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Structured Optimal and Robust Control With
Multiple Criteria: A Convex Solution

Xin Qi, Murti V. Salapaka, Petros G. Voulgaris, and Mustafa Khammash

Abstract—In this paper, the design of controllers that incor-
porate structural and multiobjective performance requirements
is considered. The control structures under study cover nested,
chained, hierarchical, delayed interaction and communications,
and symmetric systems. Such structures are strongly related to
several modern-day and future applications including integrated
flight propulsion systems, platoons of vehicles, micro-electro-me-
chanical systems, networked control, control of networks, pro-
duction lines and chemical processes. It is shown that the system
classes presented have the common feature that all stabilizing
controllers can be characterized by convex constraints on the
Youla-Kucera parameter. Using this feature, a solution to a gen-
eral optimal performance problem that incorporates time domain
and frequency domain constraints is obtained. A synthesis proce-
dure is provided which at every step yields a feasible controller
together with a measure of its performance with respect to the
optimal. Convergence to the optimal performance is established.
An example of a multinode network congestion control problem
is provided that illustrates the effectiveness of the developed
methodology.

Index Terms—Input-output, multiobjective, structure.

NOMENCLATURE
co Subspace of /., whose element z satisfies
limy o z(k) = 0.
2 Banach space of right-sided absolutely summable

real sequences with the norm given by ||z||; :=

ko [2(R)]-

o Banach space of matrix-valued right-sided
real sequences with the norm given by
lzllh = maxicicm Yoj—y llwijlli, where
x € £ is the matrix (z;;) and each z;; is in
4.

4y Banach space of right-sided square sum-

mable real sequences with the norm given by

lalla == (X520 22(k)) /.
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Lo Banach space of bounded real sequences with the
norm given by ||z||oo := supy |z(k)].

A transform of a right-sided real sequence x =
(z(k))52, defined as £(\) := > 7 z(k)AF.
Isometrically isomorphic image of /5 under the A
transform with the norm given by ||Z(A)||x, =
[1]]2-

Hilbert space of matrix-valued right-sided
real sequences with the norm given by
ol = (L X7 llwisl13)/%, where
x € L™ is the matrix (x;;) and each z;;
is in Hso.

Space of complex-valued matrix functions that
are analytic in the open unit disc and bounded
on the unit circle with the norm defined by
[2]13.. = ess supg Tmax[E(e™)].

N Set of all the natural numbers.

R Real number system.

mxn
Hy

mxXn
HS

R™ n-dimensional Euclidean space.

R Set of m-by-n dimensional matrices.

P, Truncation operator on the space of se-
quences defined as P,(z(0) «(1) ...) =
(z(0) z(1) ... z(n)00 ...).

W(X* X) Weak star topology on X* induced by X.

X* Dual space of a normed linear vector space X.

For z* € X*, < x,x2* > denotes the value of the

bounded linear functional z* at x € X.
Throughout this paper we assume, unless stated otherwise,
all systems to be finite dimensional linear, time-invariant, and
discrete-time.

I. INTRODUCTION

N LARGE, complex, and distributed systems, there is often

the need of considering a specific structure on the overall
control scheme (e.g., [1]). In this paper, we consider the gen-
eral framework of Fig. 1 where G may represent a complex
system consisting of subsystems interacting with each other.
The overall controller for G is K. Both G and K are assumed
to be linear, discrete-time systems. The controller K has to re-
spect a specific structure that may be imposed by interaction
and communication constraints. A typical example of structure
that has been studied extensively in the literature is when K
is decentralized. However, the optimal performance problem
when structural constraints are present still remains a challenge,
notably the lack of a convex characterization of the problem
(see, for example, [2]-[4] and the references therein). Taking
an input—output point of view and parameterizing all stabilizing
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K via the Youla—Kucera [5] parameter () one can see as a major
source of difficulty, the fact that structural constraints on K may
lead to nonconvex constraints on (). A main theme in this paper
is the identification of specific classes of problems for which
the constraints on () are convex with the appropriate choice of
the coprime factors of G. The various classes of systems iden-
tified include what are herein referred to as nested, chained,
hierarchical, delayed interaction and communication, and sym-
metric systems. They are associated with several practical ap-
plications such as integrated flight propulsion systems, platoons
of vehicles, networked control, production lines, and chemical
processes. Common to all these problems is that G52, the part
of the system that relates controls » to measurements ¥, has a
specific structure. It is the structure of G2, that matters for con-
vexity; the remaining part of G can be unstructured.

In the classes we consider, G95 has the same structure as the
one imposed on the controller K. This by itself is not in gen-
eral a necessary or sufficient condition for the problem to be
convex. As indicated in [6] where these structures were initially
reported, there is an algebraic property between the K’s and
G2’s under consideration. That is, with the exception of the
symmetric case, they form a ring as the structure is preserved in
products, additions and in (I — G2 K )~! whenever the inverse
exists, as it should, for well-posedness. A very interesting relax-
ation of this ring property is possible as reported in [7] where it is
shown that structures that are so-called quadratically invariant,
lead to convex closed-loop maps in the term K (I — G2 K)™1,
which is the Youla—Kucera parameter in the case of stable G.
However, by itself convexity in K (I — G22K)~! does not pro-
vide a method to effectively synthesize controllers that incorpo-
rate structure and specifications on the closed-loop performance
in terms of various measures that may reflect various frequency
and time domain concerns. This is precisely what this paper
achieves. In particular, in this article we explicitly identify the
coprime factors to be employed in the Youla—Kucera param-
eterization that result in the parameter () inheriting the struc-
ture of the controller K. The results obtained hold for stable as
well as unstable plants G22. The constructive nature of these re-
sults allows one to pose the problem of optimal performance as
an optimization problem in the parameter ). For various dif-
ferent specifications and performance measures on the desired
closed-loop behavior the resulting optimization problem takes a
convex form, which we solve within any prespecified tolerance
from the optimal via tractable finite-dimensional convex opti-
mization problems.

The need to design control systems that perform well with
respect to a variety of performance criteria is important in its
own right and has led to the development of a number of multi-
objective techniques over the last decade (see, for example, [8],
[9], and the references therein). The majority of these methods
concentrate on optimizing a combination of two-criteria, se-
lected among standard measures such as H.., Ho, 1 closed-
loop norms. Moreover, these results do not address the con-
cerns of controllers that need to satisfy structure constraints.
Here, we consider the general multiobjective (GMO) control
synthesis problem that can simultaneously incorporate multiple
measures on the closed-loop in terms of the /1, Hs, and H,
norms and can incorporate time-domain template constraints on
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Fig. 1. Standard framework.

the response of the closed-loop due to specific inputs while re-
specting the structure constraints on the controller. As stated be-
fore, the results on translating the structure constraints on the
controller K to structure constraints on the Youla—Kucera pa-
rameter () makes it possible to use () as the optimizing vari-
able. An important advantage of incorporating () as an opti-
mization variable is that the controller can be easily retrieved
from the optimal solution. This is in contrast to methods where
interpolation constraints are imposed on the closed-loop map
to characterize their achievability. This method has similarity
to the basic (Q-des method introduced in [10]. However, in this
article emphasis is placed on obtaining a sequence of tractable
finite dimensional convex optimization problems which provide
converging upper and lower bounds to the optimal cost. Thus in
this methodology, every step furnishes a feasible controller that
meets the specifications together with the distance from the op-
timal performance. The development presented here is inspired
in part by some of the ideas presented in [11] for the special
case of the unstructured Hs/¢; problem. Our approach, apart
from providing solutions to hitherto unaddressed multiobjective
problems, relies only on the primal formulation of the problem.
Thus, there is no need for constructing the dual and to perform
the ensuing analysis of the dual and its relationship to the primal.
This approach makes it straightforward to add new performance
objectives into the problem formulation and its solution. Fi-
nally, it needs to be noted that problems with structured con-
straints have only recently been considered in [12]-[16], where
the Youla—Kucera parameterization is used. These works all fall
within the general classes of problems considered here.

The paper is organized as follows. Previously, we introduced
the notation to be used in this paper. In Section II, we present
the various control structures of interest. In Sections III-V, we
introduce the controller parameterization and describe the solu-
tion procedure to the structural multiobjective optimal control
synthesis problem. In Section VI, we illustrate the effectiveness
of the proposed framework with a network congestion control
example. In Section VII, we conclude this paper.

II. CLASSES OF SYSTEM STRUCTURES

In this section, we present the basic classes of structured con-
trol systems that are of interest to this work. In what follows it is
understood that all the subsystems in the various structures are
multiple—input-multiple-output (MIMO), and the resulting G
and K structural representations, whenever given, are in terms
of MIMO subblocks.

A. Triangular Structures

In this class of systems, G52 and K are triangular transfer
function matrices. This class includes what we term as nested
structures, chains (or strings) with leader and followers, and
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Fig. 2. (a) Nested structure. (b) Chain structure.

hierarchical type of schemes. In the sequel, we elaborate more
on these.

