi-
tional independence between the variables. It was shown that the sparsity pattern of the
inverse power spectral density matrix (IPSDM), also known as concentration matrix,
identifies the conditional independence relation between the variables (see [79, 80]). As
shown in [17], the conditional independence structure between the variables is equiv-
alent to the moral-graph structure of the underlying directed graph. For multi-agent
systems with linear dynamical interaction, excited by wide sense stationary (WSS) noise
sources that are mutually uncorrelated across the agents, moral graph reconstruction
using Wiener projection has gained popularity in the last decade [81, 82, 17]. Here, the
moral-graph of the underlying linear dynamic influence model (LDIM) is recovered from
the magnitude response of Wiener coefficients, obtained from time-series measurements.
For a wide range of applications, the spurious connections in the moral-graph can be
identified—returning the true topology—by observing the phase response of the Wiener
coefficients [18]. Furthermore, for systems with strictly causal dynamical dependencies,
Granger causality based algorithms can unveil the exact cause-effect nature of the in-
teractions; thus recovering the exact parent-child relationship of the underlying graph
[19, 83, 17].

In many networks, time-series at only a subset of nodes is available. The nodes

where the time-series measurements are not available form the latent /confound /hidden
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nodes. Topology reconstruction is more challenging in the presence of latent nodes as
additional spurious connections due to confounded effects are formed when applying
the aforementioned techniques. AR model identification of the independent Gaussian
time-series discussed above, in the presence of latent nodes, was studied in [38, 36, 37,
84, 85, 33, 32, 86]. Here, the primary goal is to eliminate the spurious connections due
to latent nodes and retrieve the original conditional independence structure from the
observed time-series. In applications such as power grid, there is a need to retrieve the
complete topology of the network, including that of the latent nodes. Such problems are
studied for bidirected tree [21], poly-forest [22], and poly-tree [25, 24] networks excited
by WSS noise sources that are uncorrelated across the agents. Recently, an approach to
reconstruct the complete topology of a general linear dynamical network with WSS noise
was provided in [1]. The work in [1] can be considered as a generalization of AR model
identification with latent nodes, in asymptotic time-series regime. However, one major
caveat of the aforementioned literature on graphical models is that the results fail if the
exogenous noise sources are spatially correlated, i.e. if the noise is correlated across the
agents/variables. Prior works have studied the systems with spatially correlated noise
sources [41, 27, 16]; however, these studies assume the knowledge of topology of the
network. In a related work, [42] studied topology estimation under spatially correlated
noise sources and used this estimated topology in local module identification.

This chapter studies the problem of topology identification of the LDIMs that allow
spatially correlated noise sources, similar to the problem in [42]. However, this chapter
provides an alternate treatment, where the noise correlations are transformed to latent
nodes. This transformation enables one to gain additional insights and apply techniques
from topology identification with latent nodes to solve the problem.

The first major result of this chapter is to provide a transformation that converts
an LDIM without latent nodes, but excited by spatially correlated exogenous noise
sources, to LDIMs with latent nodes. Here, the latent nodes are characterized by the
maximal cliques in the correlation graph, the undirected graph that represents the
spatial correlation structure. It is shown that, under affine correlation assumption, that
is, when the correlated noise sources are related in affine way (Assumption 3.4.1), there
exist transformed LDIMs with latent nodes, where all the nodes are excited by spatially
uncorrelated noise sources. A key feature of the transformation is that the correlations
are completely captured using the latent nodes, while the original topology remains
unaltered. The original moral-graph/topology is the same as the moral-graph/topology

among the observed nodes in the altered graph. Thus, this transformed problem is shown
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to be equivalent to topology identification of networks with latent nodes. Consequently,
any of the aforementioned techniques for the networks with latent node can be applied
on the transformed LDIM to reconstruct the original moral graph/topology.

Next, relaxing the affine correlation assumption, polynomial correlation is consid-
ered (Assumption 3.5.1); here, the focus is on noise sources with distributions that
are symmetric around the mean. It is shown that, in this scenario, the transformed
dynamical model can be excited by clusters of noise sources, where the clusters are un-
correlated. However, the noise sources inside the clusters can be correlated. Using the
sparse+low-rank decomposition of IPSDM from [1], the true topology of the network
along with the correlation structure is reconstructed, from the IPSDM of the original
LDIM, without any additional information, if the network satisfies a necessary and suf-
ficient condition. Notice that, the results discussed here are applicable to the networks
with static random variables and AR models also, when the exogenous noise sources are
spatially correlated.

The chapter is organized as follows. Section 3.2 introduces the system model, including
LDIM, and the essential definitions. Section 3.3 discusses IPSDM based topology re-
construction. Section 3.4 describes the correlation graph to latent nodes transformation
and some major results. Section 3.5 discusses transformation of LDIMs with polyno-
mial correlation to LDIMs with latent nodes. Section 3.6 explains the sparse+low-rank
decomposition technique and how the topology can be reconstructed without the knowl-
edge of correlation graph. Simulation results are provided in Section 3.7. Finally, Section
2.8 concludes the chapter.

Notations: Bold capital letters, A, denotes matrices; 4;; and (A);; represents (i, ;)™
entry of A; Bold small letters, v, denotes vectors; v; indicates it entry of v; [n] :=
{1,...,n}; The subscript o denotes the observed nodes index set [n] and the subscript h
indicates the latent nodes index set {n+1,...,n+ L}, For example, x, := {z1,...,2,}
and xp, = {Tpt1,. .., Tnyr}; Px(2) = [(Px(2))ij], 2 € C, |z| = 1 denote power spectral
density matrix, where (Px);; is cross power spectral density between the time-series at
nodes i and j; F denotes the set of real rational single input single output transfer func-
tions that are analytic on unit circle; A denotes the set of rationally related zero mean
jointly wide sense stationary (JWSS) scalar stochastic process; Z(.) denotes bilateral
z-transform; S™ denotes the space of all skew symmetric n X n matrices; N denotes the
set of natural numbers, {0,1,2,...} ; For a set S, |S| denotes the cardinality of the set.
||A]l« denotes the nuclear norm and ||Al|; denote sum of absolute values of entries of

A. sa denotes the phase of the complex number a.
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3.2 System model

Consider a network of n interconnected nodes, where node i is equipped with time-series

measurements, (Z;(t))iez, ¢ € [n]. The network interaction is described by,
x(z) = H(2)x(2) + e(2), (3.1)

where x(2) = [x1(2),22(2),...,2n(2)], xi(2) = Z[X;i]. e(z) = [e1(2),e2(2),...,en(2)] €
A™ are the exogenous noise sources with ®.(z) is non-singular, but possibly non-
diagonal. H(z) is the weighted adjacency matrix with Hy; = 0, for all i € [n]. An
LDIM is defined as the pair (H, e), whose output process is given by (3.1). The LDIM
is well-posed if every entry of (I, — H(2))™! is analytic on the unit circle, |z| = 1 and
topologically detectable if @, is positive definite.

Every LDIM has two associated graphs, viz: 1) a directed graph, the linear dynamic
influence graph (LDIG), G(V, &), where V = [n] and & := {(i,j) : Hj; # 0} and 2) an
undirected graph, the correlation graph, G.(V,&.), where & := {(7,7) : (Pe)ij # 0, i #
j}. Notice that, in a directed graph, if (i,j) € € then there is a directed arrow from
i to j in the graphical representation of £ (see Figure 3.1(a) for example). Concisely,
“LDIG (H,e)” is used to denote the LDIG G(V, ) corresponding to the LDIM (H, e).
For a directed graph G(V,&), the parent, the children, and the spouse sets of node
i are Pa(i) := {j : (j,i) € £}, Ch(i) :== {j : (i,7) € &€}, and Sp(i) = {j : j €
Pa(Ch(i))} respectively. The topology of a directed graph G(V, E), denoted T (V,E), is
the undirected graph obtained by removing the directions from every edge (i,7) € &.
Moral-graph (also called kin-graph) of G(V, £), denoted kin(G) is an undirected graph,
kin(G) .= G(V,&"), where & :={(i,7) : i # j, i € (Sp(j) U Pa(j) UCh(j))}. A clique
is a sub-graph of a given undirected graph where every pair of nodes in the sub-graph
are adjacent. A maximal clique is a clique that is not a subset of a larger clique. For a
correlation graph, G.(V, &.), q is the number of maximal cliques with clique size > 1.

The problem we address is described as follows.

Problem 1. (P1) Consider a well-posed and topologically detectable LDIM, (H,e),
where e is allowed to be non-diagonal and its associated graphs G(V,&) and G.(V, E.)
are unknown. Given the power spectral density matriz ®x, where x is given by (3.1),

reconstruct the topology of G.
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3.3 IPSDM based topology reconstruction

In this section, the IPSDM based topology reconstruction is presented. In [17], the
authors showed that, for any LDIM characterized by (3.1), the availability of IPSDM,
which can be written as

o' = (1, - H)*®. (1, - H), (3.2)
is sufficient for reconstructing the moral-graph of (H,e). That is, if (®5!);; # 0, then
1 and j are kins. However, an important assumption for the result to hold true is that
1 is diagonal. If ®_! is non-diagonal, then the result does not hold in general. For

P77,

= (‘I)e_l)m - Z(H*)ik(q)e_l)kj - Z(q)e_l)lkaJ
k=1 k=1
YO (H (@) Hy,
k=11=1

and any of the four terms can cause (®51);; # 0, depending on ®;'. Hence, this tech-
nique cannot be applied directly to solve Problem 1. For example, consider the network
G given in Figure 3.1(a) with (®51)13 # 0. Then, (®x1)a3 # 0 since H3, (®51)15 # 0,
which implies that the estimated topology has (2,3) present, while (2,3) ¢ kin(G).

In the next section, the correlation graph, G.(V,&.), is scrutinized and properties
of G.(V, &) are evaluated as the first step in unveiling the true topology when noise

sources admit correlations.

3.4 Spatial Correlation to Latent Node Transformation

In this section, a transformation of the LDIM, (H,e), to an LDIM with latent nodes
by exploiting the structural properties of the noise correlation is obtained. The trans-
formation converts an LDIM without latent nodes and driven by spatially correlated
exogenous noise sources to an LDIM with latent nodes that are excited by spatially un-

correlated exogenous noise sources. Assuming perfect knowledge of the noise correlation
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(a) Network with correlated noise (b) Transformed model with latent
sources, (®e non-diagonal). node.

Figure 3.1: Transformation of an LDIM with correlated noise sources to a network with
uncorrelated noise sources in the presence of a latent node.

structure, the latent nodes and their children in the transformed LDIM are character-
ized. It is shown that although the transformation is not unique, the topology of the

transformation is unique under affine correlation (Assumption 3.4.1).

For e = [e,; €] and H:= I;I ]; ,He Fn FeFrL [ eN, (H,&) (or with
a slight abuse of notation, ([H, F|,€)) denotes an LDIM with L latent nodes, where F;
denotes the directed edge weight from latent node k to observed node 7 and H;;, denotes
the directed edge weight from observed node k to observed node i. Notice that the
latent nodes considered in this chapter are strict parents and they do not have incoming

edges.

3.4.1 Relation between Spatial Correlation and Latent Nodes

Here, it is demonstrated that the spatially correlated exogenous noise sources can be
viewed as the children of a latent node that is a common parent of the correlated sources.
The idea is explained in the motivating example below. Towards this, let us define the

following notion of equivalent networks.

Definition 3.4.1. Let (H() eM) and (H®,e®) be two LDIMs and let xV) = (I,, —
HW)~te® and x? = (I, —H®)1e® respectively. Then, the LDIMs (HM, eM) and
(H®? ) are said to be equivalent, denoted (HY eM) = (H® e?)) if and only if
Q) = Py
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Consider the network of three nodes in Figure 3.1(a). Suppose the noise sources e;
and eg are correlated, that is, ®¢,., 7# 0. Consider the network in Figure 3.1(b), where
€1, €2, €4, and eg are jointly uncorrelated and node 4 is a latent node. Note that ez is
same in both the LDIMs while €1, €5 are different from ey, es. From the LDIM of Figure
3.1(a), it follows that

r1 = ey + hizxs & xo = eg + hoy21. (3.3)
From the LDIM of Figure 3.1(b), it follows that

x1 = €1 + hiaxs + hizxs,
_ B (3.4)
To = €9 + hogry + ho1x1, & 14 = €4.

Comparing (3.3) and (3.4), it is evident that if €1, €2, and €4 are such that e; = €1+hy4€4
and ey = € + hog€y, then the time-series obtained from both the LDIMs are identical.
That is, the LDIMs are equivalent.

For a given LDIM, (H, e), with correlated exogenous noise sources, one can define a
space of equivalent LDIMs with uncorrelated noise sources that provide the same time-
series. The following definition captures this space of “LDIMs with latent nodes and
uncorrelated noise sources” that are equivalent to the original LDIM with correlated

noise sources.

Assumption 3.4.1. In LDIM (H,e), defined by (3.1), the exogenous noise processes
ei,ej € A are correlated only via affine interactions, i.e., ®e,e; # 0 if and only if there
exists an affine transform, f(x) = a +bzx, a € A, b € F, b # 0 such that either

e; = f(ej) orej = f(e;).

Definition 3.4.2. For any LDIM, (H,e), with ®¢ non-diagonal, and satisfying As-
sumption 3.4.1,

L(H,e):={(F,8): e =8 +F&, H=[1 1], 6=[6,a,

0 (o]

(3.5)
ec AL Fe FL L eN, & diagonal},

is the space of all L-transformations for a given (H,e).

Remark 3.4.1. In (3.4.2), the number of latent nodes, L, is not fized a priori.
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(a) Original LDIG, G(V,€). b) Correlation graph, G.(V, &.), of GV, £).

=

(c) Example transformed graph in £L(H,e) (d) Example transformed graph in
with one latent node. L(H, e) with three latent nodes.

Figure 3.2: Demonstration of £(H,e); noise sources are not shown. The exogenous
noises are uncorrelated in Figure 3.2(c) and 3.2(d).

Based on the definition of £(H, e) in (3.5), LDIM for ([H, F], €) can be rewritten as
x(z) = H(2)x(2) + T'(2)e(z), (3.6)

where €(z) = [€1(2),...,€n(2),. .., €ntrr(2)] are mutually uncorrelated and T’ = [In, F} .

An LDIM, (H,&) € L(H,e), is called a transformed LDIM of (H,e) in this chap-
ter. Intuitively, £-transformation completely assigns the spatial correlation component
present in the original noise source, e, to latent nodes, without altering the LDIG,
G(V, &), similar to the discussion on the aforementioned motivating example. For the
LDIM in Figure 3.2(a) with correlation graph in Figure 3.2(b), Figure 3.2(c), and
Figure 3.2(d) show some examples of the LDIGs that belong to £(H,e). Thus, £-
transformation returns a larger network with latent nodes. Notice that the latent nodes
present in an LDIG of (H,&) € L(H, e), are strict parents, whose interaction with the

true nodes are characterized by F.
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The following theorem formalizes the relation between the correlation graph and the
latent nodes in the transformed higher dimensional LDIMs. In particular, it shows that
two noise sources e; and e; are correlated if and only if there is a latent node, which is

a common parent of both the nodes ¢ and j in the transformed LDIM.

Lemma 3.4.1. Let (H,e) be an LDIM defined by (3.1) that satisfies Assumption 3.4.1,
and let G.(V, &) be the correlation graph of {e;}}' . Then, for every distinct i,j € [n],
(i,7) € & if and only if every LDIG ([H,F],e) € L(H,e) contains a latent node h such
that h € Pa(i) N Pa(j).

Proof. Refer Appendix B.1 O
Thus, e; and e; in the original LDIM are correlated if and only if for every L-
transformed LDIM there exists a k such that Fj; # 0 and Fj;, # 0.
The following lemma shows that the number of latent nodes, L, present in any
(H,F],e) € L(H,e) is at least ¢, the number of maximal cliques with clique size

greater than one in G..

Lemma 3.4.2. Let (H,e) be an LDIM and let G.(V, &) be the correlation graph of
the exogenous noise sources, e. Then, the number, L, of latent nodes present in any
(H,F],e) € L(H,e) satisfies L > q, where q is the number of mazimal cliques with

clique size > 1 in G..
Proof. Refer Appendix B.2. O

Remark 3.4.2. Let G.(V., &) be the correlation graph of the exogenous noise sources.
Then, for any given mazimal clique G'(V¢,EY) C Go(Ve, &) and for any ke > 1, there
exists a transformed LDIG ([H,F|,e) € L(H,e) with ky number of latent nodes such
that the set V* is equal to the children of the latent nodes. For |V£] = 3, Figure 3.2
shows examples with k; = 1,3 (see proof of Lemma 3.4.2 for details).

As shown in Lemma 3.4.2 and Figure 3.2, the LDIMs in the characterizing space
L(H,e) of the equivalent LDIMs can have an arbitrary number of latent nodes, which
leads to multiple transformed representations with varying number of latent nodes.
The following definition restricts the number of latent nodes present in the equivalent
transformed LDIGs and provides a minimal transformed representation-representation

with minimal number of nodes—of the true LDIG.

Definition 3.4.3. Define L,(H, e) to be the set of all LDIMs in L(H, e) with the number
of latent nodes equal to the number of maximal cliques with clique size > 1 present in

Ge-
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The following lemma shows that there exist a unique latent node in every trans-

formed LDIG ([H, F],e) € L,(H, e), corresponding to each maximal clique.
Theorem 3.4.1. Let (H, e) be an LDIM that satisfies Assumption 3.4.1 and let G.(V, &)

be the correlation graph of the exogenous noise sources,e. Suppose G. has q mazximal
cliqgues Ci,...,Cy. Consider any LDIG ([H,F],e) € L,(H,e) with q latent nodes,
hi,...,hg. Then, for a mazimal cliqgue C; in G, there exists a unique latent node
h e {h1,...,hg} such that Ch(h) = C;.

Proof. Refer Appendix B.3. O

Remark 3.4.3. Notice that the existence of the unique latent node is true only for the
space Lq(H, e). Such a unique node might not exist for the transformed representations
in L(H,e). In other words, Theorem 4 identifies the minimal set of latent nodes required

to explain the data.

3.4.2 Uniqueness of the topology

Here, the LDIMs in £,(H,e) from the previous section is studied more carefully. In
topology reconstruction, only the support structure of the transfer functions matter.

The following proposition shows that the support structure is unique.

Proposition 3.4.1. Let (H,e) be an LDIM that satisfies Assumption 3.4.1. The topol-
ogy of every LDIG ([H,F|,e) € L,(H,e) is the same.
Proof. Refer Appendix B.4. O

Based on the above results, the following transformation of Problem (P1) is formu-
lated.

Problem 2. (P2) Consider an LDIM (H,e) defined by (3.1) that satisfies Assumption
3.4.1, and D¢ allowed to be non-diagonal. Let ([H,F],€) € L,(H,e) be an LDIM with
LDIG given by G:(Vy, &). Suppose that the time-series data among the observed nodes
of ([H,F],e) is given. Then, reconstruct the topology among the observed nodes of G.

Remark 3.4.4. The time series data among the observed nodes of the transformed
LDIM 1is the same as the time series obtained from the original LDIM.

Remark 3.4.5. The problems (P1) and (P2) are equivalent. That is, the topology
reconstructed in both the problems are the same, because topology among the observed
nodes of any element of L(H,e) is same as the topology of (H,e) (see Definition 3.4.2
and proof of Proposition 3.4.1).
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Therefore, instead of reconstructing the topology of (H,e) with ®, non-diagonal, it
is sufficient to reconstruct the topology among the observed nodes for one of the LDIMs
(H,F],e) € L,(H, e), which has ®z diagonal.

3.5 Polynomial Correlation

The results in the previous section assumed that the correlations between the exogenous
noise sources are affine in nature. In this section, a generalization of the affine correlation
is addressed. It is shown that the noise sources that are correlated via non-affine,
but a polynomial, interaction can be characterized using latent nodes with non-linear
interaction dynamics. By lifting the processes to a higher dimension, the non-linearity
is converted to linear interactions.

The following definitions are useful for the presentation in this section.

Definition 3.5.1. [62] Let x = (x1,...,zm). A monomial in x1,...,%y is a product
of the form z® := x{'x§? ... xdm, where a € N™. A polynomial P in x with coefficient

in a field (or a commutative ring), F, is a finite linear combination of monomials, i.e.,

P(x) := Z aqr®, aq € F.

«
(i) The degree of a monomial x® is |af :== Y 1 | ;.

(ii) The total degree of P # 0 is the maximum of || such that aq # 0.

Definition 3.5.2. For v € A™, define the list of monomials of total degree at most p,

M(v,p) = [fo(v), i(¥), ..., oW,

where fi(v) lists all the k-degree monomials, fi,(v) == {v{*vg?...vom | > " o = k}.

For example, when m = 2, fo(v) = 1, fi(v) = {v1,va}, and fo(v) = {v},viva,v3}.

m+k—1

In general, the total number of monomials having degree k is given by ( i ), where

(Z) = k!(:ik)!. The total number of monomials up to total degree p is

p
m+k—1
M = .
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Form=2andp =3,

2 2 3 2 2 3T
M(Va 3) = [1,V1,V2,V1,V1V2,V2,V1,V1V2,V1V2,V2]

3.5.1 Characterization of Polynomial Correlations

Suppose e; = ZIaISM aq1v® and ey = E\&ISM aq Ve, where aq1,0q02 € F and
v e A" m,M € N, with &, diagonal. Let y = M(v,p) be the vector obtained by
concatenating v¥, |a| < p. Letting e; = A1y and ez = Ayy, we have ®. ., = A1 Py A3,
where A; is the vector obtained by concatenating aq.;

Notice that y is lifting of v into a higher dimensional space of polynomials. In the

following, a discussion on the structure of ®, is provided, with the help of examples.

3.5.2 Example: Lifting of a zero mean Gaussian Process

To illustrate lifting of noise processes to higher dimension, consider independent and
identically distributed (IID) Gaussian process (GP). It is shown that, under lifting, the
power spectral density matrix (PSDM) is block diagonal.

Consider an IID, GP {v(k),k € Z | v(k) ~ N(0,0°L,)}. Then, E{v;v;} =
E{v,} E{v;} =0. It can be shown that [87]

0 if p is odd,

e (3.7)
oP(p—1)II if pis even,

o
where p!! := (p — 1)(p — 3) ... 3.1 denotes the double factorial. Consider m = 2 and let
Y = [y1,...,y10] := M(v,3) = [1, v1, va, V2, viva, V2, v}, vivs, viva, v3]T. That
is, y lists all the monomials of v, ve with degree < 3.

Notice that E {VZIV%} =E {Vll} E {v%} = 0 if and only if both 7 and j are even.
Then, E {y2y5} = E {vivy} = 0. Straight forward computation shows that E {yays} # 0
only for k = 2,7,9. Similarly, E {y;yr} # 0 if and only if £ = 7,9,2, and E {yoyy } # 0 if
and only if kK = 7,9,2. Notice that k = 2,7,9 corresponds to the terms with odd power
on x; and even power on x2. Repeating the same for every E{y;yr}, 1 <1,k < 10, one
can show that, after appropriate rearrangement of rows and columns, the covariance

matrix and the PSDM of y forms a block diagonal matrix, given by (3.8). Here, y =
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(Y1, Y4, Y6, Y2, Y75 Y9, Y3, Y8, Y10, U5) -

(®,, &y & 0 O O 0O O 0 0 |
By By Pig O 0O O O O 0 0
g Py Pg 0 0O O 0O 0O 0 0
0 0 0 @y oy Dy 0 0 0 0
o= |0 0 0 By By g O 0O 0 0 58)
0 0 0 ®g Bgy gy 0O 0 0 0
O 0 0 0 0 0 ®5 0 0 0
0 0 0 0 0 0 0 &g o5 a0
0 0 0 0 0 0 0 ®g3 Pgg  Psio
0 0 0 0 0 0 0 &0 Pos Piow

It is worth mentioning that since the Gaussian process is zero mean 11D, the auto-
correlation function Ry,y;(k) = Ry,v,(0)d(k) = E{v;(0)v;(0)}d(k), where § is Kro-
necker delta and thus ®3(2) = Rg(0), V|2| = 1 is white (same for all the frequencies).

The following proposition shows this for general m, p.

Proposition 3.5.1. Consider the Gaussian IID process {v(k),k € Z | v(k) ~ N(0,02L,,)}.
Let'y = M(v,p). Then, there exists a y, a permutation of y, such that ®g is block

diagonal with 2™ non-zero blocks.

Proof: Refer Appendix B.5. O
Based on this example, one can extend the result to symmetric zero mean WSS pro-
cesses. Symmetric distributions are the distributions with probability density functions

symmetric around mean, for example, Gaussian distribution.

Definition 3.5.3. A probability distribution is said to be symmetric around mean if
and only if it’s density function, f, satisfies f(pn—x) = f(u+x) for every x € R, where

1 is the mean of the distribution.

Proposition 3.5.2. Consider a zero mean WSS process, v € A™ with symmetric dis-
tribution and ® diagonal. Let'y = M(v,p). Then, there exists a ¥, a permutation of
y such that ®y is block diagonal with 2™ non-zero blocks.

Proof. Proof is similar to the IID GP case. For symmetric distributions, odd moments

are zero, since odd moments are the integral of odd functions. O
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o d

a) Original LDIG, G(V, &) ) A correlation graph of G(V, &)

¥y

(¢) An example transformed LDIG of sub figures above with m = 2, p = 3,
and n = 3 with 2™ = 4 clusters. Here, €] = €1 + Flgyg + F17y7 + Flgyg,
e = €3 + Fooya + Foryr + Fagye + Fory1 + Foays + Faeys, and ez = €3 +
F3191 + F34y4 + F36y6-

€1 gg

(d) Transformed graph of the above LDIG when all the three nodes are
correlated. The latent node 4 will capture the interactions due to the nodes

Yi,---5Y10-

Figure 3.3: Transformation of an LDIM with correlated noise sources to a network with
uncorrelated noise sources in the presence of a latent node.

59



As shown in the proof of Proposition 3.5.1, the monomial nodes corresponding to
a given block diagonal (i.e., the same odd-even pattern) can be grouped into a cluster.
Figure 3.3(c) shows such a clustering with m = 2 and p = 3. The red nodes are the lifted
processes in the higher dimension (the monomial nodes y1,...,y10). The nodes inside
a given cluster (shown by blue ellipse) are correlated with each other and the nodes
from different clusters are not correlated with each other; this is a result of ®y being
block-diagonal. Here, e; and es are correlated via the cluster of ys, y7, and yg9, whereas
e and eg are correlated via the cluster of y1, y4, and yg. Notice the following important
distinction from the LDIMs in Figure 3.1. Here, it is sufficient for the observed nodes
1,2 to be connected to one of the latent nodes in a given cluster. It is not necessary for
the nodes to have a common parent like the case in Figure 3.1. The common parent

property from Section 3.4 is replaced with a common ancestral cluster here.

3.5.3 Transformation of Polynomial Correlation to Latent Nodes

Based on the aforementioned discussion, relaxation of Assumption 3.4.1 and extension
of the LDIM transformation results from Section 3.4 is presented here. It is shown that
in order to relax Assumption 3.4.1, non-linear interactions are required between the
latent nodes and the observed nodes. The following assumption is a generalization of

Assumption 3.4.1.

Assumption 3.5.1. In LDIM (H,e), defined by (3.1), the noise processes e;,e; € A
are correlated if and only if there exist polynomials P, Py and € = [v! &1, é)T, v e A™,
e1,e2 € A, with &g diagonal, m € N, such that ey = €1 + P1(v) and ea = €3 + Py(v),
where P;(v) = ZIaISM Aa,iVY, aq; € F, for some M € N.

