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Abstract—1In this paper, we use state space approach to
give a sufficient condition for internal stability of the closed
loop system when the centralized stabilizing controller is
implemented in a distributive manner. Using this condition,
we show that the centralized stabilizing controller for a 2-
nest system can be split into two sub-controllers without
affecting the internal stability. The effect of sub-controller
to sub-controller communication noise on the performance
is considered along with the constraint on strength of sub-
controller to sub-controller communication signal. We take an
input-output approach. In a 2-nest case, we obtain a sufficient
condition for splitting the stabilizing controller such that the
overall performance optimization can be cast as a convex
problem in the Youla-Kucera parameter (). We also present
an architecture for distributive implementation of banded
structure controllers such that all closed loop maps are affine

in Q.
I. INTRODUCTION

In a large complex and distributed system there is often a
need of considering structure in the overall control scheme.
In this paper we utilize the general framework illustrated
in Figure 1 where G represents the generalized plant and
K represents the controller. Both G and K are assumed
to be discrete time, linear and time invariant. We will also
assume that the transfer matrix G2 (the part of G that maps
the control input u to the measured output y) is derived
for a structured plant. The controller K satisfies the same
structure as that of the plant.

The optimal performance problem when structural con-
straints are present still remains a challenge, notably the
lack of a convex characterization of the problem (see for
example [5], [6], [1] and references therein). Taking an
input-output point of view and parameterizing all stabilizing
K via the Youla-Kucera [10] parameter (), one can see that
a major source of difficulty is that structural constraints
on K may lead to non-convex constraints on (). Recently,
identification of specific classes of problems for which the
constraints on () are convex with an appropriate choice of
coprime factors of G was obtained in [7], [8], [4], [3]. In
[2] a convex method based on solving constraints in the
form of LMIs is presented to obtain structured controllers. A
few architectures for distributive implementation of nested
systems were first reported in [9]. In this paper, we develop
an insight into designing such architectures and derive
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Fig. 1.

The G-K interconnection

Fig. 2.
tion of K

Distributive implementa-

the 2-channel transmission architecture for nested system
presented in [9] along with one new architecture.

The paper is organized as follows: in Section 2 we
discuss the internal stability of systems with controllers
implemented distributively. We provide conditions for in-
ternal stability of distributed systems using the state space
representation. In Section 3 we consider plants with nested
structure, and provide a sufficient condition to design dis-
tributed controllers respecting the nested structure such that
all closed loop maps are affine in (). We use this condition
in Section 4 to obtain two architectures for distributed
implementation of controllers with nested structure. An
example is presented in Section 4 where we design optimal
distributed controller based on these two architectures and
show that they give different optimal performances. In
Section 6 we consider banded structure and provide a new
distributed architecture such that effect of noise on sub-
controller to sub-controller signal can be characterized as
an affine function of ). We conclude in Section 7.

II. INTERNAL STABILITY OF DISTRIBUTED SYSTEM

Consider distributed interconnection G — K shown in
Fig 2, where K is implemented distributively in terms of
C1 and C5. The following lemmas affirm that if the induced
realization of K from stabilizable and detectable state space
representations of C; and Cs is stabilizable and detectable
then the distributed interconnection is internally stable. We
assume that the distributed interconnection is well-posed.

Lemma 2.1: Consider the G253 — K interconnection given
in Fig 1 where K is a centralized stabilizing controller. The
controller K is implemented distributively into two sub-
controllers C; and C5 as shown in Fig 2. Let, C; and Cy
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have stabilizable and detectable state space realizations

- Aci1 | Ber Aco | Beo
given by [ Con 0 and Ty 0 , respec-
tively. If the induced realization of controller K, denoted
by Ak | Bx , is stabilizable and detectable, then
Ck | Dk

G2 — K interconnection with distributed implementation
is also internally stable.
Lemma 2.2: Consider G — K interconnection with dis-

tributed implementation of centralized stabilizing K as

shown in Fig 3, where G = is
g G21 | Ga2

A

z as regulated variable. Let Ch

Cs

By By
Dy D12
Dy 0

the generalized plant with w as CXO%CHOUS input and Fig. 4.