Nested Systems: Simple Triangular Structures: This class
represents the case where a subsystem is inside another and
there is only one-way interaction, from inside to outside, or,
the reverse. A practical application among several others that
have this feature is the integrated flight propulsion control
(IFPC) (see [17]). To illustrate the nested problem in simple
terms we consider only two nests. The generalization to n nests
is straightforward. Thus, we consider the case of Fig. 2(a),
where there is a system comprised of two nests (subsystems).
The internal subsystem consists of a plant P; together with
its controller C; whereas the external subsystem consists of
the plant P, together with the controller C5. The internal
and external subsystems have control inputs u; and us and
measured outputs y; and y» respectively. Due to the nested
structure depicted in the figure, the control input u; depends
only on the measurement y;, whereas us can depend on both
y1 and y2. Moreover, y; is affected only by w; while yo is
affected by both u; and us. The overall system is subjected to
exogenous inputs (e.g., commands, disturbances, and sensor
noise) and there are outputs to be regulated. In particular, we
allow for inputs w; affecting directly the internal subsystem,
inputs we that affect the external subsystem only, and inputs
wio that affect both subsystems. Similarly, the outputs of
interest z1, zo and z12 are related, respectively, directly to the
internal, directly to the external and to combination of both
subsystems. A necessary assumption for the existence of a
stabilizing overall controller K is that each subsystem P; is
stabilizable by each subcontroller C; (this becomes clear for
example by setting wio = w; = 0 whereby C is the only
part of the controller that effects the plant component FP»).
Thus, if the exogenously unforced (with no external distur-
bances) state—space descriptions for P; and P, are given by

()

—{r
A=

(b)

:Ll(k—i—l) = Alxl(k)—i—Blul(k),yl(k) = Clwl(k)—l—Dlul(k),
and Iz(k‘ + 1) AQIQ(]{I) + leul(k) + B2u2(k),
ya (k) Coxzo(k) + Doyui(k) + Dous(k), respectively,
then we have that there exist observer and feedback gains, L;
and F; respectively such that A; + L;C; and A; + B, F; have
eigenvalues in the unit disc. We note here that, for simplicity,
the particular state space descriptions used for P;s were state
decoupled (i.e., u; only affects P, ). This is of no consequence
in the developments to follow. Bringing the nested system
to the standard G — K control design framework of Fig. 1
we have the following signal identifications: y = [y] 5],
wi= [wp wls 2= 2 2y Al w = [wh wl, whl.
The plant Gs2 has the following lower (block) trian-

g1 where ¢;
g21 92

CiANI = AA1)7IBy + D1, go1 = CoA(I — AA3) ™1 Bay + Doy,
g2 = CoA(I — MA3)™1Bs + Ds. Moreover, for the controller
K to correspond to the nested structure of Fig. 2(a) it should be

of the form K = k1
k1o

gular (L.b.t.) structure: Gao

11?2 } , 1.e., it should be a lower (block)
triangular system.

Nested Systems: Chains: In the chain (or string) system of
Fig. 2(b), there are n subsystems P; with their corresponding
subcontrollers C;. Platoons of vehicles where there is a leader
and followers that are obtaining information form their leading
vehicles is a good example, among several others, to associate
with this structure. The control action u; in the subsystem P;
affects its follower P;; by a 1-step delay (\) while the control
action u;41 in P;1 does not affect its leader P;. Also, subcon-
troller C; passes information to its follower C; 1 with a 1-step
delay while C; ;1 does not transmit any information to C;. Ex-
ogenous inputs w and regulated outputs z are admitted that may
couple the dynamics but are not shown in the picture for clarity.
Bringing in the general G — K framework we have that the
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structure of G2z and K is captured by Gaz = AGo A1 and
K = AKA~! with G, and K given by

g1 ky
921 92 ko1 ko
Gnl - o gn [

respectively with A = diag(1, A, ..., A"~1). Thus, it follows
that the chain problem can be addressed using an equivalent
simple triangular structure.

Hierarchical Structures: Another interesting structure in this
category is that of open hierarchies as depicted in Fig. 3(a). This
is a multiple-input (or multiple-agent) system that needs to be
regulated to follow certain external commands as well as to re-
ject disturbances. Each control input is authorized by a single
decision maker at a specified level in a decision making hier-
archy. The decision maker receives signals from upper levels,
possibly direct external commands, and, is allowed to pass in-
formation only to lower levels. The lowest level is the only level
that receives feedback from the system. In particular, P is a
linear time-invariant, discrete-time, system, the plant, that needs
to be regulated, z represents the variables to be controlled, d
some direct external disturbances and g, variables that are mea-
sured and can be used for feedback. The control inputs to P can
be grouped to n (possibly vector) variables ug, . .., u,—1. Each
variable u; is authorized by a corresponding decision maker C;
at the sth level of a n-level hierarchical structure. In this struc-
ture, there is only one-way flow of signals, from upper to lower
levels, and not vice-versa. Decision maker Cy is the only one
that processes the measurements y, from the plant P. There are
also external direct commands to any level ¢ denoted by r;. For

P
()
P, . P, . o . P, Gy
Uy Y1 U, Y2 Uy I

(a) Hierarchical structure. (b) Delayed interaction and communication structure.

the setup to make sense Cj, should be able to stabilize P. The
previously defined system can be put in a standard G — K control
design framework of Fig. 1 with the following signal identifica-
tions: y := [y i ... 4] u = [uy uyo oo ul_q],
w = [d r| rl_1] where 9o := [y{ r(]’. For the con-
troller K to be generated by the hierarchical structure described
previously and vice versa, the constraint is that K should be an
upper block triangular (u.b.t.) system. Considering the structure
of G252 we have that it is u.b.t. and only its first row is nonzero.

As a 2-decision maker example of this abstract structure, one
can imagine a high-priority traffic ; that needs to go through
a node which also lets lower priority traffic r( to enter. In this
case (' can be thought of as a high priority gate that does not
“care” much for the queuing state y, of the node, but does com-
municate its decision to the lower priority gate Cy which in turn
needs to regulate how much of r is to enter the node based on
the available information yy and 7;. As an alternate example
of this structure, one can think of situations when there is no
flow of information from Cy to decision makers C', Cs, . . . due
to failures in the (one-way) communication, or, due to security
reasons, and the system is required to operate on this mode for
a significant amount of time.

An additional possible feature that is of interest in the overall
scheme of Fig. 3(a) is that there can be different, yet commen-
surate, communication rates from layer to layer. For example, if
Cy samples yo and produces wug every T' time units, C; can be
sending signals to Cy every n11" time units, C5 can be sending
signals to C7 every nongT time units, etc., where the n;’s are
integers. By stacking the inputs and outputs to integer multiples
of n,—1...n97n7 time steps, the so obtained lifted system rep-
resentations (e.g., [18]) will have the same structure as before
where now the subblocks themselves will have an extra block
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lower triangular structure in their feedthrough terms. The de-
tails are omitted for the sake of brevity.

Toeplitz Triangular Structures: An additional triangular
structure that is interest that requires fewer building blocks is
that of Toeplitz, i.e.,

g1

Ag2 91
G22 = .

A" g Ag2 91

with K as in G5 by replacing g’s with k’s. Such structures
appear for example in networking architectures and vehicular
platoons where subsystems repeat (see the example at the end
of the section.)

B. Delayed Interaction and Communication Networks: Band
Structure

The network in this case is as in Fig. 3(b). In this figure, sub-
system P; and its subcontroller C; interact with their respec-
tive neighbors with a 1-step delay in the transmission and re-
ception of signals. Exogenous inputs w and regulated outputs z
are admitted that may couple the dynamics but are not shown
in the figure for clarity. Note that this is a generalized version
of the chain structure of the previous subsection. A relevant
example to associate in this case is the control of a large net-
worked system over a network where, as an aggregate model,
the neighbor-to-neighbor interaction and communication is sub-
ject to a unit delay, or, controlling an array of embedded micro
sensors and actuators together with their corresponding micro
controller. In the G — K framework, the structure is reflected in
Gy and K as

g11 Agi2 A g1
Ag21 go22 A2 g9,
Gao = ; . ) e
)\n— lgnl Inn

and similarly for K. We refer to the aforementioned structure
in GGo> and K as the band structure. For a distributed control
system of a similar type in the case of spatially invariant sys-
tems, we refer to [19].

C. Other Structures

Delayed Observation Sharing: Two examples of communi-
cation patterns are given. Both are shown in the Fig. 4 and can
be associated to the problem of controlling a production line of
parallel operations to achieve a global objective, or controlling a
power grid with decentralized stations. In Fig. 4(a), the measure-
ment information from a local control station C; is passed to the
other with the delay of n time-steps. In Fig. 4(b), information
exchanges between stations C; are performed periodically every
n time-steps through a data recording and supervising unit S. In
both of these scenarios there is no interaction between the local
plants P;. There is however a coupling through the disturbances
w and the variables z to be regulated. In the G — K framework,
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Fig. 4. (a) n-Step delayed information exchange structure. (b) n-Step
information sharing structure.

the structure of the required controller K for the first case is

k1 A"k12
K= A"kay ko
odic control is used, one can lift [18] the system by stacking the
inputs and outputs to integer multiples of 7 time steps to realize
that the lifted controller K should have a feedthrough D-term
of the form

. For the second case, assuming peri-

fi
Dk = f.2 d.l
fn dnfl dl

where f; are full (block) 2 X 2 matrices and d; are diagonal. In
this case, the C;’s are n-time periodic controllers. Generaliza-
tions to tree-clusters of this structure are shown as in Fig. 5(a)
where S; and S communicate with a higher level unit 3 every
m X n time-steps.