Remark 3.5.1. To be precise, the extension of Assumption 3.4.1 is given by y = P(x),
where x € A and P(z) =) aax®, aq € F is a polynomial of degree less than or equal
to M. Any x € A can be written as x = €, + bv, where e;,v € A, b € F, and e,

uncorrelated with v. Then, y = P(é, + bv), which is a special case of Assumption 3.5.1.
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Definition 3.5.4. For any LDIM, (H,e), with ®¢ non-diagonal, and satisfying As-
sumption 3.5.1, and , p > 1

0

L£LP)(H,e) := {(ﬁ,y):e:éo+Fy, H= [H g}, F ¢ FM,
'

y=M(v,p), &€ A", ve A", meN, e=[¢,,v]|T,
p
k-1
M=% (m *k ) g diagonal) (3.9)
k=0

is the space of all £,-transformations for a given (H,e). The matrix F is obtained by

concatenating F, € F™*!. This is done by first listing all the F,, corresponding to “de-
gree one” monomials in lexicographic order, then “degree 2” in lexicographic order, etc.
That is, F := [Fp,,....Fy,, Fp,, ., Foop, ..., Fo,  Fpy  Frpy, ... ], where Fy,
the column vector of F corresponding to a = b;, + --- + b;,, b; : canonical basis. For
m =2, p=3 from Section 3.5.2, F = [Fy, ., Fi,, o, ., Foro, Fono, Fori1s Fioyios Foyog, Fooosl-
Here, Fv, = F(0,1), Fu1o = F1,1); Foyoo = F03)-

1

e denotes

With this new “polynomial lifting” definition, one can transform a given LDIM
with correlated noise sources to a transformed LDIM with latent nodes. As shown
in the following lemma, transformation of correlations to uncorrelated latent nodes
from Section 3.4 is replaced with uncorrelated latent clusters here. For any cluster c,
Ch(c) := {Ch(i) : i € c}, that is, Ch(c) denotes the union of the children of the nodes

present in cluster c.

Lemma 3.5.1. Let (H,e) be an LDIM that satisfies Assumption 3.5.1, and let G.(V, &)
be the correlation graph of the exogenous noise sources, {e;}?_;.

Then, for every distinct i,j € [n], (i,7) € & if and only if for every LDIG (ﬁ, y) €
LP)(H, e), there exists a cluster ¢ such that i,j € Ch(c).

Proof. Refer Appendix B.6. O

The following theorem shows that a subgraph, G/(V¢, £°), of the correlation graph,
G.(V,€&.), forms a maximal clique in G, if and only if for any transformed LDIG in
£®) (H,e), the set of nodes in V' is equal to the set of the children of some latent

cluster.

Theorem 3.5.1. Let (H,e) be an LDIM defined by (3.1) which satisfies Assumption
3.5.1,and let G.(V,E.) be the correlation graph of the exogenous noise sources, e. Sup-
pose that GE(V!, EY) C Gu(V, &) is a mazimal clique with |V¢| > 1. Then, for any LDIM
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(H,y) € L (H,e), there exist latent clusters C¥, .. .,C,f,z in the LDIG of (H,y) such
that
ke

ke
V= Ch(C) and £ = | ] &, (3.10)
=1

=1

where & ; :={(k,j) 1 k,j € Ch(c%)}. In particular, for any latent cluster C in the LDIG
of (H,y), Ch(C) forms a clique in Ge.

Proof. See Appendix B.7. O
Consider the LDIG shown in Figure 3.3(a) with correlation graph given by Figure
3.3(b). Asshown in Figure 3.3(d), if all the three nodes are correlated, one can transform
this LDIM to an LDIM with latent node 4. However, here node 4 should capture the
interactions from the latent nodes y1 —y19. Therefore, during reconstruction, one should
accommodate non-linear interaction between the latent node and the observed nodes.
In the next section, we describe a way to perform the reconstruction, when G, is

unavailable.

3.6 Moral-Graph Reconstruction by Matrix Decomposi-

tion

In the previous sections, frameworks that convert a network with spatially correlated
noise to a network with latent nodes were studied. In this section, a technique is provided
to reconstruct the topology of the transformed LDIMs using the sparse plus low-rank
matrix decomposition of the IPSDM obtained from the observed time-series. Note that
this result does not require any extra information other than the IPSDM obtained from
the true LDIM.

3.6.1 Topology Reconstruction under Affine Correlation

Here, reconstruction under affine correlation is discussed. Recall from Definition 3.4.2
that e = €, + Fe,. Then, PSDM of e, ®., can be written as [17]: ®, = &g +
Ps.5, F* +F 5,5, +Fdg, F* = &5 +F&5 F*, where the second equality follows because

e, and €, are uncorrelated with mean zero. Then, IPSDM of the observed nodes in
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(H,Fl,e) € L(H,e),

o, = (I, — H)*(®;, + Fo;, F*)"1(I, — H)

WA B, (3.11)
where A = (I,—~H)*®_ ' (I,—H) and B = (I,—H)*®_ 'F(¢_'+F*®_ 'F) 'F*®_ (I, —
H). Equality (a) follows from the matrix inversion lemma [65]. (3.11) can then be

rewritten as:

®. ! =S 4+ L, where (3.12)
S = (I, — H")®_ (I, — H), (3.13)
L=-U"A"1y, (3.14)

U = F*®_'(I, - H), and A = F*®_'F 4 ®_', which is similar to the model in [1].
If the moral-graph of the original LDIG is sparse and M < n, then S is sparse and L
is low-rank. It was shown in [17] that the support of S retrieves the moral graph of
G. Furthermore, as shown in [1], under some assumptions that is applicable to a large
class of problems, (i,7)-th entry of S is strictly real if and only if the edge i — j is a
strict spouse edge. Thus, it can be shown that, in a large class of problems, support of
I{S} retrieves the exact topology of G. Following the approach in [1], we reconstruct
the network topology from the sparse+low-rank decomposition of ${®,(z)}, which
is a skew-symmetric matrix. For completeness, the essential theories and a relevant
algorithm from [1] is provided below in Section 3.6.4. The idea here is to decompose a
given skew-symmetric matrix, i.e. S{®,1(z)}, into the sparse and low-rank components
(3{S(2)} and I{L(z)} respectively), and then to reconstruct the moral graph/topology
from 3{S(z)}, for some |z| = 1.

The next subsection shows how the sparse low-rank decomposition is applicable in

polynomial correlation setting also.

3.6.2 Topology reconstruction under polynomial correlation

Under polynomial correlation, recall from Definition 3.5.4 that e(z) = €,(z) + Fy. Let

x, =€, =y and let x =[x, x]|7. Then one can write
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_I_
Opixn Oprxm

lxo(z)] _ [H(z) F(z)

xp(2)

[xo(z)

Xh(Z)

§°(2)] , (3.15)

Eh(z)

where, F;; captures the influence of y; on x; and ®y is block diagonal.

The topology of the sub-graph restricted to the observed nodes in the above LDIM
and the true topology of the network are equivalent. Moreover, similar to (3.11) (see
[1] for details), one can obtain (3.12) to (3.14) exactly.

Here S(z),L(z) € CV", ¥ € CM*" and A € CM*M | If M < n, then L is low-
rank. Let J := {j € [M] | 3i € [n] with F;; # 0} be the set of monomials that has
non zero contribution to e;, ¢ € [n] and let L = |J|. Under this scenario, L is low-rank
if L < n. Section 3.7.1 demonstrates an example on application of the sparse plus

low-rank decomposition to reconstruct the topology under polynomial correlation.

3.6.3 Low-rank plus Sparse Matrix Decomposition

Here, the following problem is considered: given a matrix C that is known to be sum of
a sparse skew-symmetric matrix S and a low-rank skew-symmetric matrix L, retrieve
the sparse and low-rank components. The following optimization program modified
from [40] is used to obtain the sparse low-rank decomposition, where 0 < t < 1 is a

pre-selected penalty factor [1].

(S, Ly) = argmint|[S[l; + (1 — )| L.

subject to S+L= C, (3.16)
§7- 8, I7- L

where C = 3{®,1(2)}, for some z € C, |z| = 1.
In the next subsection, a sufficient condition and an algorithm for the exact recovery

of the sparse and the low-rank components from C using (3.16) are provided.
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3.6.4 Sufficient Condition for Sparse Low-rank Matrix Decomposition

In this subsection, a sufficient condition (proved in Chapter 2) is provided to uniquely
decompose a matrix as a sum of the sparse skew-symmetric and the low-rank skew-
symmetric components. Furthermore, an algorithm is provided that utilizes this suffi-
cient condition to retrieve the sparse and low-rank components.

The following definitions are used in the subsequent results.

n n
degimaz (M) 1= max | max Z; Low, o) | » max (Z; 1{Mij¢0}>> , (317
j= i=
inc(M) := max UU e |2, (3.18)
where UXV7 is the compact singular value decomposition of M and || - |2 is the Eu-

clidean norm of a vector.
The following is a sufficient condition that guarantees the unique decomposition of
C (see Chapter 2 for details).

Lemma 3.6.1. Suppose that we are given a matriz C, which is the sum of a sparse
matriz S € " and a low-rank matriz L € S™. If (S, L) satisfies

degmaz (S)inc(L) (3.19)

< 12
then there exists a penalty factor t € [0,1] such that (3.16) returns (Sy,L;) = (S, L).

Remark 3.6.1. The results in [40, 1] are proved for the optimization problem with the
objective function ’y\|§|]1 + |]i||*, where v > 0. However, the results hold for (3.16) as
well since the problems are equivalent (via the map t =~/(1+ 7))

The sufficient condition (3.19) roughly translates to S being sparse and the number
of maximal cliques, M, being small, with clique sizes not too small (see [1] for more
details).

The following metrics are used to measure the accuracy of the estimates (§t, it) in
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the optimization (3.16).

IS =Slr [T —Tfr
ISl IL|e
diffy:= (18i-c = Sillp) + (I Te — Lallr), (3.20)

I

where ||.| denotes the Frobenius norm and € > 0 is a sufficiently small fixed constant.
Note that tol; requires the knowledge of the true matrices S and i, whereas dif f, does
not.

The following Lemma is proved in [1] and is applied in Algorithm 4 later to retrieve

the sparse and low-rank components.

Lemma 3.6.2. Suppose we are given a matrix C, which is obtained by summing S
and L, where S is a sparse skew-symmetric matriz and L is a low-rank skew-symmetric
matriz. If S and L satisfies deg,,,.(S)inc(L) < 1/12, then there exist at least three
regions where dif fy = 0. In particular, there exists an interval [t1,t2] C [0, 1] with
0 < t; < t2 <1 such that the solution of (3.16) is (§t,f4t) = (S,L) for any t € [t1, t].

Following the procedure in [1], moral-graph/topology reconstruction from the imag-
inary part of the IPSDM is considered here. The following are some assumptions from
[1], assumed for the exact recovery of the topology. The details can be found in [1], and
are skipped here. In the absence of Assumption 4, the reconstruction algorithm will

detect some false positive edges, but none of the true edges are missed.

Assumption 3.6.1. For any i € [n|, k € [n] (K € [L]), if Hix(z) # 0, (Fjr # 0) then
S{Hix(2)} # 0 (H{Fiw(2)} #0), forall z € C, |z| =1.

Assumption 3.6.2. For the LDIM in (3.1), and i, k,l € V, if Hy;(z) # 0 and Hy(z) #
0, then /Hk,(z) = Hkl(z)

The following Lemma from [1] reconstructs the exact topology of the LDIM from S
in (3.13).

Lemma 3.6.3. Consider a well-posed and topologically detectable LDM (H, e) described
by (3.1) with the associated graph G(V, &), and satisfying Assumption 3.6.2. Let S(z)
be given by (3.13) and let &, := {(i, ) : S{Sij(2)} #0, i < j} and &, :={(i,5) | (i,j) €
Eor(j,i) €&, i <j}, for some z € C, |z| = 1. Then, &, CE&,. Additionally, if the
LDM satisfies Assumption 3.6.1, then &, = &, almost always.
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The following is the main result of this section, which follows from Lemma 3.6.1 and
Lemma 3.6.3.

Theorem 3.6.1. Let (H,e) be an LDIM with ®, non-diagonal that satisfy Assumption
3.6.1-Assumption 3.6.2. Suppose there exists an (H,F,e) € L,(H,e) such that for S
and L in (3.12), deg ..(S{S})inc(S{L}) < 1/12. Then, the true topology of (H,e)
can be reconstructed by solving the optimization problem (3.16) with C = 3{®,1(2)}
for some z = e“, w € (0,2n]. In particular, T(V,E) = supp(gt), for appropriately
selected t.

Proof. Refer Appendix B.8. O
Additionally, applying the algorithms in [1], the correlation graph also can be re-
constructed, if the LDIM satisfies the following assumption, as shown in simulation

results.

Assumption 3.6.3. For every distinct latent nodes ky, kj, in the transformed dynamic

graph, the distance between kj, and kj, is at least four hops.

Algorithm 4 Matrix decomposition
Input:®_!(z): IPSDM among V,, ¢, z = €/¥, w € (-, 7]
Output: Matrices S(S(z)) and I(L(z))
Set C = %i@oqu(z)}
Initialize (Sp,Lg) = (C, 0)
for all ¢t € {¢,2¢,...,1} do
Solve the convex optimization (3.16) and calculate dif f, in (3.20)
end for
Identify the three regions where dif f; is zero and denote the middle region as [t1, t2].
Pick a to € [t1,12] and the corresponding pair (S, Ly, ).
if degmax( to) (Lto) < 12 then
8 (S(2),L(2)) = (Su: Ly)
9: Return (S(z),L(z2))
10: end if

I~

3.7 Simulation results

In this section, we demonstrate topology reconstruction of an LDIM (H, e) with ®, non-

diagonal, from ®, !, using the sparse+low-rank decomposition technique discussed in
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Section 3.6 for an affinely correlated network. Figure 3.4(a)-3.4(c) respectively depicts
g, &), TV, &), and G.(V, &), and 3.5(a)-(b) shows G(Vy, E\E) and Gi(Vy, &) described
in Section 3.4. Simulations are done in Matlab. Yalmip [68] with SDP solver [69] is
used to solve the convex program (3.16).

For the simulation, we assume we have access to the true PSDM, ®,, of the LDIM
of Figure 3.4(a). Here, ®, is non-diagonal with the (unkown) correlation structure as
shown in Figure 3.4(c).

For the reconstruction, the imaginary part of the IPSDM, C = 3{®;!(z)} is em-
ployed in the convex optimization (3.16) for z = ¢*7/8
for all the values of ¢ € [e, 1], with the interval ¢ = 0.01. Notice that for ¢ = 0
(S¢,L;) = (C,0). Figure 3.6 shows the comparison of tol; and diff; versus t. (S;,L;) for
t = 0.36 is picked, which belongs to the middle zero region of diff; as described in [1].

. Optimization (3.16) is solved

I (8140} returned the exact topology of Figure 3.4(b). From I by following

{Li#0}
Algorithms 2 and 3 in [1], G.(V, &) also is reconstructed, which matches Figure 3.4(c)

exactly.

3.7.1 Polynomial correlation

Here, the topology reconstruction of the network when the noise processes are polyno-
mially correlated, is shown. For the simulation, consider the LDIG shown in Figure
3.4(a) and correlation graph of 3.4(b). The noise processes are IID GP as shown in
Section 3.5.2 with m = 2 and p = 3. The entries of F are such that only the co-efficients
corresponding to y2,¥ys, and yg are non-zero, and the coefficients F;; = 0, for every
1<i<29,1<;5<10, j¢{2,5,9}.

Figure 3.7 shows the diff; and tol; plot of applying Algorithm 4 with ¢ = 0.01.
As shown in the plots, for ¢ € [.28,.38], tol; is zero, which corresponds to the exact
decomposition. Additionally, as mentioned in Lemma 3.6.2, diff; is zero in this interval.
The support of §t for some t € [.28,.38] reconstructs the exact topology, which validates
Theorem 3.6.1.

3.7.2 Finite data simulation

In this section, to evaluate the effect of finite data size, simulations are run on a syn-
thetic data set based on the network shown in Figure 3.5(b). For the PSD estimation,
Welch method [88] is used. Notice that the accuracy and the sample complexity of

the estimation can be improved by employing advanced IPSDM estimation techniques
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(b) The true topology, T(V,€) of (H,e).

® ©®

(c) Correlation graph, G.(V,&.), of (H,e);M =3

Figure 3.4: Network structure
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(a) Transformed correlation structure with latent nodes

@e

(b) Transformed graph, G,;(V;, &), of (H, &) € Lq,(H,e).

Figure 3.5: Transformed network structure

toll
— diff,

t

Figure 3.6: tol; and diff; plots for the network of Figure 3.4(a) under affine correlation
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Figure 3.7: tol; and diff; plots for the network of Figure 3.4(a) under polynomial corre-
lation

from literature, for example see [78, 32, 86]. Figure 3.8 shows the estimated results
from a sample size of 10%; Figure 3.8(a) shows the true and the estimated IPSDM ma-
trices. The fourth matrix of Figure 3.8(a) shows the topology estimated directly from
%{i\);l(eﬂ“/ )}, without decomposition. The estimation is done by hard thresholding.
That is, the edge (i,7) is detected if [%{CT);I(ej%ﬁ)}]m is greater than a threshold,
and not detected otherwise. The detection threshold is selected to obtain the minimum
number of errors. 14 out of 16 edges are detected but 6 false positive edges are also
detected, with the total error of 50% (8 out of 16 edges). This shows that estimating
the topology directly from %{5;1(&2“/ )} returns an undesirable number of errors.
Towards the exact topology retrieval, the optimization (3.16) is performed on
3{®;1(e727/5)} to obtain sparse plus low-rank decomposition. Figure 3.8(b) shows the
sparse part retrieved from the decomposition of S{®;!(e#27/5)} for various ¢ from 0 to
0.5. §t at t = 0.34 is selected for estimating the topology. Thus, as illustrated by the
above example, with the approach proposed in the chapter it is possible to choose a
threshold that yields 100% detection without sacrificing the false alarm performance.
In order to demonstrate that the techniques proposed in this chapter do not degrade
drastically with lesser number of samples, a simulation is run on 6000 samples. Em-

ploying the detection from S{®,!(e/27/5)} returned 48 false edges and missed one edge,
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True topology S{®,.}
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Estimated topology from %{(]?'1
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Estimated %{<I>o est} o est}
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Figure 3.8: The true topology and the topology estimated directly from $gl(ej2”/ %) for
the network shown in Figure 3.4(a) under affine correlation with N = 10% data samples.
The figures show the entries of matrices of size 29 x 29. In the figures of topology, black
denotes zero (edge absent) and white denotes 1 (edge present). In the gray scale images,
gray denotes zero.
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Figure 3.9: S; obtained by solving (3.16) for C = ${®;1(e/27/5)}. Topology is estimated
from S; for ¢ = 0.34. In the figures of topology, black denotes zero (edge absent) and
white denotes 1 (edge present). In the gray scale images, gray denotes zero.
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thus a total of 49 errors. However, with the decomposition, detection from the support
of §t at t = .34 detected 14 out of 16 edges and missed none, thus giving an error rate
of 87.5%. This confirms that the decomposition based reconstruction proposed by the
chapter yield substantial advantages. The sample complexity analysis of the chapter’s

methods is open for future research.

3.8 Conclusion

In this chapter, the problem of reconstructing the topology of an LDIM with spatially
correlated noise sources was studied. First, assuming affine correlation and the knowl-
edge of correlation graph, the given LDIM was transformed into an LDIM with latent
nodes, where the latent nodes were characterized using the correlation graph and all the
nodes were excited by uncorrelated noises. For polynomial correlation, a generalization
of the affine correlation, the latent nodes in the transformed LDIMs were excited using
clusters of noise, where the noise clusters were uncorrelated with each other. Finally, us-
ing a sparse low-rank matrix decomposition technique, the exact topology of the LDIM
was reconstructed, solely from the IPSDM of the true LDIM, when the network satis-
fied a sufficient condition required for the matrix decomposition. Simulation results are

provided that verify the theoretical results.
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Chapter 4

Information Theoretically
Optimal Sample Complexity of
Learning Dynamaical Directed

Acyclic Graphs

In this chapter, the optimal sample complexity of learning the underlying interac-
tion/dependencies of a Linear Dynamical System (LDS) over a Directed Acyclic Graph
(DAG) is studied. The sample complexity of learning a DAG’s structure is well-studied
for static systems, where the samples of nodal states are independent and identically
distributed (i.i.d.). However, such a study is less explored for DAGs with dynamical
systems, where the nodal states are temporally correlated. We call such a DAG under-
lying an LDS as dynamical DAG (DDAG). In particular, we consider a DDAG where
the nodal dynamics are driven by unobserved exogenous noise sources that are wide-
sense stationary (WSS) in time but are mutually uncorrelated, and have the same power
spectral density (PSD). Inspired by the static settings, a metric and an algorithm based
on the PSD matrix of the observed time series are proposed to reconstruct the DDAG.
The equal noise PSD assumption can be relaxed such that identifiability conditions for
DDAG reconstruction are not violated. For the LDS with WSS (sub) Gaussian exoge-
nous noise sources, it is shown that the optimal sample complexity (or length of state

trajectory) needed to learn the DDAG is n = ©(qlog(p/q)), where p is the number of
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nodes and ¢ is the maximum number of parents per node. To prove the sample com-
plexity upper bound, a concentration bound for the PSD estimation is derived, under
two different sampling strategies. A matching min-max lower bound using generalized
Fano’s inequality also is provided, thus showing the order optimality of the proposed

algorithm.

4.1 Introduction

Learning the interdependency structure in a network of agents, from passive time series
observations, is a salient problem with applications in neuroscience [43], finance [44], me-
teorology [13], etc. Reconstructing the exact structure with the dependency/causation
directions has a wide range of applications. For example, the identification of causa-
tion structure among the shares helps in obtaining robust portfolio management in the
stock market [44]. Similarly, causal graphs are useful in understanding dynamics and
identifying contributing factors of a public epidemic emergency situation [89].

The structure of directed interactions in a network of agents is conveniently rep-
resented using directed graphs, with the agents as nodes and the directed interactions
as directed edges. If the underlying graph doesn’t have cycles, it is called a Directed
Acyclic Graph (DAG). In general, it is not possible to reconstruct the exact structure
with the direction of different edges. Instead, in many networks it is possible to retrieve
only the Markov equivalence graphs, the set of graphs satisfying the same conditional
dependence property, from data without any intervention [45]. In applications such
as finance [44], climate science [13] etc., the agent states, instead of being temporally
independent, can evolve over time due to past directed interactions. Such temporal evo-
lution can be represented by a linear dynamical system (LDS). In LDS, the interaction
between agent states is captured by a linear time-invariant function. In this chapter, we
study the identifiability and present the first sample complexity results for learning a
DAG of LDS, which we term as Dynamical DAG or DDAG. This is distinguished from
static DAG, where the agent states are temporally independent and the DAG does not

correspond to temporal dynamics.

4.1.1 Related Work

Static DAG Learning: The problem of obtaining an upper bound on the sample com-
plexity of learning static DAGs goes back twenty-five years [90], [91]. However, tight
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characterization of optimal rates for DAG learning is a harder problem compared to
undirected networks [92], primarily due to the order identification step. Identifiability
conditions for learning static DAGs with linear interactions and excited by equal vari-
ance Gaussian noise were given in [93]. Several polynomial time algorithms have been
proposed for static DAG reconstruction using samples of states at the graph nodes;
see [94, 95, 45, 96, 92, 97, 98], [99] [100] [101] [102], and the reference therein. An
information-theoretic lower bound on structure estimation was studied in [94]. In [92],
it was shown that the order optimal sample complexity for static Gaussian graphical
model with equal variance is n = O(qlog(p/q)), where p is the number of nodes and
¢ is the maximum number of parents. The authors showed that the algorithm given
in [96] provides an upper bound that matches a min-max lower bound for the number
of samples. However, similar results for DDAGs, with underlying temporal directed
interaction between agent states, have not been studied, to the best of our knowledge.
LDS Learning: Graph reconstruction, in general, is challenging in a network of LDS
(undirected, or bi-directed), as it involves time-dependencies between collected sam-
ples of nodal states. Learning the conditional independence structure in LDS with
independent and identically distributed (white) excitation was explored in [103], [104],
[105], [106], [107], and the references therein. However, the methods in the cited pa-
pers do not extend to LDS that is excited by WSS (wide-sense stationary) noise, which
makes correlations in state samples more pronounced. For LDS with WSS noise, [108],
[109], [110], and [111], estimated the conditional correlation structure, which contains
true edges in the network and extra edges between some two-hop neighbors [17]. A
consistent algorithm for the recovery of exact topology in LDS with WSS noise was
provided in [18], with the corresponding sample-complexity analysis developed in [112],
using a neighborhood-based regression framework. However, the developed algorithms
and related sample complexity results do not extend to directed graphs and hence ex-
clude DDAG reconstruction. DDAG reconstruction from the time-series data has been
explored using the framework of directed mutual information in [77] but without rate
characterization for learning from finite samples. Recently, extending the results in [96],
[113] studied the graph reconstruction for Discrete Time Fourier Transform (DTEFT)
models, a special case of LDS with i.i.d. noise, but again without rate characterization
for learning from finite samples.

Contribution: This chapter presents an information-theoretically optimal sample com-

plexity analysis for learning a dynamical DAG (DDAG) excited by wide-sense stationary
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(WSS, i.e., non i.i.d) noise of equal power spectral density, using samples of state trajec-
tories of the underlying linear dynamical system (LDS). To the best of our knowledge,
this is the first work to study and prove sample complexity analysis for DDAGs. We
consider learning under two sampling scenarios, viz; 1) restart and record, 2) continuous
sampling. While the former pertains to samples collected from disjoint (independent)
trajectories of state evolution, the latter includes samples from a single but longer
state trajectory (see Fig. 4.3). Surprisingly, the results in this chapter show that the
estimation errors are not influenced by the sampling strategy (restart and record, or
continuous) as long as the number of collected samples are over a determined threshold
given by n = O(qlog(p/q)), where p is the number of nodes and ¢ is the maximum

number of parents per node. We also provide a matching information-theoretic lower-

252+ﬁ4 o M2-—1
4.2.1); thus obtaining an order optimal bound n = O(qlog(p/q)).

bound, max( logp _qloe(p/ q)>, where 3 and M are system parameters (see Definition

Our learning algorithm relies on first deriving rules for DDAG estimation using the
Power Spectral Density Matrix (PSDM) of nodal states, inspired by the estimator for
static DAGs based on covariance matrices [96]. Subsequently, the sample complexity
associated with learning is derived by obtaining concentration bounds for the PSDM.
In this regard, characterization of non-asymptotic bounds of PSDMs for a few spec-
tral estimators have been obtained in [114, 1, 115] previously. A unified framework of
concentration bounds for a general class of PSDM estimators was recently presented in
[116]. Our concentration bounds of the PSDM are reached using different proof steps,
based on Rademacher random variables and symmetrization argument [117].
Notations: Bold faced small letters, x denote vectors; Bold faced capital letters, A
denote matrices; For a time-series, x, Z(t) denotes the value of x at time ¢, x(w) denotes
the discrete time Fourier transform of x, x(w) = > 50 x(k)e ™ w € Q = [0, 27];
diag(vi, ... ,vp) operator creates a diagonal matrix with diagonal entries vy, ..., vp; Px 45
or ®4p denotes the matrix obtained by selecting rows A and columns B in ®,; A*
denotes conjugate transpose of A. ||A] is the spectral norm of A and ||v|z is the

Euclidean norm of vector v.

4.2 System Model of DDAG

We describe different aspects of DDAG (DAG underlying an LDS) and the sampling
strategies considered. We begin with some necessary DAG terminologies.

