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Steady State Distribution of Molecular Motor Ensembles

Saurav Talukdar∗,1, Shreyas Bhaban∗,2, and Murti Salapaka2
*Both authors have contributed equally

Abstract— Directed transport of intracellular cargo is
predominantly carried out by nanoscale bio-mechanical agents
called molecular motor proteins. Often, multiple motors with
same or different mechano-chemical properties team up to
transport cargoes inside cells. In this article we analyze the
behavior of homogeneous multi-motor ensembles and prove
the existence of a transient state in the state space describing
the various configurations for a two-motor ensemble. We
further show that the various motor configurations for such an
ensemble have a unique steady state probability distribution,
implying that such a system possesses a degree of robustness.
Results of this nature can be extended to ensembles containing
higher number of motors, with the associated steady state distri-
butions providing insights into possible mechanisms employed
by motors while transporting a common cargo.

1. INTRODUCTION

Molecular motors such as kinesin and dynein are
the main effectors of intracellular transport and facilitate the
directed motion of cargoes inside the cell. The transport oc-
curs over directed polymerized lattices called microtubules.
It is known that multiple motors, often of the same or
different type, work in groups to enable both unidirectional
and bidirectional transport over large distances in vivo [1].
Disruptions in intracellular traffic, often caused by impaired
molecular motor behavior, are known to hamper healthy
cellular environment and cause a host of ailments including
neurodegenerative disorders [2], [3]. Therefore, deciphering
the fundamenltals of motor protein functionality is crucial
towards the goal of adressing maladies caused by impaired
motor behavior.

Single motor protein behavior can be well char-
acterized by its probabilities of stepping, detachment and
reattachment as it traverses along the microtubule filament.
Exprimental estimates of these probabilities have been made
possible by controlled experiments using optical tweezers
[1], [4], which along with enhancement using modern con-
trol mechanisms [5], [6] hold potential towards probing
molecular motors with higher precision and fidelity. Well
established single motor models informed by experiments
have enabled theoretical models that describe transport of
common cargo by multiple motor proteins. Existing mod-
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Fig. 1. Representation of an ensmeble of five motors carrying a cargo.
FL is the load force acting on the cargo in the direction opposing the cargo
motion. The microtubule filament is modeled as a series of locations spaced
8 nm apart.

els describing transport by teams of motors have utilized
different approaches such as mean-field theory [7], Monte-
Carlo simulations [8] and Master Equations [9]. Materassi
and co-workers in [10] employed master equations to show
that an ensemble of motors carrying a cargo can be efficiently
analyzed by modeling it as a Markov chain governed by a
suitable stochastic matrix. The model was further instaniated
for kinesin motors and quantities of biological interest such
as average velocity and runlength were obtained.

We capialized on the modeling principles used in
[10] and examined the Markov matrix to prove that the
state space of the associated Markov chain contains at least
one transient state. Furthermore, we show that the various
configurations of the motors carrying a common cargo be-
have according to a unique steady state distribution. In our
analysis, we have restricted our attention to an ensemble
of two kinesin motors, but the results can be applied for
ensembles containing higher number of motors with same
or different mechano-chemical properties as well.

In the next section, a brief description of the model
for multiple motors carrying a cargo is provided.

2. MATHEMATICAL MODEL

The linkage between the tail and motor-heads of a
single motor protein is modeled as a hookean spring when
stretched, having rest length l0 and stiffness Ke (see [10]
for model description). The motor exerts a force F on the
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cargo while transporting the cargo along the microtubule and
can take a forward step as long as the force is less than
its stalling force FS . The microtubule filament is modeled
as a series of equally spaced locations, with one or more
motors being possibly attached to a given location. To
represent multiple motors on the microtubule, the notion of
absolute configuration Z is used in [10] to encode the number
of motors attached to a given microtubule location. Since
microtubule filaments are typically several microns in length
and therefore much longer than the average processivity of
molecular motors (hundreds of nanometers), Z is a bi-infinite
sequence. For example, the absolute configuration for the
section of microtubule in Figure 1 is Z = [... 1 1 0 0 1 0 2 ...].
When a motor in the configuration Z steps forward, detaches
from or reattaches to the microtubule, a new configuration
Z ′ is attained. Assuming λZ(Z ′, Z), the probability rate of
transition from Z to Z ′, is known then it is possible to define
an infinite dimensional Markov Model (see [11], [12] for
description). However, the infinite dimension of the model
makes it unsuitable for an exact analysis, thereby making the
solution for the Master Equation intractable.

To tackle the issue, a projection of the infinite
dimentional model to a finite dimensional model is obtained
in a way that preserves the Markov property. It is primarily
due to the distance between the vanguard (forward most) and
rearguard (rear most) motor being bounded (see [10] and
[13] for details). It allows for the projection of the absolute
configuration Z to a relative configuration σ, which contains
information of the locations of all the motors in an ensemble
relative to the rearguard motor. Thus the relative configu-
ration for the ensemble in Figure 1 can be symbolically
represented by σ = M |M |||M ||MM , where M denotes
motor at a location and | denotes distinct locations. The
rate of transition between relative configurations σ and σ′,
denoted by λσ(σ′, σ), can be computed from the rate of
transition between absolute configurations λZ(Z ′, Z) (see
[10] and [13] for details). The probability of the system
being in relative configuration σ′ at t + ∆t given that it
is σ at t is represented by Pσ(σ′, t+ ∆t|σ, t). For small ∆t,
we denote Pσ(σ′, t+ ∆t|σ, t) = λσ(σ′, σ)∆t. Knowing the
rates λσ(σ′, σ), the probability Pσ(σ, t) of the system having
relative configuration σ at time t can be shown to satisfy
the Master Equation ∂

∂t
Pϑ(ϑ, t) =

∑
ϑ′∈ S

νϑ(ϑ, ϑ
′)Pϑ(ϑ

′, t) −

Pϑ(ϑ, t)
∑

ϑ′∈ S

νϑ(ϑ
′, ϑ) ,where S is the finite set of relative

configurations.