Symmetric Structures: This is the case where Gao = Gy
and K = K’.Fig. 5(b) shows the case of a two-control input and
two-measured output symmetric feedback system with g and &
representing the coupling dynamics in the plant and controller,
respectively. If g1 = g9, then we have a circulant symmetry
in G92 [20]. Applications to associate with this class are cross-
directional control of paper machines, multizone crystal growth
furnaces, dyes for plastic films, etc.
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D. Platoon Structure Example

In the previous subsections, we presented various system
structures (e.g., Figs. 2-5) that, when viewed in an overall G-K
framework, impose structural constraints on K. The form of
these constraints on K follows from the system architecture in
a rather straightforward manner. That is, given the subcontroller
blocks C; there is a unique K in the indicated structure that is
generated. The reverse direction, from a K to its identification
and realization in terms of Cj;’s, is highly nonunique and
depends entirely on what is selected as the information that
the C;’s pass to each other. Herein, we provide an application
example to illustrate in more detail how certain of the structures
provided can appear and exhibit the connection between K
and C;’s. Consider a platoon of n vehicles moving along a
straight line [21]. The (simplified) dynamics for the ¢th vehicle
are given as z;(k + 1) = Axz;(k) + Bi—1ui—1(k) + Biu;(k)
52’8 ) ws(k) = as(k) with pi(k) and vs(k)
the relative position and velocity, respectively, of the leading
(7 — 1)th vehicle with respect to the ith vehicle at time k; a;(k)
11
0o 1)

where x;(k) =

is the acceleration of the ith vehicle at time k; A =

B, = , with m; the mass of the sth vehicle. For the

0
l/mi
sake of the example, assume that the “local” measurement y;
is y;(k) = x;(k). For the leading vehicle 7 = 1, this can be
interpreted with respect to a known frame (also, it is understood
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that in the above equations B_; = 0 and u_; = 0.) We can see
that, in this case, we have

g1

Aga1 g2
Gop = .

Agn(n—l) 9n

with g;(A) = (AT — A)7 !B, i = 1,...,n, gii—1)(A) =
(I —XA)™IB;_1,i=2,...,n.

We can identify this model with the nested plant G5 in
Fig. 2(b) or, more generally, with Go5 in Fig. 3(b). If the
m;’s are identical then (oo is Toeplitz lower triangular. If
we constrain the flow of information in the overall con-
trol scheme to be unidirectional as in Fig. 2(b), we are
looking at generating the control signal in the functional form
w; = Z;;i kij N'=9y; + k;y; where the k;; and k; are controller
transfer functions (it is also understood that when the upper limit
in the summation term is smaller than the lower limit the term
is zero). If G55 is Toeplitz we may impose a Toeplitz controller
structure where k;; = k(iy1)(j+1) and k; = k1. In the case of
bidirectional flow as in Fig. 3(b), we have that u; is of the func-
tional form u; = Z;;ll i NIy, + ki + D it kij N~y
Define the variables 7", 71';" to represent information coming
to station ¢ from the leading and following stream, respectively,
while @, w;" represent information that station i sends to
the following and leading stream, respectively. These variables
are highly nonunique. For instance, if the overall controller
structure K is stable, a particular selection for the information
that is passed from subcontroller to subcontroller can be as

T o= [/\iflyll Ayi_q]'s 7ri+ :, [)‘y;-i-l )‘niiyul’
w; = [r7 y).w = [y, 1] We can then rewrite

u, = K, m, + kiy; + ](jﬁrl+ with K, = (kzlkz(l—l))s
K" = (ki¢i+1)---kin). Denoting K; = (K; k; K;)a
possible functional identification of the C; in Fig. 3(b) is

I
I
w,; T 0 T
w, | =Ci| yi | = Yi
w;" 7r,L7" 0 7r,L7"
I

As mentioned earlier, this is not the only identification of K in
terms of the C;’s. To illustrate the point, consider only the case
of two vehicles with unidirectional communication and, for the
sake of argument, let the resulting K be stable. Then, one pos-
sibility is Cy = [k} k%]’ and Co = (I ks ). An alternative,
among the many, is C; = [k} I]' and Cy = (k21 k2 ). Which
identification, i.e., what is the information to be exchanged, and
which implementation is better is not studied in this paper and
represents current work by the authors [22].

III. CONTROLLER PARAMETERIZATION

In this section, we show that for the classes of structures of
the previous subsection, there exist factorizations that lead to a
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parameterization of all structured controllers in terms of a con-
vexly constrained Youla parameter (). More specifically, em-
ploying the Youla-Kucera parameterization, all stabilizing K,
not necessarily with the structure required, are given by the pa-
rameterization [5]

K =(Y, - M,Q)(X, — N,Q)™*
=(X¢— QNo) 1 (Yo — QM) @

where @ is a stable free parameter and Y., M., X,., N,., X;, Ny,
Y}, and M, can be obtained from a coprime factorization (e.g.,
[23] and [24]) of G23. The coprime factors in (2) are highly
nonunique. However, there is a particular choice of these factors
such that the structural constraints on K transform to constraints
on Youla parameter (). In fact, these constraints are the same as
in the required structure for K as developed here.

A. Triangular Structures

We first establish the result for simple triangular structures.

Lemma4.1: Let the plant P that maps the control inputs v =
(uf,...,ul) to the measured outputs y = (yi,...,y,)" be
lower triangular. Assume that the subsystem identified by the
ith row of P denoted by P; = {P;; ... P; 0 ...,0} admits a
realization

4, | B
C; D;

(Dil Dig D“0 0) and

A; Bi;
C; Dy;

the inherited state space realization of P;; is stabilizable and
detectable. Then there exist stable parameters Y., M., X,., N,.,
Xy, Ny, Yy, and M, such that the following statements are
equivalent.

* K is lower triangular and it internally stabilizes the inter-
connection depicted in Fig. 6.

* There exists a stable @) that is lower triangular such that
K= (YI_M’I‘Q) (X’I‘_N’I’Q)_lz (XZ_QNZ)_l(n_QMZ)-

Proof: Note that P admits a realization

A B
c D

with A = diag{A;,...,A,}, B = (B)ij,
C = diag{C4,...,Cy}, and D = (D);;. Note also that from
the stabilizability and detectability condition we have that there
exists matrices F; and L; such that the matrices A; + B;; F;
and A; + L,;C; are Hurwitz. Let F' := diag{Fi,..., F,} and
L := diag{Ly,...,L,}. Then, A + BF is lower triangular
with its diagonal equal to diag{ A1+ B11 F1, ..., An+ BunFn}
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Fig. 6. Feedback interconnection of P = G22 and K.

and A + LC = diag{A; + L1C4,..., A, + L,C,}. Thus,
A+ BF and A + LC are Hurwitz. Let

[A+BF | B
N, =
C+DF | D

A+BF | B

M, = | ———
F T

A+BF | —L
YVo=|——1—
F 0

"A+BF | -L
X, =
c+pF | 1

Then, we have that K is internally stabilizing if and only if
there exists a stable @ such that K = (Y, — M,.Q)(X, —
N, Q)™ (indeed the coprime factors are the standard factors
obtained via the Luenberger observer; see [23]). Note that as
N, = (C+DF)]\ " 'I—(A+BF)]| !B+ D, where (C+DF),
[\"'I—(A+ BF)], B,and D are lower triangular and the lower
triangular property is preserved under the operations of multipli-
cation, inverse, and in addition, it follows that /V,. transfer matrix
is lower triangular. Similarly it can be shown that M,., X, and
Y, are lower triangular transfer matrices. Using the same argu-
ments on the preservation of the triangular structure it follows
that K = (Y, — M,.Q)(X, — N,.Q)~! is lower triangular if and
only if @) is lower triangular. This proves the lemma. [ |

We note that in our setup the subsystems are assumed state-
decoupled. In the case where there is coupling the same proof
goes through. That is, if the matrices A and C in the realization
of P in the proof are, instead of diagonal, triangular (coming
for example from a minimal realization,) the stabilizability and
detectability conditions guarantee the existence of diagonal F’
and L. Hence, the proof remains the same.

Toeplitz Triangular Structures: For Toeplitz triangular sys-
tems a similar result as proven for simple triangular structure
can be established. The detailed construction of the coprime fac-
tors and the proof are provided in the Appendix .