DDAG terminology: The dynamical directed acyclic graph (DDAG), is given by
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G := (V,E), where V ={1,...,p}, and F is edge set of directed edge i — j. A directed
path from ¢ to j is a path of the form i = vy = v1 — ... = vy = vpy1 = j, where vy, € V
and (vg,vkr1) € E for every k =0,...,£¢. A cycle is a directed path from i to i, which
does not exist in DDAG G. For G, pa(i) :={j € V : (j,i) € E'} denotes the parents set
and desc(i) denotes the descendants of i, the nodes that have a directed path from i.
The set nd(i) := V' \ desc(i) denotes the non-descendants set and the set an(i) C nd(7)
denotes the ancestors set, the nodes that have a directed path to ¢. At set C' C V is
called ancestral if for every i € C, pa(i) C C. Figure 4.1 shows an example DDAG with
the node definitions. A node set C C V is said to be a topological ordering on G if for
every i,j € C, i € desc(j) in G implies ¢ > j. G, , denotes the family of DDAGs with p

nodes and at most ¢ parents per node.

Figure 4.1: An example DDAG. Node 1 is an ancestor and node 7 is a descendant
of every node in the graph. The set {1,2,5} is an ancestral set but {2,5} is not.
an(3) = {1,2}, desc(3) = {4,7}, nd(3) = {1,2,5,6}.

Without a loss of generalizability, we use the same terminology for the DDAG and
the underlying DAG.
LDS Model excited by equal PSD WSS noise: For the DDAG G = (V, E) € G, 4,
we consider a linear dynamical system (LDS) with p scalar state variables, corresponding
tonodesin V. Node i is equipped with time series measurements, {Z; (k) }xez, 1 < i < p.
The LDS evolves according to the linear time-invariant model,
P
Fik)= > (hig*E)(k)+ k), k €Z, (4.1)
(i,)€E,j#i

where transfer function fzij # 0 when directed edge (i,7) € E. The exogenous noise
{€i(k)}rez, 1 < i < p, are zero mean wide sense stationary Gaussian processes, un-

correlated across nodes. Taking the discrete-time Fourier transform (DTFT) of (4.1)
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provides the frequency representation for every w € = [0, 27],

p
xi(w) = Z H;j(w)x;(w) +ei(w), 1 <i<p, (4.2)
(6.9)EE,j#1

where Xi(w) = ]:{CEZ} = ZZOZ_OO Lf’i(k)e_iWk, ei(w) = ]:{él}, and Hij(w) = ]:{iL”}

The model in (4.2) can be represented in the matrix form to obtain the following LDS,
x(w) = Hw)x(w) + e(w), Yw € Q, (4.3)

where e(w) is the WSS noise. In this chapter, we are interested in the LDS with
Pe(w) = o(w)diag(au, . .., op), where o; are known and can be a function of w. For the

simplicity of analysis, henceforth it is assumed that ®e(w) = o(w)I.

Remark 4.2.1. The assumption ®e(w) = o(w)I is a restrictive assumption. However,
we would like to remark that some form of restriction is required due to the impossibility
of DAG reconstruction in a general setup due to identifiability issues [101]. However,
the assumption can be relazed to incorporate the identifiability conditions on ®., and H
to retrieve the topological ordering, similar to [45]. Furthermore, our results on DDAG
reconstruction require the equal PSD to hold only at some known w € ) which is less

restrictive.

The power spectral density matrix (PSDM) of the time-series x at the angular
frequency w € 2 is given by

[e.9]

Oy (w) = F{Rx(t)} = Y Ru(k)e ™", (4.4)

k=—o00

where Ry (k) := E[x(k)x”(0)] is the auto-correlation matrix of the time-series x at lag
k. The (i,j)-th entry of ®4 is denoted by ®;;. For the LDS (4.3), the PSDM is given
by

Px(w) = (I - H(w)) ™ Pe(w)((T~ H(w))™H)". (4.5)

Consider the following additional non-restrictive assumptions on the power spectral

density and correlation matrix of the LDS states.

80



Assumption 4.2.1. There exists an M € R such that ﬁ < Mnin(Px) < Anaz(Px) <

M, where Apin and Apae Tespectively denote minimum and maximum eigenvalues.

Assumption 4.2.2. The auto-correlation matriz of the time-series x at lag k, Rx(k) :=
E[x(k)x"(0)] satisfies | Rx (k)| < Cp~*l, for some positive constants C,p € R, p > 1.

In the remaining chapter, following these assumptions, our interest will be limited

to the following family of DDAGs and corresponding LDS.

Definition 4.2.1. H, (3,0, M) denotes the family of LDS given by (4.3) such that
the corresponding DDAG, G(V,E) € G, 4 (p nodes with each node having a mazimum q
parents), with [H;j(w)| > B, V(i,5) € E,w, ®e(w) = o(w)I, and M1 < Apin(Px(w)) <
Amaz(Px(w)) < M, Vw € Q

Sampling Strategy for LDS states: We consider two sampling settings (see Fig. 4.2
for details):

i) restart and record: The sampling is performed as follows: start recording and stop
it after N measurements. For the next trajectory, the procedure is restarted with an
independent realization and record for another epoch of N samples; repeat the process
another n — 2 times providing n i.i.d trajectories of N samples each.

ii) continuous sampling: Here, a single trajectory of length n x N is taken consecu-
tively. Then, the observations are divided into n segments, each having N consecutive

samples.
Xt X2 X"
%_!

Length N
——

)?1 )“(Zooon
o el g

Figure 4.2: (a) shows restart and record sampling. (b) shows continuous sampling.

X

The data collected using either strategy is thus grouped into n trajectories of N

samples each. For the finite length 7" trajectory, {#" ()}~ ', define for each w € Q,

1Nl

fzwk
—1,...,n. 4.6
=7 2 (4.6)
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Note that x"(w), if exists, is a zero mean random variable with the covariance matrix

given by

N—

—_

— k‘ —iwk )
5 — [kl) B (ke (4.7)
=—(N-1)

Vw € Q. For the restart and record setting (unlike for continuous sampling), {x"(w)}"_,

are i.i.d. Further, as N — 00, ®y(w) — ®y(w) uniformly in Q [88].

4.3 Reconstructing DDAGs from PSDM

In this section, we discuss some results on how the PSDM, ®,, can be employed to
completely reconstruct the DDAG, G when the time series is generated according to
(4.3). Applying these results, inspired from the algorithm for static setting [96], we
propose Algorithm 5 for reconstructing the DDAG, G. First, we prove that conditional
PSD (CPSD) of i conditioned on C, defined as

f(i, C’,w) = @ii(w) — @ic(w)Q)ElC(w)é(;i(w), (4.8)

is a metric sufficient to obtain a topological ordering on the DDAG, G, which aids in the
reconstruction of G. Notice that unlike [96]’s static setting, our algorithm will require
the use of CPSD to unveil the dependencies in the DDAG and further affect the sample

complexity of learning.

4.3.1 CPSD and Topological Ordering

Here, we will show that CPSD is the minimum for the nodes that have all the parents

included in the conditioning set. We start by proving the result for the source nodes.

Lemma 4.3.1. Consider the LDS described by (4.3). For any w € Q, let o :=
1]?1‘19 Orr(w). Then ®y(w) = o™ if and only if i is a source node.
€

Proof. Let T(w) = (I-H(w))™! and ®¢(w) = 0(w)I,. Then, ®x(w) = o(w)T(w)T*(w).
By Cayley-Hamilton theorem, there exists constants ag(w),...,a,(w) such that (I —
H(w))™! = 3725 ap(w)(I-H(w))*. Using induction, it can be shown that non-diagonal
entries of (I — H(w))* are zero if and only if there no k — hop path between i and j
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(almost always). Similarly, (i,4)th entry is 1 if and only if there is no k-hop path between
them (almost always).

Then (ignoring (w)), @i = (Px)ii = 0>y TitTix = o(T% + Dkt T%). Ifiisa
source node, then Ty, = 0 for every k # i and T;; = 1, which implies ®;; = JT%. For

non-source nodes, T;; # 0 for some k, which gives ®;; > o. ]

Conditional PSD deficit

The following is the definition of conditional PSD deficit, which is helpful in proving
the subsequent results and in retrieving the DDAG.

Definition 4.3.1 (The CPSD deficit).

Ae win i . . B N
Lin min min [, Cw) —o(w) (4.9)
Pa(j)\C#0

The following lemma shows that f(i,C,w) from Eq. 4.8 can be used as a metric to

obtain a topological ordering of G.
Lemma 4.3.2. Consider the DDAG, G, governed by (4.3). Let j € V and let C C
V\{j} be an ancestral set. Then for every w € €,
f(4,Cw) =o(w) o if Pa(j) € C,
f(4,C,w) > A+o(w) > o(w) : if Pa(j) € C.
The detailed proof is given in Appendix C.1. The proof uses the fact that condi-
tioning on a superset of all parents makes node j conditionally independent of other

ancestors and leaves only the expogenous noise at the node as the only component of
its CPSD.

Corollary 4.3.1. If Pa(i) C C and Pa(i) € D, then f(i,C,w) — f(i,D,w) > A.

Lemma 4.3.3. A > 620.
Proof. The proof follows from Lemma 4.3.2. Please see Appendix C.1 for details. [

To determine the DDAG G’s structure, first determine a topological ordering of
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nodes as follows: Beginning with an empty set S, we iteratively add node ¢ in & where

(1,CF) € argmin f(j,C,w), (4.10)
CCS,|Cl<q
1<j<p, j¢S
and f comes from (4.8). The following Lemma shows that S is a valid topological

ordering w.r.t. G.

Lemma 4.3.4. S is a valid topological ordering with respect to G.

Proof. In the first step, C' = () and f(i,C,w) = ®;;. By Lemma 4.3.1 and Lemma 4.3.2,
®;; = o if i is a source node, where as ®;; > o + A if 7 is not a source node. Thus,
the first node in the ordered set S, S1, is always a source node. Induction assumption:
Nodes &1 to Sy, in S follow topological order. For the n + 1, by Lemma 4.3.2, for every
C CS, f(k,C,w) is minimum for k € V' \ S if and only if Pa(k) C C. Thus nodes S;

to Sp41 follow a topological order, which proves the result. ]

Identification of the parents: Parents of a node are identified from the ordered set
by applying Corollary 4.3.1. Let D = C'\ {k}. As shown in Corollary 4.3.1, if Pa(i) C C
and k € Pa(i), then f(i,C,w) — f(i,D,w) > A. Thus, from the set S, for every node

S;, one can eliminate nodes Sy, ...,S;_1 by checking if the difference is greater than A.

If the difference is greater than A for some S, then Sy is a parent of S;. That is,

Lemma 4.3.5. Let (i,C}) be a solution of (4.10) and let
Pi:={j € C7 | [f(i,CF,w) = f(i,C7 \ j,w)| = A}

Then, Pa(i) = P;.

Applying the above procedure and Lemma 4.3.2-Lemma 4.3.5, one can formulate
Algorithm 5 to obtain the ordering of the DDAG, G and eventually reconstruct the
DDAG exactly. In Algorithm 5, f(i, C,w) = ®j(w) — @ic(w)tfalc,(w)acvi(w), an em-
pirical estimate of f(i,C,w), is employed instead of f and v = A/2. The following

lemma proves that if the empirical estimate f(-) is close enough to the original f(-),
then Algorithm 5 reconstructs the DDAG exactly.

~

Lemma 4.3.6. If |f(i,C,w) — f(i,C,w)| < A/4, for every i,w,C, then Algorithm 5
reconstructs the DAG, G successfully. That is, G = G.
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Algorithm 5 Reconstruction algorithm

Input: Estimated PSDM, d(w): A, w e [0,27]
Output: G

1. Initialize the ordering, S <()

2. Repeat p times
(a) Compute (j*,C;) € argmin ]?(j, C,w)
CCS,ICI<q
1<j<p, j¢S

(b) S« (S, j%)
3. G=(V,E),V«{1,....pL,E+ 0

4. Fort=1,...,p

~ ~

7S, Ctw) = FISi G\ jyw)| = 7}
)0

(b) Vk € Py, do E « E U {(k,i)}

(a) P := {j eCy

5. Return @

Proof. See Appendix C.2 O

o~

Therefore, it suffices to derive the conditions under which |f(-) — f(-)| < A/4. In the
following section, we derive a concentration bound to guarantee a small error, which is

applied in obtaining the upper bound on the sample complexity of estimating G.

4.4 Finite Sample Analysis of Reconstructing DDAGs

In Lemma 4.3.6, it was shown that the DDAG, G, can be reconstructed exactly if
the error in estimating f(i,C,w) (given by (4.8)) is small enough. In this section, a
concentration bound on the error in estimating ®x from finite data is obtained, which
is used later to obtain a concentration bound on the error in estimating the metric f.
Recall that we consider n state trajectories (see Fig. 4.3 for the two sampling strate-
gies) with each trajectory being of length N samples, i.e {{i’”(kz) é\f:})l}r v For each
trajectory, x"(w), defined in (4.6), is a complex Gaussian with mean zero and covariance
matrix, @ (w)), i.e., for every r = 1,...,n, x"(w) ~ N(0, Px(w)), as given in Eq. 4.7.

Increasing N ensures that ®y is close to Px. To estimate the PSDM, we thus rely on
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the spectrogram method and estimate o, (w)) using finite n samples for x".

4.4.1 Non-Asymptotic Estimation Error in Spectrogram Method

Let &, (w) 1= LS X" (w)[x"(w)]*. Let the estimation error in estimating ®x by ®,(w)
be Q := Bp(w) — Py(w).

Applying the triangle inequality, |Q < ||Qappros || +[|Q2], Where Quppros := Pu(w)—
&, (w) and Qg := By(w) — P, (w). Note that D, (w) is the covariance of the DFT of each
trajectory. To bound the estimation error, we bound both Quppror and Q2.
The following Lemma shows that Quppror is small if N (length of each trajectory) is

large.

Lemma 4.4.1 (Lemma 5.1, [112]). Consider an LDS given by (4.3) that satisfies As-

sumption 4.2.2. Let Qapprox = EI;gﬁ(w) — &, (w) where &)m(w) is given in Eq. 4.7. Then
. 1

|Qapproz |l < e1 if N > (132—#1)25-

1

The next step is to characterize ()2, the error in estimating Dy using &)m (w). Since
E (x" (w)[x"(w)]*) = ®y(w)), Py(w) is an unbiased estimator of ®,(w). The following
theorem provides a concentration bound on ||Q2||. The concentration bound is ap-
plicable under two sampling scenarios; the restart and record setting and continuous

sampling setting, as shown in Fig. 4.3.

Theorem 4.4.1. Suppose {"(k) ,]6\[;01, 1 < r < n be the time series measurements

obtained from an LDS governed by (4.3), satisfying Assumption 4.2.1. Then Yw € ,

P ([|®a(w) - Balw))]| 2 €) < exp <—12€82]7\22+6p>. (4.11)

The detailed proof is provided in Appendix C.3. We provide a concise proof sketch
below.

Proof sketch of Theorem 4.4.1: The first step is to upper bound the spectral norm

using a finite d-cover of unit sphere SP, that is,

1QI = sup v*Qu <2 max _|(v/)*Qv7],

VESP ]_ IR

where v/ denotes the center of the jth sphere in the finite spherical cover. We then upper
bound the moment-generating function, £ [e/\HQ”] < Z;nzl E |:€2)‘(UJ)*QUJ:| +E [6*2)‘(“])*@”]]

The upper bound on E [e*QA(“j)*Q”j] is divided into two parts. We first show the proof
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for the restart and record sampling by exploiting the properties of i.i.d. nature of the
DFT of the samples. Next, we generalize the results to the continuous sampling settings.
The proofs involve using the Rademacher random variable based symmetrization argu-
ment followed by a series of standard inequalities. Finally, Chernoff bounding technique
is applied to the upper bound of the moment-generating function upper bound. O

By combining Lemma 4.4.1 and Theorem 4.4.1, the following corollary is obtained,

which gives a concentration bound on the estimation error, ||Q||.

Corollary 4.4.1. Consider an LDS governed by (4.3) that satisfies Assumptions 4.2.1
and 4.2.2. Let {z" (k) ;CV_Ol, 1 < T S n be the time series measurements obtained for
the LDS. Suppose that N > where 0 < 1. Let 0 < €1,e3 < € be such that
g9 =¢c—e¢1. Then Vw € (),

P <H<I>$(w) — @x(w))H > E) < exp <— 1258%]7\142 + 6p> . (4.12)

4.4.2 Sample Complexity Bounds: Upper Bound

(1 p 1)25 ’

In the previous subsection, concentration bounds on the estimation errors in PSDM
were obtained. Here, a concentration bound on the error in estimating f is obtained,
which is used to obtain a concentration bound in reconstructing the DDAG, G. The

following result provides a concentration bound on |f — ﬂ

Lemma 4.4.2. Consider an LDS governed by (4.3) that satisfies Assumptions 4.2.1
and 4.2.2. Let {z"(k) kN_Ol, 1 < r < n be the time series measurements obtained for
the LDS. Suppose that N > (11)71)12, where 0 < e1. Let 0 < 1,82 < € be such that
g9 =€ —¢&1. Then there exists a cg € R such that, for any w € €,

n 5 +6(¢I+1))

P <|f(Z,C,w) - (i,C,w) > 5) < Coe( 1036281\1 7

where q is the mazximum number of parents any node has in G.

The proof, provided in Appendix C.4, uses Corollary 4.4.1 for different entries in the
formula for f(i,C,w) as defined in (4.8). Based on Lemma 4.4.2, the following upper

bound on the probability of error in estimating G can be obtained.

Theorem 4.4.2. Suppose q < p/2. Consider an LDS that belongs to ’Hpq(ﬂ,a M)
(Definition 4.2.1) that satisfies Assumptions 4.2.1 and 4.2.2. Let {z"(k )}k; g, 1<r<n
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be the time series measurements of the LDS and let G be the DDAG reconstructed by
Algorithm 5. Suppose that N > %, where 0 < g1 < AJ4. Let 0 < e1,69 < &€ <

A/4 be such that e9 =€ —e1. Then P (G(w) # @(w)) <éif

> M°(qlog(p/q) —logd)
~ 2 .

€

Proof. Applying the bound in Lemma 4.4.2,

P (G(w) ” G(w)) =P U {\f(i, C,w) — Ji,Cw)| > e}

keV,CCV\{k},|C|<q
(a) 7
< Y r{rhcw-Ticals<)
keV,CCV\{k},|C|<q

@pK@—n>+m+(@;”ﬂ%41£&ﬁW“ﬁ

1

IN

(©) ey
S epxgx (p/q)qe( ey 00 1)

627’Z
~ exp (logp—i- log g + qlog (z) + <_10368]\/[6 +6(q + 1)))

2
~ exp (logp+logq+qlog <Z> + 6q — ]6\47;)

2
D en
< 1 =) - — 1)
~ XP (q 8 <q> M6) <o

where (a) follows by union bound, (b) follows since |V| = p and there are ( ;1) number
of combinations with |C| = k. (¢) follows by applying Stirling’s approximation, (Z) <
(ne/k)k.  Thus, n > Mﬁ(qlog(f2/q)_log6). By selecting the threshold 7 in the algorithm

> MGqIX%(p/q)' O

appropriately, we can get a sample complexity n

In the following section, a matching lower bound is derived.

4.5 Sample Complexity Bounds: Lower Bound

The lower bound for reconstructing DDAG is derived using information-theoretic tech-
niques, in particular Fano’s inequality, and by restricting the interested family of graphs

to a finite set. Notice that, except for a couple of non-trivial facts in dynamic setup, this
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is a direct extension of the lower bound for the static case provided in [92]. The approach
is to construct restricted ensembles of graphical models and then to lower bound the
probability of error using Generalized Fano’s inequality. Theorem 4.5.1 below provides

the lower bound.

Theorem 4.5.1. Suppose ¢ < p/2. If

n§(1—25)max< log p qlog(p/Q)>’

2524—547 M2 -1

then
inf max P{(G(H G >0,
ot A {(G(H) # G)}
Proof. The proof is provided in Appendix C.5 O

That is, if n < (1 — 2§) max (2 g‘;ip&l, qu\(}%(f /1q)), then any given estimator fails to

reconstruct the DDAG with probability greater than . The lower-bound provides the
fundamental limit on reconstructing the DDAG from finite samples.

Theorem 4.5.1 provides the lower bound (2[;23’”54 \Y qlfﬁ(f /1‘1)>. Notice that the
upper bound in Theorem 4.4.2 is O(qlog %). Thus we obtain a matching order bound

when the lower bound is dominated by the second term.

4.6 Simulation Experiments

The effectiveness of Algorithm 5 is demonstrated with the help of a simulation study
here. In the simulations, we fix the number of nodes, p, and the number of parents, q as
in [92]. The exogenous noise PSD is fixed to be the same for all the nodes. To generate
the random DAGs, first obtain a random permutation of [p] nodes to obtain an ordering
7. Then for each j € [p], randomly select min(q,j — 1) number of parents from 7p;.;_y].
Then for each edge (7,7), generate B;; ~ € x Unif(.5,1), where € is the Rademacher
random variable. The matrix B is then scaled by Wllm\ to satisfy Assumption 4.2.2.

The data is generated according to the model

zi(t) =Y Byw;(t — 1) + ei(t), Vi € [p), t € [T). (4.13)
J#i
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Figure 4.3: Probability of error with number of trajectories, for different networks
under restart and record (RR) and continuous (conti) sampling strategies, when system
is excited by either i.i.d. or WSS noise. p and ¢ refer to the number of nodes and degree
of each node in the network, respectively. The trajectory length N = 64 is fixed for
each trajectory, and w =

64"

We consider two scenarios for e;(t), viz 1) zero mean i.i.d. Gaussian noise with variance
o = .5, and 2) temporally correlated WSS Gaussian noise. The correlated WSS noise
is generated according to the model e(t) = ae(t — 1) + w(t), for every t € [T], with
a = 0.5 and w(t) i.i.d. Gaussian noise with covariance matrix oI. The total number of
samples, T'= N x n, where N is the length of each trajectory and n is the number of
trajectories. We perform both restart and record and continuous sampling, as detailed
in Fig. 4.3.

For each p and ¢, we generated 50 random networks and time series data according
to the model above. For each set of parameters, n, T and N, we applied Algorithm 5
along with the estimator from Section 4.4 for w = % to reconstruct the graph. Then,
PG = @) is empirically given by by #(G = @)/50. Fig. 4.3 show the comparison for
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various test parameters. The simulations are performed using Python in a Macbook
with M1 pro chip and 16 GB RAM.

Conclusion

In this chapter, we characterized the optimal sample complexity for structure identi-
fication with directions in linear dynamical networks. Inspired by the static setting,
a metric, and an algorithm were proposed based on the power spectral density ma-
trix to exactly reconstruct the DAG. It is shown that the optimal sample complexity is
n = ©(qlog(p/q)). For the upper bound characterization, we obtained a tight concentra-
tion bound for the power spectral density matrix. An information-theoretic min-max
lower bound also was provided for (sub) Gaussian linear dynamical systems. It was

shown that the upper bound is order optimal with respect to the lower bound.
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Chapter 5

Causal Structure Recovery of

Linear Dynamical Systems: An
FFT based Approach

Learning causal effects from data is a fundamental and well-studied problem across sci-
ence, especially when the cause-effect relationship is static in nature. However, causal
effect is less explored when there are dynamical dependencies, i.e., when dependencies
exist between entities across time. The conventional causal structure recovery algo-
rithms employ the tests such as the Fischer-z test and chi-square test to assess the
conditional independence (CI). We show that employing Wiener Filter (WF) to assess
CI provides better performance when compared to the static CI tests. The conventional
approach of WF computation is computationally expensive. Exploiting the computa-
tion speed of FF'T, we report a computationally efficient algorithm to compute the WF
in the frequency domain. Applying the WF based CI test, we provide a modified version
of the classical PC algorithm, called Wiener-PC, to reconstruct the Markov Equivalence
Graphs (MEG) in the time-series with dynamical interactions. Moreover, for a large
class of problems, we propose a novel computationally efficient algorithm for MEG
reconstruction, called Wiener-Phase, which exploits phase properties of the complex
frequency dependent WF. Concentration bounds are utilized to obtain non-asymptotic
estimates of how well the Wiener coefficients can be determined, delineating the effect

of data-size and accuracy of the estimates.
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5.1 Introduction and literature survey

Causal identification from data is an active and important research area relevant to
multiple domains including climate science [118], economics [70], neuroscience [119],
and biology [120]. There is a considerable prior art on causation especially when the
interactions are static in nature (see [48, 121, 46] and the references therein). In the
case when entities can be modeled as random variables with an underlying joint proba-
bility distribution, without the possibility of actively intervening in the system, it is not
possible in general to reconstruct the causal graph from observational data alone. In-
deed, Markov equivalent graphs that capture the same set of conditional independence
(CI) relations can be determined from data [46]. Some recent works on recovering a
unique causal graph when the underlying data generative system is assumed to have
more structure is presented in [51, 101]. Considerable prior art and algorithms exist for
recovering the causal graph of entities modeled as random variables, when interventions
on the system are possible [46]. In a related problem of estimating the causal effect
given the causal graph, the goal is to estimate the effect of a variable on another. Here,
a powerful framework of do-calculus can be employed to ascertain the set of variables
that need to be used to determine the total and direct effect of a variable on another
which result in criteria such as the single-door, back-door and front-door criteria [47, 48]

Causal inference is more challenging in the presence of dynamical (across time) de-
pendencies [49, 50, 51]. One of the established techniques for identifying the causation
is Granger causality [52], which utilizes how well a set of variables can be employed
to estimate a given variable while utilizing the time-arrow. Granger causality based
approaches necessitate presence of delays in the dynamic dependencies. Such an as-
sumption is rendered problematic when the data is collected at slower rates than the
time-constants at which the dynamics evolve, thus precluding a number of practical
scenarios. Another approach in handling dependencies across times is to consider the
series at every time instant as a random variable thereby mapping the problem to a
static version; the difficulties with such an approach stem from the lack of information
on the size of the horizon in the past and future to be considered and the combinatorial
explosion of the number of variables that entail [53, 54]. In a class of approaches for un-
veiling dynamic dependencies, models that include vector auto regressive (VAR) models
[50, 51], additive noise models (ANM) [49, 51] and neural network based models (NNM)
[55], of how the data is being generated is assumed and the causal graph structure is re-

covered via an estimation of model parameters. In another recent line of work, the main
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gist of the approach is to exploit the asymmetry in the relationships of a dependency
and the inverse of the dependency. These asymmetries can result from nonlinear maps
or from linear filters with inverses that have discernable differences that, for example,
are characterizable via power spectral densities [56, 57]. Here, it is to be noted that
works such as [56, 57] try to infer cause and effect relationship between two variables;
however, the causal graph structure recovery entails determining how the influence flows
from a variable to another with the possibility of intermediate variables between the
cause and the effected variables. We emphasize that effective methodologies for causal
inference for systems with dynamic interactions remain much less developed than their
static dependency counterparts.

Several recent works have bridged the causality literature ([46]) with multivariate
projections of dynamically related time-series data [49, 58, 27]. [27] extended the single-
door criterion [48] to include cycles and proposed a similar criterion called revolving-door
criterion. It was shown in [17] that the Wiener projections can be employed to recover
the moral graph of entities interacting via linear time-invariant dynamics.

The main contributions of the chapter are summarized below. This chapter devel-
ops a framework for a system with dynamical interactions using a frequency domain
approach. Here, the main steps taken for reconstruction of the moral graph (which
recovers the kin structure) are: transform the time-series of each entity (modeled as
a stochastic process) to the frequency domain using Fast Fourier Transform (FFTs),
perform multivariate projections in the frequency domain, and construct an undirected
graph using the non-zero entries of the obtained multivariate projection filter. Un-
der the assumption that the data generative model is linear and time-invariant it is
shown that the above process recovers the moral graph. With the standard assump-
tion of faithfulness [46], a process akin to the Peter-Clark (PC) algorithm is employed
to recover the essential graph with better computational efficiency, which exploits the
phase properties of the complex valued estimates. When interventions are possible, it
is shown that the causal graph can be recovered. It is demonstrated that the computa-
tional complexity for recovering the causal structure using the projections in frequency
domain is O(Tn?log N) compared to the conventional projections using time-domain
which are shown to have a complexity of O(Tn?>N?); n, T and N are the number of
nodes, number of samples, and the largest time-lag in the dependency between entities,
respectively. Two notions of independence for stochastic processes are developed with
guarantees on the convergence of the FFT model to the continuous frequency model

provided. These notions help generalize and streamline the framework based on joint
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probability distributions in the static case to the dynamic case with the mechanics of
do-calculus made possible in the dynamics case. For estimating Wiener coefficients from
time-series data, a non-asymptotic concentration bound and a sample complexity anal-
ysis are also provided. Furthermore, for causal-effect estimation for LTI dependencies,
back-door, single-door (with cycles) and front door criteria are obtained with proofs
that are rendered straightforward in the frequency domain.

