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Abstract-This paper addresses the design of stabilizing 
controllers for a nested control system where the controller 
is realized in a distributed manner, considering uncertainty not 
only in the controller-to-plant and plant-to-controller channels 
hut also in the nest-to-nest, suhcontroller-to-subcontroller com- 
munication. An input-output approach is taken. Two appro- 
priate controller architectures that stabilize the entire system 
n-ith the various components subject to uncertainty and noise 
are addressed. We present controller synthesis procedures to 
address deterministic uncertainty and stochastic uncertainty, 
that model packet-loss in the Internet. 

I. INTRODUCTION 

w- 

U I  i 3; 
!- 

Fig. I. G - K framework 

In large complex and distributed systems there is often a 
need of considering structure in the overall control scheme. 
In this paper we will utilize the general framework illustrated 
in Figure 1 where G represents the generalized plant and K 
represents the controller. Both G and K are assumed to be 
discrete time, linear and time invariant. The controller K has 
to satisfy the nested structure that is characterized by a block 
triangular structure of the transfer matrix h’. In addition we 
will also assume that the transfer matrix G22 (the pan of G 
that maps the control input U. to the measured output y) is 
derived for a nested plant and thus is also a block triangular 
matrix. 

The optimal performance problem when suuctural con- 
straints are present still remains a challenge, notably the lack 
of a convex characterization of the problem (see for example 
[SI, [9], [21 and references therein). Taking an input-output 
point of view and parameterizing all stabilizing K via the 
Youla-Kucera [I21 parameter Q, one can see as a major 
source of difficulty is that structural constraints on K may 
lead to non-convex constraints on Q. Recently identification 
of specific classes of problems for which the constraints on 
Q are convex with the appropriate choice of the coprime 
factors of G was obtained [IO], [ I l l ,  [7]. 

In this paper we address the problem of synthesizing 
controllers such that an appropriate part of the controller is 
realized at a compatible part of the nested structure. This 

scenario corresponds to the case where the entire controller 
is not realized at one central location but at possibly many 
different sites. This problem is motivated partly because of 
the upcoming need of controlling vast numbers of coupled 
plants that might arise for example in the control of massively 
parallel micro-cantilevers. It is often not feasible to provide 
resources at one central location to handle such tasks and 
therefore the control has to be achieved in a distributed 
manner. This issue raises the important question on how to 
divide the control task into the various stations and evaluate 
and address the noise and uncertainty that affects such an 
architecture. Another aspect that is pursued is when the suh- 
components of the controller interact with one another via the 
Internet. We pursue these issues in an input-output framework 
where we first obtain appropriate coprime factors of the plant 
that facilitate posing the triangular structure constraints of 
the controller (that appear on the closed loop maps in a 
nonconvex manner) as convex constraints when translated 
to the Youla parameter Q. This establishes that triangular 
smcture can be effectively inherited by the Youla parameter 
Q. The problem of noise affecting the various components of 
the controller is addressed next where different architectures 
are presented. The issue of stability of the entire interconnec- 
tion is evaluated. It is observed that certain implementation 
schemes provide an affine parameterization of the input- 
output maps in terms of Youla parameter Q with a need 
to transmit more than one signal between the various sub- 
components of the controller implementation. The issue of 
uncertainty in the channels used to transmit the signals be- 
tween the controller sub-components is addressed by casting 
the problem into the standard G - K - A robust control 
framework. The uncertainty characterization are obtained in 
the standard e,  setting and also for the case when communi- 
cation between different components of the interconnection 
occurs via the Internet using the erasure channel model[l]. 
Solution methodologies for the resulting robust synthesis 
problem are indicated. These solution methodologies provide 
for gtobal solutions even though the underlying problems are 
non-convex. 