w "G G -z

Fig. 3. G — K interconnection with distributed implementation of K

be a stabilizable and detectable realization of G, with
inherited realizations of Gi1,G12,G21 and Gao given

S TATET (AT T
Y Ci| D || C1 | D2 |'| Co | D
By

, respectively. Let, C7 and Cs have stabi-
Cy| O

lizable and detectable state space realizations given by

Ac1 | Bei

Cer 0
that the induced realization of controller K is stabiliz-
able and detectable. If the inherited realization of Gao
is stablizable and detectable, then G — K interconnection
shown in Fig 3 is internally stable if and only if Gao — K
interconnection shown in Fig 2 is internally stable.

For nested structured controllers as shown in Fig 4, it
can be shown that under certain conditions the induced
realization of K from assumed stabilizable and detectable
realizations of C'; and (5 is also stabilizable and detectable.
We will use this result along with previous Lemma 2.1
and 2.2 to obtain condition for internal stability of nested
interconnections.

Lemma 2.3: (Nested System) Consider a 2-nest Goo —
K interconnection where K is a centralized stabiliz-
ing controller implemented in distributive manner us-
ing sub-controllers C; and C5 as shown in Fig 4.
t is a transmitted signal from C; to C5. No signal
is transmitted from Cy to C;. Let, C7; and C5 have

, respectively such

nal ¢ transmitted from inner nest
sub-controller C1 to outer nest sub-
controller Co

w——— Gy Gp——=

2-nest system with sig- Fig.5. 2-nest system with generalized
plant GG, and signal ¢ transmitted from

inner nest C7 to outer nest Co

Ac1 | Bea
state space realizations given by Cc11 0
Cci2

Acy | Beai Bea
Coz | 0
(Ac1, Be1,Cer1) and (Acga, Beoi, Cot) are stabilizable
and detectable. Then, the induced realization of controller
K is stabilizable and detectable and G55 — K interconnec-
tion with distributed implementation is internally stable.
Lemma 2.4: Consider the G — K interconnection of a
G | Gio
Ga1 | Gao
is the generalized plant with w as exogenous input and
z as regulated variable. The state space realization of G
is stabilizable and detectable. If the inherited state space
realization of (G55 is stabilizable and detectable, then G — K
interconnection shown in Fig 5 is internally stable if and
only if G5 — K interconnection in Fig 4 is internally stable.

and

, respectively such that

nested system shown in Fig 5, where G =

III. DISTRIBUTED CONTROLLER DESIGN FOR NESTED
SYSTEM

V) —>@

Fig. 6. 2-nest system with communication noise affecting sub-controller
to sub-controller transmission

Consider a 2-nest system shown in Fig 6 with commu-
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nication noise n affecting sub-controller to sub-controller

. G 0
transmission t. Let Goy = 22a where
Gaaze | G224
Ggga = U; 63,0225 = U1 — eq and G22d =

uy — ey. Let C; = Cla ], and Cy = [C’ga Coyp ]

Cp

where C1, == y1 — e1,Cp = y1 — 8,0 =t —
KH 0

ey and Oy = — e3. Then K = R

2 2b Y2 2 Ko | Ko }

where K11 = Cla,Kgg = 0217 and Kgl = Cgaclb.
G224 0

<2>‘[G220 GggdKZ;)’
() [&]memion o1(},)

Y2
u; = e1 +v1, ug = ez +v2, Y1 = €3+ vs,

Yo =€4+ Vg4, t=54+n.
Setting v1 = vy = ws = wv4 = 0, and eliminating
s,t,e1,ea,e3 and ey in above set of equations, we get

the closed loop maps from noise to internal variables of
interconnection as follows:

@uln
(I)yln -

0, Puyn = (I — C2pGa2d) *Caq, Py = I(1)
0, Pyyn = Gazg(I — C2pGa2q) 'Coq.  (2)

The notation used throughout this paper is that ®,; is a
closed loop map from input b to output a.