Let S = {σ1, . . . , σn, σn+1}. Here, σn+1 = φ
denotes the configuration where none of the motors in the
ensemble are attached to the microtubule i.e. cargo is lost. Let
Pi(t) be the probability of the ensemble being in the config-
uration σi at time t and P (t) = [P1(t), . . . , Pn(t), Pn+1(t)].
In [10], the probability vector P (t) is shown to satisfy,

d

dt
P (t) = Γ̄P (t) (1)

where Γ̄ ∈ R(n+1)×(n+1). Solving for P (t), P (t) =
eΓ̄(t−t0)P (t0) = J̄P (t0), where P (t0) denotes the probabil-
ity vector at initial time t0 and J̄ ∈ R(n+1)×(n+1). In order
to arrive at a non-trivial distribution in [10], the probability
is conditioned on at least one motor remaining engaged to
the microtubule. It reduces the dimension of S from n+1 to
n with the dynamics of the system now being described by
d
dtP (t) = ΓP (t) ,where Γ ∈ Rn×n. Thus P (t) = JP (t0)
with J ∈ Rn×n.

In the next section we limit our attention to two
motors carrying a common cargo and show that, under the
condition of one motor in the ensemble carrying the cargo
remaining engaged to the microtubule, the state space S
contains at least one transient state and that as t → ∞, a
unique steady state probability P (t) is reached.

3. STEADY STATE DYNAMICS

In this section we establish existence of transient
states and a unique steady state probability distribution in the
state space of relative configurations of a cargo carried by
multiple motors . The total number of motors in the ensemble
m̄ = 2. We establish results motivated from the underlying
biology and structure of the probability transition matrix J.
The Markov matrix J described in the previous section can
be arranged in the form as shown in (2),

J =

(
A B
0 C

)
, (2)

where, A ∈ Rm×m,B ∈ Rm×(n−m),C ∈ R(n−m)×(n−m),0
is a zero matrix of appropriate dimensions. Here, A is a
column stochastic matrix and is the transition matrix of a
subset of S. The state space S can be split into two disjoint
sets S1 = {σ1, σ2, · · · , σm} and S2 = {σm+1, · · · , σn} such
that S = S1 ∪ S2 and it is possible to transition from S2 to
S1(i.e., B 6= 0) but it is not possible to transition from S1

to S2. Thus, A is the transition matrix of the Markov chain
associated with the states S1. The arrangement of the matrix
J in the form of (2) is enabled by Theorem 1. First we
present a few definitions.

Definition 1 (Irreducible Markov Chain). An irreducible
Markov chain is such that if for any σi, σj ∈ S, there exist
n ∈ N such that (Jn)i,j > 0, that is, it is possible to reach
any state from any other state in finite hops.

Definition 2 (Aperiodic Markov Chain). An aperiodic
Markov chain is the one where each state is aperiodic. The
period of a state σi ∈ S is defined as d(i) := gcd{n ≥
1|(Jn)i,i > 0}. If d(i) = 1 then the state is said to be
aperiodic.

Definition 3 (Recurrent and Transient State). A state σi ∈ S
is said to be recurrent if the chain returns to state σi with
probability 1 in a finite number of steps given that it started
from σi, otherwise it is said to be transient.
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Definition 4 (Steady State Distribution). The right eigenvec-
tor π of the probabibility transition matrix J corresponding
to the eigenvalue 1 is said to be a steady state distribution,
that is, it satisfies Jπ = π.

Definition 5 (Limit Distribution). A vector π satisfying
lim
n→∞

Jn = π1
′

is said to be the limit distribution of J,
where 1 is a vector of all ones of appropriate dimensions.

Theorem 1. Given a cargo attached to m̄ = 2 motors and
subjected to opposing load force FL, there exists at least one
transient state σi ∈ S.

The first row of B 6= 0 as detachment events of
the molecular motors from the microtubule have non zero
probability. Hence, sum of each column of C < 1. The
Gershgorin theorem leads to |ρ(C)| < 1 implying that the
states associated with C are transient states. Thus, transition
probabilities of all transient states are clubbed into C. All the
recurrent states correspond to A. This justifies the structure
of J as shown in (2).

Theorem 2. Submatrix A of J is irreducible and aperiodic
(i.e., ergodic) and |ρ(C)| < 1.

Theorem 3. Consider J as defined in (2) such that A is
irreducible, aperiodic (from the previous theorem) and π be
its limit distribution. Then [π

′
0

′
]
′

is the limit distribution
and unique steady state distribution of the Markov chain with
the transition matrix J.

The existence of a unique steady state distribution
of the relative configurations of a cargo carried by multiple
motors demonstrates that a cargo-motor ensemble is a nat-
urally robust system. As long as the cargo remains bound
to the microtubule through at least one motor the cargo-
motor ensemble behaves according to a fixed distribution
independent of the initial distribution.

4. CONCLUSIONS

Transport of cargo by molecular motors is modeled
as a Markov chain derived from a probability master equation
is analysed in this article. The steady state probability distri-
bution of the relative configurations is proven to be unique
which signifies the robustness of the intracellular transport
mechanisms.
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