Notations: Capital letters, X, denote either random variables or sets, the usage will
be clear from the context; bold letters denote vectors or matrices. For any time signal,
x:={x(t) : t € Z}, T denotes the Fourier transform of z, Z(e/*) := 3> _ z(n)e 7"
for stochastic processes, X, ®x(e/*) denotes the power spectral density (PSD) of X;
R,C,Z denote the set of real numbers, complex numbers and integers respectively;
[N] :={0,..., N —1}; for a complex number, x = zr + iz, Zx denotes arctan(x;/zR);
2 denotes the interval [0, 27r] and Qy denotes {0, 27 /N, ..., 27 (N —1)/N}; for a transfer
function, 7, 7 # 0 means 7 is not identically zero; [|Z||s (q,y) denotes sup,cq, T(w);
in a given directed graph, Pa(i),Ch(i), Sp(i) denotes the set of parents, children, and

spouses of node i respectively. ¢! denotes the space of absolutely summable sequences.

5.2 Preliminaries

5.2.1 Linear Dynamical Influence Models (LDIM)

Consider a network with n nodes, each node i € {1,...,n} having the time-series

measurements, z;, governed by the linear dynamical influence model (LDIM),

X (') = H(e)X (') + E(e7*), Vw € [0, 27], (5.1)
where X = [)?1, ... ,X’n]T, and E = [El, . ,En]T are the exogenous noise source with
E;, E; jointly wide sense stationary for ¢ # j. H is a well posed transfer function, i.e.,
every submatrix of (I — H(e*)) is invertible as well as every entry of (I — H(e#*))~! is
analytic, and I?Iu'(ejw) = 0 for every w € Q. ®g(e’*) is positive definite and diagonal for
every w. For notational convenience, Z(e/*) is replaced with Z(w) henceforth. Notice
that the LDIM (5.1) can be represented in time-domain using the following linear time

invariant model,

X(k)= > HOX(k-1)+E(k), (5.2)
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where E(k) = [E1(k),. .., E,(k)]T, and X(k) = [X1(k),..., Xn(k)]T. The LDIM (5.1)
can be represented using a graph G = (V,€), where V = {1,...,n} and € = {(u,v) :
H,, # 0}, that is, there exists an edge u — v in Eif ﬁw(w) # 0 for some w € [0,27]. u
is said to be a kin of v in G, denoted, u € king(v), if at least one of the following exist

in & u—v,v—u u— i< v for someicV. king(j) is the set of kins of j in G.

5.2.2 Frequency Discretization

The LDIM in (5.1) can be sampled at frequencies w in Qy = {wp,...,wy_1}, where
Wi = %, thus converting the continuous frequency model to practical model involv-
ing finite set of frequencies. In time-domain, the sampled set of relations of (5.1) is

equivalent to the finite impulse response model described by,

N—

}—‘

H()X (1 — Dmoa v +E(n), n=0,...,N —1, (5.3)
=0

where X(n) and E(n) are periodic with period N and H(l) is non-zero for at most
N — 1 lags. Let X(e%) = ﬁ ZQ:OI X(n)e=?™n/N | =0,...,N — 1 which provides
the Discrete Fourier Transform (DFT) of the sequence X (n). Similar expressions hold for
H(k) and E(k) and their corresponding DFTs. The directed graph assocnated with (5.3)
is, G = (V, E) is defined such that the edge u — v exists in £ if Hy, (e’ ) # 0 for some
k. A pertinent question here is: when and under what conditions (5.3) converges to (5.2).
It is well known that the Fourier coefficients can be approximated via discretization. The
following result, with proof included for completeness in the supplementary material,

gives a uniform and explicit convergence rate for signals with bounded variation.

Theorem 5.2.1. For a function f of bounded variation V', on [0,27] and N > 1, the
estimation of f(n) = 0% f(w)ej””dw given by fMN)(n) = %Zszfol eI2mk/N £(ork /N)
for |n| < VN and zero otherwise, satisfies ||f — ﬂN)HgOO(Q) < C/VN.

Proof. See Appendix D.3 O

5.2.3 Graph Definitions

Consider a directed graph G = (V, 5), where V' = {1,...,n}. A chain from node i
to node j is an ordered sequence of edges in &, ((¢o,41), (01,42) ..., (ln_1,0n)), where
by =1, b, = 7, and (€;,0; 1) € E. Topology, top(G), of a directed graph, G = (V, g),
is an undirected graph, top(G) = (V, €) where an edge (u,v) € € if either (u,v) € € or
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(v,u) € E A path from node ¢ to node j in the directed graph G is an ordered set of
edges ((£o, 1), (1,02) ..., (bn—1,¥n)) with ¢y = i, £, = j in its topology, (V,E), where
{li,lis1} € E.

A path of the form ((4y,£1),..., (bn—1,%n)) has a collider at ¢ if ¢, € Ch(L_1) N
Ch(lk+1). That is, there exists directed edges f;_1 — i < {41 in G. Consider disjoint
sets X, Y, Z C V in a directed graph G = (V, 3 ). Then, X and Y are d-separated given
Z in G, denoted d-seps (X, Z,Y) if and only if every path between x € X and y € Y
satisfies at least one of the following: 1) The path contains a non-collider node z € Z.
2) The path contains a collider node w such that neither w nor the descendants of w

are present in Z. In-nodes of i is defined as {j : (i,7) € £}.

5.2.4 Graph/Topology Learning

We first present a method for estimating the i*" time-series from another set of time-
series. It is well known that the optimal estimate, )Z'i, (in the minimum mean square
sense) of the process X; from the rest of the time-series in i = V' \ {i}, satisfies X;(w) =
Wzg(w))?;(w) where W, -(w) = q);;(w)fbﬁ(w), with ®; j(w) = Y00 Rij(k)e 9%k,
Rij(k) :== E[X;(k)XI(0)]. Here W;.c(w) is multivariate Wiener filter obtained by pro-
jecting X; onto the set of processes in C' [122]. The entry of W;.c corresponding to
4% node in the set C, is denoted by W;.c[j]. For notational convenience, the Wiener

coefficient (vector of size i) in the projection of X; to X is denoted by W;.

Lemma 5.2.1. Consider a well-posed LDIM given by (5.1). Let W; := W, be the
Wiener projection of X; to X;. Then, W;[jl(w) # 0 if and only if i € king(j).

Proof. See Appendix D.4

Assumption 5.2.1. If a node k has multiple incoming edges in G, then for every pair
of in-nodes i,j of k, Zflki = Zf]kj, where 1,5,k € V.

Assumption 5.2.2. If fAIij(w) # 0 then %{ﬁw(w)} # 0, for every i,5 € V and w € Q.

Lemma 5.2.2. [18] Consider a well-posed LDIM given by (5.1) and satisfying Assump-
tions 5.2.1 and 5.2.2. Then for any w € Q, S{W;[j](w)} # 0 if and only if (i,5) € € or
(j,i) € E.

We first briefly outline the time-domain based approach in determining the multi-
variate Wiener filter coefficients. Define m = |C|, X; := [X;(T), X;(T —1),..., X;(N)]¥
and Yo = [Xo(T),Xco(T = 1),...,Xc(N)]T € RI-NOXICIN * where X (k) =
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[Xe, (k), Xey (B=1), ..., X, (k—=N+1), X, (k), Xy (k—1), ..., Xy (E—N+1), ..., X,,, (k),
X, (k—1),...,X,, (k=N +1)] € RICIN, Consider the least square formulation de-
scribed by Br = arg ming pwic| %HXl —Yf||3 obtains the Wiener filter coefficients 7
for a finite time horizon of length T Let

. .1 2
Wi = arg S Jim X = YoBll. (5.4)

Then, it can be shown that the Wiener filter W;.c coincides with VVlc Here g for
sufficiently large T is employed as a representative for the Wiener filter W;.c. Non-
asymptotic concentration bounds and sample complexity results for estimating Wiener
coefficient W; from time-series data is provided in Section 5.4.2.

We now outline a process of determining multivariate Wiener filter by first transform-
ing every time-series to its frequency domain representation followed by projections in
the frequency domain. Consider the i*" time-series X; which is partitioned in R segments

with the " segment denoted by X/ . Each segment consists of N samples, for example,
X7 = {X7(0),... X](N —1)}. Thus, the time series X; is given by, {(X7(t))N;'}E

r=1*

Using the 7" segment of the X; trajectory, given by X7(0),..., X/ (N — 1), the FFT,

)/i;"(e]%k) = \/% 7]:[;01 X7 (n)e=2m /N is computed. Let C' = {c1,ca,...,cm} C V
~ . ~ ~ T

where V' is the set of time-series. Let X{ be the vector | X7 X7 ... X[ which

is the vector obatined by stacking the Fourier coefficients obtained from the r** segments
of the time-series in the set C. Let X¢ := [}2}), e ,ﬁg]T, where C C V.
It can be shown that (see [112])

Wi.c(w) :==arg min lim i||)(Z(w) — Xo(w)B|3, w e [0,27]. (5.5)

BeCIClI N,R—oo 2R
Here Spy := argming cic| 55| (w) — Xo(w)Bl3, w € [0,2n] for sufficiently large RN
is employed to represent the Wiener filter W;.c.

5.2.5 Probabilistic Conditional Independence on a Set of Stochastic
Processes and Factorization According to Directed Graphs

A framework for do-calculus for stochastic processes (SPs) requires a notion of inde-
pendence in SPs and factorization according to conditional independence (CI). Towards
this, we provide two notions of independence for SPs, the first one, motivated by the

Kolmogorov extension theorem [123] is based on the finite dimensional distribution
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(FDD) in time-domain. The second notion is defined in the Fourier domain. Using
each of the two CI notions, one can define factorization of SPs according to graphs,
perform do-calculus and derive the single-door, front-door and back-door methods for
direct and total effect identification. The FDD based CI notions are developed in the
supplementary material due to space constraint. Here, in the main chapter, we focus on

the independence in frequency-domain, which requires existence of Fourier transform.

Conditional Independence on Stochastic Processes Interacting via LDIMs

An SP X = {X(¢t) : t € I}, time indexed by I = Z (or I = [N]) on the probability
space (©,F,P) is a map from © x I — R!. Here, X; is used to denoted the SP
{X;(t) : t € I}. For any 0 € ©, t € I, X(0,t) denotes an instance of X at time ¢.
The set Xy := {X(0,t)}1es is the sample path corresponding to the event 6 € ©.
We assume that Xy € ¢'. For every 6 € ©, the discrete time Fourier transform of the
sample path, Xy : (0, M) — C2 is defined as Xp(w) := Sier X(0,t)e ™!, Yw € Q.
Then, X (w) : © — C is a random variable and it is possible to define the independence
in the frequency-domain as follows.

A set of stochastic processes {X;}!" on (©,F,P) are independent at w € Q if and
only if

p (ﬁ (S € Bi}> [P (R en).
=1 =1

Definition 5.2.1 (Conditional Independence). Consider the stochastic processes X,
Xo, and X3. Then X1 is said to be conditionally independent of Xo given X3 at w € 2
(denoted X, 1L Xo | X3) if and only if

P ((2] {Xy(w) S BZ} \ X3(w) € Bg> - ﬁp (;@(w) € B,
=1

i=1

X3(w) € Bg) :

where B; € B%; B? is the Borel sigma algebra.

In the LDIM (5.1), X, if it exists, is a linear transform of X. Since FT-IFT pair
is unique, the probability density functions (pdfs) are well-defined, if the pdf exists in
time-domain. Then, }A((w) are random vectors with an associated probability measure
P and a family of density functions {f(“)},eq on the set of nodes V.

We now define factorization at a specific frequency.
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Definition 5.2.2 (Factorization of SPs according to a directed graph at a specific
frequency). A set V' of stochastic processes is said to factorize according to a directed
graph G = (V, g’(w)) at w € [0,27] if and only if the probability distribution at w can
be factorized according to the graph G“), i.e.,

P (Xl(w), N .,)?n(w)) =117 ()?i(w) | )/(:pai(w)> , (5.6)
eV
where Pa; denotes the parents of i in G . If the pdf exists, then

n

F @), Faw) = [[ Y @) | Zra, (W) - (5.7)

i=1
Then, we can define a graph G = (V, g), where V.= {1,...,n} and £ is such that the
edge (i, ) € € if and only if (i,§) € E@) for some w € Q.
We now provide a definition of factorization of a set of stochastic processes.

Definition 5.2.3 (Conditional Independence-Frequency Domain (CIFD)). Consider
SPs X1, Xo, and X3. Then Xy is said to be conditionally independent of Xo given X3
if and only if for almost all w € €2,

P (ﬁ {m“) < BZ‘} ‘ Xy(w) € B3> - ﬁp (Ai(w) € B

i=1

5(:3(&)) € B3) ,

where B; € B2.

Using this definition, one can define factorization of SPs according to graphs, which

helps in performing do-calculus and causal identification.

Definition 5.2.4 (Factorization of stochastic process). A set V' of stochastic processes

on (0, F) is said to factorize according to G = (V, 5) if and only if
P <X’1 (W), ... ,X’n(w)> = H P (X'Z(w) | Xpa, (w)) for almost all w € Q, (5.8)
eV

where Pa; denotes the parents of © in G.
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5.3 Main Results

5.3.1 Computational Advantages of FFT based Wiener filter

The first contribution of the chapter delineates the computational complexity when
the multivariate Wiener filters are obtained via time-domain projections in comparison
to the computational complexity when the Wiener filter coefficients are determined
via projection in the frequency domain. In Section 5.4 we show that the asymptotic
computational complexity of determining the Wiener filter coefficient, W;, using the
time-domain approach (see equation (5.4)) is O(Tn?N?) whereas when the Wiener
filter is obtained via projections in the frequency domain (see equation (5.5)) it is
O(Tn?log N); here each time series has T samples, N is the largest time lag, and n is

the number of time-series.

5.3.2 Realizing the Essential Graph of SPs; using Phase Properties of
Frequency Dependent Wiener Filtering

Mirroring the approach in the PC algorithm [124], we can apply the following approach
to reconstruct the essential graph of dynamically related SPs. In the vanilla PC algo-
rithm for reconstructing G = (V, 5_"), the first step is to find the topology (also called
skeleton) of the graph, top(G) by performing, for every pair i,j € V, conditional inde-
pendence test on ¢ and j conditioned on C' C V' \ {i,j}. If i and j are conditionally
independent given Cj; for some Cj; C V' \ {4, 7}, then (i,5) ¢ top(G). Notice that Cj;
is initialized by setting C;; = {}, followed by the nodes with |C;;| = 1, followed by
|Cij| = 2, and so on in the increasing order of size. Once the skeleton is retrieved, check
for every (i, j) € top(G) and every k that is a common neighbor of ¢ and j, if k € Cy;. If
k ¢ C;j, then k is a collider of the form ¢ — k < j. By repeating this process for every
nonadjacent pairs 4,7 and their common neighbors k, we can identify all the colliders
in G. As shown in [110], multivariate Wiener filter can be employed to determine the
CI structure in LDIMs. Let G = (V, ) be the graph representation of an LDIM (5.1).
Then, (i,7) € top(G) if and only if Wy ;[j] = 0. That is, if it holds that, in the
projection of X; on X[ by (5.5), the coefficient of X; is zero (i and j are Wiener
separated by C'). Then, we can employ the same steps in the vanilla PC algorithm,
where conditional independence is tested using Wiener separation, to reconstruct the
essential graph of G. The algorithm is called Wiener-PC (W-PC) algorithm here. We

show in Section 5.4 that the computational complexity of W-PC is O(RNn4*3log N),
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where ¢ is the maximum neighborhood size.

As shown in Lemma 5.2.2, in a large class of applications [1], support of the imaginary
part of the frequency dependent Wiener filter retrieves top(G) exactly. Thus, by analyz-
ing the real and imaginary part of W; separately, one can extract the strict spouse edges.
This information can in turn be employed to identify the colliders in GG in an efficient
way (see Section 5.4). We call this algorithm Wiener-Phase here. The worst case asymp-
totic computational complexity of Wiener-Phase algorithm is O(n3(RN log N +¢?)) (see
Section 5.4), which is advantageous, especially in highly connected graphs (with large

q). We demonstrate the Wiener-phase algorithm in the simulations section.

5.3.3 Causal Inferences on Set of Stochastic Processes via Analysis of
Dependencies at Specified Frequencies

Consider a set of SPs X on (0, F,P). Let A, B,C C V be disjoint sets. Then, as shown
in Definition 5.2.3, A is independent of B given C, denoted A 1L B | C, if and only if
A 1@ B | C for every w € Q. The following lemma follows immediately.

Lemma 5.3.1. Consider a set V of stochastic process X that factorizes according to a
directed graph G = (V, 5) Let A,B,C C V be disjoint sets. If d-sepsw) (A, C,B) then
A 1@ B | C and if d-sepy(A,C,B), then A 1L B | C. Further, if the distribution is
faithful, then the converse also holds.

The following lemma establishes a criterion which allows inference of conditional in-
dependence of stochastic processes { X;}?" ; from conditional independence of {X’,(w)}?le

obtained by stochastic processes component at a specific frequency w.

Lemma 5.3.2. Consider a set V of stochastic process that factorizes according G&) =
(V,EW)Y at w € Q. Let G = (V,€) be such that (i,5) € € if and only if (i,5) € £ for
some w € Q. Let X,Y,Z CV be disjoint sets. If Z d-separates X and Y in G, then Z
d-separates X andY in G,

Proof. See Appendix D.4.

Much stronger results follow for LDIMs. The following result for LDIMs establishes
the equivalence of d — separation on the graph G according to which the stochastic
w)

processes factor (according to Definition 5.2.4) and d — separation on the graph G

which factors the LDIM at a specific frequency w € Q.
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Lemma 5.3.3. Consider a set V' of stochastic process that is described by the LDIM
(5.1) (here E;(k) 1L E;(l) for i # j and k,l € Z). Moreover, suppose the set V of
stochastic processes factorizes according to directed graph G = (V, 5) and at a specific
frequency w € Q factorizes according to a directed graph G = (V, 5(°’)). Let X,Y, Z C
V' be disjoint sets. Then Z d-separates X and Y in G if and only if Z d-separates X

and Y in G, for almost all w € Q.
Proof. See Appendix D.4.3.

Lemma 5.3.4. Consider a set V' of stochastic process that is described by the LDIM
(5.1) (here E;(k) 1L E;(l) for i # j and k,l € Z). Moreover, suppose the set V of
stochastic processes factorizes according to directed graph G = (V, 5) and at a specific
frequency w € Q factorizes according to a directed graph G = (V, g(w)). Let X,Y, Z C

V be disjoint sets. Then X 1LY | Z if and only if X 1LY | Z, for almost all w € Q.

Proof. See Appendix D.4.4

The CI and graph factorization machinery described here can be used in identifying
the causal structure, and in estimating direct and total effect. We provide development
of single-door, back-door and front-door criteria for causal effect identification in the

supplementary material.

5.4 Complexity Analysis of Wiener filter

5.4.1 Computational Complexity of Estimating Wiener Filter

In the time-domain, consider projection of T samples {X;(t)}_; to past N values (in-
cluding present) of X;(t), for every ¢ = 1,...,T. The regression coefficients in the
projection of X;(t) on the rest are {h;j(t) : 0 < k < N —1,1 < j < n,i # j}, ie,
(n—1)N variables. The complexity of computing the least square for node ¢ using (5.4)
is O(TN?(n —1)?) ~ O(TN?n?). Repeating this process n times, the total complexity
for the projection of n time-series is O(T N?n?).

If we compute FFT for a window size of N samples without overlap, then N log N
computations are required to obtain FFT. Computing the Wiener co-efficient for a
given w (here the number of samples is T'/N since we computed DFT with N samples)
using the regression (5.5) takes O(TT”Z) computations, thus a total of O(Tn?logN)

computations are required to compute the Wiener coefficient for a single frequency, in
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contrast to O(Tn%N?) in time-domain. Repeating this process n times give an overall

complexity of O(Tn3log N) for our approach.

Wiener meets Peter-Clark

As shown in [110], Wiener filtering can identify the CI structure in linear dynamical
models. Thus, combining it with PC algorithm gives W-PC algorithm. As shown before,
computing W; using FFT takes a complexity of O(RNn3log N). As shown in [124], PC
algorithm requires O(n?) tests, thus giving an overall complexity of O(RNn4*3log N),
where ¢ is the neighborhood size.

As shown in Section 5.3, Lemma 5.2.1 retrieves the Markov blanket structure in
G and Lemma 5.2.2 returns the skeleton of G. Combining both, we propose Wiener-
phase algorithm in the supplementary material to identify the colliders and thus the
equivalence class of the graphs efficiently. X is the set of kin edges, & is the skeleton,
and SP is the strict spouse edges. C;j := {k: {i,k} € S,{j,k} € S, and {i,j} € SP}
is the set of potential colliders formed by ¢ and j. For any {i,j} € SP, if |C;;| = 1,
then C;; is a collider. If |C;j| > 1, then for every ¢ € C;j, we can compute W ;. If
Wijq # 0, then c is a collider since {i,j} ¢ S. The complexity of computing K and
S is O(n®RNlog N). Step 4 is repeated O(nq) times and step 4 (a) which checks for
potential colliders among the common neighbors of i and j takes O(n?q) operations.
4(b) and 4(c) take O(n). Thus the complexity in computing step 4 is O(n3¢?), giving
the overall complexity of O(n3(RN log N + ¢?)). Notice that it is sufficient to compute

Algorithm 6 for O(1) number of w. Thus, the final complexity remains the same.

5.4.2 Sample Complexity Analysis

In practice, due to finite time effects, the Wiener coefficients estimated can be different.

Using the concentration bounds from [1] one can obtain a bound on the estimation error

of Wijz(w) = Wijz1(w) == ®x,x; (w)@i}j’z] (w).

Theorem 5.4.1. Consider a linear dynamical system governed by (5.1). Suppose that

the auto-correlation function R, (k) = E{X(n)XT(n + k)} satisfies exponential decay,

| Ry (K)||2 < CO~ ¥ and that there exists M such that 37 < Amin(®x) < Amaz(Px) < M.
1-6

Then for any 0 < € and L > logs (( 20)6>’
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—~ 81¢? 9¢
i — Wi <n’ —(T - i
P (”W Will > 6) =noexp ( (T = L) min { 32002 M6 (2L + 1)2n2C2’ 80c, M4 (2L + 1)nC })

(5.9)
The proof of Theorem 5.4.1 is provided in the supplementary material. For small
enough e, the first term is the dominant one. Then P (HWZ - /I/IZH > e) < 6 if the

number of samples, T' Z O (W In (%2))

5.5 Limitations and Future Works

Frequency-domain independence are defined primarily for linear time-invariant models.
It is unclear whether these notions of independence can explain non-linear models. FDD
based notion fails for infinite convolution, that is, when the support of {H;;(t) : t € I} is
not finite. Sample complexity of dynamical causal inference is generally higher than the
static counterpart. It is not clear if the sample complexity of frequency-domain approach
is higher than the time-domain counterparts in dynamical setup; this is a future study.
Employing efficient loss functions instead of vanilla least square loss in FFT domain
might improve the computational and the sample complexities, and therefore require

further scrutiny.

5.6 Simulation Results

The simulations are performed on a synthetic dataset. MacbookPro with M1-pro chip
having 8 performance cores (up to 3.2GHz) and 2 efficiency cores (up to 2.6GHz) is used
for the simulation. The data is generated according to an LDIM 5.2 with the causal
graph shown in Figure 5.1(a). The total number of samples in the time-series data is
T = 10,000 and N = 64 point FFT is computed. Figure 5.1(b) shows the estimated
kin-graph from the magnitude of |[W;[j](s. ), Wwhere W; is computed using (5.5).
We applied the Wiener-Phase Algorithm to compute the CPDAG in Fig 5.1(c).
Figure 5.2 shows the phase response of Wiener filter, W;[j] for i = 1,2 and j = 4, 5 versus
w. The phase response plot of W5[4] is almost constant at 7 (average =3.1 and standard
deviation=0.1), whereas the phase response of the remaining pairs in the figure shows
a larger variation in mean and variance. Thus, the link X9 — X, is deemed spurious. In

order to compute the rest of the directions, we perform intervention at node 2 with two
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QO
(a) G = ) Estimated MG (c) Estimated CPDAG (d) Estimated graph

Figure 5.1: (a) shows the true causal generative graph; (b) shows the estimated kin-graph from
T = 10,000 samples with N = 64 using ¢ (2x) norm on W;[j]; (c) is the CPDAG estimated
using Algorithm 6. The bi-directed edges indicate undirected edges in (c); (d) shows the graph
estimated by performing the intervention at node 2.

different values Xo = y1 and X9 = o, where yo = 2y1. 71 is a repeating sequence with
32 ones and 32 zeros; this particular pattern is used to obtain a nice 64-point FFT (sync
function) for y; in the frequency-domain. Using this intervention, the time-series data
generated by the LDIM was used to obtain the corresponding Fourier transform using
FFT. The plots show the variation of mean of real and imaginary parts of X; (w) versus
w under interventions on Xs. It is evident from the estimated conditional distributions
plots that P(X;(w)|do(Xa = y2)) is different from P(X;(w)|do(Xy = y1)) for i = 3 and

5, and very similar for ¢ = 4. It can also be observed from the plots of the imaginary
part that large values of mean for wy near £ = 0 and & = 64. Detailed and expanded

delineation of the results can be found in the supplementary material.

of Real(X3)|do(X2) ~ mean of Real(X4)|do(X2) ~ mean of Real(X5)|do(X2)
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(a) Phase response plot (b) Estimated conditional distribution

Figure 5.2: (a) shows the phase response of W;[j] for i = 1,2 and j = 4,5. (b) shows
the plot of real and imaginary parts of the mean vs w of the estimated conditional
distribution, when conditioned on do(Xs = y1) and do(Xs = y2).
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Conclusions

In this chapter, we studied the causal identification of linear dynamical systems from
the frequency-domain perspective. It was shown that, if the Wiener filter is employed
in the FFT domain, the computational complexity of identifying the correlation be-
tween the time-series can be reduced significantly. Exploiting the phase properties of
the Wiener filter, an algorithm was proposed to efficiently identify the skeleton and the
colliders in a graph from data, which can be applied in a large class of applications.
Two notions of conditional independence were proposed to realize graph factorization
and perform intervention-calculus in stochastic process. Back-door and front-door cri-
teria were derived for stochastic processes using the proposed notions. Non-asymptotic
concentration bounds were provide for the error in estimating the Wiener coefficients

from data. Finally, theoretical results were verified with simulations.
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Chapter 6

Conclusions and Future Research

6.1 Summary of Completed Works

This thesis makes several contributions to reconstruct the correlation and causation
structure, and causal/parameter identification in linear dynamical systems, solely from
time-series data.

