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a b s t r a c t

Learning influence pathways in a network of dynamically related processes from observations is
of considerable importance in many disciplines. In this article, influence networks of agents which
interact dynamically via linear dependencies are considered. An algorithm for the reconstruction of the
topology of interaction based on multivariate Wiener filtering is analyzed. It is shown that for a vast
and important class of interactions, that includes physical systems with flow conservation, the topology
of the interactions can be exactly recovered, even for colored exogenous inputs. The efficacy of the
approach is illustrated through simulation and experiments on multiple important networks, including
consensus networks, IEEE power networks and EnergyPlus based simulation of thermal dynamics of
buildings.

© 2019 Published by Elsevier Ltd.

1. Introduction

Networks are widely used to represent the functioning of
complex physical systems like the power grid (Deka, & Chertkov
et al., 2017), brain (Bullmore & Sporns, 2009) as well as non-
physical systems like social relationships (Scott, 2017), financial
systems (Allen & Babus, 2009) and many others. In some appli-
cations, there is a clear and evident physical network of agents.
For example, consider a network where agents comprise wireless
hubs that receive and transmit signals according to a network
topology. In other applications, a physical network is not evident,
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for example, sensors measuring temperature at various zones in
a building, do not admit easy identification of physical links that
connect measurements. In either scenario, determining influences
between important clusters presents insights into functioning
of the complex system. The resulting influence pathways can
suggest methods to steer the system toward a desired behavior.
Prior Work: In many applications it is possible to manipulate the
system to help identifying the structure of the network. Such
an active approach for identifying the presence of influences
between agents may entail removing agents from the network
to evaluate their impact on other agents to infer influence path-
ways (Nabi-Abdolyousefi, 2014). We consider such approaches
to be invasive. In Hayden, Chang, Goncalves, and Tomlin (2016)
experiment design (or input design) for estimation of the network
topology and transfer functions is discussed. Yuan, Stan, Warnick,
and Goncalves (2011) present a Akaike Information Criteria (AIC)
based invasive approach with a focus on robust network inference
in the presence of measurement noise and non-linearities.

In many applications it is not possible to excite/perturb the
system to decipher the influence of one variable on the rest.
For instance, in the stock market, it is not possible to set the
price of a particular stock to evaluate the impact on the other
stocks. Thus, there is a clear need of ‘non-invasive’ approaches
to infer the network representation of complex systems, which
is the approach taken in this article. To be precise, non-invasive
approaches do not entail the design of inputs or setting of nodal
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states to a reference value for the purpose of network infer-
ence; the nodal inputs albeit present are treated as unmeasured
disturbances (non-manipulated inputs).

Non-invasive methods of learning the network topology is an
active area of research in multiple disciplines including control
theory, computer science and statistics to name a few. Here
an initial focus utilized modeling activity of agents via random
variables; the graphical models approach (see Friedman, Hastie,
& Tibshirani, 2008; Meinshausen & Bühlmann, 2006; Pearl, 1988,
2009) employs the random variable based abstraction exten-
sively. More recently, network topology learning methods have
utilized time series measurements of agents’ activity modeled
as stochastic processes (Dahlhaus, 2000; Gonçalves & Warnick,
2008). The approach of using stochastic processes to model time-
series is well-suited for scenarios where agents interact dynam-
ically; where the past or present state of an agent can affect the
present state of another agent. Such interdependence is particu-
larly apt for modeling high resolution time-series measurements,
which has become widespread due to the availability of smart
sensors with high bandwidth (for example, Phase Measurement
Units employed by the power grid (Nuqui & Phadke, 2005)) in
many domains including Internet of Things.

In Giannakis, Shen, and Karanikolas (2018), a kernel based
regression approach for topology estimation in nonlinear dynam-
ical systems is presented. In Chiuso and Pillonetto (2012) the
authors focus on learning the network topology as well as the
transfer functions in the high dimensional setting (more nodes
and less observations per node) using kernel based estimator with
regularization (l1 type penalty). However, the results presented
do not provide consistency guarantees. By consistency guarantees
we mean that, given an associated adjacency matrix of the net-
work generating the time series data, ‘closeness’ of the inferred
adjacency matrix obtained using the proposed approach to that of
the true underlying adjacency matrix is characterized rigorously.

A convex optimization based approach which endows a sparse
adjacency matrix and graph Laplacian matrix under the
assumption of weak stationarity of the nodal time series while
preserving the spectral properties of the nodal time series is
presented in Egilmez, Pavez, and Ortega (2017), Segarra, and
Marques et al. (2017) and Shafipour, Segarra, Marques, and Ma-
teos (2018). In Segarra, and Schaub et al. (2017), the ideas from
Segarra, and Marques et al. (2017) are applied to linear consensus
dynamics with the added requirement of several independent
realizations of the multi-agent system being available. However,
the results presented do not provide consistency guarantees and
require independent and identically distributed samples. The
algorithms proposed in this manuscript allow for the presence
of correlated samples, provide consistency guarantees and do
not have the requirement of independent realizations of the
observations.

For consensus dynamics, a decentralized and distributed topol-
ogy learning scheme is presented in Kibangou and Commault
(2012) and Morbidi and Kibangou (2014) respectively. In
Shahrampour and Preciado (2015), an active network learning
approach based on spectral analysis is used for exact topology
inference of Laplacian dynamics. The framework presented in this
article is applicable to a linear dynamical system, which includes
Laplacian dynamics.

In Materassi and Salapaka (2012) the authors present a multi-
variate Wiener filtering approach for inferring the network struc-
ture of agents that interact via linear dynamical relations. Here,
filtering based methods with provable guarantees are devised
that can determine the network topology within one hop of
a true edge. In this case, no conclusions on causation can be
reached (that is the directionality of the dependency cannot be
ascertained). However, if the underlying system generating the

data is strictly temporally causal (the present of any process
depends on the strict past of others) then causation information
(that is direction of the dependency) as well as the network
topology can be determined exactly. For nonlinear systems with
a known bound on the in degree of a node, the authors in Quinn,
Kiyavash, and Coleman (2015) use a directed information ap-
proach to infer directed graphs. The assumption of strictly causal
dynamics is indeed a significant enabling factor to guarantee
exact topology inference with edge directions in Materassi and
Salapaka (2012) and Quinn et al. (2015). In Dahlhaus (2000) the
authors use a power spectral analysis approach to infer the net-
work topology. Dahlhaus (2000), Materassi and Salapaka (2012),
Quinn et al. (2015) primarily use a mix of signal processing or
optimization schemes to provide consistency guarantees on the
inferred network structure. Without the strict causality assump-
tion the inferred network structure is not guaranteed to be the
exact network structure. In this article, we do not impose the
requirement of strict causality for exact topology inference.

