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Abstract—This paper addresses the design of stabilizing
controllers for a nested control system where the controfler
is realized in a distributed manner, considering uncertainty not
only in the controller-to-plant and plant-to-controller channels
but also in the nest-to-nest, subcontroller-to-subeontroller com-
munication. An input-output approach is taken, Two appro-
priate controller architectures that stabilize the entire system
with the various components subject to uncertainty and noise
are addressed. We present controller synthesis procedures to
address deterministic uncertainty and stochastic uncertainty,
that model packet-loss in the Internet.

I. INTRGDUCTION
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Fig. 1. G — K framework.

In large complex and distributed systems there is often a
need of considering structure in the overall control scheme.
In this paper we will utilize the general framework illustrated
in Figure 1 where G represents the generalized plant and K
represents the controller. Both & and K are assumed to be
discrete time, linear and time invariant. The controller K has
to satisfy the nested structure that is characterized by a block
triangular structure of the transfer matrix K. In addition we
will also assume that the transfer matrix Glgo (the part of G
that maps the control input « to the measured output ) is
derived for a nested plant and thus is also a block triangular
matrix.

The optimal performance problem when structural con-
straints are present still remains a challenge, notably the lack
of a convex characterization of the problem (see for example
[8], [9], [2] and references therein). Taking an input-output
point of view and parameterizing all stabilizing K via the
Youla-Kucera [12] parameter ¢}, one can see as a major
source of difficulty is that structural constraints on K may
lead to non-convex constraints on (. Recently identification
of specific classes of problems for which the constraints on
¢} are convex with the appropriate choice of the coprime
factors of G was obtained [10], {11}, [7]. _

In this paper we address the problem of synthesizing
controllers such that an appropriate part of the controller is
realized at a compatible part of the nested structure. This
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scenario corresponds to the case where the entire controller
is not realized at one central location but at possibly many
different sites. This problem is motivated partly because of
the upcoming need of controlling vast numbers of coupled
plants that might arise for example in the control of massively
parallel micro-cantilevers. It is often not feasible to provide
resources at one central location to handle such tasks and
therefore the control has to be achieved in a distributed
manner. This issue raises the important question on how to
divide the control task into the various stations and evaluate
and address the noise and uncertainty that affects such an
architecture. Another aspect that is pursued is when the sub-
components of the controller interact with one another via the
Internet. We pursue these issues in an input-output framework
where we first obtain appropriate coprime factors of the plant
that facilitate posing the triangular structure constraints of
the controller (that appear on the closed loop maps in a
NOnCONvexX manner) as convex constraints when translated
to the Youla parameter ). This establishes that triangular
structure can be effectively inherited by the Youla parameter
. The problem of noise affecting the various components of
the controtler is addressed next where different architectures
are presented. The issve of stability of the entire interconnec-
tion is evaluated. It is observed that certain implementation
schemes provide an affine parameterization of the input-
output maps in terms of Youla parameter ) with a need
to transmit more than one signal between the various sub-
components of the controller impiementation. The issue of
uncertainty in the channels used to transmit the signals be-
tween the controlier sub-components is addressed by casting
the problem into the standard G — K — A robust control
framework. The uncertainty characterization are obtained in
the standard ¢, setling and also for the case when communi-
cation between different components of the intercornection
occurs via the Internet using the erasure channel model[1].
Solution methodologies for the resulting robust synthesis
problem are indicated. These solution methodologies provide
for global solutions even thaugh the underlying problems are
NOMN-CONVeX.

The paper is organized as follows: in Section 2 we provide
architectures that guarantee internal stability in the presence
of sub-controller to sub-controller noise. It is shown that
when two channels are utilized an affine parameterization
of all closed loop maps achievable via stabilizing controllers
that respect the nested structure can be obtained. An example
is presented in Section 3. In Section 4 we study the associated
analysis and synthesis problems that arise when uncertainty
is included in the nest to nest, sub-controller to sub-controller
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communication, including the erasure uncertainty model[1].
We conclude in Section 3.