In Chapter 2 we presented a novel approach to reconstruct the topology of networked
linear dynamical systems with latent agents, from IPSDM of the observed nodes. The
network was allowed to have directed loops and bi-directed edges. It was shown that the
IPSDM can be uniquely decomposed into a sparse and a low-rank matrices. The sparse
component unveiled the moral graph of the observed nodes, and the low-rank component
retrieved the Markov Blanket associated with the latent nodes. Necessary and sufficient
conditions for unique sparse plus low-rank decomposition of a skew symmetric matrix
was established, along with an optimization based algorithm that decompose the skew
symmetric matrix to yield the sparse component S and the low-rank component L. For
a large class of systems, the unique decomposition of imaginary part of the IPSDM is
sufficient to achieve the moral graph of the observed nodes including the Markov Blanket
of latent nodes. Under some assumptions, it was shown that the imaginary part of the
IPSDM can be employed to reconstruct the exact topology of the network. Furthermore,
concentration bounds on IPSDM estimation from finite time-series is provided.

In Chapter 3, we addressed the problem of reconstructing the topology of an LDIM
with spatially correlated noise sources. Assuming affine correlation between the noise
sources, the given LDIM was transformed into an LDIM with latent nodes, where the

latent nodes were characterized using the correlation graph and all the nodes were
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excited by uncorrelated noises. For polynomial correlation, a generalization of the affine
correlation, the latent nodes in the transformed LDIMs were excited using clusters of
noise, where the noise clusters were uncorrelated with each other. Finally, using a
sparse low-rank matrix decomposition technique, the exact topology of the LDIM was
reconstructed, solely from the IPSDM of the true LDIM, when the network satisfied
a sufficient condition required for the matrix decomposition. Simulation results are
provided that verify the theoretical results.

In Chapter 4, we characterized the optimal sample complexity for structure iden-
tification with directions in linear dynamical networks. Inspired by the static setting,
a metric, and an algorithm were proposed based on the power spectral density matrix
to exactly reconstruct the DAG. It was shown that the optimal sample complexity is
n = O(qlog(p/q)). For the upper bound characterization, we obtained a tight concentra-
tion bound for the power spectral density matrix. An information-theoretic min-max
lower bound also was provided for (sub) Gaussian linear dynamical systems. It was
shown that the upper bound is order optimal with respect to the lower bound.

In Chapter 5, we studied the causal identification of linear dynamical systems from
the frequency-domain perspective. It was shown that, if the Wiener filter is employed
in the FFT domain, the computational complexity of identifying the correlation be-
tween the time-series can be reduced significantly. Exploiting the phase properties of
the Wiener filter, an algorithm was proposed to efficiently identify the skeleton and the
colliders in a graph from data, which can be applied in a large class of applications.
Two notions of conditional independence were proposed to realize graph factorization
and perform intervention-calculus in stochastic process. Back-door and front-door cri-
teria were derived for stochastic processes using the proposed notions. Non-asymptotic
concentration bounds were provide for the error in estimating the Wiener coefficients

from data. Finally, theoretical results were verified with simulations.

6.2 Future Works

A summary of open research topics that warrant further investigation is provided below:

e An important direction of future study is to study the network topology identifica-
tion with latent nodes in the presence of non-stationary exogenous noise sources.
In some of the real world applications the underlying assumption that the time-

series measurements are wide sense stationary might fail. However, in applications
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such as ocean temperature the time-series measurements show periodic behavior
that can be modeled as cyclostationary processes. Extending the sparse low-rank
decomposition framework in Chapter 2, it is possible to obtain a framework that in-
volve block sparse plus low-rank decomposition of the IPSDM. Here, instead of the
support structure of the IPSDM, block support structure of the IPSDM retrieves
the correlation structure of the underlying time-series. Further, the necessary and
sufficient conditions provided in Chapter 2 for the matrix decomposition can be
extended to incorporate block-sparse low-rank decomposition. Another problem
is the application of Wiener filter based topology identification in the presence of
latent nodes. This problem is currently under investigation. Conventional Wiener
filter based topology /moral-graph reconstruction approaches assume that all the
agents are measurable. However, extending this approach to include latent nodes

is a challenging problem, which is under investigation.

e Extending the results in this thesis, which focussed primarily on linear dynamical
systems to non-linear systems is an important extension with several applications.
Although the work on topology identification with polynomially correlated exoge-
nous noise considered a special form of non-linearity, extension to a general form of
non-linear interaction is an open problem. Application of the results here to cyber-
physical systems with measurement noise and faulty /malignant agents is another

extension of our results. This is pertinent in applications such as power-grids.

e The results in chapter 4 were applicable under a strong assumption that the noise
sources are identical or when the noise PSDs were known. Instead of the top-
down approach where the root nodes are identified first, one can implement a
bottom-up approach using IPSDM instead of PSDM. In the bottom-up approach
the leaf nodes are estimated first. Using the do calculus discussed in Chapter
5, one can implement a sequential approach with intervention to estimate the
PSDs in LDIMs. This intervention based approach is applicable to more general

dynamical systems, including static systems with unequal noise variances.

In conclusion, there are many challenging open questions on learning the correlation
and causation structure from time-series measurements. We hope that the research
presented in this thesis address some of these questions and serve as a base for a large

variety of challenging future research directions.
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Appendix A

Appendix of Chapter 2

A.1 Proof of Lemma 2.2.1

We show the result for an n = 3 skew symmetric matrix. It is straight forward to extend
0 a b
this to a general n. Let A=| —a 0 0 | be a skew symmetric matrix. A can defined

-b 0 0
as a point on the variety of skew symmetric matrices with support at most 4, i.e., S(4) =

V(X11, X22, X33, X12, X12 + Xa1, X13 + X31, X2z + X32) UV (X1, X22, X33, X13, X12 +
Xo1, X13 + X31, Xo3 + X32) UV(X11, Xa2, X33, X3, X12 + Xa1, X13 + X31, Xa3 + X32).

Define f;; = X4, V1 <i <, fij := X + X3, V1 <1 < j <n,and g;; := X;;,V1 <
1,7 < n. Note that A is a point on the variety defined by f;; =0, 1 <i < n, fio =
0, fi3 =0, fo3 =0, and go3 = 0, and is non-singular point (with respect to the variety).
The tangent space of S(4) at A, T'(A), is (see Proposition 9.6.2 in [62]):

T(A) =V ((da(fi))iz1, da(f12), da(f13), da(f23), da(g23)) , (A1)

where da(f) == 30, 8@@ (A)(Xij — Ayj). Tt can be shown that da (fi;) = Xy, V1 <
i <3, da(fij) = Xij + Xji, V1 <i < j <3, and da(g23) = Xo3. Plugging this in (A.1),

we obtain

0 Xz Xi3
T(A)= X2 0 0 |:Xp2,Xi3eRp. (A.2)
—Xi3 0 0

Clearly, this is the space of all skew-symmetric matrices with support subset of support
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of A. Extending this analysis to general n at any point A gives us the result.

A.2 Proof of Lemma 2.2.2

The following lemma is useful in proving this.

Lemma A.2.1. If M is a skew symmetric n X n matriz of rank r (r even orn > r odd),

J (o]

then there exists a non-singular matriz P such that M = PQPT, where q - P

1 1
and sziag([o ,[01 0],,[28])

-1 0

Let R(r) := {X € R™" : rank(X) = r, X+XT = 0} be the space of skew symmetric
matrices with rank r. By Youla decomposition (Lemma A.2.1), this is equivalent to
R(r) = {PQPT : P € R™" invertible}.

As shown in [63], R(r) is a smooth manifold. Let M be an element in R(r).
Let v : (=1,1) — R(r) be a smooth map such that v(t) = P(t)QP7 () with v(0) =
P(0)QP7(0) = M, where P(#) is invertible . Then, 28 = O QPT (1) 4 p(1)QE_ 1.
For ¢t = 0, this can be written as dﬂ(é—gt) 0= AM + MAT | where A = %(O)P_I(O).

Define W := {AM + MAT : A € R™"} and let I'y; := {7/(0) : v is a smooth
map from (-1,1) to R(r)} be the tangent space with respect to R(r) at M. We claim
that T'yy = W. I'yy € W is obvious. To show the converse, let w € W. Let A
be such that AM + MAT = w, and choose P(t) := P(0) + tAP(0). Invertibility of
P(t) follows from invertibility of P(0) and continuity of determinant. We need to show

that this map belongs to the tangent space I'p;. Note that %ﬁt) = AP(0) and
d‘é—gt) = AM + MAT, which proves the claim. Plugging in M” = —M and CSVD,

t=0
M = UXQUT, in the definition of W, and substituting X = —AUXQ completes the

proof.

A.3 Proof of Lemma 2.2.3 :

SVD of a matrix M is given by M = UXV7”, where U,V € R™" are left and right
singular matrices and ¥ = diag(A1, A1,..., A2, A,/2). By Youla decomposition, any

skew symmetric matrix M of rank r can be written in the form M = WQWT7, where

Q = diag 0 M Sy 0 /\T/Q , 00 e
A1 O Az 0 0 0
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and W is an orthogonal matrix. Note that this is equivalent to writing M = WTZQW;F ,
where W, is obtained by picking first r columns of W, ¥ = diag(A1, A1, ..., Arj2, Arj2),
0

and Q = diag(L,...,L) with L = . That is, the svd, M = UXVT, can be
~———

r times

rewritten with V = UQT, where QT = (1)*1.
Thus, VVT = UQTQUT = UQfléUT = UU7. This concludes the proof.

A.4 Proof of Proposition 2.2.1:

Subdifferential of a convex function f at a point Y in the domain X is defined as [125]:
f(Y) ={g: f(X) = f(Y) + (9, X = Y), VX € X}, (A-3)

where (A, B) := trace{ATB} = > AijBij.

The lagrangian of (13), J, can be written as
J(S,L,Q1,Qz) =~|IS|1 + |[L|ls + (Q1,C — S — L) + (Q2, S + ) (A.4)

Remark A.4.1. We can add another dual variable corresponding to the constraint
L+L" = 0. However, this would be redundant with Qg as C is always a skew symmetric

matriz.

The optimality conditions are then given by
Qi — Q2 — Q3 €49|S|h, and Q1 € 7|L .. (A-5)
From the characterization of subdifferential of ||S||1, it follows that
Pog)(Q1— Q2 — Q3) = vsign(S) and 1 Pog)c(Qr — Qa2 — Q3 )l <7, (A.6)

where Py, ) (A) is obtained by setting entries of A outside the support of S to zero and
projecting it to the space of skew symmetric matrices.

Similarly, from the characterization of ||L|.[40], we have
Ppi)(Q1) = UVT and | Pro(Qi)2 <1, (A7)

where P.

r(i)(A) = PuA + APy — PuAPy; Py = UUT, L= USV’.
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From the subgradient optimality conditions, we have that (g, i) is an optimal solu-
tion if there exist duals Qq, Q2 such that

Q1 — Q2 — QF €+9|IS||1, and Qi € 7I||L|.. (A.8)

The second condition in the proposition statement guarantees the existence of such a
dual since they satisfy (A.6) and (A.7).

Next, we show the uniqueness of the solution. We prove this by contradiction. Let
(Qs, Q1) be any subdifferential at (S,L) and let (S + Ng, L +N;) be another optimal
solution. It follows, from the constraint C' = S + Ng + L + N, that Ng + N, = 0.
Then,

I8 + N + £+ Nzl > 4/8lls + [E]. + (Qs, Ns) + (Qz, Ni).

For notational simplicity, we write Q(S), Q¢(S), T(L), and T+(L) as Q, Q°, T and
T+ respectively.

(Qs,Ng) = (vsign(S) + Poc(Qs), Ns)
=(Q1 - Q2 — Q) — Pye(Q1 — Qo — Q) + Pye(Qs),Ns)
=(Q1,Ng) — (Q2 + Q3. Ng) + ( — Poc(Q1 — Q2 — QF) + P (Qs), Ng)

D (Q1,Ng) + { — Poc(Q1 — Q2 — Q1) + Poc(Qs), Ns).

—~

Here, (i) follows since Qa + Q2 is a symmetric matrix and Ng is skew symmetric
matrix. Then, (Qs + QJ,Ng) = 0. Similarly,

(QL,N.) = (UV" + Pr.(Qr),Nyz)

WQi — Pro(Qu) + Pro(Qu),Ny)
=(Q1,Np) + (Pr.(Qr) — Pr.(Qq),Nyp),

where (i) follows since Q; = UVT + P, (Qy).
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Then,

(Qr,Nr) +(Qs,Ng) = (Q1,N) + (Pr.(Qr) — Pro(Q1),Np)

+(Q1,Ng) + (Poe(Qs) — Poc(Q1 — Q2 — Q3), Ng)

D (Pro(Qr) — Ppe(Qu).NL) + (Poc(Qs) — Poc(Qi — Q2 — QF).Ns)
= <PTJ-(QL) - PTJ-(Ql)v Pr. (NL)>

+ (Poe(Qs) — Poe(Q1 — Q2 — QF), Poo (Ng)).

Here, (iii) follows since Ng + N = 0. Now, choose Qg = 7sign(Pqpc(Ng)) and
QL= [AJ'\A/'T, where Ppi(Nz) = USVT. Applying this substitution along with Holder’s
inequality [65], (Qr,Npr) + (Qs,Ng) can be written as

(QrL,NL) +(Qs,Ng) = (1 — [[Pro(Qu)ll2) [ Pro(NL)|«
+ (7 = [Pac(Q1 — Q2 — Q3) [loo) | Pac (Ns) 1.

Since [|Poc(Q1 — Q2 — Q3)[loc < v and [[Pro(Qu)l2 < 1, (Qz,Nr) + (Qs,Ng) = 0 if
and only if both Poc(Ng) = Pri(INg) = 0, which implies that Po(Ng) + Pr(Nz) =0

as Ng + Ny, = 0. Since Q(S) N T(L) = {0}, this would mean that Ng = N = 0.

A.5 Proof of Proposition 2.2.2:

It can be checked that if ;(S)&(L) < %, then 1_4552))5@) < 1_3’;((2))5@) and the range in
(22) is non-empty.

Here, we construct the duals Ql, Qg by picking both from the direct sum Q& T, that
is, Q1 = Q1,9+Q1,T and Qy = Q2,Q+Q2,T, where QI,Q> Qz,Q € 2 and Ql,T, Qz,T eT.
We will show that, for any - taken from (22), the duals satisfy the sufficient conditions
specified by Proposition 1. This would then guarantee that (13) returns (S,L) as the
unique optimum solution.

Let Q = Ql - Qg — Q;F Qg is a skew symmetric matrix by construction, and
hence, Qg + Qg = 0, which implies Q = Ql. By following the similar arguments from
Proposition 1 in [40], it can be shown that Q@ NT = {0} if u(S)¢(L) < 1/6. It follows
that we can find a unique Q; such that Po(Qq) = vsign(S) and Pr(Q;) = UVZ. We

will show that this particular Ql satisfies the remaining conditions in Proposition 1.
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Let QLQ = 'ysign(g) + €q and Ql,T =UVT + ¢r. Then,

Pa(Q) = Pa(Qi0) + Pa(Qi7) (A.9)
= ’ysign(g) +eq + PQ(UVT + er). (A.10)

From (A.6), it follows that Po(Q) = vsign(S), which indicates that e = —Po(UVZ +
er). Similarly, from the definition of Pp. (Q) and (A.7), we obtain e = — Pp(ysign(S)+
€Q).

Next, following along the lines of Theorem 2 in [40], we can show that || Poe (Q) lloo <
Lify > —S8 _ and |Ppe (Qy)l2 < 1 if v < 2222810 The proposition statement

1—4u(S)&(L) w(S)
follows.

A.6 Proof of Proposition 2.2.3

For any matrix A € R™*", %||A||1 < ||All« < k2||A|l1, where ki, k2 are real numbers.
Note that k1 and ko can be functions of n. The tightest bound available is k; = n and
ky = 1 [65].

Define f(S,L,t) := t[|S||1 + (1 — t)||L||«. Clearly, the minimum value at ¢ = 0 is
f(§0,f40, 0) = 0, and is obtained at the point (§, i) = (C,0). Next, consider t = ¢ for
some e close to zero. The objective value at (S,L) = (C—N,N) for ¢t = ¢, where N # 0

is
f(8,L,€e) = €¢|C = N1 + (1 — )| N][.. (A.11)

Let the objective value for ¢t = € at the point (C,0) be g(¢) := f(C,0,¢) = ¢||C||;. This

can be rewritten as

9(6) = €| C = N+ NJ; < ¢l|C — Ny + ¢|[N]];
< |C — Ny + el N]]., (A.12)

where the first inequality follows from the triangle inequality, and the second inequality
follows since ||N||1 < k1 [|IN||«.

Then, f(S,L,e) —g(e) > (1 — (k1 + 1)€)||N||«. For 0 < € < €r,, where €1, = ﬁ, we
have that f(S,L,e) — g(e) > 0, since |N]||, > 0. Thus, we have shown that for ¢ = ¢
the value of the objective function at (C — N, N) is strictly greater than that at (C,0).
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Moreover, this is true for all N # 0. Therefore, we can conclude that for 0 < ¢t < €r,
the optimal solution is (C, 0).

Similarly, it is easy to see that the minimum value at ¢t = 1, f(§1,fq, 1) =0, and
is obtained at the point (S,L) = (0,C). Proceeding similar to the above analysis for
t =1, with (S,L) = (N,C — N) and g(¢) := f(0,C,€) = (1 — €)||C||«, we can conclude
that f(S,L,e) —g(e) > (1 — (k2 + 1)€)|IN]||1. For ey <t <1, where ey = %, we have
that f(S,L,e) — g(e) > 0, for every N # 0. Thus, for ¢ > €y, the optimal solution is
(0,C)

Proposition 2.2.2 and Lemma 2.2.4 showed that (with the change of variable t =
v/(1 4 7)), for every ¢ within the specified range, the optimal solution is (S, L) =
(S,L). That is, if € < 1/6 or deg,,..(S)inc(L) < 1/12, then we can find an interval
(t1,t2) C [0,1] with 0 < ¢; < to < 1 such that (S,L) = (S, Ly) for any t € (t1,t). This
implies that dif f, = 0 for t € [t1 + €, t2 — €] and sufficiently small interval e. Therefore,
there exists at least three zero regions for the plot of di f f, versus ¢ if any of the sufficient

conditions mentioned above is satisfied and ¢ is small enough.

A.7 Proof of Theorem 2.4.1

To prove the first part, let £, be the set of undirected edges obtained by removing
direction from &,, without repetition. Then, by Proposition 2.4.1, £, U €25 D {(i,j) :
Sij # 0, i < j}, Le., [support(S)| < 2|E,| + 2|E3%| + n < 2|&| + 2|E%| + n, where the
additional n is due to the diagonal entries of S.

To show the upper bound on rank, let A = W*A~'W. Notice that rank(A)
min{rank(¥),rank(A)} < ny. Similarly, rank(H; ®_'Hp,) < nj,. Then, rank(L)

<
ho ~ep, <
2ny, from (2.20).

A.8 Proof of Theorem 2.4.2

Recall expression (2.20) for L. By expanding each term in (2.20) we obtain that if
H;; = 0, then A is diagonal, and W(ky, j) can be written as

U(kn, §) = H (3, kn) @) + Hpo(kn, )@, = @ HEy, (k, k) Hoo(k, )
J kp, 1 k

Then, we can conclude the following from the aforementioned equations.
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e If the hidden nodes are at least two hops away, then A is real and diagonal.
o If any of k;, — j or j — kj, or kj, — k < j exists for some k € V,, then ¥y, ; #0

e For i # j, L;; is given by the expression (A.13) below.

Lij = Y [Hj, ()], Hao(l, 5) Zdl
=1
Ho (i, )@}, + [H}, o, ZCP H,, (K, 1) [H (fw')]]
[HZh(jv l) ehl [Hho l j ehl Z@ [HOO(kaj)]] (Al?’)

Let a1, ag, and as respectively denote first, second, and third terms in the first bracket
and let b1, by, and bsg respectively denote first, second, and third terms in the second
bracket. Then, (A.13) can be rewritten as,

np,
L(i,j) = Z[Hho(lvi)] 1 Hho l,7) Zdl a1 + az + as] [by + b2 + b3]
=1 =1
np,
= [Hpo(1, 1))@, Hio(l, 5) Zdl [a1b1 + arbs + arbs + azby + asba+
=1 =1
agbs + asby + agbs + agbg]. (A.14)

(a) We use contrapositive argument to prove this. Suppose that, for every hidden
node h € Vp, there does not exist g € DMj(i,j) such that g € G(V,E). Then,
from (A.14), it follows that L;; = 0. Therefore, if L;; # 0, then there exists g €
DMy, (i, j) such that g € G(V, E), for some h € V. Clearly, for any g € DM}, (i, j),
we have dpop(i, h) <2 and dpep(j, h) < 2.

(b) Let 4,5 € V,. Suppose that L;; # 0. Then, from part (a), there exists ¢g; €
DMy, (i,7) such that g1 € G(V, &), for some hy € V;,. Suppose for contradiction
that there exists hy € Vj, \ {h1} such that there exists go € DMy, (7, j) such that
g2 € G(V,E). Then, we have dpop(hi,h2) < dpop(hi,i) + dpop(i, he) < 4 from
Theorem 2.4.2(a), which contradicts Assumption 2.4.2. Hence, h; = ho.

131



A.9 Proof of Theorem 2.4.3

(a)

Suppose M;, N M, # 0 for some l1,lo € Vp,l1 # lo. Then, there exists a €
M;, " M,,. Since a € M, , it follows from the definition of M;, that dpep(a,l1) < 2.
Similarly, a € M;, and dpep(a,lz) < 2. Then, we have dpop(li,12) < dpop(li, a) +
dhop(a,lz) < 4, which contradicts Assumption 2.4.2. Therefore, M;, N M;, = ) for
all ll,lg S Vh,ll 7& ls.

Suppose Q, N Qp, # O for some ly,ls € Vy, 11 # la. Then, there exists (ig,jo) €
Qi, N Qu,- (io,Jo) € Qr,, which implies that ig, jo € M;,. Similarly, (ig,jo) € Qu,
implies that ig,jo € M. Thus, ig,jo € M;, N M;,, which contradicts part (a).
Therefore, Q;, N Qy, = 0.

np,

We first show that Vi O |J M;. To show this, let a € U M;. Then, a € M;
=1

for some | € V. It follows from the definition of M that a 6 Py uc(l)usS).

If a € P(I) UC(l), then by Assumption 2.4.1, there exists ¢ € M; \ a. If a €
S()\ (C(I)UP(l)), then there exists k € M \ a, such that k € C(1) NC(a). Given
the existence of node k € C(l), by Assumption 2.4.1 there exists ¢ € M; \ {a, k}.
Clearly there is a node ¢ € M; \ a in G(V, &), which is also present in DM;(a,c).
From (A.14) and Remark 2.4.5, it follows that L. # 0. Because L, # 0, it follows
from the definition Vg, that a € V.

Now, we show that Vg C U M;. Let a € Vg, then from the definition of Vi, there

=1
exists ¢ € V, \ a, such that Ly # 0. From Theorem 2.4.2 parts (a) and (b), there

exists a unique hidden node I € V}, such that g € DM;(a,k) exists in G(V,E).

h
From the definition of DM;(a, k), it follows that a € M;. Hence, a € |J M;, which
=1
concludes the proof.

We first show Eg D U Q. Let (io,Jo) € U Q;, then there exists a [ € V}, such

that (ig, jo) € Q. From the definition of Ql, {i0,jo} € M; C Vg and Ly, # 0.
Thus (Zg,]o) e Fy.

To show the converse Efy C U Q1, let (49, jo) € En, then L; j, # 0. From Theorem

2.4.2(b), there exists a umque hidden node [ € Vy, such that a g € DM,(ig, jo)
exists in G(V, ). It follows from the definition of DM;(ip, jo) that {io,jo} € M;.

np,
{io,jo} S Ml. and Liojo 7& 0, thus (io,jo) S Ql C U Ql-
=1
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A.10 Proof of Theorem 2.5.1

From (2.19), observe that S is a Hermitian matrix, which is true if and only if I{S} is
anti-symmetric, and thus the diagonal entries of S{S} are zeros. Lemma 2.4.1 showed
that if S;; # 0, then (4,5) € kin(G,). Combining this with Lemma 2.5.1, we get if
3(Sy;) # 0 then i € C(j) or i € P(j). That is, &, C &,.

To prove the equality, we need to show that EAO D &,. Let i # j and suppose Hoolij #
0. By expanding (2.19), Si; = (®.1)ij — >pey (Hi)ie(®2 )iy — 22:1(@201)ik(ﬂoo)kj
+ > Zln:l(H*)z‘k(q)e_ol)kl(Hoo)lj- Clearly S;; # 0 since [Hooi; # 0, except for a few
pathological cases that occur with Lebesgue measure zero. It follows by Assumption

2.4.3 that 3{S;;} # 0, except over a set of Lebesgue measure zero.

A.11 Proof of Theorem 2.5.2:

First, notice that the following holds in (35) based on Lemma 6.

1. if ag # 0, then a3z € R : the term ag corresponds to [ — k < i, which implies that

[ and ¢ are spouses.

2. if b3 # 0, then b3 € R : the term b3 corresponds to [ — k < j, which implies that

[ and j are spouses.

3. if agby # 0, then agbs € R : the term asby corresponds to i — [ < j, which implies
that i and j are spouses. By similar argument, S{[Hpo(l,1)]*®_ ! Hyo(l,j)} =0

Hence, S(agbs), S(as) and S(b3) are zero. Then,
np
%(L)” = — Z d; [%(albl) + S(a1be) + S(a1bs) + S(agbr) + +S(azbs) + S(aghbr) + %(adbg)]
=1

Remark A.11.1. Under Assumption 3, 4, for i,j € M, such that (a) i, j are not
strict parents or (b) i, j are not strict spouses of hidden node in Vy, then from (A.15)
it follows that I{L;;} # 0 almost always.

Remark A.11.2. Under Assumption 4, we apply Theorems 2 and 3, but by replacing
L;; in the definitions with S{L;;} and DMy(i,j) with DEy(i,7). In other words, if
S{Li;} is not equal to zero, then there exists a g € DEy(i,j) in G(V,E).
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(=) From Assumption 2, it implies that C(1)UP(I)US(l) € V,. We use contrapositive
argument to show this, i.e., we will show that if |P(l) \ {C(1) US()}| < 1 and |S(1) \
{C(l)UP)}| <1, then Pk € M, such that degy, (k) < oy. Here, we will show that for
any node a € M, degy,(a) = | M| — 1.

Case 1: [P(D)\(C(HHYUSI)|=0,SOHO\{CHUPI)} =0:

Here, hidden node [ does not have either strict parent and strict spouse, which implies
that M; = C(1) U (P(1) N S(1)). Consider an observable node a1 € C(I) U (P(1) N S(1));
existence of a; is guaranteed from Assumption 1. Suppose there exists ay € C(l) U
(P)NS(1)), az # a1. If a1 € C(1), then clearly there exists a g € DEj(a1,az) such
that g € G(V,&). Suppose a; € (P(I)NS(1)) \ C(I). Then, again, from the definition
of DEj(a1,a2), g € DEj(a1,a2) such that g € G(V,E). It follows from Remark A.11.1
that S{L}, ,, # 0 and I{L}
Essentially, we have shown that for every a1 € M; and for every k € M;\ {a1}, (a1,k) €
Qu, ie., degy,(a1) = |M;\ {a1}| = |M;| — 1. The maximum degree is oy = |M;| — 1,
and thus, Ak € M, such that degys, (k) < ;. We use the following conclusion in proof
of Case 2,3 and 4: Consider a node a1 € C(I) U (P(I) N S(l)). Then, for every as €
CUPU)NSW)\{ar}, (a1,a2) € Q.