Our Contribution: We note that the above works do not uti-
lize the governing equations of the system (possibly originating
from simplified physics based models) toward passive network
topology learning in the presence of colored exogenous inputs.
We adopt a gray box approach for inference of the network
structure. In this article, we focus on topology learning in physical
dynamical systems like power networks (Chowdhury & Crossley,
2009) and thermal dynamic networks (Reynders, Diriken, & Sae-
lens, 2014), where influences between agents, when present, are
bi-directional, representing a form of mutual coupling and not
necessarily a cause effect relationship. In these types of situa-
tions, the assumption of strict causality is not valid. We present
a new algorithm for exact topology inference, which utilizes
both the magnitude and phase response of multivariate Wiener
filters for determining the presence/absence of links between
two nodes. The main result establishes that the confounding
effects of indirect relationship of an agent on another can be
detected using the phase response of the multivariate Wiener
filters. We provide provable guarantees for consistency of the
inferred topology with the underlying topology, without resorting
to structural restrictions like the topology being radial (Talukdar,
Deka & Materassi et al., 2017) or bounded in-degree or strictly
causal dynamics, and without relying on information of system
parameters or exogenous inputs. The guarantees on exactness of
network topology inference hold even in the presence of feedback
loops unlike Materassi and Salapaka (2013) and Talukdar, Deka
and Lundstrom et al. (2017). Moreover, the consistency guaran-
tees are applicable even when the nodal exogenous inputs/noise
are colored unlike prior work where assumptions of noise being
white are necessary (Pereira, Ibrahimi, & Montanari, 2010). This
article builds on the contributions of Materassi and Salapaka
(2012), however, the contribution of this article is an algorithm
with guaranteed exact inference of network topology for linear
dynamical systems unlike Materassi and Salapaka (2012). We
perform a detailed comparison through simulations of our algo-
rithm with the one proposed in Materassi and Salapaka (2012) to
illustrate the advantages.

An important application of topology learning is in real time
monitoring of a network, which places a requirement of algo-
rithms that can infer the topology with finite/limited samples of
measurements from each node. We introduce group Lasso (Bach,
2008) based regularizers in the Wiener filtering optimization
problem and demonstrate that our algorithm when used with
regularized version of Wiener filtering provides accurate topology
estimation even in the low sample regime. The effectiveness
of the algorithms and theory presented is illustrated through
simulations on power networks, thermal dynamics of buildings
and directed consensus networks.
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Preliminary work subsumed by this article instantiated to
various application domains have appeared in Talukdar, Deka and
Lundstrom et al. (2017) for power grid networks, Doddi, Talukdar,
Deka, and Salapaka (2018) for thermal dynamics of buildings
and Talukdar, Deka and Attree et al. (2017) for consensus net-
works. This article is a detailed version with complete proofs with
a presentation from a general linear dynamical system perspec-
tive. In Section 2 we present the framework, define the problem
of topology learning and provide motivating examples. Wiener
filtering approach for topology inference is summarized in Sec-
tion 3 followed by the derivation of the exact topology learning
algorithm and its connections with physical conservation laws
in Section 4. In Section 5, we illustrate the performance of the
learning algorithm on power grid simulations, Energy plus based
building simulation and Raspberry Pi based experimental data
from consensus dynamics. Conclusions are presented in Section 6.

2. Preliminaries

Suppose xi, i = 1, . . . , n represent n measured time-series.
Further assume that the dynamics generating the time-series xi
satisfy,

l∑
m=1

am,i
dmxi
dtm
+ a0,ixi =

n∑
j=1,j̸=i

bijxj(t)+ pi(t), (1)

i ∈ {1, 2, . . . , n}, where, the exogenous forcing pi(t) is a zero
mean wide sense stationary (WSS) process uncorrelated with pj(t)
for j ̸= i. Note that a linear transformation of {pj(·)}nj=1 results
in {xj(·)}nj=1. We assume that the above dynamics is stable. Thus,
{xj(·)}nj=1 are a collection of WSS processes and the collection
({xj(·)}nj=1, {pj(·)}

n
j=1) are jointly wide sense stationary processes

(JWSS) (Gubner, 2006). Here, xi(t) ∈ R, the ith state of the system
is assumed to be measured for all i, and, the system parameters
are assumed to be real numbers, that is, am,i ∈ R, bij ∈ R for
all m ∈ {0, 1, . . . , l} and i, j ∈ {1, . . . , n} with i ̸= j. We remark
that none of the system parameters are known. There are many
systems which satisfy the dynamics represented by (1), some of
which are discussed below.

(1) Consensus dynamics: Distributed decision making methods
in multi-agent systems often use the first order consensus
protocol, where each agent updates its states based on the
difference between other agents’ present value and itself,
described by

dxi
dt
=

n∑
j=1

cij(xj − xi)+ pj, (2)

where, pj denotes the receiver noise for agent j (Siami,
Bolouki, Bamieh, & Motee, 2017). Inferring, the communi-
cation topology of a network of agents in a multi agent
system is a relevant objective of a cyber attacker, and
appropriate hardware/ software tools need to be designed
to avert such attacks.

(2) Thermal Resistance Capacitance(RC) networks: Tractable
gray box modeling with lumped parameters prove effective
for real-time control of buildings. Here RC models that as-
sume discretized physical space are employed where every
identified zone is represented by a common temperature.
Such a lumped parameter model is described by

Ci
dTi
dt
=

n∑
j=1

Tj − Ti
Rij
+ pj(t), (3)

where, Cj > 0 is the capacitance of zone j, Rij ≥ 0
denotes the thermal resistance between nodes i and j, pj

is the total internal heat generated in zone j. In thermal
dynamics, Rji = Rij and in the description corresponding
to (1) measured variable xi is identified with temperature
Ti. Inference of the thermal RC network aids in develop-
ing network models for the thermal dynamics around an
operating point.

(3) Power Grid Network Dynamics: For small disturbances in
the power grid, the dynamics of the deviation of volt-
age phase angle at bus j from the nominal value, de-
noted by θj, is modeled by the following linearized swing
equation (Kundur, Balu, & Lauby, 1994),

Miθ̈i + Diθ̇i =

n∑
j=1,̸=i

cij(θj − θi)+ pi(t), (4)

where, Mi ≥ 0 denotes the inertia of the rotating mass,
Di ≥ 0 denotes the damping and pi(t) is the power imbal-
ance injections at the bus i. Here, cij(θj − θi) gives the line
flow from nodes j to i, where cij is the susceptance of the
line. Under equilibrium conditions power balance is satis-
fied at each node. Note that, cij = cji ≥ 0 for power system
dynamics. Inference of the power grid network topology
is important as it enables fault detection and optimizing
network flows.

The Laplace transform of (1) leads to,
l∑

m=0

am,ismXi(s) =
n∑

j=1,j̸=i

bijXj(s)+ Pi(s), (5)

where, Xi(s) and Pi(s) are the Laplace transform of xi(t) and pi(t)
respectively for i = {1, . . . , n}. Using the bi-linear transformation
of s = 2(1−z−1)

∆t(1+z−1)
(∆t denotes the sampling time), the z transform

of the discretization of continuous time dynamics (1) is given
by,

Si(z)Xi(z) =
n∑

j=1,j̸=i

bijXj(z)+ Pi(z), (6)

where, Si(z) =
∑l

m=0 am,i( 2(1−z−1)
∆t(1+z−1)

)
m
, is the z domain operator

determined by xi and its derivatives along with their coefficients
in (1). Here, Xi(z) is the z transform of xi(k) for all i = {1, . . . , n}.
Note that other transformation approaches from the s to z domain
could be used as well and our results are independent of the
discretization method used. Rewriting (6) we have,

Xi(z) =
n∑

j=1,j̸=i

Hij(z)Xj(z)+ Ei(z) (7)

where, Hij(z) =
bij
Si(z)

, Ei(z) = 1
Si(z)

Pi(z). It can be shown that ei(·)
are uncorrelated with ej(·) for j ̸= i, where, ei(·), is the inverse z
transform of Ei(z), and is a zero mean wide sense stationary se-
quence for all i = 1, . . . , n. Summarizing, the network dynamics
is represented as,

X(z) = H(z)X(z)+ E(z), where , (8)

X(z) = [X1(z) X2(z) ... Xn(z)]T ,

E(z) = [E1(z) E2(z) ... En(z)]T ,H(z)(i, j) = Hij(z).