II. YouLA-KUCERA PARAMETERIZATION OF K

In this paper. we consider a nested control system, where
both Go2 and K have lower triangular structures as shown in
Figure (2). Though the problem of focus in this paper can be
generalized for n-nest systems, we consider only two nests
for convenience of presentation. The inner nest (subsystem)
consists of a plant G; and a controller K, and the outer nest
{subsystem) consists of a plant G and a controller K. The
controllers K; and K are connected through a channel so
that information can be transmitted from K to K. Similarly,
nominal plants Gy and G5 are connected through a channel
so that the control action on (7 affects G but not vice
versa. The inner and outer subsystems have control inputs
uy and up and measured outputs y; and yo, respectively.
(2o has a lower triangular structure and the same structure is
imposed on the controller K. Thus, G22 and K can be written
Py 0 Ky 0
Py Py Kiz Kw J° The
following result translate triangular structure of the controller
K to the same structure on the Youla parameter €.

Lemma 2.1: [6] Let the pIant F = (G492 that maps the con-
tro} inputs u = (uy,.. .1 up)? to the measured outputs y =

as G22 =

(11, ..,%a)T be lower trlangular Assume that the #* o
of Pdenoted by P, = G; = {F; ... F;0...,0} adrruts a
o ;| By .
realization C: D: ] with B; = {B,-l ... Bi; 0 ...0},
A | B
D,‘ = (Dil DiZ e Dii 0 ... 0) and C: D: the

" inherited state space realization of Fj; is stabilizable and
detectable. Then there exist stable lower triangular param-

eters Yo, M., X, N;, X¢, Ne, Y, and My satisfying the
following identity
) =T (1)

X - M, Y.
-N, M N, X,
such that the following statements are equivalent:

o K is lower triangular and it internally stabilizes the
inter-connection depicted in Figure (2).
» there exists a stable () that is lower triangular such that

K = (Yr - AL‘Q)(XI" - NTQ)—l
= (Xe— QNe)7 (Ye — QM)

PN

K 7 t(v3,v4)

Fig. 2. Feedback inter-connection of P = Gzz and K.

This results in the parameterization of K in terms of @
having the same structure. Let ¢ be partitioned according

to the structure of Gop and K as Q = Qun 0

Q21 Q@
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Fig. 3. Realization of G2z — K the inter-connection with single channel
transmission with noise.

Proposition 2.1: (Stability of the Inter-connection using
only one channel for transmission) Suppose the nested
Goo — K inter-connection as shown in Figure (2) is stable
with assumptions and notation of Lemma 2.1 (i.e. the closed
loop map (v3,v2,vs,v4)T — (uy,u2,31,%2)7 is stable).
Then, in the realization of Gay — K interconnection in
Figure (3), the closed loop map (v1,v9,3,04,0)7 —
{21, 12,71, y2, 1e)7 is internally stable.

Proof :Assuming the notatlon and results of Lemma 2.1,
letY =Y, -MQ Y, = -QM, X, =X, - N,Q and
X = — @N;. Note that Yr, Y. X, and X; are affine
in @, stable _and have lower triangular structure. Also let,

o= (;’% 0222)‘?f = (g: ?722);1\& -
(B %) = [ )™ -
W) = (39 ) -
IJ:TT; ON22 and My = ( :;A\Zi ?Mfz? ) Thus, from

o

X, -Y; M.V,
Equation (1) we get( N, M, )(Nr e

X'y, 0
Moreover, K = R W g
. ( X2.2 Xg]Xu Y11 + X22 )"21 X221Y22
_ ( Y X! 0
Yo X1t — Yoo X' Xor X' Yoo X33

First we will establish that the map (v;,v2,vs,tq) —
(a1, U2, Y1, Y2, u) is stable. Setting v. = 0, we have u; =
Kpny+v = Xu Yuyl +u = YuXu y1+vp and ug =
Kzlyl + Kaoyo + v2 = X' (= Xn Vi + Yo X)) X7l +
X22 Ygzyg + wo. This is realized by the implementation
scheme shown in Figure (3} with v, = 0. Since, G2 — K
inter-connection in Figure (2) is internally stable, the map in
Figure (3) from (v, vo, vs, va )} = (uy, u2, y1,y2)7 is stable
and affine in ¢}. From Figure (3} we obtain v, = rz =r1 +
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2 = (—XaViy + Yo X1) X5ty = —Xorwn + Yorp. As
X,: and Y2, are stable factors, the map from (v1, va, v, ug)F
+— u, is stable and therefore the map (vy,vs,%3,v4) —
(21, uz, Y1, Y2, uc) is stable, but not affine in Q.