Setting n = 0 in above set of equations, we can obtain
closed loop maps from external signals vy, ve,v3 and vy to
the transmitted signal ¢. They are given by:

[ G
By, = [ Crp 0](I—GoK)t 22“], 3
wo =[O 0]T=CK)™| 20|, B

[0
¢’U' = C 0 I*G K —1 :07
tva [ 1b ]( 22 ) i G22d :|

I

O, = [Cn 0](I—GapK)™ 0 } ; (4)
(I)t1;4 = [ Cwp 0 ] (I—GggK)il (; :| = 0.

We can parameterize all stabilizing controllers K for
nested system given in Fig 4 using Youla-Kucera parameter
Q. The following result translates the triangular structure
restriction on the controller to the same structure on the
Youla parameter ().

Lemma 3.1: Consider 2-nest Gao — K system shown

. . Ga2q 0

in Fig 4, where Gao = G | G := P maps

control inputs v = (u},u)) to the measured outpu

y = (yi,yb). Assume that P, = [ Gz, 0] an

P, = [ Gc Gaq | have state space realizations
A | By 0 ] and Ay | Boai Bo }
Ci| Du 0 Cy | Dy Dy |

respectively, and the inherited realizations of
Gog, and (oo are stabilizable and detectable.
Then there exist stable lower triangular parameters

CaaChyp

Y., M., X,, N, Xy, Ng, Yy, and M, satisfying the

following identity
X Y M, Y, \ _
(B W) (M X)=r o
such that the following statements are equivalent:
e K is lower triangular and it internally stabilizes the

(G99 — K inter-connection.
« there exists a stable () that is lower triangular such that

K= (erMrQ)(erNrQ)il = (XéfQNE)il()Q*QMé)

Proof: This is a 2—input 2—output case of generalized
result on parameterization of lower triangular controller in
terms of lower triangular () parameter given in [3] |

This results in the parameterization of K in terms of
having the same structure. Let () be partitioned according
to the structure of G5 and K:

_( Quu 0
©= ( Qa1 Qa2 )
Let, ?r =Y, - M,Q, Yl =}/I_QMI7YT =X, - N,.Q

and X; = X; — QN,. Note that Y,, Y;, X, and X, are
affine in (), stable and have lower triangular structure.

Let’ Yl = )511 0,-\, 77 = }:11 Q N =
Xo1 X Yor Yoo
R S
No1  No My Mao
Xll v Yll 0
Y — - N —
X21 X22 T ( YYQI Y22 )7 "
Ni1 O M1 O
d M, = .
Noy Ny ) 1 < Msy  Mpa )

Using above notations and parameterization, we can
formulate a sufficient condition to design sub-controllers for
the nested system that can be implemented distributively as
shown in Fig 4 such that all closed loop maps are stable
and affine in Q.

Lemma 3.2: Consider the 2-nest system shown in

. G224 0
Fig 8 where Goy = . Let K =
: n = | E o] @)
K11 0 . eye .
be a centralized stabilizing controller pa-
Koy | Koo

rameterized in terms of lower triangular ). The controller
K is implemented into two sub-controllers C; and Cj
where C is located with inner nest and Cs is located with
outer nest and ¢ is the transmitted signal from C; to Cs.
Writing K in terms of sub-controllers, we have:

) (6)

~ -1,
0 } [ X1 O Yin O
Ca Xo1 Xoo Yor Yoo
Then following two statements hold:

o If the interconnection with a distributive implemen-
tation of K is internally stable with all input output

closed loop maps of distributed interconnection being
affine in @, then we can find sub-controllers satisfying

Cla
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Equation (6) such that the distributed interconnection
is internally stable and, X92C5, and C1, X1 are affine
in Q.

o If the sub-controllers satisfy Equation (6) such that
X95C5, and C13 X7, are stable and affine in (), then
the interconnection with distributive implementation of
K is internally stable with all input output closed loop
maps of distributed interconnection being affine in Q.
Proof: (a) By using fact that (I — GpK)™' =