Case 2: |[P(O\{C(HUSD} =0,|SO\{COUP)} =1:

Here, there is no strict parent. One strict spouse s; is present, which implies that
M; = C(l) U (P(1) nS(I)) U s1. Consider any observable node a; € C(I) U (P(l) N
S(1)). Existence of a; is guaranteed by Assumption 1. It follows from Case 1 that
(a1,a2) € Q;,Vaz € C(L) U (P(I)NS(1)) \ ai. We next show that (a1,s1) € Q. Since
s1 is strict spouse, there exists a ¢ € DEj(aj,s1) such that ¢ € G(V,E). Then, by
Remark A.11.1, ${L}, , # 0 and S{L}, .,
that (a1,s1) € Q. Since M; = C(1) U (P(I) N S(l)) U s1, we can conclude that for any
ai € M;\ s1,(a1,s1) € Q. Moreover, degyy,(a1) = |M;| — 1 and degar, (s1) = |M;| — 1.
Note that, here, a; = |M;| — 1. Thus, Bk € M; such that degys, (k) < oy. We use the
following conclusion in Case 4 : Consider a node s; € S(I) \ (C(I) UP(l)), then for any
al € C(l) U (P(l) N S(l)), (81, al) € Ql.

Case 3: [P()O\{C(H)USD)} = 1,|S1) \ {C(1) UP()}| = 0 : Here, there is no
strict spouse but one strict parent p; is present, which implies that M; = C(I) U{P(l)N
S(1)} U py. Consider any observable node a; € C(I) U (P(I) N S(1)). Existence of a; is
guaranteed from the Assumption 1. From the conclusion of Case 1, it follows that for
all ag € C(HH)U(P()NS(1)) \{a1r}, (a1,a2) € Q;. We next show that a; is also connected
to p1. Since p; is strict parent, there exists a g € DEj(a1,p1) such that g € G(V,E).

ara, 7 0 almost everywhere, which implies (a1,as) € Q.

=# 0 almost everywhere, which implies
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By Remark A.11.1, S{L}, , # 0 and S{L}, , # 0, which implies that (a1,p1) € Q.
Since M; = C(1)U(P(1)NS(1))Up1, we can conclude that degay, (a1) = |M;|—1. Moreover,
for any a1 € M\ p1, (a1,p1) € Q;. Therefore, degps, (p1) = |M;| — 1. Here, oy = |M;| — 1.
Thus, #k € M; such that degyy, (k) < .

Case 4: [P(O\{C)US(D)} =1,|SI)\{C(1)UP(l)}| = 1: Here, there is one strict
parent pj, one strict spouse s1, which implies that M; = C(1) U{P()NS()} U{p1,s1}.
Consider a1 € C(I) U{P(l) nS(I)}. It follows from conclusion of Case 2 and 3 that
(a1,s1) € Qrand (a1,p1) € Q. Thus, degpy,(a1) = |M;|—1. Moreover, 3g € DEj(p1, s1)
such that g € G(V, ). It follows that (p1,s1) € Q; and thus dega, (p1) = degag, (s1) =
|M;| — 1. Here, oy = |M;| — 1 and hence, #k € M, such that deg;, (k) < a;. This
concludes the proof.

(<) For the converse, we have from Assumption 1 that there exists an ¢ € C().
Then, it follows that degas, (i) = |M;| — 1. Thus, it suffices to show in each of the
following cases that there exists a node ¢ € M; with degay, (1) < |[M;| — 1.

Suppose that |P(1)\ (C(I)US(1))| > 2. Then, there exist distinct p1,ps € P(I)\(C())U
S(1)). Since p; and py are strict parents in G(V, E), there does not exist g € DE}(p1,p2)
for any h € V, such that g € G(V,€). Hence, by Remark A.11.1, [S{L}],,p, = 0, and
(p1,p2) ¢ Q- Thus, degar, (p1) < |[Mi| — 1 and degny, (p2) < [M;| — 1.

The similar proof holds if |S(1)\ (C()UP(1))| > 2. Suppose that |S()\(C()UP(I))| >
2. Then, there exist distinct s1,s2 € S(I)\(C(I)UP(l)). Since s; and sy are strict spouses,
there does not exist g € DEp(s1,s2) for any h € Vj, such that ¢ € G(V, ). Hence, by
Remark A.11.1, [3{L}]s,;s, = 0, and (s1,s2) ¢ Q;. Thus, degps(s1) < |[M;] — 1 and
degnr, (s2) < |M;| — 1, which concludes the proof.

A.11.1 LDG example:

An example illustrating a LDG, its topology, moral graph, and the definitions of strict

parents and strict spouses, is shown in Fig. A.1.

135



2N EN % B
@@&@ ® oo ©
o o ®
(a) (b) (c)

Figure A.1: (a) LDG G(V,€&), (b) top(G) and (c) kin(G). {2,3} are strict parents of 1.
{6,9} are strict spouses of 1.

A.12 Proof of Proposition 2.6.1:

The truncation error in the estimation of the PSD matrix is given by,

o0

(A.15)

where the inequality follows by triangle inequality, since |z| = 1. The lemma follows by
letting € = 2C1 4= ppﬂ

A.13 Proof of Proposition 2.6.2:

Define Z = [xI,...,x%] and R = E{ZZ”}. Note that Z is obtained by stacking the
observed time series along a column. This structure helps us in bounding the deviation
of each individual elements.

The following lemmas are useful in the proof of Proposition 2.6.2.

Lemma A.13.1. The following relation holds true for all matrices A € R™*™ [65]:
1
Az < [[Allee < Vol All2. (A.16)

Lemma A.13.2. For every symmetric matriz S € R™*"N and for every ¢ > 0, the
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following bound holds for all N > n

1 1 g2 5
P(—-72TSZ > —Tr(RS < —Nmi )
(N e )+5>-““p( Im“{32mn%90?8n&uncl}>
(A.17)

Proof. The proof is similar to Lemma 4 in [126]. The lemma statement follows by
plugging in the inequality ||R| < n||R||x < nCj from (A.16) and the bound on auto-

correlation. O

Lemma A.13.3. Foreveryi,j € {1,...,n}, everyk € {0,...,p}, everyl € {1,...,N—
k}, and every N — k > n, the following bound holds:

g2 5
<2 —(N — ne —s——s, ——— Al
> 5) < 2exp < ( k) mln{32n2012, SnCh }) , (A.18)

where []:?x(k)]” = v g SN E i (D (1 + k).

P (’[ﬁx(k)]i,j — [Rux(k)]i

Proof. The idea behind the proof is to pick S such that ZTSZ = SN % 2 (1) (1 + k).
Designing S such that Sy, = 1 if rem(l,n) =i and (rem(m—nk,n) = j)&(m—nk > 0),

where rem(a, b) is the remainder of a/b will satisfy this condition. Then,

Tr{SR} = Tr{SE{ZZ"}} = E[Tr{Z"SZ}] = [Rx(k)];;.
Lemma A.13.3 follows by applying Lemma A.13.2 and repeating the same for -S and
for every ¢ and j. O

Remark A.13.1. Note that in Lemma A.13.3 we have used N — k instead of N. The
bound still holds, since N — K < N.

Now we can prove Proposition 2.6.2.

The result is obtained by applying union bound and Lemma A.13.3.

<P(U)@AMmU&%mj>€ (A.19)
ij=1

> a) , (A.20)



which gives the desired result by plugging in Lemma A.13.3.

A.14 Proof of Lemma 2.6.1:

From Proposition 2.6.2, we have

2
o e (N Bmind
P (1809 = R0 <) 21 s (<8 = i { gy 0 ).

Then,

> | R(k) = RBx(k) ]| < (2p + 1)e (A.21)
k=—p

with probability at least

82 g
1—n? —(N—p)min{d ——— — 1.
" eXp( ( p)mm{32n2012’8n01}>

Since ¢ is arbitrary, the lemma follows by picking appropriate epsilon and applying the

inequality (26).

A.15 Proof of Theorem 2.6.2:

The following lemma from [65] is useful in deriving this.

Lemma A.15.1. For any invertible matrices A and B with |A~||2||B — All2 < 1,

we have

A)
-1 _g-1, < [[A-]L -1 _ K(
A7 B < AT AL B - Al — S (a2
[Al2
where k(A) is the condition number of A.
Let A = &«(2) and B = @x(z). Then, by applying Lemma A.15.1, we get
_ ~_ _ 1A ’f(q)x)
9! = By o < 05 a1l B — @l ) (A
1-— H((I)x) |Tq> H;( 2
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From the definition (23), and by applying sub-multiplicative property of the spectral
norm, |95 (2)]l2 < [T~ H(2))* |21 (2) 2| T~ H(2))|l2 < pgz—, where o¢,,  is the

IQUE[ ]
. - o Amas(Px) Lzag[l]
smallest eigenvalue of ®.(z). Similarly, x(Px) := e S P
Then, "
o5t — @52 < Loay [2x — 2l : (A.24)
l4o-g["o] ZZO—E[TLD] - Héx - (pr2

The theorem follows by applying (A.16).
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Appendix B

Appendix of Chapter 3

B.1 Proof of Lemma 3.4.1

Let ([H,F|,e) € L(H,e) and let i,j € [n]. By definition of L(H,e), e; = €; + F;ey,
where F; denotes the i*" row of F, for any i € [n]. To prove the only if part, sup-
pose that ®... # 0. By definition, e;e; = (&; + Fiep)(e; + Fjep). Then, &, =
F®5,F; =>4 FikF;‘kq)ghk, since €; and €; are uncorrelated for i,j € [n + L|. Thus,
Yk Fiij?"kéghk # 0, which implies that there exists a k such that Fj, # 0 and Fj, # 0.
In other words, there exists a latent node hy in the corresponding LDIG of ([H, F],¢€)
such that i,j € Ch(hg).
< Let i,j € [n] such that ®.,., = 0. Then, from the proof of only if part, 0 =
Fi@ghF; => FikF]?kk@ghk, which implies that Fj; = 0 or Fj, = 0, Vk, except for a few
pathological cases that occur with Lebesgue measure zero. We ignore the pathological
cases here. Hence, there does not exist any latent node h such that both 7,5 € Ch(h).
O
The following result shows that if a subgraph, G¢(V’, £%), of the correlation graph,
G.(V, &), forms a maximal clique in G., then for any transformed LDIG in £L(H, e), the

set of nodes in V! is equal to the set of children of some latent nodes in the LDIG.

B.2 Proof of Lemma 3.4.2

The following lemma is useful in proving Lemma 3.4.2.

Lemma B.2.1. Let (H,e) be an LDIM defined by (3.1) which satisfies Assumption
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3.4.1, and let G.(V,E.) be the correlation graph of the exogenous noise sources, e. Sup-
pose that G*(V,EY) C G.(V, &) is a mazimal clique with |V¢| > 1. Then, for every
LDIG ([H,F],é) € L(H,e), there exist latent nodes h{, ..., hie such that

ke ke
V=] Ch(hi) and £ = &, (B.1)
i=1

i=1

where E; := {(k,7) : k,j € Ch(hf)}.
In particular, for any latent node h in the LDIG ([H,F],e), Ch(h) forms a clique
(not necessarily mazximal) that is restricted to G/(V¢, EY) in G..

Proof. Let V' C [n], |V!| > 1, such that V' forms a clique in G.. Lemma 3.4.1 showed
that, for any i, j € V', there exists a latent node h such that i, j € Ch(h) in the LDIG,
g, of (fI, €). Since this is true for any pair 4,7 € V!, there exists a minimal set of latent
nodes H! := {hﬁ}f’zl, k; € N\ {0}, s. t. for any 4,5 € V!, we have i, j € Ch(hﬁ,) for some
hl € H, in G. Hence, V' C UM, Ch(hl). Similarly, 4,5 € Ch(hL) implies (i,5) € &,
Therefore, £ C Uf’zl Ei-

Next, we prove that all the children of a given latent node belong to a single (max-
imal) clique, which proves V! D Uflzl Ch(hl) and &' D Uflzl &i- Let h € H! be a latent
node in the LDIG of (H,&) and suppose i,5j € Ch(h). Then, from the definition of
(ﬁ,é), there exists £ such that Fyy # 0 and Fj, # 0, and hence @, = F, 05, F; #0
a.e. Thus, (i,j) € &, excluding the pathological cases. Notice that this is true for
any i,j € Ch(h). Therefore, Ch(h) C V* forms a clique (not necessarily maximal) in
G.(V,&.). Since this is true for every h € H!, V! D Uflzl Ch(ht). The similar proof
shows that &' D Uflzl Ei- d
The proof of Lemma 3.4.2 follows directly from (B.1) and by noting that ky > 1 O

B.3 Proof of Theorem 3.4.1

Lemma B.3.1. (Pigeonhole principle): The pigeonhole principle states that if n pigeons
are put into m pigeonholes, with n > m, then at least one hole must contain more than

one pigeon.

We use pigeonhole principle and Lemma B.2.1 to prove this via contrapositive ar-
gument. Recall that the number of latent nodes L is equal to the number of cliques M.

Suppose there exists a clique G'(V!, £') such that, for some i, j € V!, there does not exist
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a latent node h € (H, @) with i, € Ch(h). By Lemma B.2.1, there exist latent nodes
h, 1/ such that i € Ch(h) and j € Ch(h'). By Lemma B.2.1 again, all the children of h
are included in a single clique. That is, Ch(h) C V! and Ch(R') C V!, since i,j € V.
Then, excluding V!, h, and k', we are left with M — 1 cliques and L — 2 = M — 2 latent
nodes. Applying pigeonhole principle, with M — 1 pigeons (cliques) and L — 2 holes
(latent nodes), there would exist at least one latent node k with C'h(k) belonging to

two different maximal cliques, which is a contradiction of Lemma B.2.1. ]

B.4 Proof of Proposition 3.4.1

Let Ty, Ty € {0, 1}(n+L)x(+L) Ty - Ty be the topologies of two distinct transforma-
tions (H!,&!) and (H2,&?) respectively. Without loss of generality, let (,) be such
that [T1];; # 0 and [T5];; = 0. By the definition of ([H,F],€), if i <n and j < n, then
[Th]ij = [To]i; = Lim,#0y0{H, 0y} 1f @ <nand j > n, then i is an observed node and
j is a latent node. From Lemma 3.4.1, Fllj = FZ% = 0 if and only if j ¢ Pa(i). Thus,
[T1]i; = [T2]ij, which is a contradiction, since both cannot be true. Similar contradiction
holds if ¢ > n and j < n. If i,j > n, then [T1];; = [T2];j = 0 since Pa(i) = Pa(j) = 0.

Thus, the assumption leads to a contradiction, which implies that T7 = T5. ]

B.5 Proof of Proposition 3.5.1

«

Consider a pair of monomials y,y with y; = v(0)® and y; = v(0). For notational

m
convenience, the index 0 is omitted. Then, E {yyy} = E {v*#} = HE {v?#’g"}. By
i=1

(3.7), E{yxyi} # 0 if and only if a; + f; is even, Vi € [m]. Suppose a; is odd. Then, B;
must be odd. Similarly, 5; must be even if «; is even, Vi € [m].

Define an element-wise boolean operator, B : N™ — {0, 1} such that for u = B(«),
u; = 0if a; is odd and u; = 1 if ; is even. Then, for y, = v® and 3 = v?, E {ypy} # 0
if and only if B(a) = B(/3). Group the monomials with the the same odd-even pattern
into one cluster. Since the total different values that B(-) can take is 2, there are 2™
distinct clusters that are uncorrelated with each other.

Reorder y by grouping the monomials belonging to the same cluster together to
obtain y, similar to the (n,p) = (2,3) example in Section 3.5.2. Then, ®y is a block
diagonal matrix with 2" blocks for m variable polynomials, where each diagonal block

corresponds to one particular pattern of {Odd, Even}™. ]
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B.6 Proof of Lemma 3.5.1

Let (H,F,e) € L(H,e) and let i, € [n]. By definition of L(H,e), e; = ¢; + F;ey,
where F; denotes the i** row of F, for any i € [n]. To prove the only if part, suppose
that ®c,., # 0. By definition, e;e; = (¢; + Fyy)(€; + Fjy). Since €;,€;, and e, are

uncorrelated, and @y is block diagonal (Proposition 3.5.2),

2m
Deie; = Fi®yFj = Z Z Fiky Fjjy @y yi, 7 0-
c=1 kq,ko€Cc
Thus, there exists a c such that F,, # 0 and Fj, # 0 for some ki, ky € C.. That is,
there exists a cluster ¢ such that ¢,j € Ch(c).
< Let i,j € [n] such that ®.., = 0. Then, from the proof of only if part,
Y S kkece, P Fiiy @y v, = 0. That is, Fy = Fj, = 0, Vk € C,, Ve € [27],
except for a few pathological cases that occur with Lebesgue measure zero. We ignore

the pathological cases here. Hence, there does not exist any cluster ¢ such that both
i,7 € Ch(c). O

B.7 Proof of Theorem 3.5.1

The proof follows similar to the proof of Lemma B.2.1, by replacing latent nodes with

latent cluster, as in the proof of Lemma 3.5.1. O

B.8 Proof of Theorem 3.6.1

As shown in Lemma 3.6.1, if degyq: (S{S})inc(S{L}) < 1/12, then for the appropriately

selected ¢, the convex program (2.10) retrieves I{S} and S{L} when C = J{S}+S3{L}.

If any one of the LDIMs (H, e) € L,(H, e) satisfies this condition, then the imaginary

part of §; = (I, — H")® (I, — H) returns the topology among the observed node of

(Iti,e)7 by Lemma 3.6.3. The theorem follows from Remark 3.4.5 and Lemma B.2.1.
O
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Appendix C

Appendix of Chapter 4

C.1 Proof of Lemma 4.3.2
Let C C V \ {j} be an ancestral set and let D = nd(j) \ C. Then,
xj(w) = Hjc(w)Xc(w) + Hjp(w)Xp(w) + €j(w).
Applying ®¢,c = ®.,p = 0, we obtain ®;c(w) = Hjc(w)Pcc(w) + Hjp(w)®pce(w) and

®;(w) = Hijc(w)PcHjc(w)" + Hjp(w)®pc(w)Hjo(w) + Hjc(w)®op(w)Hjp(w)
+ Hjp(w)®p(w)Hp(w) + Peje; (w).

Then
f(4,C,w) = @) — ®jc® ' D0y = Deje; + Hin(Pp — Ppo®ep®en)Hip.

Notice that when Pa(j) € C, Hjp = 0, and f(j,C,w) = ®¢,,, which shows the first
part.
To prove the second part, suppose Pa(j) N D # (). We need to show that H;p(®p —
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®pe®ePop)Hi, > 0. Let A =nd(j) = CUD and B = desc(j) U {j}. From [21, 1],

@Zi =S + L, where
S = (Ta—Hi,)P, (Ia — Han),
L=Hpa®, Hps — VAT,
U =Hip®, | (I-Haa)+ (I-Hpp)®, Hpa, and
A=Hip®, Hyp+ (1-Hpp)®  (I-Hpp).

Notice that since B is the set of descendants of j, Hap = 0, as cycles can be formed
otherwise. Then, L = 0 and ®}, = (In — H? )@ (T4 — Haa).

-1
_ Kpp Kpc
Kep Keco

] = (1= H) (- Ha)

By Scur’s complement, (®p — q)DCq)Eé‘I)CD)_l = Kpp = %(ID —Hpp —Hpp +
(H% 4sHA4)pxp). Moreover,

] and (H 4Ha4)pxp = HppHpp + HopHep.
Since C'is ancestral, Hop = 0 and

1 *
(Ip —Hpp)*Ip —Hpp).

Kpp = —
g

Since G is a DAG, the rows and columns of H can be rearranged to obtain a lower
triangular matrix with zeros on the diagonal. Thus eigenvalues of (Ip — Hpp) and its
inverse are all ones. Hence minimum eigenvalue of KBE is greater than o. Applying

Rayleigh Ritz theorem on Hj; DKB})H; > We have
H;p(®p — ®pc®ie®op)Hp = HjpKpp H)p > o|D|B° (C.1)

which is strictly greater than zero if D is non-empty. O
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C.2 Proof of Lemma 4.3.6

The proof is done in two steps. First, we show that & in Algorithm 1 is a topological
ordering. Then, we show that step (4) in Algorithm 1 can identify the parents of every
node in G. The first step is shown via induction. Since |f(i, C,w) — f(i,C,w)| < A/4
for empty set, |®;; — Ciul < A/4 for every i. Recall from Lemma 3.3 that ®;; — ®;; > A
if 4 is a source node and j is a non-source node. Then, </I\>jj > —A/4> Dy +3A/4 >
:Ism' + A/2. Thus, i € arg 1I§nkiI§1p (fkk if and only if ¢ € arg 1?]32;, & and thus Sy is always
a source node.

For the induction step, assume that Si,...,S,, forms a correct topologically ordered
set wr.t. G. Let C C S(1:n). If Pa(i) C C and Pa(j) ¢ C, then by applying Lemma
3.3, f(7,C,w) > f(j,C,w) — AJA > o +3A/4 = f(i,C,w) + 3A/4 > F(i,C,w) + A/2.
Thus, i € arg kIen\}I\le(k’C’w) if and only if i € argklen‘}]{lsf(k, C,w) and thus (S,S8,+1)
forms a topological order w.r.t. GG, by Lemma 3.6.

To prove the second step, let C C S(1 : i). Since S(1 : i) is a valid topological
ordering, Pa(i) C S(1:4i—1). Let k € Pa(i) and let D = C \ {k}. Then, as shown in
Corollary 3.4 f(i,C,w) — f(i,D,w) > A, and

A < |f(i,Cw) = f(i. D,w)| < |f(i,Cow) = F(i, Cow)| + |F(i,C.w) — f(i, D,w)|
+|f(i, D,w) = f(i, D, w)|
< A4+ AJA+|f(i,Cw) — f(i,D,w)|
— |f(i,C,w) — (i, D,w)| > A/2.

Suppose k ¢ Pa(i) but k € S(1:4). Then, for D = C\ {k}, f(i,C,w) — f(i,D,w) =0
Repeating the same series of inequalities above by exchanging f and j/’\, we obtain
|F(i, C,w) — fi, D,w)| < A/2.

Thus, from the set S, for every node S;, one can check nodes S, . . ., S;—1 and verify if
the difference of including and excluding the node is greater than A/2. If the difference
is greater than A/2 for some k, then k is a parent of i, and if not, then the node is not
a parent of 7. That is, let C; = {S1,...,S;-1}, ¢ > 1, and let

R={i

Then, Pa(i) = P, O

(8, Civw) = J(Si,Ci\ {ihw)l > A/2
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C.3 Proof of Theorem 4.4.1

By the variational form of spectral norm [65],

Q= sup  [v"Qul,

veCr, [lvf|=1

where the max is taken over a p-dimensional unit complex sphere, SP := {v € CP :

|lv]2 = 1}. The first step here is to reduce supremum to finite maximization using finite

covers of a unit ball, which is done using a 6 cover. A §-cover of a set Ais aset v!,..., v™
such that for every v € A, there exists an i € 1,...,m such that [[v* — v|j2 < J. The
following Lemma is obtained by extending example 5.8 in [117] to the complex field.
Lemma C.3.1. Let v',...,v™ be a §-covering of the unit sphere SP. Then there exists
such a covering with m < (1 +2/68)?P vectors.

Proof. The proof follows by extending (5.9) in [117], to the complex field. O

Let v € SP and let v/ be such that v = v/ + A, where ||A|| < §. Then, v*Qu =
(v)* Qv + 2R{A*Qv’} + A*QA. Applying triangle inequality,

0" Qul < |(o7)* Q7| + 2l A[ QN 17| + APl
< (') Qv'| +25]1Q + %[

: 1
< |(v?)* Qv | + §||QH for § < 0.22474.
Thus,

. . 1
Q] = max [v"Quv| < max |(v/)"Qv'|+ S [Q] and
veESP Jj=1,....m 2

=1,...,

Q] <2 max |(v/)"Qv’|
j=1,...m

Next, we find an upper bound for E [e’\”QH] , which is treated with Chernoff-type bound-

ing technique to obtain the desired result.

E [eAIIQH} <E [exp (2)\ _max \(vj)*ij])}

Jj=1,....m

IN

i E [e20)7@| L [0 Q] (C.2)
j=1
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Next, we complete the proof for the restart and record sampling and the continuous

sampling separately.

C.3.1 Restart and Record Sampling

Under the restart and record sampling settings, for any given w € Q, {x"(w)}’'_; is i.i.d.
Thus

Let ¢ € {—1,+1} be a Rademacher variable independent of x". It can be shown
that Proposition 4.11 in [117] will hold for complex numbers also. Then

Exrio [oxp (£10% @F = 07800 )| < B oo ()| €
S @ ] (ca

Recall that ®y is a positive definite matrix and v*x” ~ N(0,7), where n = v*®yv <
Amaz(®x) < M. The even moments of y ~ N (0,7) is given by E{y?*} = 2 (2k — 1)l =

k)!
(22,%), n?*. Then

E[[u*x’"(w)\”‘k} PRk

JVRLE
= 22k (2k)!
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Therefore using the inequality (4k)! < 22F[(2k)!]?,

Exr(w) [exp <n|v X (W)[F = 0"y ”)] <1 +Z 2k;| 22k 2k:) M

o (2t/n)%F 22K[(2)]2
Z 2k 2%(2k)! pt

) ki(m) e

(55)
< exp 5
n

whenever QTMt < 3/4, where the final inequality follows by applying 1 — z > e~2% for
x € [0,3/4] (to be precise 0.77). Thus,

8M2t2 i < 3n
= 8M°

E [exp (t(vj)*ij)] < exp <

Applying Lemma C.3.1 and the bound 2m < 2(1 4 2/0.22474)% < 2e46P < 5P+0.693 <
ebp

Y

From (C.2), E [eAHQ”} <E [exp <2)\jmax |(vj)*ij\>]

=1,....m

IN

ZE |:62/\(vj)*ij:| 1R |:6—2)\(vj)*ij]
j=1
32M32\?
<2mexp | ——
n

32M?2)\? 3n
< exp <n +6 > VIA < —— 160

Applying Chernoff-type bounding approach,

3n
6M°

32M32)\2

Pl 0 < 8 [M91] < exp (v + +ip). VA < o

The tightest bound is given by ¢*(t) := inf {—)\t + % + Gp}, where the ob-

3
N <157
tn

jective is convex. Taking derivative w.r.t. A and equating to zero, \* = 5= and
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g = 64M2 + 327]1”2 62227\/2[4 + 6p = 6p — 128M2, if ¢ is such that t < 12M, which is
reasonable as we can always pick M > 1.

Thus, P (]|Q] > t) < exp ( 128M2 + 6p> The theorem statement follows. O

C.3.2 Continuous Sampling

In the continuous sampling setting, the samples %(0),...,x(N —1),x(N),...,%x(2N —
1),...,x((n—=1)N),

,X(nN — 1) are sampled continuously and are correlated with each other. Thus,
x"(w) and x*(w), 7 # s, 1 < r;s < n, can be correlated, in contrast to the restart
and record (RR) setting, where the x"(w) and x*(w), r # s are i.i.d. For any given
w € Q, let x(w) := [x" ()T, [xX2(w)]T,...,[x"(w)]"]" € cP"*! be the vectorized form
of {x"(w)};_; and let C(w) := E{x(w)x*(w)} be the covariance matrix of x(w). Under
the RR setting, C(w) € CP"*™ will be a block-diagonal matrix (of block size p x p),
whereas in the continuous sampling, the non-block-diagonal entries of C(w) can be non-
zero. However, the vector x(w), with correlated entries, can be written as a linear
transformation of i.i.d. vector w € CP"*! with unit variance, i.e. x(w) = CY/?(w)w
where C1/2 is the square-root of C. As shown in [112], when {&(k)}?_, in the linear
time-invariant model (1) are Gaussian, x"(w) and thus x(w) are Gaussian distributed.
In this case, a candidate is w ~ N(0,L,,). It can be verified that E{x(w)x*(w)} =
C'2(w)E{ww*}C'/?(w) = C(w). Notice that the covariance matrix C(w) is a block

matrix, defined as

Cll Cl2 o Cln
C21 C22 o C2n

C=| . ,where C"*(w) € CP*P 1 <r,s <mn,
Cnl Cn2 ... Ccm

where the entries of C"*(w) is given by E {x"(w)[x®*(w)]*}. Recall that

N—

._.