Now we establish that the map v, — (w1, u2, ¥1, ¥2, Ue)
is stable. We set v; = vy = vz = v4 = 0. Then the closed
loop map from v, — (u1,%)7 is 0, as v, does not affect
the outer loop and the closed loop map from v, w— u, is
identity and thus stable. Thus, we must show that the closed
l_qop map v, — (ug, Y2 )T is s stable. Note that u, -+ Ygzyz
Xagug and s3 + Nagug = Maoys.

Ug Xop —Va Uz
= o~ — - 2
= ( 83 ) ( —Nag Moo ) ( Y2 ) @

e o~ -1
: Xaz Yo _{ Ma Y
Noting that Ry o =\ N X )0 V€

Uz Moy Yoo U .
t = . =
ge ( 2 ) ( Noo  Xu o Since, u.

4. + r3, the closed loop map v, +— (us,y2)? is given by

( 522 ) = }1{3: v.. This map is stable because Mo
and N3; are stable factors. This proves the proposition. W

Figure (3) provides an architecture to implement the
controller in a distributed manner where the components
K, and K> are located at different sites, and only one
channel is used to transmit signal from Ky to K5, Next

we use two channels and obtain affine parameterization in
terms of Youla Parameter  of all involved close loop maps.

o= n = y1
v v Y11 I R

Fig. 4.

Realization of the inter-connection with two channel transmission
with noise.

Proposition 2.2: (Stability of the Inter-connection us-
ing two channels for transmission) Suppose the nested
Gop — K inter-connection as shown in Figure (2) is sta-
ble with assumptions and notations of Lemma 2.1 (i.e.
the closed loop map (v1,vo,v3,v4)7 — (w1, u2,y1,%2)7
is stable). Then, the inter-connection shown in Figure (4)

is internally stable. Also, all achievable closed loop maps,
(v1,v2,v3, V4, V1, Ve2) (U1, U2, 41, Y2, U, Ue),s

-aftine in Q.

Proof: First we establish that the map (’UI,’UQ,U3,1J4) —
(1,2, Y1.Y2, Ue1, Ucp) is stable and affine in the parameter
@. Setting ve;=v.o=0 we have w=Kuy +v1——X11 Yuyl -+
up Euld ug=Ko1yy + Kooy + va=— X5 Xor(ur — v1) +
X22 Yo +X22 Ya2u2+v2. See Figure (4). Since, Gos— K

inter-connection is internally stable, the map (v1, v, v3,vs)T

+ (21,40, y1,12)7 is stable and affine in Q. It is evident that
(o1, e2)T = (uy,11)T, (when vy = vez = 0). This proves
that (v, va, U3, vg) F— (U1, U, Y1, Y2, Ucls Uez) s Stable and
affine in the parameter Q. Now we prove that the closed
loop map (ve1, te2)T = (uy, Uz, Y1, Y2, Uet, Uez)T 15 stable
and affine.in Q. Set v1 = w0 = v3 = vy = 0. The closed
loop map (ver, vee)T +— (ug,y1)7 is O, as there is no flow of
signal from the inside to outside, the closed loop maps vy
P te1 and Beg -+ Uco are identity, and vep v ugp and v —
g1 are 0. From Figure (4), we have 7y + 12 + YosyomXoouy
and 81+ 82 + Noguo=Maoys. Noting that 7y = — X210, and
ro = Yav,2, we obtain the closed loop map (vu1, vez)? —

(u2,y2)T
u ~MnX. MY
( 2 ) :( 22421 )ﬂd +( 221 )Ucz- 3)
¥2 —Npp X2 Naa¥a
This map is stable because A2g, le, Nag, 3721 are stable
factors. It is affine in @ because Xo; and Yy are affine in
Q) while A>2 and Naq do not depend on Q. This proves the
proposition. |
The above result for two-nest inter-connection can be
generalized to n-nest inter-connection.