Lemma4.2: Let the plant P that maps the control inputs u =
(uy,...,ul) to the measured outputs y = (yi,...,y,)" be
lower triangular and Toeplitz with

Py
P, P
P =

Py P Py

Pn Pn—l P3 P2 Pl
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Let T be the lastrow T' = (P, ..., P1). Assume that T’ admits

a stabilizable and a detectable realization

A B

C D
with B = (By ... By)and D = (D; D5 ...D,). Further-
more, assume that

A By

C Dy

is a stabilizable and detectable realization of P;. Then, there
exist stable parameters Y,., M,., X,., N,., X;, Ny, Y, and M,
such that the following statements are equivalent.

e K is lower triangular Toeplitz and it internally stabilizes
the interconnection depicted in Fig. 6.

e There exists a stable () that is lower triangular
Toeplitz such that K = (Y, — M,Q)(X, — N,Q)~! =
(Xe=QNe)~ (Ye—QMy).

B. Delayed Interaction and Communication Structures

For the case of delayed interaction and communication struc-
tures (which have the band structure) the assumptions and the
arguments to establish the result differ from that of triangular
structure. Nevertheless, it can be established that the coprime
factors can be constructed for the plant such that structure con-
straints can be equivalently posed on the Youla—Kucera param-
eter as shown later.

We consider band structures described by (1) where the dy-
namics for each subsystem P is of the form z (t) := x;(t +
1) = Agzi(t) + 372 Bijui(t = i = j)), yi(t) = Cuma(t) +
Z?:I D;juj(t — |i — j|) where z; is a local state, u; is the
local control, and y; is the local measurement variables. We
assume that the overall system is stabilizable by a controller
that respects the information exchange pattern indicated by the
band structure. Using a A-transform representation and with
some abuse of notation we can rewrite the +th subsystem dy-
namics as ."171+ = A;x; + Z?leij/\lifjlu]', y; = Gy +
Z?ZIDU/\”’j |uj The overall system dynamics can be com-
pactly written as + = Az + B(A)u, y = Cx + D(\)u where
(@heo @)y w = (uhy sl y = (Yoo 0l)
We note that in the previous representation the matrices B(\),
D()\) have band structure; also A and C' are diagonal, hence
these trivially correspond to band structures. This system can
be brought into a standard state-space form by introducing the
state variable x = (z/ Au’ A®u/--- A" "1u')’ to obtain xT =
Ax + Bu, y = Cyx + Du where A, B, C, and D are constant
matrices independent of A. We will assume now that this is a sta-
bilizable system in the following sense: There exists a constant
gain F such that u = F'y. stabilizes the system (i.e., A + BF
Hurwitz) while it respects the subcontroller to subcontroller in-
formation exchange pattern. That is to say that u; should de-
pend only on a subset of x given by x; and {)\”_ﬂuj};.l:l ie.,
u=Fo.x+ Fi, u+ -+ F, 1,\""u with F ,-diag-
onal and F; ,, (27 + 1)-diagonal matrices. More compactly, one
can represent the above as u = Fo,mz + F,(\)u where Fo,x
and Fu(/\) have band structure. Since addition, multiplication,

€r =
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and inversion preserve the band structure, solving for u leads to
u = F(A\)z with F/()\) being also a banded map of the form
F11<)\) /\n_lFln()\)

F(\) = z s
AIEL () F,.(\)

It should be clear that for a given F' there is a unique corre-
sponding F'()).

As with stabilizability, we assume that the system is de-
tectable in the following sense: There exists a constant gain L
such that an observer X+ = AX — L(y — §), § = CX has stable
state error estimate dynamics (i.e., A + LC' is Hurwitz) with §:Z+
depending only on a subset of available measurements that is
consistent with the information pattern, i.e., on {)\“_3 |yj };;1.
Thus, if L = (L, L' ~) the constraint is that Lg; is

) xT/x ’
diagonal which in turn leads, after simple manipulations, to
a compact representation for the aforementioned observer as
&t = Az — L(\)(y — 9), § = C& where L()) is a band
system
Lll()\) )\n_lLln()\)
L) = s ;
A L1 (N) Lypn(N)

Again, there is a unique correspondence between L and L()).
Thus, to generate banded coprime factors of G2 and all con-
trollers, an observer with band structure can be used which com-
pactly written is as

&% = Az + B(\u— L)y - 9)
=02+ DNu, u=F\)i+wv

where v = Q(\)e, e = y — 4. That Q) is necessary and sufficient
to be banded follows as A, B(\), L(\), C, D, and F(\) are
banded. The aforementioned discussion leads to the following
lemma.

Lemma 4.3: Let the plant P = (G35 that maps the con-
trol inputs uw = (u},...,u’,) to the measured outputs y =
(y1,-..,y.) berepresented by a realization as before. Let there
be F' and L with the properties as given above. Then there exist
stable parameters Y,., M,., X,., N,., Xy, Ny, Yy, and M, such

that the following statements are equivalent.

* K has the band structure and it internally stabilizes the
interconnection shown in Fig. 6.

* There exists a stable () with the band structure such that
K= (Y’I’ - M’I‘Q)(X’I’ - NTQ)_I = (XF - QN/)_I(W -
QMy).

We would like to note that in our setup the subsystems are as-
sumed state-decoupled. In the case where there is coupling the
same approach as in the proof goes through, i.e., if we consider
subsystems dynamics for P; of the form

af ()= Agja;(t — i — j|)
j=1
+ 3 Bijug(t — i — j])
j=1

yi(t) = > Cija(t—li— jl) + > Diju(t —|i — j])
j=1 j=1
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under the same stabilizability condition, banded coprime factors
can be obtained from a banded observer based controller.

C. Other Structures

The case of delayed observation sharing structures of Fig. 4
is similar to the previous subsection and thus it will not be dis-
cussed further. In fact, since G52 is diagonal, all the coprime
factors will be diagonal and can be obtained by factorizing each
block separately. The result is that () has to have the same struc-
ture as K. For the symmetric structures mentioned we consider
the case where Gao is stable and symmetric, i.e., G5, = Gaa.
Then, all stabilizing K, possibly nonsymmetric, are given as
K = (I + QG4)71Q.If K is to be symmetric, then

Q=K(I-GpK)™'=K'(I-G)K)™"
=(I - K'Gy) 'K’ = (I - GnK))'K' = Q'

i.e., Q is symmetric. Similar argument shows that if () is sym-
metric then K = (I+QG22)71Q is symmetric. More generally,
if G5 is unstable, one can choose the coprime factors appropri-
ately as in [16] to have the same result, i.e., K is symmetric if
and only if () is symmetric.

Remark: 1t is to be noted that the realizations of G5 used in
some proofs are not required to be minimal. This does not pose
any problem in obtaining observer based controller parameter-
izations as long as the state-space descriptions for G- are sta-
bilizable and detectable.

Remark: Tt should be clear from our exposition so far that,
with the exception of the symmetric structures, a ring-type prop-
erty between the structures of G2 and K is present. For ex-
ample, in the triangular and band structures, products, addi-
tions, and inversions preserve the structure. This also leads to
coprime factors, and consequently (), to have the same struc-
ture. For the symmetric structure, the ring-type property fails.
Nonetheless, quadratic invariance [7], a relaxation of the afore-
mentioned ring property, still holds as the product K G2 K re-
mains symmetric when K, G5, are symmetric (while K G5 is
not symmetric in general). It is this property that leads to a sym-
metric K (I — G22K)~! (which is equal to the Youla parameter
@ in the stable case). The classes of structures presented here by
no means constitute a complete characterization of structured
control problems that lead to convex constraints in the Youla
parameter () (consider for example any similarity transforma-
tion TGT~! and TKT~! of these structures.) They represent
a basic, diverse enough set that relates, as indicated, to current
and emerging control application problems. It is for these spe-
cific structures that we explicitly construct a solution for the op-
timal performance problem of the next section.

IV. OPTIMAL PERFORMANCE WITH MULTIPLE OBJECTIVES IN
THE PRESENCE OF STRUCTURE CONSTRAINTS

All the classes discussed in Section III require, when viewed
in the G-K framework, that K be stabilizing and have a spe-
cific structure (triangular, band, symmetric, etc). From the dis-
cussion in the previous section, this is equivalent to requiring
that @ has the same structure as K. For a multiobjective for-
mulation of these classes of structured problems, we consider
the system shown in Fig. 7, a suitable refinement of Fig. 1,

1631

Fig. 7. Closed-loop system.

where G : [w; u] — [z;y] is the generalized discrete-time linear
time-invariant plant and K is the structured controller. w, z, u,
and y are the exogenous input, regulated output, control input,
and measured output, respectively. 7 is a given scalar reference
input (such as a step) and s is the corresponding time response.
Let R denote the closed-loop transfer matrix from w to z. The
set of all the achievable closed-loop maps is given by [25]