Note that the diagonal entries of the matrix H(z) are 0. Next,
we associate a graphical representation derived from the transfer
function matrix H(z).

Graphical Representation: Consider a directed graph G =
(V, E) with V = {1, . . . , n} being the nodes and E = {(i, j)|Hij(z) ̸=
0} as the edge set. Each node i ∈ V is a representation of the
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Fig. 1. A generative graph G is shown in (a), its topology GT in (b), and its
moral graph, GM in (c) (Materassi & Salapaka, 2012).

measured time series xi(k). We refer to the directed graph G to
be the generative graph of the measured time series.

Given a generative graph G, its topology is defined as the undi-
rected graph GT = (V, ET ) obtained by removing the orientation
on all its edges, while avoiding repetition. An example of topology
of the generative graph in Fig. 1(a) is shown in Fig. 1(b).

Remark 1. Thermal dynamics and power grid dynamics are such
that the physics of the system naturally lead to a bi-directed
generative graph, where there is no clear notion of cause and
effect among the nodes. Many other physical flow dynamics
possess similar characteristics.

3. Topology learning

In this article, we address the problem of inferring the under-
lying topology, GT , of a linear dynamical system described by (1)
with the generative graph G, based on time series measurements
{x1(·), . . . , xn(·)}, without the knowledge of the system parame-
ters {am,i, bij} and with exogenous inputs {pi} unmeasured.

Existing approaches in a dynamical setting with temporally
correlated samples, model the exogenous inputs pi to be Gaussian
white noise and independent from pj for i ̸= j (Pereira et al.,
2010). In this work we show that, one can infer the exact topology
GT of the linear dynamical system described by (1), even where
exogenous inputs are colored, that is, correlated across time. We
begin by recalling the idea of power spectral density.

Definition 1 (Power Spectral Density(PSD) Matrix). For a n dimen-
sional collection of WSS time series x(·) = {x1(·), . . . , xn(·)}T , the
power spectral density matrix is defined as ΦX (ω) :=

∑
∞

k=−∞

E(x(k)x(0)T )e−ĵωk, where, E(·) denotes the expectation operator.

Definition 2 (Cross Power Spectral Density(PSD) Matrix). For a n di-
mensional collection of WSS time series X(·) = {x1(·), . . . , xn(·)}T
and a m dimensional collection of WSS time series Y (·) =
{y1(·), . . . , ym(·)}T , the power spectral density matrix is defined
as ΦXY (ω) :=

∑
∞

k=−∞ E(x(k)y(0)T )e−ĵωk, where, E(·) denotes the
expectation operator.

We make the following key assumptions:

(1) For well posedness we assume that I − H(z) is invertible
almost everywhere.

(2) The power spectral density matrix of the exogenous inputs,
ΦP (ω) = diag{Φp1 (ω), . . . , Φpn (ω)} is assumed to be a
positive definite matrix almost everywhere.

3.1. Multivariate Wiener filtering

Let v(·) and x1(·), . . . , xm(·) be a collection of jointly wide sense
stationary (JWSS) stochastic processes. Let x(·) := [x1(·), . . . .,

xm(·)]T and X := span{x1(k), . . . , xm(k)}∞k=−∞. Consider the fol-
lowing least square optimization problem:

v̂(k) := arg inf
q∈X

E(v(k)− q)2. (9)

If ΦX (ω) ≻ 0 (that is ΦX (ω) is positive definite) almost surely,
then the optimal solution v̂(k) ∈ X exists, is unique and is given
by

V̂ (z) = W(z)X(z),W(z) = ΦvX (z)ΦX (z)−1

= [Wv1(z) ... Wvm(z)]X(z)

=

m∑
j=1

Wvj(z)Xj(z),

where W(z) = ΦvX (z)ΦX (z)−1 is the Wiener filter. Here, V̂ (z) is
the z transform of v̂(·). Refer Materassi and Salapaka (2012) for
further details. Note that the Wiener filter is obtained using the
power spectral density matrices, which can be estimated from the
observed time series (Stoica, Moses, et al., 2005). The next result
details the properties of Wiener filter for topology inference of
linear dynamical systems described by (1) and is based on the
results in Materassi and Salapaka (2012).

3.2. Learning the moral graph using multivariate Wiener filtering
(Materassi & Salapaka, 2012)

First, we present some graph related notion which will be
useful in the subsequent discussion.

In the generative graph G, (i, j) denotes a directed edge from
j to i if Hij(z) ̸= 0, where j is referred as the parent of i and i is
referred as the child of j. We will refer to nodes having common
children as spouses of each other, for example i ∈ V and j ∈ V
are spouses if there exist a node k ∈ V such that Hki(z) ̸= 0
and Hkj(z) ̸= 0 almost surely. Let Cj, Pj, Kj denote the set of
nodes consisting of children, parents and spouses of node j in the
generative graph G. For illustration, in Fig. 1 we show a generative
graph, where, nodes 1 and 9 are parents of node 2, while, node 2
is the child of nodes 1 and 9. Here, nodes 1 and 9 are spouses of
each other.

Definition 3 (Moral Graph). The moral graph, GM = (V, EM ) of the
generative graph G, is defined as the undirected graph obtained
by removing the orientation on all its edges, avoiding repetition
and adding an undirected edge between spouses. The moral graph
of the generative graph in Fig. 1(a) is shown in Fig. 1(c).

Definition 4 (Path). A path between two nodes x0, xk in an undi-
rected graph GT = (V, ET ) is a set of unique nodes {x0, x1, . . . , xk}
⊆ V where {(x0, x1), . . . , (xk−1, xk)} ⊆ ET . We will denote a path
by x0 − x1 − x2 − · · · − xk−1 − xk. The length of a path is one less
than the number of nodes in the path. For example: 1−2−3−5
is a path of length three, between nodes 1 and 5 in the undirected
graph of Fig. 1(b).

Definition 5 (m Hop Neighbor). In an undirected graph GT =

(V, ET ), j ∈ V is a m hop neighbor of i ∈ V , if there is a path of
length m between i and j in GT . For example: nodes 1 and 5 are
three hop neighbors in the undirected graph in Fig. 1(b). If there
is a path of length one between i and j then they are neighbors
in GT . The set of m hop neighbors of a node i ∈ V is denoted by
Ni,m. The set of neighbors (that is 1 hop neighbor) of a node i in
GT is denoted as Ni.

Remark 2. The network topology for thermal dynamics and
power grid dynamics are such that, if i, j are neighbors in the
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topology GT , then, i is a parent as well as a child of j in the genera-
tive graph G. Furthermore, if i, j are two hop neighbors in GT , then,
i and j are spouses in the generative graph. The exact inference
of the topology in these physical flow networks is equivalent to
exact network inference of the bi-directed generative graph.

Next, we present the main result from Materassi and Salapaka
(2012) which relates multivariate Wiener filtering to the network
topology and is the basis for Algorithm 1 which recovers the
moral graph GM of G.