III. EXAMPLE: OPTIMAL CONTROL DESIGN FOR
2-NODE ABR NETWORK IN PRESENCE OF NOISE

[CATRAPAYEY)

Fig. 5. 2-nodal ABR network with congestion control

The purpose of this example to illustrate the design of op-
timal control using the architecture of Proposition 2.2, which
not only avoids the congestion in above 2-node ABR network
while keeping the channel utilization ratio as large as possi-
ble, but also minimizes the affect of the noise on the queue
lengths (¢; and g») and the regulated rates {ry, ry2 and 75)
of transmission of packets by regulating rates r; and 7.
See Figure (5). w is the total avatlable capacity (bit-rate)

2855



for the two sources. The overall controller consists of two
sub-controllers €y and Cy, controlling ry and (rqs,12),
respectively. The objectives are to avoid queue overflow, to
maximize the network utilization ratio, i.e. to make 7, + r2
_ match w as close as possible, and to minimize the affect of
noise. From Proposition 2.2, if we implement controller X as
shown in Figure (4), then K internally stabilizes the network
in the presence of communication uncertainty between C,
and C> modeled as noise. The information transmitted from
C3 to C; are (r12,72) and gq, and they get corrupted by noise
VIZ: Ueyq, Va2 and ves, respectively. The regulated variable
is z = {{ry — ayw), (r1 — asw), g2, q1}7, where ay=0,=0.5
so that each of the nodes gets half of the available capacity
w. Further, we assume that w is typically step signal to be
tracked. The dynamics of the network is given by:

o Nodel: g1 (k + 1) = q1(k) + ri(k) — ri2(k)

o Cy:rp = filgr.m2 +vai, T2 + Va2, @2 + vea).

o Node2: Q2(k + 1) = QQ(k) 4 Tg(k) + T‘lg(k) - w(k)

o Cairg = falga)iTiz = fi2(g2)
where fi, fo and fio are causal linear operators. Clearly,
plant (G35 and controller K in this case are lower triangular
operators. Let, Ri(K) be the closed loop map w to z and
Ry(K) is the closed loop map (we11,%e12, Ue2)T to 2. The
overali objective is to find the lower triangular stabilizing
controller which stabilizes R; (K} and minimize the sum of
£1-norm of R, (K'} and square of Hy-norm of Ry(K). In this
case, we find such stabilizing controller by solving following
weighted optimization problem: '

ue=inf e R(Q)lfs + (1 - )| Ra(Q)]3

subject to: () is stable and @ is lower triangular.

This problem is solved using GMO 1.0 ([5]), and the opti-
mal Q (and K), and the values of [{R;(Q)[; and | R2(Q}|3
are obtained for ¢ = 0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.
The Pareto trade-off curve between two optimums is plotted
in Figure (6), which also gives the desired controller for a
special case of ¢; = ¢o. The minimum norms obtained in
this case are [|B1(Q)]}1 = 1.34, and [|R2(Q)||2 = 2.33. The
square of Hy-norm is less than that obtained by minimizing
the ¢, and Ho norm of R; only (in that case, minimum value
for || R2(Q)l|2 = 6.58). The optimal K of order 3, obtained
in former case is ) .