{R=G.p+ G K(I — GyuK) LGyl K
stabilizing and structured}

where G = |Gy Gu; Gyuw Gyu) is the open-loop transfer ma-
trix from [w; u] to [z; y]. To simplify the notations in the sequel,
we use R (z = 1,...,6) to denote the closed-loop transfer
matrix from w; to z; and R7 the transfer function from 7 to
s. The general multiobjective (GMO) problem studied in this
paper can be stated as follows: Given the plant G, constants
¢ > 0,4 =1,...,6, and two sequences {aemp(k)}72, and
{btemp (k) } 72, sOlve the following problem:

inf f(K)
K stabilizing, structured
subject to

|R* (K|l <ca

1R (KI5, <cs

IR (K) I <cs
atemp (k) < 8(k) < btemp (k) 3)

where f(K) = allR' (K + oK), +
cs||R3(K)||». and {s(k)}%2, denotes the time response
of the closed-loop system due to the exogenous reference
input r with w; = 0,7 = 1,...,6. Let ;1 denote the optimal
value of the aforementioned problem. From now on, we will
always assume that problem (3) has a nonempty feasible
set. The GMO problem defined previously represents a large
class of multiobjective control problems. Many extensively
studied (unstructured) multiobjective problems are special
cases of the GMO setup, e.g., Ha/¢y [11], £1/TDC [26],
[27]. Furthermore, for the first time, the H,/¢; problem and
41 /H2/Hoo problem are addressed. The problem formulation
in (3) also provides a uniform framework for the performance
tradeoff study involving the ¢1, H2, Hoo, and TDC. By solving
the GMO problem for various combinations of the parameters
ci(i = 1,...,6) and template sequences {atemp(k)} and
{btemp(k)}, important information on the limits of system per-
formance can be obtained both qualitatively and quantitatively.
As indicated, for the classes of structural problems described
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in the previous sections, a suitable choice of the Youla param-
eterization leads to subspace type of restrictions on Q). We
denote by S the closed subspace of stable systems ) € £} u X
that have the required structure. Then, a characterlzatlon of
all the achievable closed-loop maps can be given as follows:
{Re ("™ |R = H—Ux*Qx*V withQ € S} where
H e (1=%me U e fp=*" V""", Qis a free parameter
inS and”’ denotes the convolutlon operation. In the sequel,
without any loss of generality, we shall always assume that U
and V have full-column and row ranks respectlvely (see [25]).

Also, it can be assumed H, U and V are polynomial ma-
trices in A. This assumption is justified by the fact that H, U
and V are operators in the £7**"* space. Another reason for
considering U and V to polynomial is that the denominator
polynomials of U and V' can be absorbed by the () parameter
(without destroying the imposed structure). Let H, U and V
in the Youla parameterization be partitioned into submatrices
of compatible dimensions with the exogenous input component
w; and regulated output component z;. Then, the closed-loop
transfer matrix sequences from w; to z; can be expressed as
RY(Q) = H" — U« Q« V' i = 1,...,7. For the sake of
simplicity, and without loss of generality, we will consider the
case when r is a step sequence. Let A¢emp be defined as

1 0 0
Atcmp = 1 0

Then, the time response of the closed-loop system due to the
reference input r is given by s = R7 * 1 = AgempR” where
with some abuse of notation, R” is being interpreted as the im-
pulse response stacked into a column, s and r are the output
[s(0) s(1) ...]" and theinput [r(0) r(1) ...]' respectively. Based
on the Youla parameterization and the previous discussion, the
problem defined in (3) has the following equivalent formulation:

p=inf £(Q)
subject to || R*(Q)||1 < c4
IR (Q)II3 <cs
IR°(Q)ll... <co
af‘renlp(k) < A‘remp (Q)](k) < btemp(k) 4)

where f(Q) = c1||[R'(Q )||1+02||R2(Q)|| + s 3(Q) I
R(Q)=H'—UxQ+Vii=1,...,

A. Auxiliary Problem

In the general case, (4) is a difficult problem to solve. To facil-
itate the solution of this problem, we define an auxiliary problem
closely related to it. The auxiliary GMO problem statement is

v = il f(Q)
subject to || Q|1 <7
IRY Q) <ca
IR°(Q)I5 <es
1BS(Q) .. < co
atemp(k) < [AtempR7(Q)](k) < btemp(k)- (5
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Note there is an extra one norm bound on the Youla parameter
@ in the auxiliary problem compared with the original GMO
problem (4). As will be seen later, this extra constraint ||Q||; <
- plays an essential role in obtaining the solution to (4). Also, in-
troducing () as an optimization variable facilitates the computa-
tion of the optimal controller that avoids the numerical difficul-
ties involved with zero interpolation methods. Another signifi-
cant advantage (as will be seen later) over previous methods is
that the optimal solution can be approached via the primal alone;
there is no need to formulate or analyze the dual problem. This
adds considerable flexibility to the approach that enables it to
accommodate diverse control objectives in a seamless manner.

B. Relationship Between the GMO Problem and the Auxiliary
Problem

In the problem formulation of (4), () needs to satisfy the con-
straint | R*(Q)||y = |H* = U*+Q*V*||; < ¢4. Letus suppose
U* and V* have full normal column and row rank, respectively.
Further suppose U* and V* have no zeros on the unit circle.
Then, U* and V* are left- and right-invertible in ¢; and it fol-
lows that [|Q[ls < (U4~ (IH* ]}y + co) [(VH) "]l := 4.
where (U#)~! and (V*)~" denote the left and right inverse of
U* and V4, respectively. Consequently, if we choose v > f3 in
the auxiliary problem, the constraint ||Q||; < + is redundant in
GMO problem and we get v = p. We now consider the case
where U# or V# has zeros on the unit circle. Under this circum-
stance, there is a possibility that the original GMO problem does
not admit an optimal solution and the one norm of the optimiza-
tion variable () cannot be restricted to any bounded set. Thus,
from a computational point of view, it would be desirable to im-
pose a reasonable bound on ||Q]|; in the optimization for this
case as well.

V. PROBLEM SOLUTION

For the remainder of this paper, we shall focus our attention
on the auxiliary problem (5). Note that (5) is an infinite-dimen-
sional optimization problem and the existence of an optimal so-
lution is not clear. We make the following assumption on the
TDCs: For all k, atemp (k) < btemp (k). Furthermore, there ex-
ists N1, Na so that aiemp(k) = Gtemp(N1) for all k > Ny
and biemp (k) = bremp(N2) for all k > N». This assumption is
easily met in most cases of practical interest.

A. Existence of an Optimal Solution and Converging Lower
Bounds

In this section, we develop a sequence of finite dimensional
convex optimization problems whose objective values con-
verges to v from below. We will also prove the existence of an
optimal solution to (5). For most of the functional analytic re-
sults utilized [28] is an excellent source for detailed exposition
to the concepts used. Define

R (0
1

—_
=
S
=
[en}
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T; 1 (Q) will denote the matrix consisting of the first k& rows of
T;(Q). It is a standard result [25], [29] that

IR (Q)In.. = T:(Q)|| = Slipﬂmax(Ti,k(Q))
= sup 175, £ (Q)]I

where || - || denotes the matrix spectral norm. Furthermore, from
standard results in linear algebra (e.g., [29, Th. 4.3.8] or [30,
Ch. 21), we have [ 731 (Q) | < 1Z+1(Q)]] < [ 7:(Q)], for all
k. Based on the above discussion, we define a candidate lower
bound of v as

vn = inf £,(Q)
subject to ||Q|l1 <~
1P (RH(Q))]1 < e
[1Pa(B(Q))II3 < e5
1Tsn (@) < cg

atemp(k) < [AtempR7(Q)](k) < btemp(k) (6)

where

Fa(Q) = e1[| Pa(RY(@Q)) I+ || Pa (R (@) +e3] 75,0 (Q)]

and £ = 0,1,...,n. Since only the parameters of
Q(0),...,Q(n) enter into the optimization, problem (6) is
a finite dimensional convex programming problem. Thus,
it always admits an FIR optimal solution on the nonempty
compact feasible set. The following lemma is an immediate
consequence of the previous definition.

Lemma 6.1: Foralln, v, < v,y < v.

Now, we present the main result of this section.

Theorem 6.1: There is an optimal solution Q° in £7**"" to
problem (5) that satisfies the structural constraints described by
Q € S. Moreover, v,, / v.

Proof: Suppose ), € S is a finitely supported op-
timal solution to (6). Note that ||Q,||1 < ~ for any positive
integer n and Banach—Alaoglu theorem (see [28]) implies
that B, = {Q € "™ : ||Q]x < ~} is weak-star
compact. Thus, there exists a subsequence {Q, 1} of
{Qn} and Q in £7X™ such that (Qn, )i — (Q);
(¢t =1,....,nn, j = 1,...,ny) in the W(cf;, co) topology.