The paper is organized as follows: in Section 2 we provide 
architectures that guarantee internal stability in the presence 
of sub-controller to sub-controller noise. It is shown that 
when two channels are utilized an affine parameterization 
of all closed loop maps achievable via stabilizing controllers 
that respect the nested structure can be obtained. An example 
is presented in Section 3. In Section 4 we study the associated 



communication. including the erasure uncertainty mcdel[ll. 
We conclude in Section 5. 

11. YOULA-KUCERA PARAMETERIZATION OF K 
In this paper, we consider a nested control system, where 

both GZZ and K have lower triangular structures as shown in 
Figure (2 ) .  Though the problem'of focus in this paper can he 
generalized for n-nest systems, we consider only two nests 
for convenience of presentation. The inner nest (subsystem) 
consists of a plant G1 and a controller K1, and the outer nest 
(subsystem) consists of a plant GZ and a controller Kz. The 
controllers Kl and KZ are connected through a channel so 
that information can be transmitted from K1 to Kz. Similarly, 
nominal plants G1 and GZ are connected through a channel 
so that the control action on GI affects Gz but not vice 
versa. The inner and outer subsystems have control inputs 
u1 and uz and measured outputs y1 and y2, respectively. 
Gz2 has a lower triangular structure and the same structure is 
imoosed on the controller K .  Thus. Gw and K can be written . _ _  
asLG22 = ( 2; "p,, ), K = ( 0 Kz2 ) . T h e  
following result translate triangular structure of the controller 
K to the same structure on the Youla parameter &. 

Lemma 2.1: [6] Let the plant P = G22 that maps the con- 
trol inputs U = ( ~ 1 , .  . . , u,)~ to the measured outputs y = 
(y l , ,  . . , Y , ) ~  be lower triangular. Assume that the z t h  row 

Di = (Di1 Di2 . . . D;, 0 . . .O)  and 

detectable. Then there exist stable lower triangular p a r a -  
eters Y,, A t ,  X,, N,, &, Ne, I$, and A l p  satisfying the 
following identity 

such that the following statements are equivalent: 
K is lower triangular and it internally stabilizes the 
inter-connection depicted in Figure (2 ) .  . there exists a stable Q that is lower triangular such that 

K = (Y? - Al,Q)(X, - N,Q)-? 
= (Xe - QN?)-'( f i  - & A & )  

L&L%,"., 
Fig. 2. Feedback inter-amnection of P = Gzz and K 

to the structure of G22 and K as Q = 
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Fig. 3. 
transmission with noise. 

Realization of G22 - K the intecconnection with single channel 

Proposition 2.1: (Stability of the Inter-connection using 
only one channel for transmission) Suppose the nested 
G22 - K inter-connection as shown in Figure (2) is stable 
with assumptions and notation of Lemma 2.1 (i.e. the closed 
loop map (V1,VZ,V3,V4)T ++ (UI,UZ.YI,YZ)~ is stable). 
Then, in the realization of G22 - K interconnection in 
Figure (3), the closed loop map ( tJ lr tJZ, tJ3 , t14rV,)T H 

( ~ 1 ,  UZ, y1, yz, U,)= is internally stable. 
Proof :Assuming the notation and results of Lemma 2.1, 
let, F7 = Y, - M,Q, vl = l': Qjl , ,  zp = X ,  - Nr& and 
Ff = Xf - QNf. Note that Y,, Yf,  zT and zl are affine 
in Q, stable and have lower triangular structure. Also let, 
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- - 
~2 = ( - ~ z i Y i i  + YziXii)X1llyi = -FZIUI + % Y I .  AS 
XZI and Y ~ I  are stable factors, the map from (vl,  uZr u3: v4)T - U= is stable and therefore the map ( u 1 ; ~ 2 , v 3 , ~ 4 )  H 

(u l ,  ua, V I ,  yz, U = )  is stable, but not affine in Q. 
Now we establish that the map wc - ( u I . u ~ , ~ I , ~ z , u ~ )  

is stable. We set u1 = v2 = u3 = u4 = 0. Then the closed 
loop map from uc H ( ~ 1 ,  y ~ ) ~  is 0, as uc does not affect 
the outer loop and the closed loop map from vc ct U, is 
identity and thus stable. Thus, we must show that theclosed 
loop I map v, H ( ~ 2 ,  y ~ ) ~  is-stable. Note that U, + Y22y2 = 
X Z Z ~ Z  and s3 + NZZUZ = A122y2. 