1
((r = 1)N + £)e™ ™t
VN =0

Let I, = [O| R[]} PO |0] € RP*™ be such that r** block is identity matrix.
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Then x"(w) = I, x(w). The estimated PSDM is then given by
2 1 . r r * 1 . * *
Belw) = - X @R @] = - S Lx()x @)
r=1 r=1

Substituting x(w) = C'/?(w)w, and letting B(w) := (C'/?)*(w) 2", Tiuu*L,.CY/%(w)

E [exp (tu"Qu)|=E _eXp <fl Tilu*xr(w)[xr(w)]*u - u*&)ﬁw)u)]
—E [exp (fL > L) {x*(w)ﬂuu*bx(w)}])]
R :exp (2 zn: W (€2 (@)L 1,V () w
_ ETE {w*(61/2)*(w)I:uu*Ircl/Q(w)w}] )}
=E [exp (fL lw*(cl/2)*<w) anaiuu*mcl”(w)w
i

- E {W*(Cl/Q)*(w) zn:(I:uu*Ir)Cl/Q(w)w}>]

r=1

=& [owp (£ fwBlw - B (v Blw )]

T
Notice that I’u = [O, s 0ut 0} is a column vector,

0 o 0 ... 0]

0 wu* 0 ... O

. « n 0 wu* 0

I::'U/U,*Ir: Lo &Qﬁ/ ... 0 and ZI:'LLu*Ir: 7
(ryr)th block —1 : . 0
Do 0 0 0o ... wu*

0 0 . 0 |

i.e., rank(Tuu*l,) = 1 and rank(B(w)) < n. Let B(w) = U(w)A(w)U*(w) be the eigen

value decomposition of B(w), where A = diag(\1,...,A,). Consequently, omitting w
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from the notations,

E [exp (tu*Qu)] = E [exp (
(

where (a) follows because w is invariant under unitary transformations [127]. Let € €
{+1, —1} be a uniform random variable independent of w. Similar to (C.3), we can now

apply the Rademacher random variable trick.
Eu, [exp (A [wf —-E {w?}])} < Eu, - [exp (2)\5wi2)]

B S

(2k)!
k=0
= (2% (4h)!
Skzo 2% (2k)12%F

> 1
<> @V = T < exp(8A?),

for every |A| < 3/8. Thus, (with the substitution A = tA;/n and the upperbound
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Ai < [[BI)).

th;

Efesp 00 Qu) = [ o (5 [~ u))

n

n
82\
< [lew (%)
812 = o
]2 3n
< exp (HC||2> V< on
n 8|IC]|

where we have used ||B|| < ||C|| in the final equality. Now, combining this with the

d—cover argument,

E [e19] < iE 0ren] g o an]

j=1
32||C||%t?
< 2mexp <HH>
mn
32||C||*t 3n
< 46 V|t < .
exp (I 6p) vt < o

Finally, applying Chernoff bound, P (||Q|| > t) < exp (—1257'2”2 + 6p>.
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Tight upper bound for ||C||

An explicit expression for C is given as follows:

1 N—-1N-1 '
C*(w) =E{ @) @]} =5 > D E{#((r — DN+ 0[a((s — YN + k)T e Y
v
=N Z Ry((r — )N + £ — k)e @tk
{=0 k=0
1 = .
=y X (VDB =N 7T
T=—N+1
N-—1
7] i
= 1— = | Rx((r —s)N 4+ 1)e ™"
T= N+1< N>

) e TRy ((r — s)N + 7).

Il
> |
M
VN
—_
|
==

R;((T) R)“((—N—i-T) Ry ((1— )N )
- szl o R;((]\.f—‘rT) R;((T) Ry 2—n)N 7')
r=—N+1 :
Ry((n—1)N+7) Rx((n—2)N+71) Ry (1)

Notice that g(7) := 1 —|7|/N is a triangle function, and the Fourier transform of g(7),
g(w) has the property that |g(w)| < 1, Vw € Q. Let u € C" with ||u||2 < 1 and u(i) € CP
be the ith p-dimensional subvector in u. Further, [[u(w)|3 = ||> 5., eii“’ku(k‘)Hz <
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>rtle”Fflu(k); = llullz < 1. Then

n

N-—1
jwrCul = [ > w'(@) Y arRx((i — j)N + 7)ulj)

, (i) = u(—1),Vi, and y(1) = R

t,j=1 T=—N+1
N—-1 n
= T:Z];HGWE(T) ];n u (@) Rx (1= 5) + 5 ) V) u()| - ui) = 0,% < 0
N—-1 By .
= T:ZNHG G *y«u) (1)
(@ | 1

e [0 = ) (Vey (N u(e)

o [ ey N el )] <

IN

M
< 2/ [v* (Nw)u(Nw)|dw (by spectral norm definition and|[®x|| < M)
T JQ

M *
< o [ 1oV el
™ JQ

<M (o flu(w)llz <1)

Thus, P (]|Q|| > t) < exp (_1223# + 6p), similar to the restart and record case.

C.4 Proof of Lemma 4.4.2

Notice that || Ax|l2 < [|A]|[|x]|2 for every matrix A and vector x. Applying this identity

with x = [1,0...,0], ||Pcill2 < ||Paall, where A = [k, C].

Then, applying CBS

inequality for complex vectors, |x*Ay| < ||z||2||Ayll2 < ||z|]2]|All|ly]l2, the error can be
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upper bounded as

1£(i,Cow) = f(i, C,w)| =
(@4 — DicPea®i) — (Bii — PicB5LPei)|
= (@i — i) + (RicPop®oi — Pic Doy Pes)|
<[y — Dy + |‘/1\%C(‘/136}; - <1>5};)<T>C¢)I
(@i — Bic)BLPes)| + | Bic Pt (Do — Py
< @i — @il + [ Ricll2l|Pe — ToellIPeillz
+1Bic — Bicl2l2cell@cillz + | icll2|®oe 1P — Beillz
< (@i — Pl + |05 — il D3
+ M||®ic — ®ic|l2]|Pcilla + M| @i — il
< | — @l + 1956 — 2ol o — el + 1256 — 2ol @cill3
+ M||®ic — Dic|2 (H(/I;Ci — Pgifl2 + H‘I’Cz‘||2) + M?||Dc; — Do
< @4 — B| + (| P56 — Doill[®ci — @aill3 + | @58 — Dog || M
+ M||®ic — Bic|2 (H‘ic@' — @il + M) + M?||®c; — il
= |®ii — Biil + Dot — PoillPoi — Besll3 + 1Bos — ol M
+ M| ®ci — Pcill3 + M?|| Do — Peill2 + M| Pci — Bl
< @45 — | + (| Bt — Doill[®ci — @aill3 + M2 Do — @ot|
+ M| ®c; — Poil} + 2M2 | Boi — Dl

The above expression can be bounded above if we can bound the three errors,
@i — Bisl| = €1, |Pan — Panl = ea, and | @5 — Pob|| = €ciny. Simplifying the above

expression,

~

£, Cow) = F(0,C,w)| < @i — @il + 256 — 2ol ®ei — Baill3 + M9t — Bl
+ M| ®c; — cil3 + 2M2(|Bei — P2
<e€+ ecmvei + 2M2€Cmv + Meil + 2M26A
< € + €cim (€4 + 2M?) + 3M3e 5
< €+ 3M%eciny + 3M?e 4.
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~

Pick ¢; = 3M?cciny = 3M?e4 = €/3. Then |f(i,C,w) — f(i,C,w)| < e. From Section

5.8 in [65],

M?
-1 —1
1 _ M2 ”q’cc*f’cc”
Iecell

IN

1@cclllecel ™ 120 — el

|®cc — Becl

€

M| DL — o) %
S el < e = g~ 950l <
1= Mo — o

€

_° <
+ Me — M*

Therefore, to guarantee that Hzi;a}j —® | < e it is sufficient to guarantee that |®cc —

$ccl| < € since M > 1. Rewriting Corollary 4.3,
= 62n 6
P <\¢z‘z‘ — Oyl > e) < e Tzsmz O
= 6271 6 1
P <||‘I’AA — Pl > e) < e mar 6@t g

f e2n
P (H‘I’cc — Qe > 6) <e Tz O ye > 0.

(C.5)
(C.6)

(C.7)

Plugging these bounds in the above expressions gives the concentration upper bound

-~

P (15, Cow) = Fli, Cow) = €) <P (1@ — Bul = ¢/3) + P (1958 — gbll = ¢/ (9M?))

+P (|81 = Paal 2 ¢/ (0017))

<P (|‘I’n’ — Byl > 6/3) +P (H‘%CC — Pocll 2 €M2/(9)>

£ P ([Bas — Banll > e/ (912))

S @<_115522#+6) —+ e(_ efé\§;8n+6q) + 6<_N§W+G(Q+l))

€2n
< cpe (-~ tosessrs +6(a+D) .

C.5 Lower bound: Proof of Theorem 4.5.1

The proof is based on Generalized Fano’s inequality.

Lemma C.5.1 (Generalized Fano’s method). [92] Consider a class of observational
distribution F and a subclass F' = {Fi,...,F.} C F with r distributions and the
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estimators . Then

' R a nBr + log2
S Qr _ DT 54
1%f%1€a}(E{]l(9(F) # 9)} = 9 (1 log r ) ’

where n is the number of samples,

Qy 1= I}Cl;jx H(O(Fk) # 0(E7))>

= KL(F||F;
By max (Fx||Fj),

with KL(P||Q) :=Ep [log g] = Ep [log P] — Ep [log Q] being the KL divergence.

Corollary C.5.1. Consider subclass of graphs G' = {G1,...,Gy} C Gy 4, and let H' be

the distribution corresponding to a distinct G; € G'. Then, any estimator G = U @(w)
we
of G; is § unreliable,

inf sup P{(G(H') # G} >,
G G;eg’

(1 —20)logr — log2
Br

n =

Therefore, building a lower bound involves finding a subclass that has 1) small f,
and 2) large r. First, we can find an upper bound of by upper bounding the number of
directed graphs possible with at most ¢ parents. Overall, p? number of possible positions
are there and at most pg many edges. The number of possible ways to choose k edges
is (p,:). Thus r = %q: (p:) < pq(iZ) < pq(p/q)P1. Therefore, logr < log(pq) + pqlog(p/q)
< pqlog(p/q) Sim]iclztllrly, it can be shown that logr 2 pqlog(p/q) [92].

Consider the LDS (3), with é(k) ~ N(0,0I), i.i.d. across time. Then e(w) ~
N (0, Pe(w)) and x(w) ~ N(0,®y), where Pe(w) = > ;cp01l and Oy(w) = (I —
H(w)) ™' ®e(w)((I — H(w))~1)".

Ensemble A: Consider all possible DAGs in G’ with i.i.d. Gaussian exogenous distri-

bution such that ®¢(w) exists. For the two distributions, Fj, and Fj such that for any
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Therefore one of the lower bounds is

inf sup P{(G # G)} > 4,

G Geg’
if
o < (L= 20)pqlog(p/q)) —log2
- (M? =1)p
< qlog(p/q)
~MZo1

Ensemble B: Here, we consider graphs in H, 4(53, 0, M) (recall Definition 2.4) with
a single edge u — v with Hy,(w) = B for every w € , i.e. constant matrix. For
LDS with i.i.d. Gaussian noise with PSD matrix ®4 that satisfies this condition, H
is such that H,, # 0 and H;; = 0 otherwise. Here, the total number of graphs,
r=2(4) = (*-p) =p?

Notice that [@x1];; = (L;; — H;j — HY + S r_ H};Hyj)/o. Thus (ignoring w),

X
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(@5 = oot i Mo =M g/ and [@51);; = 0 if i, 5 # u,v. Then,

*Pp Ly — E *H—1]. .
X (Dx X= Ly [q)x ]Z]x]
ij

1 & * [y — * [y —
s Z il (1 + Z ‘Hk1|2) + xu[q)xl]uvxv + xv[<1>xl]waju]
7 = k
1 2 Ho |2 2 Rl
== Dol + (14 [Hou*) |2 — 26R{z} 2.}
_i;éu
1 i 2 21,12 Rl
- E Z|mz| +B ’xu| - 2/8 {quv}
L ¢
1 2 2
-5 ZL’/U@’ + |2y — By
_i;év

Therefore,

K L(F™||Fi%) = Epu [log F™ _log Fj’“}

1

- %EFM va]Q + |zy — ﬁxu]2 — ]xk]2 — |k — B:):j\Q]
1 *

=5 [ﬁQJ + Epu (52|xj|2 - 26%{xja:k})]

Considering all the cases of (u,v) vs (j,k) it can be shown that K L(F"|/Fi*) < 82 +
B%/2 [92]. Thus, n > 52227%’/2 gives the second lower bound. The lower bound follows
by combining ensembles A and B. O
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D.1 Wiener-Phase Algorithm

In here, we provide the Wiener-Phase which is described in Algorithm 6. As shown
in Lemma 5.2.2, in a large class of applications [1], support of the imaginary part of
the frequency dependent Wiener filter retrieves top(G) exactly. Further, as shown in
Lemma 5.2.1, support of W; retrieves the Markov blanket structure in G. Combining
both, we can obtain the Wiener-phase algorithm below to identify the colliders and thus
the equivalence class of the graphs efficiently. KC is the set of kin edges obtained using
Lemma 5.2.1 and § is the skeleton obtained from Lemma 5.2.2. Consider any edge
(i,7) that belongs to K but does not belong to §. Then ¢ and j share a common child
without a direct link between them (strict spouses) in G. Following this procedure, we
can construct all the strict spouses. Let this set be SP. The complexity of computing
K and S is O(n3RN log N)

Now consider the skeleton S. In Step 4, we identify the common child between the
strict spouses i, j as follows. For any i,j € SP, let C;; := {k : {i,k} € S,{j,k} € S},
which is a set that contains all nodes ¢ which has a link to both ¢ and j in the skeleton.
Note that the set C;; can contain non-colliders, which will be eliminated using the
following steps. For any {i,j} € SP, if |C;;| = 1, then ¢ € C;; is a collider (because the
link between 7 and j in K is formed by at least one collider). If |C;;| > 1, then for every
- I Wigjqli] # 0, then c is a collider since {i,j} ¢ S.
The complexity of computing K and S is O(n®RN log N). Step 4 is repeated O(nq)
times and Step 4(a) which checks for potential colliders among the common neighbors
of i and j takes O(n?q) operations. Steps 4(b) and 4(c) take O(n). Thus the complexity
in computing Step 4 is O(n3¢?), giving the overall complexity of O(n3(RN log N + ¢?)).
Notice that it is sufficient to compute Algorithm 6 for O(1) number of w. Thus, the

final complexity remains the same.

¢ € Ci;, we can compute W,
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Algorithm 6 Wiener-Phase algorithm
Input: Data X(w), w € [0, 27]
Output: G

1. Initialize the ordering, S <—()
2. Fori=1,....n
(a) Compute W;(w) using (5.5)
(b) for j=1,...,n
i. If (W;lj]| > 7, then K <~ KU {i, j}
ii. If |[{W;[j]}| > 7, then S + SU {3, j}
3. compute SP:=K\ S
4. for {i,j} € SP
(a) fork=1,...,n
i. if {i,k} e Sand {j,k} €S
° Cij — Cij Uk
(b) If ‘Cl]’ =1: Col <+ Col Uk
(c) Else: for ¢ € Cj; compute W[
i If Wi qlill > 7: Col <= Col Uc

5. Return G

D.2 Simulation

The synthetic data is generated using AR model, with the non-zero entries that respect
the graph structure shown in Figure 5.1(a),

Xi(t) +a; (D)X (t—1) + a;(2)X;(t — 2) + a;(3)X;(t — 3) = Z bi; X,;(t—1)+E;(t), (D.1)
i

where E;(t) is zero mean ii.d. Gaussian noise with diagonal covariance matrix and

i =1,...,6. The data is generated continuously according to the AR model in (D.1).

That is, for t = 1 to 10,000, X(¢) is computed based on (D.1), which satisfies As-

sumption 5.2.2. Hence Lemma 5.2.2 and Algorithm 6 can be applied to reconstruct

the essential graph. Figure D.2 shows the phase response of the Wiener coefficients,

computed using (5.5) (Step 2(a) in Algorithm 6) and Figure D.3 shows the estimated
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conditional distributions on performing intervention at node 2

e fa

= ) Estimated MG ) Estimated CPDAG (d) Estimated graph

Figure D.1: (a) shows the true causal generative graph; (b) shows the estimated kin-graph from
T = 10,000 samples with N = 64 using £ (2x) norm on W;[j]; (c) is the CPDAG estimated
using Algorithm 6. The bi-directed edges indicate undirected edges in (c); (d) shows the graph
estimated by performing intervention at node 2.
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IW[1] [Wa[3] , [Wa[4] [W,[5] [W,[6]
] ] ) ) ]
. 1 /6 K /6 e LM VT T WY
fo fis fso fis foo fo fis fso fis foo fo fis fso fis foo fo fis fso fis foo fo fis fao fis foo
[W31] Wil2] W4 [Wy5] (W8]
T e e B I e
/g /g ﬂ/g - /g _ W/g B
f(J flo fsu f1u feu fu flu fso fu foo fo fis fao fis foo fo fis fao fis foo fo fis fao fis foo
) w2) i) wils) /6]
37/2 3n/2
31/2 e P ——— an/2
] ] e g ] U]
fo fis fao fi5 feo fo fis fao fi5 foo fo fis fao fis foo fo fis fao fis foo fo fis fao fis foo
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:sﬁ/aww‘ 3r/zﬂ\‘ 31/2”’\‘ sw/z”\‘ SW/?/‘
g NI WAL /% /% /3 /3
fo fis fso fis feo fo flg fso f4a fao fo fb fao f-lo f60 fo fb fso f-la fﬁo fo flo fso f-la fﬁo
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g w0 [ ) 11
el LV W /g ) I R RTAAER AN A LB I ——
f(J f15 f30 f45 .f()‘l) jU flu f‘() f-ld f(’ll) jU ,flﬁ f:il) f—15 ffill fU flﬁ f:il) f—15 fﬁll f() flS f3[l f-15 .fﬁ(l

Figure D.2: Phase plot of the Wiener coefficients, W;[j], computed using equation
(5.5); data with 10,000 samples is generated using (D.1). Red plots show the phase
plot, ZW;[j], between the strict spouses i and j. o is the standard deviation of the
phase along the frequency. The spurious links (4,j) = (2,4) and (i,5) = (3,4) have
0 < 0.9 whereas the remaining pair of nodes have ¢ > 1.6.
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—— do(yl)
do(y2)
— diff

Figure D.3: Estimated conditional distribution when intervened at node 2 for two in-
terventions, do(Xy = y1) and do(X2 = y2), where y; is all zero sequence and ys is a
repeating sequence of 31 zeros and 33 twos. The first row shows the real part of the
mean, the middle row is the imaginary part of the mean, and the bottom row is the
standard deviation of the estimated distribution. The plots show that the mean of X,
especially the mean of the imaginary part, follows the pattern of X5 when there is a
directed path to ¢ from 2 (i = 3,5). The mean of X; and X4 are random, and does not
follow the mean of Xo, implying that there is no directed path to 1 and 4 from 2.

D.2.1 Restart and Record Sampling

In restart and record sampling [112], the ¥ time-series X is partitioned into R segments
with the " segment denoted by X/ . Each segment consists of N samples, for example,
X7 = {X7(0),... X](N —1)}. The time series X; is then given by {(X7(t)N'}E,.
In restart and record sampling, each of the time series is considered independent of the
other. Here, following (D.1), the initial conditions of all X; are set to zero. E;(t) is
generated using i.i.d. Gaussian distribution with mean zero and variance one. Samples
of X;(t), i = 1,...,n are realized for ¢t = 0,...,N — 1, which are recorded. The
procedure is restarted with different realizations for another epoch of N — 1 samples.
Using the r* segment of the X; trajectory, given by X7 (0),..., X/ (N — 1), the FFT,

S 27;01 Xg(n)e_%’m/ Nis computed. Figure D.4 and Figure D.5 show

Xj(e™N) = 452

165



the plots obtained for the restart and record data.
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Figure D.4: Phase plot of the Wiener coefficients, W;[j], computed using equation (5.5)
for the restart and record data; data with 10,000 trajectories is generated for the AR
in (D.1). Red plots show the phase plot, ZW;[j], between the strict spouses i and
j. o is the standard deviation of the phase along the frequency. The spurious links
(i,7) = (2,4) and (i,7) = (3,4) have 0 < 0.1 whereas the remaining pairs of nodes have
o> 1.5.

D.3 Convergence

Notation: For a continuous function f, ]/”\denotes the Fourier transform of f.

Definition D.3.1. [128] The total variation of a continuous complex-valued function
np—1

f, defined on [a,b] C R is the quantity, V2(f) := sup Z |f(ziz1 — f(x4)|, where P =
peEP i—0
{z0,...,2n,—1} is a partition and P is the set of all partitions of [a, b].
A continuous complex-valued function [ is said to be of bounded variation on a

chosen interval [a,b] C R if its total variation is finite, i.e. if V2(f) < +oo.
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Figure D.5: Estimated conditional distribution when intervened at node 2 for two in-
terventions, do(Xy = y1) and do(X2 = y2), where y; is all zero sequence and ys is a
repeating sequence of 31 zeros and 33 twos. The plots show that the mean of X;, espe-
cially the mean of the imaginary part follows the pattern of Xs when there is a directed
path to i from 2 (i = 3,5). The mean of X; and X4 are random, and does not follow
the mean of X, implying that there is no directed path to 1 and 4 from 2.

Theorem D.3.1 (Theorem 5.2.1). For a function f of bounded variation V, on [0, 27]

and N > 1, the estimation of f(n)

f () =

1 =

N

—_

2

= Jo

~

™

and zero otherwise, satisfies ||f — f(N)HZoo(Q) < C/V/N.

Proposition D.3.1. For f with bounded variation, V2 (

/ab f(a:)d:v -

Proof. Since f has bounded variation, M := SUPge(a,b) |

- aft)
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< (b—a)V2(f).

~

f(w)ed“mdw given by

ej2””k/Nf(27rk/N), for |n| < \/N,
k=0

~

f), on

~

[a,b] and t € [a, D]

~

(z) and m = inf [,y f(7) are



both finite. Thus,

/f Jio — (- )fi0) <

Corollary D.3.1. For f a function of bounded variation on [0, 1], given by Vol(f), the

error in a Riemann sum approximation,

~ ~

(2) = F©)| do < (M = m)(b — a) < (0~ V2.

< Vo (/)/N

1 1 N-1 R
-1/ Flovde =5 3 fn/)

Proof. Note that

N-1| n+1/N _ N— ~
eve SN[ Fayda - Ty Z VOSIN(F)N < VR (PN,
n=0 n/N n=0

where the second inequality follows from Proposition D.3.1.
Proposition D.3.2 (Proposition 3.2.14, [128]). If f is of bounded variation, then

Vo (f)

27|n|’

fn) <

n+#0.

Corollary D.3.2. Forn € N, and € > 0 fized. the estimation of the Fourier series
f(n) given by

0 otherwise

f(N)(n) _ { k=0 ﬂﬂkn/Nf(k/N) In| < N1

converges uniformly to f(n).

Proof. For |n| < N17¢ it follows by Corollary D.3.2 that

f(n) — f(N)(n) < \/§HfHoo27r|nN]+ V()

o V2Ulle2r |, VIV ()
- Ne N

Similarly, for n > N1—¢

) Va(f) _ Ve(f)
fn) = f(n)| < 27|n| < 2rN1—e’
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The proof of Theorem D.3.1 follows by letting ¢ = 1/2.

D.4 Proof of Lemmas

D.4.1 Proof sketch of Lemma 5.2.1

Recall that ®x' = (I — H)*®g'(I - H). Then, for any i # j, [0x'];; = —H, — Hy; +
> p—y HiHy;. The Lemma follows. Detailed proof is provided in [17].
O

D.4.2 Proof of Lemma 5.3.2

Here, for convenience, we’re restating Lemma 5.3.2

Lemma D.4.1 (Lemma 5.3.2). Consider a set V' of stochastic process that factorizes
according G = (V,EW) at w € Q. Let G = (V,&) be such that (i,j) € € if and only
if (i,7) € E@) for some w € Q. Let X,Y,Z C V be disjoint sets. If Z d-separates X
and Y in G, then Z d-separates X and Y in G,

Proof. We prove this by contrapositive argument. Suppose Z, d-connects X and Y in
G, Then, there exists an z € X and y € Y and a path 7 :  —s; —. .. s, —y such that
7 is a d-connected path between z and y given Z in G&). Then, in G, since we are not

removing any edge that is present in G“), the d-connected path remains d-connected.

D.4.3 Proof of Lemma 5.3.3

Lemma D.4.2 (Lemma 5.3.3). Consider a set V' of stochastic process that is described
by the LDIM (5.1) (here E;(k) 1L E;(l) for i # j and k,l € Z). Moreover, suppose
the set V' of stochastic processes factorizes according to directed graph G = (V,E) and
at a specific frequency w € Q factorizes according to a directed graph G = (V,E(w)).
Let X,Y,Z C V be disjoint sets. Then Z d-separates X and Y in G if and only if Z
d-separates X and Y in G, for almost all w € Q.

Proof. The proof follows from Lemma D.5.1. Recall that G is defined as G := GW),
weN

Applying Lemma D.5.1 immediately provides supp(H(w:)) = supp(H(ws)) and G&1) =
G@2) for any wi,ws € 2, almost always. Thus, GW) = G almost always in LDIMs. The

result follows.
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D.4.4 Proof of Lemma 5.3.4

The proof follows by combining Lemma 5.3.2 and Lemma 5.3.3.

D.5 Which frequency to choose?

Most practical systems are finite dimensional with finite dimensional realizations. These
admit rational transfer functions.

The following Lemma proves that, in identifying the CI, graph/moral graph, and
topology, it is sufficient to work with one frequency selected arbitrarily, in order to get

meaningful result, when we have access to large enough data.

Lemma D.5.1. Consider any rational polynomial transfer function

(z—a1)(z—a2)...(2 —ap)
(z—=b1)(z—b2)...(2 — by)

H;j(z) =C ,p<gq, CeC.
For any distinct wy,we € 2, H;j(e7*1) # 0 if and only if H;j(e7“2) # 0 almost surely

w.r.t. a continuous probability measure.

Proof. By the fundamental theorem of algebra [62], there exists at most p complex
zeros for Hy;(2), if H;j(z) is not identically zero, which form a set of Lebesgue measure
zero. Suppose Hij(ej"“) # 0, which implies that H;; is not identically zero. Thus,
H,;(e/*2) # 0 almost everywhere. O

Remark D.5.1. Since ®,(e/?) = (I — H(e/*))*®_ 1 (e¥)(I — H(e/*)), the same can
be said about ®x (e7“1) and ®x (e7“?) and Wiener coefficients also. Thus, it is sufficient

to pick any w € Q and apply the algorithms for that frequency.

D.6 Direct and Total Effect Identification in SPs

D.6.1 Direct Effect Identification

In the classical causal inference from IID data, some of the popular approaches on pa-
rameter identification involve single-door, back-door and front-door criterion [48]. In
this work, we extend these results to dynamically related stochastic processes by realiz-
ing them in frequency-domain. For the single-door criterion (with cycles) in frequency-

domain (for WSS processes), first proved in [27], we provide a simpler proof.
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Theorem D.6.1 (Single-door criterion).  Consider a directed graph, G = (V,€&),
that represents an LDIM, defined by (5.1). Let U)Y € V and Z C V with Xy (w) =
a(w)Xv (W) + X pepaynu Hyp(w) Xp(w) + Ey (), for every w € Q, where a(w) is the
weight of the link U — Y. Let G' := Gy be the graph obtained by deleting the edge
U — Y. Suppose that U,Y, and Z satisfy the single door criteria described by: (C1)
Y has no descendants in Z; (C2) Z d-separates U and Y in Gg=y; (C3) There is no
directed cycle involving Y. Then the coefficient of U in the projection of Y to [U, Z],
denoted, Wyy.z(w) = a(w).