It follows that for all ¢, Q,, (t) — Q°(t) and for all n,
Po(R(Qn,,)) — Pu(R(Q%)) and Tin(Qn,.) — Tin(Q°)
(z = 3, 6) as m — oo. Moreover, suppose without loss of gen-
erality that, @, in S is required to be such that (Q,,,, );; = 0.
Then, this is equivalent to require that (Q.,,, )i;(t) = 0,V¢
and so it follows from the aforementioned arguments that
for all ¢, Qf;(t) = 0, that is, Q° € S (note that the same
argument holds in case of other structures on @ like, for
example, the Toeplitz structure). For any n > 0 and for
any n, > n, fn(Qnm) < fnm(Qnm) = Vp,, < v.By
letting m — oo, we get £,(Q") < v, Vn. Since n is arbi-
trary, it follows that f(Q®) < v. Similar arguments show
that [ < v IRYQY)L < ex [RAQO)E < cs.
Furthermore, for any given ¥ > 0 and for any n,, > &k,
IT6.6(Qn )l < |T6m,(Qn,, )| Recall the fact that
T6.x(Qn,,) is a function of @, (0),...,Qn,,. (k) only. By
letting m — oo, we have ||T5,(Q")|| < cg, Vk. Since k is

1633

arbitrary, it follows that ||T5(Q°)|| := supy, ||T6.£(Q%)|| < cs.
Finally, for any given k£ > 0, there exists some n.,,, > k so that
atemp (k) < [Atemp R (Qn,, )](k) < bemp(k). Then, for all
[ > m, we have aremp(k) < [Atemp R (Qn)](k) < bremp(k)-
By letting [ tend to infinity, it follows that Gtemp(k) <
[AtempR7(Q%)](k) < bremp(k), Vk. Thus, Q° is an optimal so-
lution to problem (5). To prove that v,, /" v, we note that for all
n > 0and ny, > n, fn(Qn,,) < fo,, (@n,,) = vn,,. Taking the
limit as m tends to infinity we have f,,(Q°) < limy, o0 ¥, »
for all n > 0. It follows that f(Q°) < lim,, o Vp,, - Thus, we

have shown that lim,, ., v,,,, = v. Since v, is a monotoni-
cally increasing sequence bounded above by v, it follows that
v, /. [ ]

B. Converging Upper Bounds

Itis clear that v,, itself does not provide any information on its
distance to the optimal cost ». This motivates the computation
of an upper bound of v. Let ™ be defined by

v" = inf £(Q)
QI <~
IRY (@)l < e
IR°(Q)II3 < e
IR (Q)ll7 <co
ttemp(F) < [Atemp BT (Q)](F) < biemp(F)

Q(k)=0ifk >n @)
The numerical solution of this problem amounts to solving a
convex programming problem involving only Q(0),...,Q(n).

It is clear that since H, U and V are all finitely supported, the
time response y = AtempR7(Q) would be a constant after some
finite time instant N > n and (7) is a finite-dimensional opti-
mization problem.

Lemma 6.2: Givenany (@ in and positive real number
0, there exists some N so that n > N implies

IR (Pr(@)ll: = 1RH(@)]]1 |

<SR (Pa(@)) 3= 1B (I |

<8 [ RSP @)l 1R(@Q)lI21... |

<6 | [Aemp R (Pa(@))(K) = [Arermp R (Q))(K) | <6

Proof: See the Appendix. [ |
Define

g?u XNy

VEk.

C ::{ (77 C4,Cs5, Cg, atomp(0)7 ) atomp(Nl)

€ ROFTN1+N2| there exists Q € S so that

QI <. IRM@)I < ca IRY(Q)I3 < e, IIR(Q)lIr..
S Ce atcmp(k) S [AtompR7(Q)](k) S btcmp(k) Vk}

Lemma 6.3: C'is a convex set.
Lemma 6.4: v is a continuous function with respect to
(7, ¢4, €5, €6, Gtemp, btemp) 10 the interior of C.
Proof: The conclusion follows immediately from Lemma
6.3. |
In what follows, we will assume (7, ¢4, ¢5, C6, Gtemp; Dtemp)
lies in the interior of C.
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Theorem 6.2: {v™} forms a monotonically decreasing se-
quence of upper bounds of v. Furthermore, " \, v,asn — oo.
Proof: Clearly, v™ > v"*1 since any () in S which be-
longs to the feasible set of ©™ will also be feasible for problem
v"™*1, For same reason, we have v™ > v for all n. Thus, {v"} is
a decreasing sequence of real numbers bounded below by v. For
notational simplicity, in what follows, we will omit the symbol
v in ™ and v. For any given € > 0, the continuity of v implies
that there exists § > 0 such that

V(C4 - 57 C5 — 67 Ce — 57 atemp + 67 btemp - 6)

€
_V(C47 C5,C6, Atemp> btemp) < Z
where Giemp + 0 1= {atemp(k) + 0}52, and biemp — 6 =
{bremp (k) — 6122 . Also, there exists some Q° such that
F(Q°) = v(cy — b,¢5 — 6,¢6 — 6, Gremp + 0, Diemp — O)
€ 5
<3 IRYQ)lr < ca—6 [IR(Q)II3
<es— 6 IR(Q°) I < 06— 8 aremp(k) + 6
< [AempRT(QV)](F) < bremp(k) =6 Yk [|Q°[l1 <.

By Lemma 6.2, there exists some positive integer N large
enough so that n > N implies

F(Pa(Q") = £(Q%)

<5 IBAP@ I = IR*@)y

<2 IR (P(@)IE ~ (@I

<0 IREPA(@ ) e — IR@) e

< | Py B (Pa(@ D)) ~ A B (@](F) |
< g Vk.

It follows from this that for all n > N

F(Pu(Q%)) <v(ea; ¢, ¢6; tremps bremp) + € [RH(Pu(Q"))ll1

<eq |RA(Pa(@)I5 < 5 1R (Pa(Q))lI.r
<6 emp(k) < [Aremp R (Pn(Q"))](k)
Sbtemp(k) vk “Pn( )”1 S -

Thus, P,(Q°) satisfies all the constraints of problem
v"™(ca, €5, C6, Gtemp, Dremp) and it follows that for all n > N

’/n(c4~, C5, Cg, atemp7 btemp) - ’/(047 C5,Cg, atemp; btemp) < E.

This proves the theorem. [ |

After establishing the convergence of v,, and v” to v, we
now briefly address the issue of constructing suboptimal con-
trollers from the optimizing Youla parameter Q. For any pre-
scribed performance tolerance 6 > 0, the optimizing process
can be stopped once for some n, |1, — ™| < §. The minimizing
variable Q™ to the upper bound »™ can then be used to recover
a suboptimal controller which achieves the objective value v".

We should also mention here that for a specific subclass of
structured problems, recent very interesting work [31] has pro-
vided an LMI based framework that provides controllers with
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a degree bound which depends on the plant order only. This
subclass satisfies a one-block hypothesis for some subsystem
in the formulation of the performance objective, and considers
LMI-type of performance criteria such as Hoo and Hos.

C. Uniqueness and Convergence of the Optimal Solution

Having established the existence of an optimal solution Q°
to problem (5) and the convergence of ™ to v, we now present
results addressing the uniqueness and convergence properties
of the suboptimal and optimal solutions. The proofs for these
results are given in the Appendix .

Theorem 6.3: Suppose U2 and V2 have full-column and row
rank on the unit circle, respectively. Let Q™ denote an optimal
solution to v™. Let Q° denote an optimal solution to v. Let
R =H-UxQ"+«V,n=0,1,....Then, R" (n=0,1,...)
is unique, and Q™ (n = 0,1, ...) is unique.

One direct consequence of Theorem 6.3 is that Q" is the
weak-star convergent limit of a subsequence of {Q"}.

Lemma 6.5: Suppose U2 and V2 have full-column and row
rank on the unit circle, respectively. Then, there exists a sub-
sequence {Q"™} of {Q™} such that (Q"™);; — (Q%)i; (i =
L,...,n, j=1,...,n,) in the W(cf, co) topology.

If no Hoo termis present in the objective function of the GMO
problem, the conclusion of Theorem 6.3 can be made stronger.
More explicitly, suppose c3 = 0 in the GMO problem setup (5),
ie, f(Q) = a1||RY(Q)|l1 + c2]|R*(Q)]|3. It can be easily seen
that the conclusions established in Theorems 6.1 and 6.2 hold.

Lemma 6.6: Let f : (R', R?) — R (where R, R? are ma-
trices consisting of elements in /1) be defined by: f(R', R?) :=
c1||RY||1+cal| R?||3. Let {(RY*, R**)} be a sequence such that
(RY*(t), R¥*(t)) — (RY°(t), R*°(t)) for all ¢ and

f(RYE R?*) < f(RY,R?°),  forall k. ®)
Let |RY||; = ||(RY°),|l: where (R'°), represents the p*"
row of RY°. Then, c1]|(RY), — (RY©),llh + caf|[R** —
R?*°||2 — 0 as k — oco. The same conclusion holds if (8) is
replaced with the following condition:

f(Rl’k,Rz’k) N f(Rl’O,RQ’O). (9)
Theorem 6.4: Suppose U2 and V2 have full-column and row

rank on the unit circle, respectively. Let Q™ denote an optimal
solution to v"(¢s = 0) andlet R™ := H—-U Q"+ V, R"™ :=

HP U «Q"«V'i=1,...,7,n = 0,1,.... Then R”
(n = 0,1,...) is unique, Q™ (n = 0,1,...) is unique, and
||IR*>"™ — R?%||; — 0, as n — oo.

It should be remarked that the lower bound version of
Theorem 6.4 also holds and the proof can be carried out in
exactly the same manner as that for Theorem 6.4. As a con-
cluding remark for this section, we want to point out that the
GMO control design framework we have developed here is
flexible. Given any finite numbers of ¢; /Hs/H ., norm objec-
tives and TDCs, they can be directly stacked into the GMO
problem formalism and the theoretical and numerical schemes
established in this and the previous section can be extended in
a straightforward manner to obtain the solution.
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Fig. 8. 3-nodal ABR network.