) ( y; ) . Since, U c  = 

uc + rg, the closed loop map vc H ( ~ 2 , y ~ ) ~  is given by ( ;: ) = ( 2; j uc. This map is stable because Af2z 

and N22 are stable factors. This Droves the DroDosition. . .  ~~ 

Figure (3) provides an architecture to implement the 
controller in a distributed manner where the components 
K I  and K2 are located at different sites, and only one 
channel is used to transmit signal from KI to K2.  Next 
we use two channels and obtain affine parameterization in 
terms of Youla Parameter Q of all involved close loop maps. 

“4 

I I  I 
I “4 

1’3  

Fig. 4. 
with noise. 

Realization of the intersonnection with two channel transmission 

Proposition 2.2: (Stability of the Inter-connection us- 
ing two channels for transmission) Suppose the nested 
Gzz - K inter-connection as shown in Figure (2) is sta- 
ble with assumptions and notations of Lemma 2.1 (i.e. 
the closed loop map ( u I , ~ J z , ~ c , u ~ ) ~  - ( U I , U ~ , Y I , Y Z ) ~  
is stable). Then, the inter-connection shown in Figure (4) 

is internally stable. Also, all achievable closed loop maps, 

affine in Q. 
Proof: First we establish that the map ( V I , U ~ , U ~ , U ~ )  H 

( U I , U Z , ~ ~ : Y Z , U , I , U , ~ )  is stable and affine in the - parameter 
Q. Setting vc~=vc2=0 we have ul=K11xl +vl=X,’?llyl+ 
5 q d  UZ=KZ~~-+  KzZY~ + U Z = - X ; ~ ~ ~ Z I ( U ~  - vi)  + 
X&’&IYI + X z z  Y~ZYZ+UZ. See Figure (4). Since, GZ2-K 
inter-connection is internally stable, the map (VI, U Z ,  u ~ , u ~ ) ~  
H ( u 1 ~  u2, y1, ~ 2 ) ~  is stable and affine in Q. It is evident that 
( % I ,  u , z ) ~  = (u12y1)T. (when ucl = wc2 = 0). This proves 
that ( u i , u 2 , w r u 4 )  - ( ~ I , u z , Y I , Y z , u ~ I , ~ ~ z )  is stable and 
affine in the parameter Q. Now we prove that the closed 
loop map ( U ~ I , O ~ Z ) ~  H ( u I , u z , Y I , Y z , ~ ~ I , ~ ~ ~ ) T  is stable 
and affine.in Q. Set u1 = v2 = u3 = u4 = 0. The closed 
loop map (2iClr u , ~ ) ~  H (211, yl)= is 0, as there is no flow of 
signal from the inside to outside, the closed loop maps U,, 

++ uCl and v,z c .uc2 are identity, and v , ~  P-+ usz and ‘u_c2 H 

U,I are 0. From Figure(4), we have T I  + T Z  + Y z z Y ~ = X Z ~ U ~  - 
and S ~ + S Z + N Z ~ U ~ = A ~ Z ~ ~ Z .  Noting that 71 = -XZIU~I, and 
T Z  = fi1uCzr we obtain the closed loop map ( U , ~ , U , ~ ) ~  H 

(211 > “2 ,03 ,  t)4> O C l ,  uc2) - (u1, 212: Y l ,  YZ, u.1, .a), are 

(U2,YZ)T 

This map is stable because A&, x 2 1 ,  h‘z, Fz1 are stable 
factors. It is affine in Q because Xzl and Y21 are affine in 
Q while A122 and NZ2 do not depend on Q. This proves the 

The above result for two-nest inter-connection can be 
proposition. B 

generalized to n-nest inter-connection. 