Proof. See Appendix D.7
Suppose there exists Pa; := Pa(i) C V, i € V such that the factorization in (5.6)
and (5.7) exist. Then one can perform atomic interventions and the do-calculus on the

SPs by performing them at every w € 2.

D.6.2 Total Effect Identification

One can define the back-door criterion on SPs using CIFD as follows. Notice that a
similar result can be obtained using the FDD based independence notion also. The
results in this section require the following definitions. A directed path from node i to
node j in the directed graph G is an ordered set of edges (({o, ¢1), ({1,42),...,(ln—1,%5))
with ¢y =i, £, = j in G = (V, ), where ({;,0i11) € E.

Definition D.6.1 (Back-door Criterion). Given an ordered pair of SPs (W,Y) in a
DAG GW), a set of SPs Z satisfies the back-door criterion relative to (W,Y') if the
following hold:

e No node in Z is a descendant of W and

e Z blocks (or d-separates) every path between W and Y that contains an arrow into
w.

Theorem D.6.2 (Back-door Adjustment). Consider a set of stochastic processes

Xy} = X = [Xy,...,X,], where V. = {1,...,n}. Suppose that G“) is a DAG
compatible with P with the pdf giwven by f“). Further, suppose that the processes
W,Y,Z C V are such that W and Y are disjoint and Z satisfies the back-door cri-
terion (Definition D.6.1) relative to (W,Y)). Then, the causal effect of W on Y
(for notational simplicity W,Y, Z denotes Xy, Xy, Xz) is identifiable and is given by

FE (y(w) [ do(W = w)) = [f) (y(w) | w(w), 2(w)) F&) (2(w)) dv(2(w)) w € Q.
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Proof. See Appendix D.8

Definition D.6.2 (Front-door Criterion). Given an ordered pair of sets (W, Y) C VxV
in a DAG G, a set of SPs Z C V satisfies the front-door criterion relative to (W,Y)
if the following hold:

e Fuvery directed path from W to'Y has a node z € Z.

e All back-door paths between Z and Y are blocked by W. That is, W d-separates

every path between Z and 'Y which has an arrow into Z and

e There are no back-door paths activated between W and Z. That is, the empty set
d-separates any path between W and Z with arrow into W.

Theorem D.6.3 (Front-door adjustment). Consider a set of stochastic processes
{Xy} == X = [Xy,...,X,], where V. = {1,...,n}. Suppose that G“) is a DAG
compatible with P with the pdf given by f“). Further, suppose that the sets W,Y,Z C V.
are such that W and Y are disjoint and Z satisfies the front-door criterion (Definition
D.6.2) relative to (W,Y). Then, the causal effect of W on'Y (for notational simplicity
W.,Y,Z denotes Xy, Xy, Xyz) is identifiable and is given by:

9 (y(w) | do(W /f w) | w(w /f W (@), 2(w))
9 (2(w)) dv (! () (2(w)).

Proof. The proof follows similar to the back-door criterion.

Remark D.6.1. One can extend the rules of do-calculus also to the SPs in the same

way and is skipped due to space constraints.

D.7 Proof of Theorem D.6.1 (Single-door)

The following Proposition is useful in proving the succeeding results.

Lemma D.7.1 (Linearity of Wiener Coefficient). Let X,Y,Z1,...,Z, be stochastic
processes, and let 7 := span(X, Z1,...,Zy) and Z = [Z1,...,Zy]. Let Wyx.z be the
coefficient of X in projecting Y on to Z. Suppose Y (w) = > oy ag(w)Yi(w), where
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Qai, ..., are transfer functions and m € N. Then,

m
Wyxz(w) =Y oi(w)Wy,x.z(w)
i=1
Proof. See Appendix D.10.4.
The following lemma, which follows from [27] shows the relation between d-separation

and Wiener coeflicients.

Lemma D.7.2. Consider a directed graph G = (V, ) that represents an LDIM, (5.1).
Let X,Y,Z C V be disjoint sets. Suppose that d-sepq(X,Z,Y). Then Wij.z = 0, for
everyt € X andj€vY.

Proof. The result follows from Theorem 24 in [27].

Now we can prove the single-door criterion.

D.7.1 Proof: single-door

Notation: Here, W;Eg)z denotes the co-efficient of Xy in the projection of the time-series
Xp to Xjy,7)-

Claim 1: If U and Y are d-separated by Z in graph G’, then U and any p € Pa(Y) \
(ZU{U}) are also d-separated by Z in G'.

Proof. The claim can be proved by contrapositive argument. Suppose U and p €
Pa(Y)\{U} be d-connected by Z in G'. Then, there exists a path PT : {U, 71, ..., 7y, p}
in G’ such that

1. If the path is a chain then 7;,p ¢ Z (since the path is disconnected otherwise).
2. If there exists a fork 7; in the path, then m; ¢ Z.

3. If there are colliders in (m;)]" ;, then either the colliders or their descendants are

present in Z.

Presence of the path PT implies that there exists a path PTy := {U, m1,..., 7, p = Y},
which is obtained by adding p — Y to PT. In the path PTy, p can be a fork element or
a chain element, which does not belong to Z. Thus, the path PTy remains d-connected
given Z in G’ , which contradicts the d-separation assumption.
Claim 2: For any p € Pa(Y)\ (ZU{U}) d-sepe (U, Z,p) = d-sepq(U, Z,p)

Suppose U and p are d-connected by Z in G. Then, there exists a path PT :
(U,p1,- -+, Pn,Pnt1 = p) in G such that
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1. If PT is a chain, then p;,p ¢ Z.
2. If there exists a fork p;, then p; ¢ Z.

3. If there are colliders in (p;)?_,, then for every collider, either the collider or its

descendant is present in Z.

Notice that the only difference between G and G’ is the absence of edge U — Y in G.

We devide the proof into two cases

Case 1: Suppose the path PT'=U — 7y — w9 — - - -, — p has no colliders in the graph G.

Then it has atmost one fork.

1. Suppose the path PT has one fork at mp. Thus the path PT = U + 71 «
Ty 4— =+ Tg—1 $ T —> Tg41 — -+ — P. Suppose the subpath PT, = m, —
Tk4+1 — --- — p has the link U — Y. Then the path 7, — 741 — -+ —
U—-Y — -+ = p— Y exists in G which involves Y in a directed loop
leading to a contradiction. Thus U — Y is not present in P75. Now suppose
the link Y < U is present in the subpath PT1 = U < w1 < 7o ¢ - - Tp_1
. Suppose PIT' =U +m - m+« Y =m_ 1+ U=m - Tp_1 + Tk
which implies Y is in a directed loop leading to a contradiction. Thus the
path PT does not have a link of the form U — Y and remains d-connected
by Z in G'.

2. Suppose the path has no forks. As there are no colliders the path is a chain.
(a) Suppose the path, PT is chain from U to Y. Suppose there is the link
U — Y as a subpath in PT. Then Y will be a part of a directed loop which
leads to a contradiction. (b) Suppose the path PT is a chain from p to U.
Suppose there a link Y < U in PT. Again, Y will be part of a directed loop

which is a contradiction. Thus the PT remains d-connected by Z in G’.

Case 2: Suppose the path PT has m colliders, ¢1--- ,¢p, with PT = U — -+ — — ¢
— i — g & - — = ¢y — — - p. Consider the subpath PT; = ¢; + w1 —
-+« — g — ci41 of PT between ¢; and ¢;41 which are colliders. As the path PT
is d-connected by Z, ¢; and c¢;41 or their descendants are in Z. Without loss of
generality we assume the path zp = f <= {1 < - =l < ¢ M1 — - —Tg —
Cit1 — 1 —> T2+ — rs = 2, Where 2, and z; are descendants of ¢; 11 and ¢;

in Z respectively exists (d-connecting the path). Note that none of the nodes
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£; or rj can be Y as no descendant of ¥ can be in Z. Thus the link U — Y
cannot be present in the subpath PTjy = zp = €}, < {1 < -+ < {1 < ¢; or in
Pl =cp1—=ri—re—=rs=2z.

The subpath PT; has no colliders and is a path between colliders and thus it has
one fork say at m; so that the path PT; =c¢; w1 — -+ — < T = — -+ — Ciy1.
Without loss of generality assume Y appears in the subpath ¢; < 7 « - -+ < 7.
Then examining the path PT;, concatenated with ¢; < 7 < --- < m results
in Y having a descendant in Z which is a contradiction. Thus Y cannot be in
¢ — m — --+—  m. Similarly Y cannot be in 1 — -+ — ¢;41. Thus the
link U — Y cannot be in P7T;. In conclusion, the link U — Y cannot be in
Zg:£k<—£k,1 <—-~%€1 (—Ci%ﬂ'l—'”—ﬂ'q—)CH_l — Ty =T —>Tg = 2p
which implies the path PT; remains d-connected by Z in G'.

Thus the (U, p) remain d-connected by Z in G'.

Thus, d-sep (U, Z,p) = d-seps(U, Z,p) and it follows from Lemma D.7.2 that
WIS{}?Z = 0. Notice that if p € Z, then WIS{}?Z = 0. From Linearity of W, Lemma D.7.1,

(L) _ )
WY,U~Z - W(aUJ’_ZpePa(Y)\U aypptey),x-Z

L L L
=W+ D> av, Wi+ W,
pePa(Y)\(z}

=« —+0.

If Pa(Y)\ {U} = 0, then the above equations hold.

D.8 Proof of Theorem D.6.2

D.8.1 Atomic interventions

P (Xk(w) | X(pg,)(w if X;(w) =z;(w
P (X X)) = (AL, 7 ORI o) X =

0 otherwise
(D.2)

Definition D.8.1 (The Causal Markov Condition). Suppose that we want to condition

on X;(w) = x;(w). Then, the intervened distribution is obtained by removing the factor
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P (Xi(w) | Xpq,(w)) from the product in (5.6). That is, the distribution satisfies (D.2).
Alternately, P(-) can be replaced with the pdf f(-) if f exists.

We first prove the following auxiliary theorem and lemma.

Theorem D.8.1 (Causal effect). Let V := {1,...,n}, A C V and leti € V. The
causal effect of X; on a set of SPs X4 can be identified if iU AU Pa; are observable and
AN (iU Pa;) = 0. The causal effect of X; on X 4 is given by

F (@aw) | wi(w)) = / F (@a(w) | 2i(w), @pa, (W) f) (pa, (@) dv (pa, (W),

if Xi(w) = z;(w) and zero otherwise.

Proof. The proof follows by Baye’s rule and the definition of conditional probability,

PY |Z)= 7’,,§(Y’ZZ)) If X; = x;, applying (D.2),

P (1@ Xa) | X)) =[] P (Xa() | Xpan(®))
k=1.k#i
_ TRey P (K@) [ X(pay (@)
P (Xi(w) | Xpa,(w))
P (Xi(w),. .., Xp(w))
)
X

P (Xi(w) | Xpa,(w)

=P (Xl(w)v SRR n(w) | Xi(w)’XPai<w))7) (XPai(w))'

Let U = (V\({i}UA) and U; := V' \ ({i} U AU Pa;). Let f be the joint density

176



function. Then,

Fea@) @) @ [ 1@y (w) | 2:(w) dvlou ()

(b)

v / (2v | 20, 2par) f (2pa) dv (20)
9 / / f (v | 2 2pa) f (2pa,) dv (20,) dv (2 pa)
= /f(wpai)/f (vv | @4, 2pa;) dv (zy,) dv (T pa,)

- [ ) / ) (o) do (o)
d)/f Paz xAvxthaz)dV (xPai)

fEu -TPai)

= /f(l'A ‘ xi;xPai)f(xPai)dV (xpai)7

where (a) follows by marginalization, (b) definition of conditional probability, (¢) Fu-
bini’s theorem, and (d) follows by marginalization over U;. Thus, f(z4 | z;) can be
determined if X4, X;, and Xp,, are measured. O

The following is an auxiliary Lemma useful in proving back-door criterion.

Lemma D.8.1. Consider a set of stochastic processes X := Xy = {X1,..., X, }, where
V ={1,...,n}. Suppose G is a directed graph compatible with P(.) at w. Further,
suppose that the processes W, Y, Z C V are such that

1. W 1LW Z | Pay,
2.Y LW Pay | W, Z

where Pay C 'V is the set of parents of W. Then,

F (y(w) | do(W = w)) = /f(“’) (y | w(w), 2(w)) f&) (w) dv(z(w)).
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Proof. Let U = Pay. From Theorem D.8.1 (ignoring the index w),

£y do(W =w)) = [f (] w,u) fwiv(w)
D[ £lw) £ ) anE)dvta)
O [rwlw.s) £ L uw) fwdv:)av(w
D[ 1w 1w fivdnz)
= [1wlwa)| 161 ae
D [t feane)

where (a) follows by marginalization over Z, (b) Y 1L U | W, Z, (¢) z 1L w | u, and (d)

marginalization. O

D.8.2 Back-door Criterion

Definition D.8.2 (Back-door Criterion). Given an ordered pair of SPs (W,Y) in a
DAG GW), q set of SPs Z satisfies the back-door criterion relative to (W,Y) if the
following hold:

e No node in Z is a descendant of W and

e 7 blocks (or d-separates) every path between W andY that contains an arrow into
W.

Proof of Theorem D.6.2: The proof follows from Lemma D.8.1. If Z does not contain
descendants of W then Z 1L W | Payw. If Z blocks every back-door path between Y
and W, then Y 1L Pay | W, Z, given that Z is not a descendent of W. The absence
of a loop involving W, Y, and Z ensures that Z is not a descendent of W. The result
follows. O

D.9 Proof of Theorem 5.4.1

Lemma D.9.1 (Theorem 6, [1]). Consider a linear dynamical system governed by (5.1).

Suppose that the autocorrelation function R, (k) satisfies exponential decay,
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| R (K)|l2 < Co~ ¥, For any 0 < €1 < € and L > log; ((1;g)ﬁ>,

2
Ox — @ < pPexp [ —(N — L) mi a = .
P (I9x = Ballmas > ) < pexp ( ( )mm{32(2L +1)2n2C?" 8(2L + 1)nC
(D.3)

Remark D.9.1. In the above theorem, we can take €1 = 9¢/10, which gives a good

looking result. The following Lemma uses this.

The following lemma bounds the IPSDM by applying the sufficient condition that
|@x — Prllmar < €/M* = [|[O%" = @, ||l ;maz < € and applies € = 9¢/10.

Lemma D.9.2. Consider a linear dynamical system governed by (5.1). Suppose that
the auto-correlation function R, (k) satisfies exponential decay, | Ry (k)||2 < Co~F and
that there exists M such that ﬁ < Anin(Px) < Apaz(Px) < M. Then for any 0 < €
and L > logs <(12_g)6),

~ 81e2 9¢
P(lo;t —o! >e) <n? —(N — L) mi , . (D4
(122" =@ lmaz > €) < n?exp ( )N | 2 00MI6 (2L + 1)2n2C2° S0MA(2L + 1)nC (D-4)

Proof. The following lemma from [65] is useful in deriving this.

Lemma D.9.3. For any invertible matrices A and B with ||[A7|]2||B — All2 < 1, we

have

IA™" =B~ 2 < AT AlI71B — All2 ;

where k(A) is the condition number of A.

~

Let A = ®,(z) and B = ®,(z). Notice that x(®,) < M2 Then, by applying
Lemma D.9.3,
M2

Oy~
_ 2 1®2=%e
%2

1,0 — B |2 < @5 2] @iy @0 — a2

IN

(D.6)

M4”$m - (I)zH2
1= M||®, — D,l0

I
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if H&)x — ®,)la < e/M*. Letting €; = 1()9# and € — ¢/M* gives the Lemma statement.
||A||2. Similarly, there exists a ¢; € R such that ||A|l2 < ¢1]|Al/maz. Then the above
concentration bounds on the maximum value extends to the spectral norm also.

Let K, B be the estimated values of A, B. Then,

For any matrix A and vector x, ||Ax|2 < [|All2. Also, ||Allmer = max;jel Ae; <

|AB — ABJj; = ||[AB—A(B+B - B)|,
<||(A - A)B|2 + |AB - B)|»
<|l(A-A)B|2+ |AB - B)|2 +[I(A - A)(B - B)|,
<M|A - A+ M|B-B|:+|A - Al|B-BJ;

€ € Vee
M— + M— .
<Msy Vst

For our Wiener coefficient estimation, A is &x and B is @;(1. This gives us a concen-
tration bound on the estimation error of Wiener coefficients using Lemma D.9.1 and

Lemma D.9.2. Notice that |[A — A|| < ¢/(3M5) implies that [[AB — AB||; < e.
Therefore

— 81¢2 9e¢
P(|W =Wy > ¢) <n? —(N — L) mi , . (D7
(|| I e) < n2exp ( ( ) min { 32002 M16(2L + 1)2n2C2 80c; M4 (2L + 1)nC }) (D7)

O]

D.10 Primer on Wiener Projection of Time-Series and its

Application in Parameter Identification

Here, we provide some results on Wiener projection and Wiener coefficients and shows
how the Wiener coefficients are useful in system identification.

Suppose X1, ..., X, be stochastic processes. Consider the projection of Xy to Xy,
Mx(21) = arg min X1 - BX7|* = W, Xy, (D.8)

where W, 7(w) = <I>X1XT(W)(I);(§(W)7 X7 :=[Xa,..., X,]T. Let the solution be

n

X123,..n(w) = Z X (@)Wij03. . (—1)(+1)..n (@), (D.9)
=2
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where

-1
Wijos. (-0 G+1)..n = Para; <(I)XT> i (D.10)

The following result provides a closed form expression for Wiener coefficients in

terms of co-factors of &x.

Proposition D.10.1. Let Wiy(w) = [Wia(w) - Win(w)],
@5(w) = [P1p(w) Pyw) - Piu(w)], and

Pop(w) Paz(w) -+ Pon(w)

Do) = ‘1332.(00) @33.(0«1) ‘I):m.(w)

Bil) Baafe) o Bo)

Let the co-factor of ®;;(w) be Cyj(w). Then, for any k # 1,

C1(w)
Wik. _ nlw)=— . D.11
15-2...(k—1)(k+1)..n (W) Cr1(@) ( )
Proof. See Appendix D.10.3.
Corollary D.10.1. The coefficient of Xy, in the projection of X; on
X{ = span{Xl, e ,Xz;l, Xz#l, ceey ,Xn}
18
Cki
Wik-123...(i—1)(i+1)...(k—1) (k+1)en = — C. (D.12)
Remark D.10.1. Forn = 3,
Wips = O P1pP33 — P51 P30 (D.13)

Ci1 Poa®s3 — Po3dPsn’

The following lemma shows the linear/conjugate-linear property of the PSD, which

is used later in proving single-door criterion.

Lemma D.10.1 (Linearity of PSD).
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1. Linear on the first term

P axi+8x2) x5 = @Pxy x5 T BPx, x5
2. Conjugate-linear on the second term

D xy(ax148x2) = @ Pxsx, + B Px,x,

D.10.1 Parameter Identification

To demonstrate the application of Wiener projections in system identification, consider
the following LDIM corresponding to Figure D.6: X1 = S(w) X3 + e1, Xo = a(w) X3 +
€9, and X3 = 3, where €1,¢e9, and 3 are mutually uncorrelated WSS processes and

X1,..., X3 are the observed time series.

€3

y
S
€3 — ~ €2

Figure D.6: Example LDIM with Wia.3(w) = f(w), Vw € Q.

Applying Lemma (D.10.1)(w is omitted to avoid cluttering),

Qo3 = Px, x5 = Plaxytes)xs; = @Pxsy,

P13 = P(pxy 4y Xster)Xs = P(B(aXster)+7Xs+e1)Xs
= Ba®x, +7Px,,

P12 = P(pxy 1y Xste) X = BPx, T 7Px5x,
=pBPx, + ayPx,.

Consider the coefficient Wia.3 of Xo, in the projection of X; to span(Xz, X3). From
(D.13), Wia.3(w) = B(w), for every w € Q. Thus, we can estimate 5(w) from the partial
Wiener coefficient Wia.3(w), for every w € . However, this doesn’t work for all the
LDIMs.

Consider the LDIM in Figure D.7, described by X = a(w)Y +¢ex, Y = b(w)Z + ey,

and Z = e£z.. Similar to the above computation, the Wiener coefficient of projecting Y

182



Figure D.7: SEM 1

to X and Z can be written as

) = Py zPxx — Py xPzx
PrzPxx — PxzPzx
Py (w)
=b .
@By (@) + B (w)

Wy z.x (w

Thus, Wy z.x(w) # b(w) if a(w) # 0. That is, Wiener coefficients do not always give the
System parameter directly. However, this is possible if some additional properties are

satisfied. For example, projecting Z to Y alone will return the parameter b(w) here.

D.10.2 Motivating Example for Back-door criterion

/6\ /°

Figure D.8&: Graph 1

Example D.10.1. Consider the graph in Fig. D.8. The pdf can be factorized as

F (21(w), 22(w), 23(w), 24(w)) = f©) (1) £ (22) ) (w3 | 21) f) (24 | 212273) .

Using (D.2), the control distribution on intervention at node 3 is written as

FO (@1, wa | do(xs)) = f) (21(w)) £ (22(w)) f@) (24(w) | 21(w)z2(w)do(z3(w))) -
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Thus, the causal effect of X3 = x5 on X4 = x4 is given by (from Theorem D.8.1)

£ (24 | do(zs)) / £ (@1(@)) £ (22(w))
9 (4(w) | 21(w)72(w) do(es(@))) di(zr (@) X T2(w)).

D.10.3 Proof of Proposition D.10.1

Let mi23..n = 1 — > peo Wigxr. From projection theorem [17], it can be that
(Mm-2,3,..n,xj) =0, for every j = 2,...,n. Expanding the inner-product,

<x1—ZW1kxk,xj>:Oforj:2,...,n
k=2
‘P @ 0, for j =2
Q :(:1a:j(w)_ (22727W1krk)m(w) %_ y or j =24,...,M

dw )
A le] ZW].k’ :pkxj )%ZO, fOr]:2,...7n

Solving this for every w [17],

ZWM Dz, (W) = Puyg(w) for j=2,....n

Ignoring the index w, this can be represented as

Py = WipPqr.
Assuming ®47 is invertible,
-1 1 ‘
Wit = @305 = P47 det(@) adj (®17) -

By definition, cofactor of ®;; is Cj; = (1) det ( ) Then, C11 = det (P17) and

1 .
Wi = CTl(I)ﬁadJ (P17) -

The result follows. O
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D.10.4 Proof of Lemma D.7.1

We prove this for m = 2. General m follows by induction.

Suppose y = a1y1 + Qaya, a1, € F and let z := [z z]. By Wiener projection,
I1;(y) = W32, where W,z = ®,;®-". Recall that ®,; = [y, ®,], and from (D.10),
Wyez = bir<byz (@;1). Moreover, by linearity (Lemma D.10.1), ®,5 = a1®,,5 + a2®,,3.
Thus,

D707 = 10,305 'Z + ax®,,;0; 'z

= a1[Pyz Pyya] P 'Z + [Py Dyl )P 'Z.

The proof follows since Wy, ;., = bff(I)yi; (@;1) fori=1,2.

D.11 A Primer on Stochastic Processes and Conditional

Independence Notion in Time Domain

Let (0, M,P) be a probability space, where O is a sample space, M is a sigma field,
and P is a probability measure. Let I be an index set and let (S, ) be a measurable

space.

Definition D.11.1. A stochastic process (SP) X = {X(t) : t € I} is a collection
of random wvariables X (t), indexed by I, where X(t) : (©,M) — (S,X). That is,
{X(t)} takes values in a common space (S,X). The expected value of X (t) is defined as
E[X(t)] := [o X(t)dP(6).

Remark D.11.1. When S = R" and ¥ = Bgn, the Borel sigma field, X (t) is a random
vector and can be written as X(t) = [X1(t),..., Xn(®)]T, where X;(t) : (O,M)
(R, Bg).

Definition D.11.2. Consider a stochastic process X : © — ST, defined on the proba-
bility space (©,F,P). The law or the distribution of X, is defined as the push forward
measure, i =P o X 1. That is,

w(B):=P({8cO:X(H) € BY), VBex!,

where X denotes the product sigma algebra.
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The distribution of any SP X = {X(¢) : ¢ € I} with I non-finite is infinite-
dimensional. So, finite-dimensional distributions (FDD) are used to characterize the
SPs [123].

Definition D.11.3 (Finite Dimensional Distribution). Let X be a stochastic process
with distribution p as above. The FDD for ty,...,tp € I (in arbitrary order), where
k€ N, is defined as p, ...+, == P o (X(t1),... X (te)) L

k

Example D.11.1. Suppose n = 1 and let B = X (—o00, x|, where z¢,,...,x, € R.
i=1

Then,

Pty t,(Be) = P(X(t1) <@gy, X(tr) < ).

Definition D.11.4. (Projection Operator, Coordinate Map): A projection operator m;
is a map from ST to S such that mX = X(t). That is, projection operator provides
the marginal distributions, which is obtained by integrating out the rest of the variables
from the distribution of X.

Fori=1,...,n, mi: ST — S, defined as ﬂéi)X = X,(t), denote the i-th component
of X(t). For an index set J C I, pg) = o (Wt(]i))il 1s the i-th component of the
projection of p to J.

Definition D.11.5 (Projective Family of Distributions). A family of distributions pz,

J C I, is projective or consistent when for every J C K C I, we have puy = pg o
()1,

Lemma D.11.1. [123] The FDDs of a stochastic process always form a projective
family. That is, for every J C K C I, we have puj = pg o (ﬂf)*l.

Remark D.11.2. The FDDs form the set {uy : J € Fin(I)}, where Fin(I) denotes
the collection of all finite subset of I.

The existence of the unique probability measure is given by the following theorem.

Lemma D.11.2 (Daniel-Kolmogorov extension theorem). [123] Suppose that we are
given, for every J C I, a consistent family of distributions py on (S7,%7). Then, there

exists a unique probability measure P on (©, M) such that

15, :POle.
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Remark D.11.3. The application of Lemma D.11.2 is that it is sufficient to study
the FDDs, which are easier to handle. Two SPs that have same FDDs have the same
distribution [123].

Next, the notion of independence and conditional independence are defined for SPs

D.11.1 FDD based Independence in Stochastic Process
An application of Lemma D.11.2 is that the independence can be defined on FDDs.

Definition D.11.6 (Independence-FDD). Stochastic processes Xi,...,X,, are inde-
pendent if and only if for every Ji,...,Jm € Fin(I), and By, € %, i =1,...,m,

m m
P (ﬂ {'ﬂ'JiXi S BJ@}) = HP(ﬂJiXi < BJZ.) .
i=1 i=1
Definition D.11.7 (Conditional independence-FDD). Consider three stochastic pro-
cesses X1, Xo, and X3 and the finite projection m;,X;, © = 1,2,3. Xy is said to be
conditionally independent of Xo given X3z if and only if for every Jy, Jy € Fin(I), there
exists Js € Fin(I) such that

2 2
P (ﬂ {WJiXi S B]i} 7TJ3X3 € BJ3> = H'P (7TJZ.XZ' € BJi 7TJ3X3 S BJ3> ,
=1 =1

where By, € ¥7i i =1,...,3.

Remark D.11.4. The similar definition holds for conditional independence of set of

stochastic processes also.

Remark D.11.5. This definition for DAG factorization with FDD will work with the
AR processes and the time-series model with independent noise (TiMINo) with finite
lags, provided in [51], which include non-linear models. However, FDD based conditional
independence notion will fail for infinite convolution model, since a finite J3 might not
exist. However, the frequency domain independence will work in the infinite linear

convolution model.
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