VI. EXAMPLE OF OPTIMAL CONTROL DESIGN
FOR A 3-NODAL ABR NETWORK

Consider the schematic in Fig. 8, that depicts a network of
three nodes. The purpose of the model is to study various aspects
of coordination control between various nodes and its relation to
the information structure. An associated application is conges-
tion control in the case of an available bit rate (ABR) commu-
nication network [33]. To keep the exposition relatively simple,
we chose three nodes that captures the essential features of the
related problem. The development is the same for any number
of nodes. In Fig. 8, 71, ro and r3 denote the flow rates from data
sources into network nodes 1, 2, and 3, respectively. 15 denotes
the rate of flow from node 1 to node 2 and r»3 denotes the rate
of flow from node 2 to node 3. w represents the total capacity
available for the three data sources. ¢; denotes the buffer length
at the i*" node. The network exerts control over the network
traffic by assigning the rate for each data source. In particular,
there are three (nodal) subcontrollers C7, C5, C3 that dictate re-
spectively r1, (r12,72), and (721, 73). In other words each C;
regulates traffic entering node ¢. Moreover, there is a one-step
delay in passing nodal information (g;) from one nodal subcon-
troller C; to its preceding one C;_1, while each C; does not
receive information from any of the preceding nodes. A feature
of such a structure is that even if some node : is congested due
to for example a failure, the operation of the nodes following ¢ is
not affected. The goals are to prevent the node buffers from over-
flowing so as to avoid possible data loss (“stabilization goal”),
and to optimally utilize the available transfer capacity w such
that the sum of the datarates ;(¢ = 1, 2, 3) matches w as closely
as possible (“optimality goal”). For this system, the exogenous
input signal is identified as the available capacity w. The control
input, and measured output signals are identified, respectively
as: u = [ T1 T12 T2 T23 T3 ]I, and Yy = [ q1 92 43 ]/. The goal
of the congestion control for the above network can be captured
by adopting the following signal identification for the regulated
output: z = [ q1 ¢2 g3 ™1 —way T2 —was r3 —waz |,
where a; is a prescribed constant representing the ratio of avail-
able resource assigned to ¢, source. Suppose also that steps are
the typical exogenous input signals w we would like to opti-
mally track. Then, we can impose TDCs on z;(i = 4,5, 6) such
that the step response of z;(i = 4,5, 6) is forced to stay within

a prescribed envelope. In the sequel, we consider the coordina-
tion of the network operation around a desired equilibrium point
where the queues at the nodes and the traffic rates are at a de-
sired nonzero, positive level. The linearized fluid model nodal
dynamics that we adopt are given by

e node 1: qi(k + 1) = qu(k) + 71(k) — r12(k);

* node 2: qz(k + 1) = q2(k) + r2(k) + r12(k) — r23(k);

¢ node 3: Q3(k + 1) = Q3(k) + Tg(k) + ’I“23(k) — w(k)
There are three local controllers corresponding to the three
nodes such that the controllers are required to satisfy the
following structural constraints: Cy : 71 = f1(q1, A\q2, \%q3)

C, {le = fi2(q2, A\g3) Cly : {T23 = fo3(qs)

r2 = fa(q2,A\gs) r3 = f3(qs)
where the various f; and f;; are (causal) linear operators and A
is interpreted as the one step delay operator. Clearly, the plant
G2 and the controller K are upper triangular operators of the
following form:

FRETRtY
A VI LM e O*A*
S VRV I P R
00 0 0 o« x| ool o«
Oi 0 i *

10)
respectively. In this example, we provide a tradeoff study be-
tween /1 and Hy performance of the closed-loop system by
solving the following multiobjective problem:
v = inf ey | R(K)|| + e2 | R(K)]I3

subject to

K is stabilizing

K satisfies (10)

zi(i = 4,5, 6) satisfies prescribed TDCs
where ¢; and co are prescribed weighting constants. Following

the framework established in Section IV, we now detail the pro-
cedure of how the upper block triangular structural constraints
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Fig. 9. Tradeoff curve between ¢; and H- performance.

on K as specified in (10) are transformed to the same structural
constraints on (). The state-space description of G52 is given by

(4, 0 0 | B B 0|
0 Ay, 0 i 0 DBy Do
AlB 0 0 Ay L 0 0 B
¢ ol e o 0 0 0 o
0 G 0 0 0 0
0 0 Cs 0 0 0

WhGI'CAl = A2 = A3 = I,Cl = 02 = 03 = l,Bl = 1,
Blg = [—1 0],32 = [1 1],323 = [—1 0],andB3 = [1 1]The
state feedback and observer gain matrices for G2 are chosen
tobe F = diag(Fl, FQ,Fg) and L = diag(Ll,Lg, L3) F1 =
—0.90, F, = F3 =10 —0.9]', and L; = —0.90. This choice of
F and L guarantees that A4+ B F and A+ LC are stable matrices.
Using the F' and L described and the resulting co-prime factors
(see (2)) the structural constraints on the controller K transform

to the same constraints on (). Hence, we equivalently formulate
problem v as

v =infei||[R(Q)1 + 2l R(Q)II3
subject to
Q is stable
QeSS
z;(i = 4,5, 6) satisfies prescribed TDCs

where S characterizes the structure constraints and TDC are the
time domain constraints that the three error signals z4, z5 and zg
due to step inputs lie within the upper and lower templates btemp
and @temp given by biemp =[0.50.50.50.50.50.50.010.01 . . ]
and

Gtemp

=[-05-0.5-0.5—-0.5-0.5-0.5—-0.01 —0.01...].

The fairness index a; is taken to be a; = a2 = a3 = 1/3 and
the upper bounds of ||Q||; are chosen to be v = 100. For a
given increasing sequence of nonnegative ratios of ¢ /c; (seven
points), the auxiliary problem of v was solved by using GMO
1.0 package and the optimal Youla parameters and the values of
IR(Q)]|1 and ||R(Q)||3 were obtained. For all pairs of ¢; and
ca, the /1 norms of the optimal ()’s are far less than y (typically
[|Q|l1 < 1). This shows that the extra £; norm constraint on )
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Fig. 10. Step response of closed-loop system with decentralized delayed controller.

is inactive and problem v and its auxiliary problem admit the
same optimal cost.

The plots of || R(Q)||1 versus || R(Q)||3 are shown in Fig. 9,
where the dashed curve denotes the cases of centralized design
with no information transfer delay while the solid curve denotes
the cases where there exists transfer delay in the feedback path,
as illustrated in Fig. 8. From these two curves, important in-
formation on the tradeoff among system performance specifica-
tions are obtained. It can also be concluded that for this example,
the structure constraints imposed on the stabilizing controllers
as specified in (10) induce a significant loss of the closed-loop
system performance.

The impulse responses of the centralized sub-optimal con-
troller (case ¢; = co = 1, performance tolerance 6 = 0.01),
and the decentralized, delayed sub-optimal controller (case ¢c; =
co = 1, performance tolerance 6 = 0.01) show that the struc-
tural constraints imposed on the stabilizing controller are sat-
isfied. That is, the controller admits the upper block triangular
structure specified in (10) while the centralized controller does
not admit such a structure. The order of the Youla parameter
@ is 3 and the order of the corresponding decentralized, de-
layed suboptimal controller is 6. In Fig. 10, the step response of
the closed-loop system with decentralized, delayed controller is
plotted, where the dash-dotted lines denote the TDC envelops
imposed on the step responses of z;(i = 4,5,6). It is clear
from the response plots that the time response of z;(i = 4, 5, 6)
satisfies the requirement of zero steady value, which implies
that the optimality goal of the congestion control mechanism
is achieved.

VII. CONCLUSION AND DISCUSSION

In this paper, we presented a convex optimization approach
for optimal synthesis in systems in which the overall control
scheme is required to have certain structure. These classes can
be associated with several practical applications in integrated
flight propulsion systems, platoons of vehicles, networked con-
trol, production lines, chemical processes, etc. The common
thread in all of these classes is that by taking an input-output
point of view we can characterize all stabilizing controllers in
terms of convex constraints in the Youla—Kucera parameter. We
showed that the regularized GMO problem admits a minimizing
solution in ¢; and, more importantly, from an engineering view-
point, we showed how to obtain arbitrarily close to optimal con-
trollers within any prespecified accuracy. The use of this method
for simultaneous parameter and control design (see [34] and
[35]) is under investigation.