111. EXAMPLE: OPTIMAL CONTROL DESIGN FOR 
2-NODE ABR NETWORK IN PRESENCE OF NOISE 

Nodc I NOde 2 

wc, ,.“c,>vc21 

Fig. 5. 2-nodal ABR network with congestion conmol 

The purpose of this example to illustrate the design of op- 
timal control using the architecture of Proposition 2.2, which 
not only avoids the congestion in above 2-node ABR network 
while keeping the channel utilization ratio as large as possi- 
ble, but also minimizes the affect of the noise on the queue 
lengths (ql and q2) and the regulated rates (r l ,  r l g  and rz) 
of transmission of packets by regulating rates rl and r2. 
See Figure (5). w is the total available capacity (bit-rate) 



for the two sources. The overall controller consists of two 
sub-controllers C1 and CZ, controlling T I  and (T~z,TZ),  
respectively. The objectives are to avoid queue overflow, to 
maximize the network utilization ratio, i.e. to make T I  + T Z  

match w as close as possible, and to minimize the affect of 
noise. From Proposition 2.2, if we implement controller K as 
shown in Figure (4), then K internally stabilizes the network 
in the presence of communication uncertainty between CI 
and C2 modeled as noise. The information transmitted from 
CZ to C1 are (712, T Z )  and q2, and they get corrupted by noise 
viz. ~ ~ 1 1 ,  uC12 and U,Z,  respectively. The regulated variable 
is z = ((T? -a1w) , (q  -azw) ,q2 .q1}T ,  where al=az=0.5 
so that each of the nodes gets half of the available capacity 
w. Further, we assume that w is typically step signal to be 
tracked. The dynamics of the network is given by: 

Nodel: q l ( k  + 1) = q1(k) + rl(k) - ~12(k) 
Node2: qz (k  + 1) = q2(k )  + T Z ( ~ )  + T I Z ( ~ )  - w ( k )  

where fl, f2 and fi2 are causal linear operators. Clearly, 
plant Gzz and controller K in this case are lower triangular 
operators. Let, R1(K) be the closed loop map w to z and 
R z ( K )  is the closed loop map ( ~ ~ 1 1 , 2 ) ~ 1 2 , 2 ) , ~ ) ~  to z. The 
overall objective is to find the lower triangular stabilizing 
controller which stabilizes R I ( K )  and minimize the-sum of 
&-norm of R1(K) and square of Hz-norm of R2(K). In this 
case, we find such stabilizing controller by solving following 
weighted optimization problem: 

c1: TI = f l ~ ~ l , ~ z + ~ ~ l l r ~ 1 2 + ~ e 1 2 , ~ 2 + ~ , z ~ .  

c2: 72 = f2(42);TIz = fIZ(92) 

subject to: Q is stable and Q is lower triangular. 
This problem is solved using GMO 1.0 ([SI), and the opti- 

are obtained for c = 0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1. 
The Pareto trade-off curve between two optimum is plotted 
in Figure (6), which also gives the desired controller for a 
special case of c1 = CZ. The minimum norms obtained in 
this case are IIR1(Q)Il1 = 1.34, and llRz(Q)llf = 2.33. The 
square of Hz-norm is less than that obtained by minimizing 
the el and H2 norm of RI only (in that case, minimum value 
for llRz(Q)11Z = 6.58). The optimal K of order 3, obtained 

- mal Q (and K),  and the values of llR1(Q)II1 and lIR~(Q)llf 

in former Case is 
-0.7852+0.1522X-0.05008Xz . .-.~ 1 

1+0.0034A+0.8458X2 

-0.01 143-0.08101X-0.0345Xz 
1+0.0034X+0.8458X2 

-0.3103-0.06125~-0.06179X*-0.03162x3 -0.81x 
1+0.8034X+O.O8731X~ -0.06767X" 1+0.8X 

IV. ROBUST STABILITI 
Consider the descriptions given in Figure 9 and Figure 10 

that shows unceltainty affecting the link from the controller 
to the plant, link from' the plant to the controller and 
the link from the sub-controller K1 to KZ respectively 
(the uncertainty description is additive in Figure 9 and 
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Fig. 6. The trade-off curve between the el and €22 optimal performances 
of R1 and Rz. respectively. 