Theorem 1. Consider the linear dynamical system in (1)with topol-
ogy GT and (H(z), E(z)) specifying the network dynamics in (8). The
nodal state measurements are given by x(k) = [x1(k), . . . , xn(k)]T .
Define the space Xj̄ = span{xi(k)}k=∞i̸=j,k=−∞. The non-causal Multi-
variate Wiener filter estimate x̂j(k) ∈ Xj̄ of the signal xj(k) is given
by,

X̂j(z) =
n∑

i̸=j,i=1

Wji(z)Xi(z), (10)

where, Wji(z) ̸= 0 implies i ∈ Nj ∪ Kj in GT .

Proof. The proof follows from the main result of Materassi and
Salapaka (2012), which states that, Wji(z) ̸= 0 implies that j and i
share a children–parent or spouse relationship in the generative
graph G. It follows that, in terms of the topology GT , if Wji(z) ̸= 0
then i and j are neighbors or spouses.

Remark 3. The above result does not guarantee that if i ∈
Nj ∪ Kj, then Wji(z) ̸= 0. However, such cases are pathological
(see Materassi and Salapaka (2012)).

Thus the set of children, parents and spouses of each node in
the network can be identified using non-zero entries in the corre-
sponding multivariate Wiener filter. The moral graph, GM , can be
obtained by adding a link between nodes with non zero entries in
the corresponding multivariate Wiener filter. We summarize the
procedure to obtain GM from nodal time series measurement in
Algorithm 1 below.

Algorithm 1 Learning Moral Graph using Wiener Filtering
Input: samples xi(k) for nodes i ∈ {1, 2, ..., n} from generative
graph G, threshold ρ

Output: Estimate of edges of GM , ĒM (for large number of samples
per node, ĒM coincides with EM )

1: Edge set ĒM ← {}
2: for all j ∈ {1, 2, ..., n} do
3: Compute Wiener filter Wj(eĵω) =

[Wj1(eĵω) · · ·Wj,j−1(eĵω),Wj,j+1(eĵω) · · ·Wjn(eĵω)]
4: end for
5: for all i, j ∈ {1, 2, ..., n}, i ̸= j do
6: if supωi∈Ω

∥Wji(eĵωi )∥ > ρ then
7: ĒM ← ĒM ∪ {(i, j)}
8: end if
9: end for

Algorithm 1 results in the moral graph, which has spuri-
ous spouse edges apart from the edges present in the topology.
For bi-directed generative graphs considered here, the number
of spurious links in the moral graph is of the same order as
that of true links; here, for every pair of two hop neighbor we
get one edge in the moral graph which is not present in the
generative graph. Indeed, consider the power grid topology in

Fig. 2. (a) Number of spurious links (red edges) in the Wiener reconstructed
graph are comparable with the number of true links (black edges) in the
underlying power grid topology (b) Example of two power grid topologies which
result in the same reconstructed moral graph using non-zero Wiener filters.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 2(a) and its moral graph; it is evident that the number of
spurious links (links not present in the topology) is substan-
tial. Furthermore, consider the example in Fig. 2(b), where both
topologies A and B obtained from the generative graphs of two
power grids, following the swing equation dynamics, result in
the same reconstructed moral graph using multivariate Wiener
filtering. The Wiener filtering based reconstructed edge between
i and k in Fig. 2 can thus represent a true edge or a spurious edge
between spouses. Thus, elimination of spurious edges to recover
the actual topology is a non trivial and important task owing to
the significant presence of spurious links and presence of many
candidate topologies for a given moral graph.

4. Exact reconstruction of the generative graph

The following theorem (based on results in Materassi and
Salapaka (2012)) presents an explicit characterization of the con-
tribution of neighbors Nj and two-hop neighbors Nj,2 of node j to
the multivariate non causal Wiener filter {Wji(z)}ni=1,i̸=j.

Theorem 2. Consider the generative graph G = (V, E) described
by (1), with x(k) = (x1(k) · · · xn(k))T as the output at time instant
k. Let the z transform of the multivariate non causal Wiener filtering
estimate x̂j(k) of xj(k) be, X̂j(z) =

∑
i,i̸=j Wji(z)Xi(z). Then, Wji(z) =

Ĉji(z)+ P̂ji(z)+ K̂ji(z), where,

Ĉji(z) =
bijSi(z)Φ−1pi (z)

|Sj(z)|2Φ−1pj (z)+
∑

l∈Pj
b2ljΦ

−1
pl (z)

, (11)

P̂ji(z) =
bjiS∗j (z)Φ

−1
pj (z)

|Sj(z)|2Φ−1pj (z)+
∑

l∈Nj
b2ljΦ

−1
pl (z)

, and, (12)
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K̂ji(z) = −

∑
k∈Ni∩Nj

bkjbkiΦ−1pk (z)

|Sj(z)|2Φ−1pj (z)+
∑

l∈Pj
b2ljΦ

−1
pl (z)

, (13)

where, Si(z) =
∑l

m=0 am,i( 2(1−z−1)
∆t(1+z−1)

)m, i ∈ {1, . . . , n}.

Proof. It is shown in Materassi and Salapaka (2012) that,Wji(z) =
Ĉji(z)+ P̂ji(z)+ K̂ji(z), where,

Ĉj∗(z) =
Φej (z)H

∗

∗j(z)Φ
−1
e (z)

1+ |H∗
∗j(z)Φ

−1
e H∗j(z)|Φej (z)

,

P̂j∗(z) = (1− Ĉj∗(z)H∗j(z))Hj∗(z),

K̂ji(z) = −Ĉj∗(z)H∗i(z),

with H∗j(z) and Hj∗(z) representing the jth column and jth row
of the H(z) matrix respectively and H∗

∗j(z) represents complex
conjugate transpose of the vector H∗j(z). Here Ĉji, P̂ji and K̂ji are
contributions of the ith time-series in the estimation of the jth
time-series for being the child, parent and spouse of j respec-
tively. Note that Ĉjj(z) = 0 and P̂jj(z) = 0. In the context of the
generative graph G with dynamics described by (1), Ĉj∗(z) is a 1×n
row of transfer functions described by,

Ĉj∗(z) =
Φej (z)H

∗

∗j(z)Φ
−1
e (z)

1+ |H∗
∗j(z)Φ

−1
e H∗j(z)|Φej (z)

=
[H∗1j(z)Φ

−1
e1 (z) H∗2j(z)Φ

−1
e2 (z) · · · H∗nj(z)Φ

−1
en (z)]

Φ−1ej (z)+
∑

l∈Pj
|Hlj(z)|2Φ−1el (z)

=

[
b1j

S∗1 (z)
|S1(z)|2Φ−1p1 (z) · · · bnj

S∗n (z)
|Sn(z)|2Φ−1pn (z)]

|Sj(z)|2Φ−1pj (z)+
∑

l∈Pj

b2lj
|Sl(z)|2
|Sl(z)|2Φ−1pl (z)

=
[b1jS1(z)Φ−1p1 (z) · · · bnjSn(z)Φ−1pn (z)]

|Sj(z)|2Φ−1pj (z)+
∑

l∈Pj
b2ljΦ

−1
pl (z)

.