[ —0.785240.1522A—0.05008)° =T
1+0.00247+0.8458A7

" =0.01143—0.081012—0.0345)2

 E T NI WNIN FEC . m 0
Kopt(A) = 1+0.00342+0.8458)
=0.3103-0.06125,—0.06179X*~0.03162)% | —0.81)
L 1+0.8034A40.08731 A7 —0.06 76723 1+0.8x |

IV. ROBUST STABILITY

Consider the descriptions given in Figure 9 and Figure 10
that shows uncertainty affecting the link from the controller
to the plant, link from’ the plant to the controller and
the link from the sub-controller K; to K> respectively
(the uncertainty description is additive in Figure 9 and

The trade-off cursa batwaan optimal Hz and Iy parformances cl‘li1 and R,, tespec

# T

: Opfimat HZ parformiance of R,()

2
HZ

R, 05
7

..
wh

' il i
" 1R,000, Tbpdliel 1, performancs of R,0Q

Fig. 6. The trade-off curve between the £1 and Hz optimal performances
of Ry and Ra. respectively.

i IR OF Codroat X

Fig. 7. Impulse Response of desired Decentralized, Lower-triangular
Controller
o Rar
Yen "oy Ya
1
L4
-1
| —F
1
o - IR
-‘i w < 5 ¥; L) ] ”
Thme (wec}
Fig. 8. Step Response of Closed-loop System From Noise to Regulated

Variable z with Decentralized Lower-triangular Contreller. As expected there
is no affect on g2 and r2, while the controller stabilizes g as the steady
state value of the response is zero.

multiplicative in Figure 10 for convenience of exposition).
The above uncertainty characterizations can be cast
into the standard M — A framework of Figure 11 with
M = M, for the one channel case of Figure 9, and
A = M, for the two channel case of Figure 10 with M=
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dy

dy
AV

ay

@z

Fig. 9. Nested inter-connection with additive uncertainty in the inter-
connections including the link between two controllers, based on the imple-
mentation of K3, Ko as described by the one single channel architecture
of Figure 3

Fig. 10. Nesied inter-connection with multiplicative uncertainty in the inter-
connections including the two links between the two controllers, based on
the implementation of K1, Kz as described by the two channel architecture
of Figure 4

—& 0 0
0 40
0o Al
Lo | d
1 M [
Fig. 11. The M-A configuration for single channet case
VN, ; Y, M,
r 1‘4'22 T
( RNy 0) 0 (RiT o) [, and
' 0
N X ( Noo ) XM

Yol ( My Xgy MYy ) YoM

Y. N, Y. M
J( N X, ) 0 J( X, M,
- 0 o _

N.X = ~ XM,
! ( ~NppXoy  Np¥a ) !

respectively where B = YnXn — Xa¥n, J =
( ( é g ) ‘1) g . My and M, are stable.
It is to be noted that in the single channe] case the
dimension of A, is smaller than the one in the two channel
case. Thus the single channel implementation might prove
attractive in cases where large number of nests are involved.
However, it is evident that the Af; does not depend affinely
on the Youla parameter () whereas M, is affine in Q. The
non-affine nature of M is due the term R that is not affine
in @. For the rest of the discussion we will focus on the
two channel implementation described by Figure 10. We
will consider the following class for uncertainty description:

Apry = {A € § is linear time varying, [|[Aflico < o0},
where S characterizes the structure and subscript 00 stands
for the £,, and the ¢; induced norm. Note that when &S is
given by the block diagonal structure diag{A,,A,,Ay)
with A,, Ay, and A, being unstructured then the
My — A interconnection is robustly stable with respect
to all A € BApry = {A [ ALTV“lAHioo < 1}
if and only if infDE'DﬂDﬁfz(Q)D_l”gl < 1 where
D = {D = diag(1,d1,d2) with d; > 0} [3]. Thus the
problem for robust synthesis in this case reduces to the
problem

. . —~1
5251 ‘gé% (I DAMAQ)D ™ e,

This problem is nonconvex in the variables I and the Youla
parameter ¢}. Recently in [4] a global solution to the above
synthesis problem was achieved. Thus we have established
an effective procedure to address the problem of synthesizing
controliers for £, robust synthesis when there is uncertainty
in the nest to nest, subcontroller to subcontroller uncertainty
when the uncertainty is described in the £, sense.

In the next interesting scenario, when the interaction
channels send and receive information via Internet. Such
single input single output channel can be characterized by
channels that erase data in the form of loosing data-packet,
using erasure channels.