XMy, (I — Oy Gaoa) ™" = Mo Xay , Gooa = M Ny
and Goog = M2_21 Nao, we can rewrite the closed loop maps
given by Equation (1)-(4) as follows:

(I)uln = 07 (I)ugn = M22)?22C12a7 q)yln = 07
Dyon = NooX22Coq, Pty = I, Py = C1pX11 V11,

By = 0, Bpyy = C1p X1 Myy, Oy, = 0. (9)

Since, MQQ,NQQ,N]J and Mn are independent of () and
inverse of Msys and M;y; exist, all closed loop maps
given in Equation (7)-(9) are affine in () implies that
X50C5, and C1p X1 are affine in Q.

_(b) Following  the arguments of (a), if
X90C5, and (1, X7, are stable and affine in () then
all closed loop maps given in Equation (7)-(9) are stable
and affine in Q).

Thus, the problem of splitting the centralized stabilizing
controller K into two sub-controllers C; and C5 such that
the distributive implementation is internally stable and all
closed loop maps are affine in @ is equivalent to solving
Equation (6) such that X55C5, and C7,X7; affine in Q.
We use this result to obtain two simple architectures for
distributive implementation of K such that all closed loop
maps are stable and affine in Q.

IV. TWO ARCHITECTURES FOR DISTRIBUTED
IMPLEMENTATION OF NESTED SYSTEMS

From Lemma 3.2, we can obtain architectures for dis-
tributed implementation of K in terms of Cy and C. Let,
X22C2, =T, and Cy,X1; := Ty, where T, and T}, are
affine in Q. Using this in C2,C1p = —X55' Xo1 X1 Y11 +
X521}/§1 we get

T,Ty = — X0 Y11 + Yo1 X11. (10)

Note that if we transmit only one signal, then prob-
lem of finding stabilizing sub-controllers for which all
closed loop maps are affine in () is same as factorizing
(=X21Y11 + Y21 X11) into two factors which are affine
in Q. If we transmit two signals, i.e. t = (¢1,t2)’, then
Coy = [ Coq1 Cago ] and Cyp = [ Cion . Similarly,

Cip2
T
T, = T T, and T, =
[Ta T ] and 7, = |

equation becomes

TorTor + TaaTho = —X21Y11 + Ya1 X11. (11)

¢ugn1

]. Thus, above P
Dy = Yo1 My,

Qlearly, if we take Tal = 75(:21,Tb1 = YllaTaQ =
Y51 and Ty = Xi1, we have one distributed implemen-
tation. This gives following sub-controllers:

S C X'

_ 1 _ 161 - 11 11

Cia = X7 Y11,Cp = { Cipo ] = { 7

Cra=[ Coar Coaz | = [ *)?2_215(:21 )?2_21}721 } 5
Cop = )}2_21}722.

This implementation is shown in Fig 7. The closed loop
transfer functions are all affine in ) and given by:

Dyyn, = _M32X217 Doy, = M22~3~/21, Dyny = —N2~2)221,
Dy, = NogVar,
)Py, 4, = Y11 M1,

Dy v, = Y11 N11,  Pppp, = X111,

Dy, = X1 My

| | o | G
te— DT Yu o
He—— 11 Mo »(+
1 ty

*Xn N Ym
- [ Gy
U X5 Voo L}

Fig. 7. Distributed implementation of K in terms of left coprime factors

This architecture in terms of left-coprime factors is same
as 2-channel distributed controller architecture for nested
system first presented in [9]. In this paper, we are able to
obtain this architecture through the sufficient condition for
distributed controller design given by Lemma 3.2.