Fig. 7. 
Controller 

Impulse Response of desired Decenualiied, Lawer-triangular 

f ,  8's- 

1 I W E  3 7 x 0 ,  m 
D M  

Rg. 8. Step Response of Closed-loop System From Noise to Regulated 
Variable L with Decentralized Lower-Viangular Controller. As expected there 
is no affect an 92 and r2. while the controller stabilizes p l  as the steady 
state value of the re~ponse is zero. 

multiplicative in Figure 10 for convenience of exposition). 
The above uncertainty characterizations can be. cast 
into the standard A! - A framework of Figure 11 with 
A! A l l  for the one channel case of Figure 9, and 
A! 3 A!, for the two channel case of Figure 10 with MI= 



Rg. 9. Nested inter-connection with additive uncertainty in the inter- 
connections including the link between W O  controllers, based on the imple- 
mentation of KI. Kz as dcctibed by the one single channel architecture 
of Figure 3 

1 

Fig. 1 I. The M-A configuration for single channel case 

- L 

respectively where R = Y21Xll - X2,Y1l, J = 

( ( i  :) ( y  :)). A l l  and A t z  are stable. 
It is to be noted that in the single channel case the 
dimension of A, is smaller than.the one in the two channel 
case. Thus the single channel implementation might prove 
attractive in cases where large number of nests are involved. 
However, it is evident that the MI does not depend affinely 
on the Youla parameter Q whereas At,  is affine in Q. The 
non-affine nature of M I  is due the term R that is not affine 
in Q. For the rest of the discussion we will focus on the 
two channel implementation described by Figure 10. We 
will consider the following class for uncertainty description: 

{A E S is linear time varying, ((A((i, < 001, 
where S characterizes the structure and subscript io0 stands 
for the e ,  and the ez induced norm. Note that when S is 
given by the block diagonal structure diag(A, ,  A,, A,) 
with A,, A,, and A, being unstructured then the 
A t ,  - A interconnection is robustly stable with respect 
to all A E BALTV := {A E A ~ ~ r . l l l A j l ~ ~  i 1) 
if and only if infoEv((DA~z(Q)D-'Ile, < 1 where 
2) = {D = diag(l,dl,dz) with di > 0) [3]. Thus the 
problem for robust synthesis in this case reduces to the 
problem 

ALTV = 

This problem is nonconvex in the variables D and the Yonla 
parameter Q. Recently in [4] a global solution to the above 
synthesis problem was achieved. Thus we have established 
an effective procedure to address the problem of synthesizing 
controllers for e,  robust synthesis when there is uncertainty 
in the nest to nest, subcontroller to subcontroller uncertainty 
when the uncertainty is described in the e ,  sense. 

In the next interesting scenario, when the interaction 
channels send and receive information via Internet. Such 
single input single output channel can be Characterized by 
channels that erase data in the form of loosing data-packet, 
using erasure channels. 

Definition 4.1: ([l]): An Erasure channel with probability 
of erasure e, is a mapping & : W -+ W, & : m ( k )  -+ [ ( k ) w ( k ) ,  
where < ( k )  is a discrete random variable with range space 
{ O ,  1) and probability mass function given by P,(<(k) = 
1) = (1 - e )  and P,([(k) = 0) = e. <(k) ' s  are assumed to 
be independent and identically distributed. 
Let, w ( k )  be the sequence of data-packets transmitted, then 
< ( k ) u ( k )  is the the sequence of packets received at the other 
end. Packet lost is same as no packet received. Also, let mean 
and variance of [(k) be, f i  := E{E(k) )  = 1 - e  and U' := 
E { ( [ ( k )  - p) ' )  = e(1 - e). The QoS (Quality of Service) 
of erasure channel is defined in terms e by QoS = 1 - e .  