Thus, contribution to Wji(z) due to i being a child of j is given by,

Ĉji(z) =
bijSi(z)Φ

−1
pi (z)

|Sj(z)|2Φ
−1
pj (z)+

∑
l∈Pj

b2ljΦ
−1
pl (z)

. Similarly, contribution from all

parents of node j in the generative graph G, P̂j∗(z) is a 1× n row
of transfer functions described by,

P̂j∗(z) = (1− Ĉj∗(z)H∗j(z))Hj∗(z)

= (1−

∑
l∈Nj

b2ljΦ
−1
pl (z)

|Sj(z)|2Φ−1pj (z)+
∑

l∈Pj
b2ljΦ

−1
pl (z)

)

[Hj1(z) · · · Hjn(z)]

=

S∗j (z)Φ
−1
pj (z)

|Sj(z)|2Φ−1pj (z)+
∑

l∈Pj
b2ljΦ

−1
pl (z)

[bj1(z) · · · bjn(z)].

Thus, the contribution to Wji(z) due to i being a parent of j is

P̂ji(z) =
bjiS∗j (z)Φ

−1
pj (z)

|Sj(z)|2Φ
−1
pj (z)+

∑
l∈Pj

b2ljΦ
−1
pl (z)

. The net contribution to Wji(z)

due to i ∈ Nj, is given by, N̂ji(z) := Ĉji(z)+ P̂ji(z). The contribution,
K̂ji, to Wji for i for being a spouse of j in the generative graph G
with dynamics described by (1) is,

K̂ji(z) = −

∑
k∈Cj∩Ci

bkjSk(z)
bki
Sk(z)

Φ−1pk (z)

|Sj(z)|2Φ−1pj (z)+
∑

l∈Pj
b2ljΦ

−1
pl (z)

= −

∑
k∈Cj∩Ci

bkjbkiΦ−1pk (z)

|Sj(z)|2Φ−1pj (z)+
∑

l∈Pj
b2ljΦ

−1
pl (z)

. (14)

This proves the theorem.

Next, we use the expressions derived in Theorem 2 to distin-
guish between true and spurious edges in the moral graph GM
formed by non-zero entries of multivariate Wiener filter. The next
theorem presents a result using the phase response of the non
causal Wiener filter for spurious edges corresponding to strict
spouse relationships, enabling them to be distinguished from true
edges.

Theorem 3. Consider the generative graph G = (V, E) described
by (1), with x(k) = (x1(k) · · · xn(k))T as the output at time instant
k. If i and j are strict spouses in G, that is, Ci ∩ Cj ̸= φ and i /∈ Nj,
j /∈ Ni, then Wji(eĵω) is 0 or π for all ω ∈ [−π, π].

Proof. As i /∈ Nj and j /∈ Ni, bij = 0, bji = 0. It follows from
Theorem 2 that, Ĉji(z) = 0 and P̂ji(z) = 0. Since, i and j are
spouses, there exist k ∈ Ci ∩ Cj such that bkj ̸= 0 and bki ̸= 0,
implying K̂ji(z) ̸= 0 (using (14)). Since, K̂ji(eĵω) is dependent
on {Φpj (e

ĵω)}j=1,2,...,n, which are positive real numbers for WSS
processes (Charbit, 2010), it follows from (14) that, K̂ji(eĵω) ∈ R(no
imaginary part) for all ω ∈ [−π, π]. Thus, Wji(eĵω) = K̂ji(eĵω) =
0 or π, for all ω ∈ [−π, π].

Remark 4. If bij > 0 whenever (i, j) ∈ E (true for power grid,
thermal dynamics and consensus applications), then, (Wji(eĵω))
= π for all ω ∈ [−π, π] if the conditions in Theorem 3 are
satisfied.

We will use the above theorem to identify spurious edges
between spouses in the moral graph GM to recover the true
topology GT . We now show that the above result does not hold
for nodes that are neighbors. The next theorem lists a condition
under which (Wji(eĵω)) = π or 0 for all ω ∈ [−π, π] for nodes i
and j that are neighbors as well as spouses.

Theorem 4. Consider the generative graph G = (V, E) described
by (1), with x(k) = (x1(k) · · · xn(k))T as the output at time instant
k. Suppose i and j are such that i ∈ Nj, i ∈ Kj. Then (Wji(eĵω)) =
0 or π for all ω ∈ [−π, π], if and only if,

Im(bijSi(eĵω)Φ−1pi (eĵω)+ bjiS∗j (e
ĵω)Φ−1pj (eĵω)) = 0,

for all ω ∈ [−π, π], where Im(z) represent the imaginary part of
the complex number z.

Proof. Using (11)–(13),

Wji(eĵω) =
bijSi(eĵω)Φ−1pi (eĵω)+ bjiS∗j (e

ĵω)Φ−1pj (eĵω)

|Sj(eĵω)|
2
Φ−1pj (eĵω)+

∑
l∈Pj

b2ljΦ
−1
pl (eĵω)

−

∑
k∈Ni∩Nj

bkjbkiΦ−1pk (eĵω)

|Sj(eĵω)|
2
Φ−1pj (eĵω)+

∑
l∈Pj

b2ljΦ
−1
pl (eĵω)

(15)

The second term in the above expression has no imaginary com-
ponent and the denominators of both the terms are real.

(⇒) Since, (Wji(eĵω)) = 0 or π for all ω ∈ [−π, π], it follows
that (Wji(eĵω)) is a real number for all ω ∈ [−π, π]. Thus, for all
ω ∈ [−π, π], Im(bijSi(eĵω)Φ−1pi (eĵω)+ bjiS∗j (e

ĵω)Φ−1pj (eĵω)) = 0.

(⇐) If Im(bijSi(eĵω)Φ−1pi (eĵω) + bjiS∗j (e
ĵω)Φ−1pj (eĵω)) = 0 for all

ω ∈ [−π, π], then, Im(Wji(eĵω)) = 0 for all ω ∈ [−π, π], which
leads to (Wji(eĵω)) = 0 or π for all ω ∈ [−π, π].

The next theorem lists a condition under which (Wji(eĵω)) =
π or 0 for all ω ∈ [−π, π] for nodes i and j that are neighbors
and not spouses.
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Theorem 5. Consider the generative graph G = (V, E) described
by (1), with X(k) = (x1(k) · · · xn(k))T as the output at time instant
k. Nodes i and j are such that i ∈ Nj and i ̸∈ Kj. Then, (Wji(eĵω)) =
0 or π for all ω ∈ [−π, π] if and only if Im(bijSi(eĵω)Φ−1pi (eĵω) +
bjiS∗j (e

ĵω)Φ−1pj (eĵω)) = 0 for all ω ∈ [−π, π].

Proof. Since i ̸∈ Kj, K̂ji(z) = 0. It follows that,

Wji(eĵω) = N̂ji(z)

=

bijSi(eĵω)Φ−1pi (eĵω)+ bjiS∗j (e
ĵω)Φ−1pj (eĵω)

|Sj(eĵω)|
2
Φ−1pj (eĵω)+

∑
l∈Nj

b2ljΦ
−1
pl (eĵω)

. (16)

Using reasoning similar to the proof of Theorem 4 the rest of the
proof follows.