APPENDIX

A. Proof of Lemma 4.2

Note that a particular realization of P is given by
A = diag(A,...,A), C = diag(C,...,C) and B and D
given by lower triangular toeplitz matrices As (A, C) is de-
tectable one can show that (A, B) is stabilizable and (A, C)
is detectable. Indeed, if F' and L are such that A +~BlF

and A + LC are stable then it follows that A + BF and
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zji + LC are Hurwitz where F' = diag{F,F,...F} and
L = diag{L,L,...,L}. Let
[A+BF | B
Nr: —~ ~ ~ | =~
C+DF | D
[A+BF | B
M, =|——"1T—
P I
[A+BF | -L
Y= |— =
P 0
[A+BF | -L
Xr: -~ ~ ~ | |-
C+DF |1

Then, we have that K is internally stabilizing if and only if there
exists a stable @ such that K = (Y, — M, Q)(X, —N, Q) * (see
[23]). Note thatas N, = (C+DF)[A\~ I—(A+BF)|'B+D,
where (C + DF), [\™'I — (A + BF)], (B + D) are lower
triangular Toeplitz and the lower triangular Toeplitz property
is preserved under the operations of multiplication, inverse and
addition it follows that NV, transfer matrix is lower triangular
Toeplitz. Similarly it can be shown that M,., X, and Y, are
lower triangular Toeplitz transfer matrices. Using the same ar-
guments on the preservation of the triangular structure it fol-
lows that K = (Y, — M, Q)(X, — N,Q)~! is lower triangular
Toeplitz if and only if @ is lower triangular Toeplitz. This proves
the lemma. [ |

B. Proof of Lemma 6.2
It is clear that
IR (I = Po)(@)]h = |U* % (I = Pa)(@)) * V)]
<NTHILIT = Pa) @)V
RY((I = P)(@Q))lloo =l R7(( = P)(Q)) * 7|
<[IRT((I = Pa) (@)l
<N = P @)1Vl

[ Atemp

Since /¢; is a proper subspace of ¢, we infer by Holder
inequality that [|[R°((T — P)(@)ll2 < UL -

P)(@Q)|1]|[V?]]1. Moreover, for any given © € [ X

s

l#lln. < mullzlly and it follows that ||RS((I —
Pa)(@)ree < VrallUCIT = Po)(@)N12IVO]1. Since

Q € £7**™ ||(I — P,)(Q)]]1 can be made arbitrarily small by
letting n large enough and the conclusion follows immediately
from the previous four inequalities. [ |

C. Proof of Theorem 6.3

1) Define A%, = {R € £7=*™ : | there exists Q €
£74X™ g0 that
R=H-UxQxV [|Ql: <7 [R(Q)Ih

<er [[R(Q)5 < e5 [RYQ)In.. <
< [Atemp B (Q)](k) < bremp (k)
Then, A°

to v =

Ce a/temp(k)
Vk}.

is a convex set. Problem (5) is equivalent
allRy + callR?3 + sl B3|l
EiRFi where
c Rn:ixn:,

feas
o infreas 2
R' and R can be expressed as R' =
Ei = [Onz7 Xn, " In% e 077'27 Xn:7]
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Fi = [Onwl Xng, " 'Inwz- .. 'Onw7 ani]/ €  RnMwXnu;
i = 1,...,7. Also, the A transforms Ei = F; and Fi = F;.
Thus, the problem can be reformulated as v = inf ¢ .. 9(R)
where

g(R):=c1||E1 * R* Fi||1+c2||E2 x R * F2||§
+esl| EsREs|ly,, = ail|R' 1+ c2l R?||3 + csll R |l

We claim that g(R) is a strict convex function of R given the
assumption co > 0. To see this, choose R, S € A such that

eas

R # S.Then, it follows from the invertibility of U2 and V2 that
R? # S2. Then, for any a € (0,1)
g(aR+ (1 —«)S)
=c1]|E1 * (aR) « Fy + By + (1 — @)S) * Fi||1
+ a|| B2 * (aR) % Fy + Ey * (1 — @) S) x F»||3
+ 3| Es(aR®) Fs + E3((1 — @) S) Fs|a.,
=ciflaR! + (1= )8!l + c2l|aR® + (1 — @) S?|I3
+ el +(1 — @) S3||ln . < era]| R | 4c1(1 — )| |1
+ 20l |[R?|)3 + e2(1 = )| S®[I3 + eserl| B[l
+ea(l = a)[|S%[|p.. = ag(R) + (1 — a)g(5)
where the strict convexity of || - ||3 and the convexity of || - ||
and || - ||.. are employed to justify the strict inequality sign.
This proves that g(+) is strictly convex on A% Feas: Thus, R, the
minimizing closed-loop map to problem is unique. Similar ar-
guments as show before that R™ (n = 1,2,...) is unique. 2)

The uniqueness of @™ (n = 0, 1,...) follows immediately from
(1) and the invertibility of U? and V2. [ |

D. Proof of Lemma 6.5

Since {Q"} is uniformly bounded by 7 in ¢; norm sense,
the Banach—Alaoglu Theorem implies that there is a subse-
quence {Q"} of {Q"} and some Q° € £7**" such that
(Q™)ij — (Q%)ij (i = 1,...,n4,5 = 1,...,n,) in the
W(co,co) topology. So, it follows that Q" (t) — Q°(t)
for all ¢ and for all n, P,(R(Q")) — P,(R(Q")) and
T n(Q™) — T; n(Q°) (i = 3,6) as m — oo. Now, it is clear
that for any n > 0 and any n,, > n,

c[|Pn (RHQ™ DIt + e2l| Pa(R*(@Q™))II3
+e3[|T3,n(Q7)[len | RH(Q™)
+eol|[R*(Q™ )13 + esl| B3 (Q")

By letting m — oo, we have

e[ Pa(RH@QO)1 + e2l [P (B*(Q

1

MNm

|Hoo =V

QI3 + eslI T30 (Q)l

< lim v"™ =v

m— 00

Vn.

So, it follows that c;||RY Q)| + cofR2(Q%)|3

es||R3((Q%)||. < v. Furthermore, as in the proof of
Theorem 6.1, we can verify that QO satisfies all the constraints
of problem (5). Thus, Q° is an optimal solution to  and by the
uniqueness of the optimal solution of , we have Q° = Q°. m

E. Proof of Lemma 6.6

We prove for the case when c; > 0 and when condi-
tion (8) is true. We leave the rest of the proof to the reader.
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For notational convenience we will denote (R!, R?) by R.
Also, we define g(R',F%) = ai[[(R),ll + coll R?[3.
It is clear that g((R%*, R**)) < g((RY°, R*°)) for all
k. We claim that g(R*) — g(R°) as k — oo. Sup-
pose not, then there exists a subsequence {RF:} of {R*}
and an ¢; > 0 such that g(R°) — g(R*) > ¢ for all
s. Choose m such that g((I — P,)R°) < €/2. Thus
g(PmR%)+e1/2—g(R*) > g(R°) — g(R¥+) > €, which im-
plies thatg(PmRo)_g(PmRks) > Q(PmRo)_g(Rks) > 61/2'
But we know that R*+ converges to R° pointwise and therefore
g(PmR*) — g(P,,R°). Thus we have reached a contradic-
tion to our supposition which proves our claim. Given ¢ > 0
choose n such that 35, [I(I — P,)R%7|l €/(8Mcs)
and g((I — P,)R°) < 6/8 where M is an upper bound on
20 ||Rz2)§’k||2, which exists because g(R¥) < f(R°). As
g(R*) converges to g(R°) and R*(t) converges to R°(t) for all
t it follows that g((I — P, )R*) converges to g((I — P,)R°).
Thus, there exists an integer K7 such that £ > K; implies that
g((I = P,)R*)) < g((I — P,)R°) + €¢/4. As R¥(t) converges
to R°(t) for all ¢ it also follows that g( P, (R* — R°)) converges
to zero. Thus, we can choose an integer K5 such thatif & > K,

then g( P, (R* — R°)) < ¢/4. Thus, for any k > max{Ky, Ko}
we have

9(R* — R°)

= g(P.(R" = R%))

+9((I = P)(RF = R%))< g(Pn(R*
+9((I = P, )Rk) +9((I = Po)R?)

+20 ) Z |RZZk (1

(p,q) t=n+1

- k%)

R22 o( )|

< g(Pu(R* = R)) + g((I = Pa)R") + g((I = Pa)R’)
+2c2 Y || (I = P)RE, |2l (T = P)RS, |2
(r,9)
§Z+2g((1 - Pn)RO)—i—ZQcQM ST = Pa)RY, |2 < €.
(P9
This proves the lemma. [ |

FE. Proof of Theorem 6.4

The proof for 1) and 2) can be carried out in the exactly the
same way as the proof for 1) and 2) in Theorem 6.3 and will not
be repeated here. We prove 3) by using contradiction. Suppose
the sequence {||R?>™ — R?°||3}°2, doesn’t converge to zero.
Then there exists a subsequence {R""} of R” and an e > 0
such that [|[R?™ — R?Y||y > ¢, Vm. Then by using the same
argument as in the proof of Lemma 6.5, we can prove that a
subsequence { Q"™+ } of {Q™™ } converges pointwise to the op-
timal solution Q° of problem v(with c3 = 0). Furthermore,
since Q"™+ is the optimal solution to problem v"™«, whose
limit converges to v as k — oo, we have

v = ea[RV y cal| B2
— 1| |RY|ly + || R*O|5 = v
as k — oo. Thus, the assumptions of Lemma 6.6 are satis-

fied and it follows that ¢ ||RV ™™ — RO} + cof|[RZ™ms —
R?Y||3 — 0 as k — oo, which is a contradiction. ]
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