We can further use Lemma 3.2 to obtain a new 2-channel
architecture for nested system controller by noting that
7X21Y11 + Y21X11 = X22Y21 — }/22X21. We can rewrite
equation (10) as:

Tor o1 + TagThy = —Xo1 Y11 + Ya1 X11. (12)

Thus, if we take Tu1 = Xoo,Th1 = Yor,Tur =
—Yo99 and Tyo = Xs1, we have another distributed imple-
mentation for two channel transmission as follows:
Cin _ Y21Xﬁ1
Cip2 XXt ]
Coa=| Coar Coaz | =[1 YauX33' |,Cop =Y X5

Cio = Y11 X', Cp = [

This implementation is shown in Fig 8. The closed loop
transfer functions are all affine in @ and given by:

= M223~(22, Dypn, = M22}~/227
Py, = Yor Nug,
Dy = —Xo1 My

Dyon, = —NoaXoo,

Yyamo — N221/227 (Ptg’vl = _X21N117

These two architectures using 2 channels for transmission
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Fig. 8. Distributed implementation of K in terms of right coprime factors

between sub-controllers have all closed loop maps affine
in (Q which leads to a convex performance optimization
problem for finding optimal controller for each architecture.
These results for 2-nest system can be generalized to n-
nest system. Depending on the given nested system and
performance measures, one architecture can be better than
the other. Thus, it matters what architecture we choose to
meet system performance requirement as demonstrated by
the example presented in the next section.

V. EXAMPLE: OPTIMAL DISTRIBUTED CONTROL DESIGN
FOR 2-NODE ABR NETWORK NI PRESENCE OF NOISE

(VerpVerVer)

Fig. 9. 2-nodal ABR network with congestion control

In this example, we consider a 2-node ABR commu-
nication network as shown in Fig 9. We will show that
the two architectures obtained in previous section will give

v Gsi
Ppy = [ Provy Pry | Gor = [ CipX11Mi1 0 ] V4

transmitted from Cy to C; are (r12,72) and g2, which get
corrupted by communication noise Vviz. v.11, V12 and veg,
respectively. The regulated variable is z = {(re—ajw), (r1—
asw), g2, q1 T, where a;=a=0.5 so that each of the nodes
gets half of the available capacity w. Further, we assume
that w is typically step signal to be tracked.

Thus, we want to find a stabilizing controller K which
is lower triangular and minimizes ||T'(K)||, where T'(K) :
w z | P Do
()= (0)=]a: ]
the performance requirement of system, ®.,, captures the
effect of sub-controller communication noise on perfor-
mance and ®,,, denotes the power of transmitted signal with
respect to power of external input signals. From Lemma 3.1,
we can write T(K) = T(Q), where @ is lower triangular
and stable. This parametrization makes the closed loop map
®,,, affine in Q, ie. &,, = H — U x Q %=V, where
H = G + G2V M;Go1, U = GioM and V = M;Go1.
®,,, = I (from Equation (8) ), while ®,,, and ®;,, depend

on sub-controllers C7; and Cs,.

Dyin 1
zn:G(12|:(I)17 :|:[ 111’2

uz,n

, where @, captures

U2 O
Gi3 | [ Mor X29Chq }

21

From Section IV, we have two possible architectures,
the first architecture based on left coprime factors as
shown in Fig 7 and the second based on right coprime
factors as shown in Fig 8, which give sub-controllers such
that the closed loop maps are stable and affine in Q.
Let, T;,(K) and Tr(K) be closed loop maps T when
Cs, and Cy;, are given by the first and the second ar-
chitecture, respectively. Thus, the performance optimization
problem can be written as follows:

different optimal controllers and different values of perfor-

mance measure. The objective is to design a distributed /X i stabilizing, lower
controller for given ABR network which not only avoids triangular, baseq on
the congestion in the network while keeping the channel the second architecture

utilization ratio as large as possible, but also minimizes the
effect of sub-controller to sub-controller noise on queue
lengths (¢1 and ¢2) and regulated rates (ri,7r12 and 73)
of transmission of packets by regulating rates r; and rs.
We are also interested in minimizing the signal power of
transmitted signal between sub-controllers. w is the total
available capacity (bit-rate) for the two sources. The overall
controller K consists of two sub-controllers C; and Co,
controlling r; and (ri2,72), respectively. The information

I:pup =
inf ITo(K)lp = inf  TL(@)]h
K- stabilizing, lower Q - stable,
triangular, based on lower
the first architecture triangular
II: pugp =
inf [Tr(K)[L = inf  |[Tr(Q)|:
Q - stable,
lower
triangular

Solving above two optimization problems for these two
architectures, we obtain two different optimal controllers
Qopt,r. and Qope,r With purp = 1.5 and pp = 3.7,
respectively. Clearly, in this example it is better to use the
second architecture with py = 1.5.