Remark 5. The condition Im(bijSi(eĵω)Φ−1pi (eĵω) + bjiS∗j (e
ĵω)

Φ−1pj (eĵω)) = 0 for all ω ∈ [−π, π], presented in Theorems 4
and 5, is to be satisfied for all ω ∈ [−π, π], such that for
neighbor nodes i and j (irrespective of whether i and j are also
spouses or not), for Wji(eĵω) = 0 or π ω ∈ [−π, π]. This is
an equality constraint on the space of system parameters and is
a set of measure zero in the space of system parameter values.
We refer to parameters in this measure zero set as pathological
parameters. An example of pathological parameter set includes
the case of static systems, that is, {am,i = 0}m∈{1,...,l},i∈{1,...,n},
implying Im(Si(eĵω)) = 0 for all i ∈ {1, . . . , n}, ω ∈ [−π, π], thus
satisfying the equality constraint.

Theorems 3–5 demonstrate that aside from pathological cases,
the phase of the Wiener filter (Wji(eĵω)) = 0 or π for all ω ∈

[−π, π] only when i and j are not neighbors but are spouses
in the generative graph G. In particular, for such i and j, if the
prior knowledge of bji > 0 exists then (Wji(eĵω)) = π for all
ω ∈ [−π, π]. In other words, aside for the pathological cases
as discussed in Remark 5, the converse of Theorem 3 holds and
can be used as a criterion to differentiate between true edges and
spurious edges in the moral graph GM .

We now present Algorithm 2 that estimates the topology of
the generative graph G based on time-series of nodal measure-
ments pertaining to dynamics expressed by (1). The algorithm
consists of two parts. The first part (Steps 2–9) determines the
multivariate Wiener filter Wji(z) to estimate the moral graph
and is same as Algorithm 1. In the next part (Steps 10–16), we
consider a representative set of frequency points Ω in the interval
[−π, π ) and evaluate the phase angle of the Wiener filters for
edges in Ew . If the phase angle is within a pre-defined threshold
τ of 0 or π , the algorithm designates them as spurious edges (see
Theorem 3) and prunes them from Ew to produce edge set Ē of
the estimated true topology.

5. Simulation and experimental validation

In this section we present simulation and experimental valida-
tion of the topology inference algorithm presented in the previous
section. First, we present the methods employed to compute the
Wiener filter using nodal time series measurements, which is
used in Algorithm 2.

Wiener filter computation: Let xj(k) be the nodal time series
to be estimated from {xi(k)}mi=1,i̸=j, k ∈ Z. Consider the following
least square optimization problem on the Hilbert space of L2
random variables,

{hji,o} = arg inf
{hji}i=1,...,n,i̸=j

Algorithm 2 Topology Learning using Wiener Filtering with
Pruning Step
Input: nodal time samples xi(k) for nodes i ∈ {1, 2, ..., n} in
the generative graph G, thresholds ρ, τ , frequency points Ω =
{ω1, ..., ωm} where ωi ∈ [−π, π]

Output: Estimate of Edges ĒT in the topology of G. For large
samples, ĒT coincides with ET

1: Edge set Ew
← {}

2: for all j ∈ {1, 2, ..., n} do
3: Compute Wiener filter Wj(eĵω) = [Wj1(eĵω) · · ·Wjn(eĵω)]
4: end for
5: for all i, j ∈ {1, 2, ..., n}, i ̸= j do
6: if supωi∈Ω

∥Wji(eĵωi )∥ > ρ then
7: Ew

← Ew
∪ {(i, j)}

8: end if
9: end for

10: Edge set ĒT ← Ew

11: for all i, j ∈ {1, 2, ..., n}, i ̸= j do
12: if π − τ ≤ | Wji(eĵωi )|≤ π + τ or
13: −τ ≤ | Wji(eĵωi )|≤ τ ,∀ωi ∈ Ω then
14: ĒT ← ĒT − {(i, j)}
15: end if
16: end for

E(xj(k)−
n∑

i=1,i̸=j

∞∑
L=−∞

hL
jixi(k− L))2, (17)

≈ arg inf
{hji}i=1,...,n,i̸=j

1
N

N∑
k=1

(xj(k)−
n∑

i=1,i̸=j

F∑
L=−F

hL
jixi(k− L))2, (18)

where, hji = [h−Fji , . . . , h0
ji, . . . , h

F
ji] and N is the length of each

observed time series. The above approximation follows from the
mean ergodic theorem (Reed & Simon, 1980) and is exact in the
limit of N → ∞ and F → ∞. From the implementation view-
point, we consider lags up to a finite order F in (9) and a finite
number of observations N . The solution to the above optimization
problem is referred as the finite impulse response multivariate non-
causal Wiener filter (Huang, Benesty, & Chen, 2006), Wj(z) =
[Wj,1(z), . . . ,Wj,j−1(z),Wj,j+1(z), . . . ,Wj,m(z)], where,

Wji(z) =
F∑

L=−F

hL
ji,oz
−L. (19)

It is important to note that the multivariate Wiener filter, which
is obtained from solving the above optimization problem is de-
termined entirely from the measured time series without any
knowledge of system parameters or the statistics of the exoge-
nous inputs.

The above approach to Wiener filter computations gives ac-
curate Wiener filter estimation when the length of the observed
time series is ‘long enough’(sufficient statistics or asymptotic
observation regime). It results in poor accuracy of Wiener fil-
ter estimation in the limited number of observations and large
network application (high dimensional statistics regime) due to
over-fitting (Hastie, Tibshirani, & Wainwright, 2015).
Wiener filter with regularization: In order to account for lim-
ited samples of measurements at each node, a regularized version
of multivariate Wiener filtering is obtained by minimizing the ob-
jective function in (18) along with the group Lasso regularization
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penalty (Hastie et al., 2015).

{hji,γ } = arg inf
{hji}i=1,...,m,i̸=j

E(xj(k)−
n∑

i=1,i̸=j

∞∑
L=−∞

hL
jixi(k− L))2 + γ

n∑
i=1,i̸=j

∥hji∥2, (20)

≈ arg inf
{hji}i=1,...,n,i̸=j

1
N

N∑
k=0

(xj(k)−
m∑

i=1,i̸=j

F∑
L=−F

hL
jixi(k− L))2 + γ

n∑
i=1,i̸=j

∥hji∥2.

Here γ ≥ 0 is the regularization parameter and hji := [h−Fji , . . . ,

h0
ji, . . . , h

F
ji]. The regularized Wiener filter is given as,

W γ

ji (z) =
F∑

L=−F

hL
ji,γ z

−L. (21)

Choice of the threshold ρ, τ and regularization parameter γ :
In practice, the choice of the threshold is very crucial as the data
samples observed for each node is finite. Let Ω = {ω1, . . . , ωs} be
a set of frequency points in [0, π] rad/s. For the Wiener projection
of time series of node j on i ∈ {1, . . . , n}i̸=j, we compute, sji :=

supωk∈Ω ∥Wji(eĵωk )∥

maxi∈{1,...,n}i̸=j supωk∈Ω ∥Wji(eĵωk )∥
for every node i ∈ {1, . . . , n}i̸=j. Note

that the maximum value of sji is 1. The jth row of the adjacency
matrix A of size n × n of the inferred topology is populated as
follows:

A(j, i) =
{
1, if sji ≥ ρ, i ̸= j
0, otherwise.

(22)

For pruning step in the Algorithm 2, | Wji(eĵωi )| is computed for
each of the frequency points in the set Ω and their average is
computed. If the averaged value ∈ (π − τ , π + τ ), then the edge
j − i is inferred to be spurious. In the examples discussed below
Ω = {0, 0.1, 0.2, 0.3, . . . , 0.9} × π .
Relative Error: Let the adjacency matrix of the true topology be
denoted by AT . The relative error percentage is defined as∑r=n

r=1
∑t=n

t=1,t ̸=i |AT (r, t)− A(r, t)|∑r=n
r=1

∑t=n
t=1,t ̸=i AT (r, t)

× 100.