Consider the two-channel architecture of the nested inter- 
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connection as discussed in Section 2.2. (see Figure (4)). All 
the channels are assumed to be identical i.e. they have same 
QoS, which in tum means same rate of data-packet loss. 
The deterioration in QoS i.e. the loss of data-packets in this 
scenario can be characterized by using scalar multiplicative 
uncertainties of the form p(1 + A )  as shown in Figure (10). 

In Figure. (IO), all channels have same p, and Aul, 
AU2, AVl,A,2,A,l and Az2 are independent identically 
distributed random variables, with zero mean and variance 
$. Without loss of generality we will assume p = I. 

The Mean Square System for given A& - A inter- 
connection describes the evolution of the dynamics of 
E { z ( k ) ~ ( k ) ~ } ,  where z(k) is the state response of A h  The 
A12-A inter-connection is Mean Square Stahle[ll, if for any 
initial state ~ ( 0 ) ;  limy,, E { z ( k ) ~ ( k ) ~ }  = 0, where ~ ( k )  is 
the state response of plant A h  starling at~z(0). Note that A h  
is completely deterministic, while A is stochastic. It has been 
shown in [ l ]  that the closed' loop stability in Mean Square 
sense is equivalent to a robust control synthesis problem, 
with deterministic nominal model and stochastic structured 
uncertainty. Moreover, it is desirable'to find the maximum 
rate of data-packet loss for which A h  - A is Mean Square 
stable, i.e. maximizing e over all Mean Square Stable inter- 
connections, which is same as maximizing ? as ii2 = &.. 

Note that GZ2(X = 0) = 0 as G22 is strictly proper. Thus, 
0' * * 

we have &(x = ~ O )  = ( 0 0 * ) . Thus, the A l z ( X =  0) 
0 0 0  

is strictly upper triangu ar. Thus, the following l e m m a  can 
be established based on [I] 

Lemma 4.1: [l]: Since Al2  is stable, the.following state- 
ments are equivalent: 

The Alz - A inter-connection is Mean Square Stable. . There exists a positive definite matrix P and a vector 
a E W p  of -positive elements satisfying the following 

Linear Matrix Inequalities: P > APAT + BjajBT 

ai > u2C,PCT +U' Dija jD$,  for i = 1 ,..., p. 

P 

j=l 
P 

- j ; - ~ ~ -  . p(u2A&) < 1 where p ( . )  
"' . IIMlpllf 

and ... . 
( !M1ll't 

\ I l ~ ~ P i I l ~  " '  IlAlPPlIf ) 
Using Lemma 4.1, we can find the stablizing controller - ~ 

K by solving following synthesis problem [l]; = 
\ 2  

inf { inf IlOM2(K)O-'llhrs 
K atabil i i ing B>O,Diag. 

is defined as 11 G I ~ M s =  m=i=i, ...,,, 4- 
Again this problem can be effectively solved using the . methodology presented in [4]. However note that the number 
of D scales has increased to five when compared to the two 
D scales in the e, setting. Similar result can be derived 
for generalized problem, i.e. n-nest problem, using 2(n - 1) 
transmission channels. 

V. CONCLUSIONS 
In this paper two new architectures were provided that 

respect the nested nature of the controller and provide in- 
ternal stability when sub-controller to sub-controller noise is 
included. In the second architecture where two transmission 
channels are used, the closed loop maps were parameterized 
by the Youla parameter Q in an affine manner. It was shown 
that uncertainty either modeled in a deterministic setting or 
a stochastic setting can be effectively addressed. 
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