VI. BANDED STRUCTURE

In this section, we consider banded structures for the
controller K and provide a distributed architecture for its
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implementation such that the interconnection is internally
stable in presence of sub-controller communication noise
and all closed loop maps are affine in ). The banded system
structure is characterized by one step delay in subsystem
interactions. From [3] we have that all banded controllers
can be appropriately parameterized in terms of the Youla-
Kucera parameter () which has same banded structure. We
use this parameterization, and present an architecture for
which all closed loop maps in presence of sub-controller to
sub-controller communication noise are stable and affine in
Q. For simplicity, we will consider n = 2 case, and result
can be easily generalized to any n case.

Proposition 6.1: (Inter-connection using 2 channel
for transmission in one direction) Suppose the
banded (G932 — K inter-connection is stable in ab-
sence of any sub-controller to sub-controller commu-
nication noise (i.e. in Fig 10 the closed loop map
(v1,v9,v3,v4)T +— (u1,us,y1,y2)’ is stable). Then, in
the realization of Gao — K interconnection in Fig 10,
the closed loop map (v1,v2, V3, V4, Vel, Ve, Ve, Vea) L+
(ul,ug,yl,y2,511,512,5217522)T is internally stable and
affine in Q.

I " h
! By gty

Fig. 10. Realization of banded controller using two channels for
transmission in each direction.

Proof : The banded Goo — K inter-connection is stable in
absence of any sub-controller to sub-controller communi-
cation noise. Note that when v,y = 0, veo = 0, vez3 = 0,
ves = 0, we have s11 = A\y1, S12 = Aug, S21 = Ay and
s22 = Aug. Thus, the closed loop map from (v1, v2, v3,v4)T
— (U1, U2, Y1, Y2, S11, S12, 521, S22) . is internally stable and
affine in () which has banded structure [3]. Now, we
must show that the closed loop map (vei, Vea, Ves, Vea) T
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(w1, u2,Y1,Y2, 811, S12, 521, S22) i internally stable and all
the closed loop maps are affine in (). We can show that map
from (ver, Ve, Ves, vea)” 1= v to (u1,u2,y1,y2)" is given
by:

—)\2M12)£12 )\2M12¥12 —AM11 X9 AM11 Y
—/\2M22)~(12 )\2M22¥12 —AM51 Xo1 AM Yoy
—)\2N12)£12 )\2N123:12 —AN1 X1 ANuYa
—A2NpoX12  A2NapoYis  —AN21Xor  AN2 Yoy

Since, all these factors are stable and M and N does not
depend on (@, it implies that these maps are stable and
affine in Q. Set v1 = 0, v2 = 0, v3 = 0 and vy = 0.
Then, we have s11 = A(y1 + ve1), S12 = Mug + ven),
s21 = Aly2 + ve3) and s2a = A(uz + ves). And, map
from (vcl,vcg,vcg,v04)T to (ul,u2,y1,y2)T is stable
and affine in Q. Thus, map from (vei,Veo,Ves, Ves)” to
(511,812, 821, 522)T is stable and affine in Q. [ ]

VII. CONCLUSION

In this paper, a sufficient condition for the internal stabil-
ity of a distributed control system is given. This framework
is used to derive two architectures for implementation of
stabilizing controllers with nested structure such that all
closed loop maps are affine in ). The two architectures
can give different performance depending on the plant
and performance requirements. We have also presented a
new architecture that respects the banded structure of the
stabilizing controller when sub-controller to sub-controller
noise is included.
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