It is ratio of total number of false edges inferred from observa-
tions (both true negatives and false positives) to that of the total
number of edges in network generating the observations. Next,
we present validation of Algorithm 2 for exact network topology
inference through several examples. We would like to mention
that in all the example cases discussed below, in the large sample
limit, Algorithm 2 is able to detect all true edges in the underlying
topological and no true link is pruned out as spurious, thereby
reinforcing that pathological cases are rare.

5.1. Reconstruction of RC network structure from voltage time series
with colored input noise

Here, we perform a comparative study of Algorithm 2 with
the approach discussed in Algorithm 1 (Materassi & Salapaka,
2012) and the one lag regression approach in Pereira et al. (2010)
using nodal voltage time series from the representative 20 node
RC network as shown in Fig. 3(a) and its topology is shown in
Fig. 3(b). Consider a node i with a neighbor j in the RC network.
The node capacitance, Ci, exogenous input, pi, and the resistance
between i and j, Rij, are chosen as,

Rij =
log(i+ j)

i+ j
, Ci =

i2

100
,

Fig. 3. RC network, its Moral graph and Topology. Here, pj is the input current
at node j. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Fig. 4. Error percentage variation with number of samples per node for
Algorithm 1, Algorithm 2 and one lag regression when inputs are colored.

T (z) =
1− 0.2z−1 − 0.3z−2

1− 0.5z−1 + 0.4z−2 − 0.1z−3
pi = T (z) filtered 10 dB white noise.

The network dynamics is simulated in Matlab and the voltage
time series obtained is used for inference of the unknown net-
work topology. The thresholds for Algorithm 1 and 2 are chosen
as mentioned below:

• Algorithm 1: ρ = 0.1
• Algorithm 2: ρ = 0.1, τ = 10−1

The topology inference accuracy in terms of the relative error us-
ing Algorithm 1, Algorithm 2 and the one lag regression approach
is shown in Fig. 4. Applying Algorithm 1 (in the large sample limit,
6 × 105 samples per node onward) results in the moral graph
as shown in 3(c), with 19 true edges (black), 18 spurious edges
(red), and it is not known which of these inferred edges is true or
spurious. It is seen in Fig. 4 that even in the high sample limit (5×
105 samples per node onward) the errors in topology inference
using the one lag regression approach of Pereira et al. (2010) and
Algorithm 1 (Materassi & Salapaka, 2012) are significantly high,
whereas Algorithm 2 results in zero inference errors from at least
2 × 105 samples per node. Also, it is interesting to note that
in the low sample regime (104 samples per node), the topology
inference errors using Algorithm 2 are less than 10%, which is
significantly less than Algorithm 1 and one lag regression.

5.2. Comparative study and validation on energy plus simulations

Here, we will estimate the interaction topology amongst zonal
temperatures in a building using Algorithm 2 and also highlight
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Fig. 5. (a) Topview of EnergyPlus building model consisting of 5 zones, where,
the height of the building is 3.05 m, (b) Thermal resistor network of the building
with thermal capacitance at each node derived from a CFD model (Radecki &
Hencey, 2012).

the limitations in inference of three node cycles using static ap-
proaches. Here, we illustrate that by applying Algorithm 2 to the
temperature data of a five zone office building as shown in 5(a),
the true thermal RC network topology is recovered exactly. The
building envelope is created in Google SketchUp Make 2017 (El-
lis, Torcellini, & Crawley, 2008) (see Fig. 5) and its RC network
model obtained using model reduction of CFD model (Radecki
& Hencey, 2012) are shown in Fig. 5(b). The building is located
in Minneapolis, Minnesota, USA and the weather file used in
EnergyPlus is obtained from https://energyplus.net/weather. The
exogenous inputs to the building are heat gains from lights,
electrical equipment and people. For our simulations, we con-
sider the electrical and lighting loads as time-correlated wide
sense stationary processes. The correlated inputs are generated
by filtering white Gaussian noise through a first order digital
filter in MATLAB. It is to be emphasized that EnergyPlus solves
the nonlinear energy balance equation to obtain the zone tem-
peratures, where the heat transfer coefficients are functions of
zone temperatures (see DoE, 2010). The temperature time series
data at 1 min granularity is generated using EnergyPlus (Crawley,
Pedersen, Lawrie, & Winkelmann, 2000) and is used in topology
learning algorithms to estimate the structure of the underlying
RC network. For more details on EnergyPlus see DoE (2010).

Here, we perform a comparative study of four algorithms:
graphical lasso (Friedman et al., 2008) (random variable frame-
work for Gaussian graphical models), graphical lasso with sign
based pruning (Bolognani, Bof, Michelotti, Muraro, & Schenato,
2013; Deka, & Talukdar et al., 2017), one lag regression ap-
proach (Pereira et al., 2010) (see Appendix A for details), Al-
gorithm 2 with Wiener filtering computation without (18) and
with regularizer (20). The relative errors for topology inference
of the thermal dynamics of the building described above using
the above mentioned algorithms are shown in Fig. 6. It is seen
that in the low sample regime (around 104 samples), the error in
inference by Algorithm 2 (with regularization) reduces by about
half (in comparison to Algorithm 2 without regularization) due to
use of regularization in Wiener filter computations. It is seen that,
the graphical lasso as well as the graphical lasso with pruning
step is unable to recover the exact topology of the underlying
RC network, even in the large sample limit. This is a limitation
of the random variable framework for networks with three node
undirected cycles, which was also highlighted in the introduction
of this article. Similarly, the one lag regression approach of Pereira
et al. (2010) is unable to recover the exact topology of the RC
network. However, the time series based approach of Algorithm 2
with and without regularizer has zero error in topology inference
in the large sample limit. It is to be noted that the inferred topol-
ogy matches with the RC network topology obtained by model
reduction of a CFD model. It is seen in Fig. 6 that the relative error

Fig. 6. Relative error percentage variation with number of samples per node for
graphical lasso, graphical lasso with pruning, one lag regression and Algorithm
2 (with and without regularizers) with colored exogenous inputs. (For interpre-
tation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

for 104 samples per node is about 20% for Algorithm 2 with no
regularizers while it is less than 10% for topology inference using
Algorithm 2 with regularized Wiener filtering. Thus, the use of
regularizers could significantly reduce the over-fitting errors in
topology inference in the low sample regime.