Definition 4.1: ([1]): An Erasure channel with probability
of erasure e, is amapping £ : R — R, € : w(k) — £(k)w(k),
where £(k) is a discrete random variable with range space

{0,1} and probability mass function given by P(£(k) =

1) = (1 — ) and P.(&(k) = 0) = e. £(k)’s are assumed to
be independent and identically distributed.
Let, w(k} be the sequence of data-packets transmitted, then
E(k)w(k) is the the sequence of packets received at the other
end. Packet lost is same as no packet received. Also, let mean
and variance of £(k) be, u = E{£(k)} =1 —e and o2 =
E{(&(k) — 1)?} = e(1 — e). The QoS (Quality of Service)
of erasure channel is defined in terms e by QoS =1—e.
Consider the two-channel architecture of the nested inter-
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connection as discussed in Section 2.2. (see Figure (4)). All
the channels are assumed 1o be identical i.e. they have same
QoS, which in turn means same rate of data-packet loss.
The deterioration in QoS i.e. the loss of data-packets in this
scenario can be characterized by using scalar multiplicative
uncertainties of the form u(1 + A) as shown in Figure (10).

In Figure.(l10), all channels have same g, and A,
Ay, Ay Ay, Ay and Agp are independent identically
dizstn'buted random variables, with zero mean and variance
o Without loss of generality we will assume =1

The Mean Square System for given Ay — A inter-
comnection describes the evolution of the dynamics of
E{z(k)x(k)T}, where z(k) is the state response of M. The
M, — A inter-connection is Mean Square Stable[1], if for any
initial state z(0); lim_, oo E{z(k)z(k)7} =0, where z(k) is
the state response of plant Mo, starting at z(0). Note that M
is completely deterministic, while A is stochastic. It has been
shown in [1] that the closed  loop stability in Mean Square
sense is equivalent to a robust coatrol synthesis problem,
with deterministic nominal model and stochastic structured
uncertainty. Moreover, it is desirable to find the maximum
rate of data-packet foss for which Mz — A is Mean Square
stable, i.e. maximizing e over all Mean Square Stable inter-
connections, which is same as maximizing 7° as 7~ = %=

Note that Gaa{ A = 0) = 0 as Gy is strictly proper. Thus,

l—e’

: JLUNE .
wehave Mz(A=0)=] 0 0. % ].Thus, the M3(A=0)
00 0

is strictly upper triangular. Thus, the following lemma can
be established based on [1] )
Lemma 4.1: [1]. Since M, is stable, the following state-
ments are equivalent:
o The M; — A inter-connection is Mean Square Stable.
» There exists a positive definite matrix P and a vector
a € RP of -positive elements satisfying the following

P
Linear Matrix Inequalities: P > APA" + 7 Bja;B]
=

P
oy > G'QC;'PC{T +O’2 Z Dij():jD;-l;, fori= 1,...,p.
i=1
e 02 9>£iag_ lerz6-13,5 <1
o p(o?M;) < 1 where p{.) denoted the spectral radius
faMufls -l Mupl13 -
and My =1 : e -
22113 | Mppll3

Using Lemma 4.1, we can find the stablizing controller

K by solving following synthesis problgm [1; ¢ =

, ||9.?\42(K)9_1||Ms}_ where || - || ms

inf inf
K stabilizing | #>0,Dig

Again this problem can be effectively solved using the
methodology presented in [4]. However note that the number
of D scales has increased to five when compared to the two
D scales in the £ setting. Similar result can be derived
for generalized problem, i.e. n-nest problem, using 2{n — 1)

~ transmission channels.

7

V. CONCLUSIONS

In this paper two new architectures were provided that
respect the nested nature of the controller and provide in-
ternal stability when sub-controller to sub-controller noise is
included. In the second architecture where two transmission
channels are used, the closed loop maps were parameterized
by the Youla parameter () in an affine manner. It was shown
that uncertainty either modeled in a deterministic setting or
a stochastic setting can be effectively addressed.
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