5.3. Validation on consensus dynamics

Here, the performance of Algorithm 2 in estimating the topol-
ogy of a network of 5 agents undergoing consensus iterations
as depicted in Fig. 7(a) is presented. We present two sets of
results, first based on MATLAB simulations, and second based on
experimental results on a network of Raspberry Pis. The details
of the experimental platform can be found in Prakash, Talukdar,
Attree, Yadav, and Salapaka (2016). For our simulations, the re-
ceiver noise at each node is considered to be white. The trends
from the nodal measurement time series are removed using
the ‘detrend’ function in MATLAB. The reconstructed topology
using Algorithm 1 with 107 samples from each node is shown
in Fig. 7(c), where, the dashed edges denote the spurious links
recovered. Fig. 8(a) and Fig. 8(b) show the frequency response
of Wiener filters between node 2 and all other nodes that are
derived using Algorithm 2 with 107 samples for each node. It
is clear from Fig. 8(a) that the magnitude of the filter W25 is
small across the frequency range and it is concluded that there
exist no edge between nodes 2 and 5 in the moral graph. Using
the pruning step, the absolute values of the phase response of
W21(z),W23(z),W24(z) are analyzed as shown in Fig. 8(b). Here,
the phase of the filter W24 remains close to π throughout the
frequency range. It follows from Theorem 3 that the edge be-
tween 2 and 4 is spurious (phase response being close to π ). The
relative error percentage of Algorithm 2 with respect to number
of samples for simulations as well as experiments is shown in
Fig. 9. As expected, it is seen that as the number of samples per
node increases, the error decreases.

5.4. Validation on power network

In this section, we demonstrate the effectiveness of Algorithm
2 on the IEEE 39 and IEEE 14 bus power network (Athay, Podmore,
& Virmani, 1979) shown in Figs. 10(a) and 12 respectively with
network dynamics as described by (4). Here pi are modeled as
filtered white Gaussian noise (colored noise unlike iid Gaussian
in Deka, Backhaus, and Chertkov (2016)) to generate time series

https://energyplus.net/weather
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Fig. 7. (a) Generative graph of 5 node network undergoing consensus dynamics,
(b) associated network topology, (c) reconstructed topology of the 5 node
network of Fig. 7(a) obtained using multivariate Wiener filtering with 107

samples from each node. The dashed links are the spurious links due to spouse
relationship.

Fig. 8. (a) Bode magnitude plot of W21(z), W23(z), W24(z), W25(z) (b) absolute
values of phase response of W21(z), W23(z), W24(z), W25(z). W24(z) has a phase
response in the vicinity of π for all frequencies, hence, is eliminated by the
pruning step.

Fig. 9. Relative error percentage variation with number of samples per node in
simulation as well as experiments.

data for evaluation of the proposed algorithm. The output at each
node is sampled at 0.01s.

Consider the neighbors (green) and two-hop neighbors (red)
of node 25 in the IEEE 39 bus system as shown in Fig. 10(b).
Application of steps 1 to 9 of Algorithm 2 with a threshold ρ

of 10−5 in step 6 and 6.5 × 106 samples per node leads to
edges between node 25 and all nodes in Fig. 10(b). The absolute
values of the phase response of the multivariate Wiener filters
for node 25 and the nodes in its two-hop neighborhood are
shown in Fig. 11(a). It is seen that the phase response of the
Wiener filters corresponding to the nodes two hops away is close
to π rad, while that of the neighbor nodes starts from 0 rad.
Thus using the pruning step, all the two-hop neighbors can be
removed, recovering the true physical topology. The relative error
percentage in topology estimation for the IEEE 39 bus system as
a function of sample size is shown in Fig. 11(b). The threshold ρ

was chosen as 10−3 while τ = 0.2π . In many cases, pruning step
eliminated 58% of the total false positive edges obtained after step
9 of Algorithm 2.

Fig. 10. (a) IEEE 39 bus system with generators at 10 buses (Athay et al., 1979)
(b) The neighbors (green nodes) and strict two-hop neighbors (red nodes) of
node 25 in the IEEE 39 bus system. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this
article.)

Fig. 11. (a) Absolute values of the phase response of the Wiener filters between
node 25 and its two-hop neighborhood in the IEEE 39 bus system. The phase
response begins from 0 rad for all three neighbors and from π for all spouses
of node 25. (b) Relative error percentage of Algorithm 2 with samples per node
for IEEE 39 bus systems.

Finally, we compare the performance of Algorithm 2 with and
without regularizer for inference of the topology of the IEEE 14
bus system, using time series data from the simulation of the
corresponding set of swing equations with colored exogenous
inputs. As seen in Fig. 12, there are 4 three node cycles in the
underlying topology. In a three node cycle, neighbors are also
spouses. The performance of Algorithm 2 with and without reg-
ularizer is shown in Fig. 13, where it is seen that in the large
sample limit both approaches converge to zero inference errors.
However, in the low sample limit (5e4 samples per node, about
10 min of data collected using a Phasor Measurement Unit(PMU)),
the errors in topology inference without regularizer is about 40%
while with regularizers it is about 7%. A typical grid undergoes
topology changes about 5–10 times a day (Cavraro & Arghandeh,
2018), and hence, Algorithm 2 with appropriate regularizer is
indeed applicable for monitoring of power grid network topology.

6. Conclusion

In this article, we presented an algorithm for exact topology
inference of linear dynamical systems with a particular focus
on physical flow networks. We utilized the phase response of
multivariate Wiener filters to distinguish between true and spu-
rious edges. The algorithm proposed in this article can handle
exogenous noise that is colored, unlike some of the recent work
on topology inference from time series measurements where
noise is assumed to be white. Moreover, the proposed algorithm
guarantees exact topology inference even in the presence of loops
in the network. It is worth noting that, the proposed algorithm
does not require any knowledge on statistics of the exogenous
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Fig. 12. IEEE 14 bus system with generators at 4 buses.

Fig. 13. Topology identification for Power network: Relative error percentage
variation with number of samples per node, with and without regularization.

inputs or system parameters for topology inference. We believe
that using phase response of filters to eliminate spurious links in
topology learning can also be extended to other network topol-
ogy learning approaches like directed information and spectral
analysis, as connections of these approaches with the Wiener fil-
tering approach are well understood (Etesami & Kiyavash, 2014;
Materassi & Salapaka, 2012). The article, also highlighted the
shortcomings of state of the art random variables approaches
in dealing with networked dynamical systems, particularly in
inferring three node cycles and the superiority of the algorithm
proposed in such scenarios. We also illustrated the benefit of
using regularizers in Wiener filter computations, for obtaining
better topology inference performance in the low sample regime.
This is particularly important for deploying the proposed algo-
rithm for topology inference from finite size data windows of
measurements across the network.

Appendix. One lag regression (Pereira et al., 2010)

{Rji,γ } = arg inf
{Rji}i=1,...,m,i̸=j

E[xj(k)−
n∑

i=1,i̸=j

Rjixi(k− 1)]2 + γ

n∑
i=1,i̸=j

|Rji|, (A.1)

≈ arg inf
{Rji}i=1,...,n,i̸=j

1
N

N∑
k=0

(xj(k)−
m∑

i=1,i̸=j

Rjixi(k− 1))2 + γ

n∑
i=1,i̸=j

|Rji|.

Algorithm 3 Topology learning using One lag regression
Input: nodal time samples xi(k) for nodes i ∈ {1, 2, ..., n} in the
generative graph G, thresholds ϵ

Output: Estimate of Edges ĒR in the topology of G

1: Edge set ĒR ← {}
2: for all j ∈ {1, 2, ..., n} do
3: Compute the Regression coefficient Rj = [Rj1 · · · Rjn] using

Eq. (A.1), where Rji is the regression coefficient obtained by
regressing xj(k) on xi(k− 1)

4: end for
5: for all i, j ∈ {1, 2, ..., n}, i ̸= j do
6: if |Rji|> ρ then
7: ĒR ← ĒR ∪ {(i, j)}
8: end if
9: end for

Here γ ≥ 0 is the regularization parameter.
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