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Abstract—In this article, we present a finite-time stopping
criterion for consensus algorithms in networks with dynamic
communication topology. Prior state of the art has established
convergence to the consensus value; however, the asymptotic
convergence of these algorithms poses a challenge in practical
settings where the response from agents is required in finite time.
To this end, we propose a maximum-minimum protocol that
propagates the global maximum and minimum values of agent
states (while running the consensus algorithm) in the network.
This article focuses on establishing that the global maximum and
minimum values are strictly monotonic even for a dynamic
topology, and they can be used to distributively ascertain the
closeness to convergence in finite time. We rigorously show that
each node can have access to the global maximum and minimum
by running the proposed maximum-minimum protocol to realize
a finite-time stopping criterion for the otherwise asymptotic
consensus algorithm. The practical utility of the algorithm is
illustrated through experiments where each agent is instantiated
by a NodeJS socket.io server.

Index Terms—Distributed consensus, multi-agent systems, net-
work-based computing systems, switching topology.

I. INTRODUCTION

THE availability of a large number of low-cost sensors

and the development of suitable network protocols

have led to the development of modern-day, multi-agent

systems (MAS). In many practical domains, MAS are often

designed to attain coordinated objectives, such as move-

ment coordination among a group of mobile autonomous

vehicles for traffic optimization [1] or task allocation

among agents (nodes), such as unmanned aerial vehicles or

autonomous underwater vehicles for search and survey

operations [2], [3]. Such systems are limited by their size

and mobile nature, which restrict computational and

sensing resources, rendering distributed algorithms well-

suited for the coordination of these MAS [4].

A number of works in the literature have proposed distrib-

uted coordination algorithms for MAS, such as those consider-

ing asynchronous sampling and nonidentical packet loss [5],

nonlinear agent dynamics with position feedback [6], and with

transmission constraints and noise [7], [8]. Some specific

works have proposed distributed coordination algorithms for

MAS achieving consensus on the average of the agents’ initial

state values [9] and on the privacy-preserving consensus on

directed graphs [10]. Most of these algorithms consider a

static/fixed interconnection topology between the agents

involved in the consensus algorithms; however, many practi-

cal distributed decision-making applications involve a

dynamic interconnection topology. Some examples of such

scenarios are described next.

Ad hoc cognitive radio networks. In cognitive radio net-

works, secondary users can sense the spectrum to detect the

presence of primary users. In a spectrum-sensing consensus

algorithm [11], secondary users mutually transmit and receive

their states according to the real-time (dynamic) network

topology, regardless of whether primary users are present. The

topology is created when secondary users establish communi-

cation links with their own neighbors to locally exchange

information among them. The algorithm iterations are repeat-

edly done until all the individual states converge toward the

average of the initial value of the states to make a local

decision.

Control of autonomous agents. It is often necessary to coor-

dinate a collection of autonomous agents (e.g., cars or

unmanned aerial vehicles). For example, consider a fleet of

self-driving cars where each car can communicate with its

neighboring cars. One might wish for the cars to meet a global

objective, such as maintaining a particular formation where

the neighbors of a car can change in real time. A distributed

decision is usually needed in such situations. All the cars can

distributively agree on a direction or an average speed (or

both). Such a coordination model was investigated in [2].

The authors in [12] introduced a gossip-based decentralized

scheme, called push-sum protocol, to compute the average of

the initial state values of nodes. The push-sum protocol has

been shown to converge to the average exponentially fast. The

authors of [13] proposed a ratio-consensus protocol in which

agents in a fixed topological network asymptotically converge

to the ratio of the sum of the initial values of the two states

maintained by each agent. The algorithms in [12], [13] have a
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significant advantage in that the protocol can be realized in a

truly distributed manner, without requiring any centralized

dissemination of parameters, making them suitable for plug-

and-play ad hoc networks. The article [14] extends this

approach to the case where the network topology is dynamic

(as required in the previous examples) under the condition

that the union of the communication graphs at different time

instants remains strongly connected infinitely often. The con-

sensus algorithm in [14] provides asymptotic guarantees for

agreement between the states of the agents. Many MAS with

real-time applications, however, require the consensus value

to be used by each agent for a subsequent task or action, and

thus a finite-time distributed stopping criterion for many appli-

cations is imperative. Moreover, if the agents can distribu-

tively detect the convergence within a prespecified tolerance

of the consensus value, they will avoid running the algorithm

longer than necessary and save often scarce power and compu-

tational resources.

The finite-time synchronization phenomena for coupled net-

works have been thoroughly studied in the literature, where a

controller synthesis is required to synchronize the trajectories

of the states in the network within a finite time. For example,

reference [15] investigated a framework that considers agents

in a coupled network with Markovian topology and impulsive

perturbations. The continuous-time (non-) linear perturbed

system is analyzed to determine the sufficient conditions

guaranteeing the existence of a finite setting time for synchro-

nization of the agents in the network. The authors of [16],

[17], [18] looked into a coupled system with nonlinear cou-

pling strengths and nonidentical uncertain bounded external

disturbances; discontinuous neural networks with nonlinear

activation functions; and mixed delays in the network as well

as fuzzy cellular neural networks with proportional delays,

respectively. Similarly, references [19], [20] present an adap-

tive neural network finite-time control strategy and an optimal

controller design, respectively, for nonlinear systems with

uncertainties using back-stepping and power integrator tech-

nique. Article [21] considers the issue of adaptive neural

decentralized tracking control for a class of output-constrained

switched interconnected nonlinear systems with unknown

backlash-like hysteresis control input. A nonlinear function

approximator and state observer are designed using neural net-

works. References [15]–[21] need a stabilizing controller to be

explicitly designed for each agent in the network (ðN � 1Þ
controllers for an N multi-agent system) to synchronize the

perturbed coupled systems within a finite time such that the

states of any two nodes in the system are identical in the

expected sense after the finite time.

Unlike these works, however, the network state updates

considered in the current article are a discrete-time linear first-

order system without any stochastic perturbations, and the

objective of the first-order multi-agent system is to synchro-

nize to the average of the initial conditions of all the agents in

the network, where the network topology can change with

time by updating the state information with neighboring

agents and without having to design controllers at any agent in

the network to enforce synchronization.

The problem of designing a finite-time consensus protocol

has been considered in the literature. Articles [22], [23]

designed continuous-time updates that can be terminated in

finite time to achieve consensus among the agents. Arti-

cle [22] proposed an appointed-time consensus scheme based

on continuous-time updates under directed spanning trees

with switching topologies for a network of agents with double

integrator dynamics, whereas article [23] proposed a continu-

ous-time average consensus protocol for switching topologies

where the state consensus is achieved in finite time; however,

the applicability of the continuous-time updates requires a

suitably designed event-triggered communication mechanism

for practical applications. The finite-time consensus problem

for multiple nonidentical second-order nonlinear systems

based on a leader-follower architecture under a static inter-

connection topology was studied in [24]. The works [25],

[26], [27], [28], [29] focused on the design of a finite-time

stopping criteria for distributed consensus algorithms with

discrete-time updates over static communication topologies.

The authors in [25] presented a method to achieve the consen-

sus value in a finite number of iterations under static graph

topologies. Here, each node can calculate the final consensus

value using the minimal polynomial associated with the

weight matrix in the state update iterations; however, to cal-

culate the coefficients of the minimal polynomial, each node

needs to run N (total number of agents) different linear itera-

tions for at least N þ 1 time steps. Reference [26] achieved

finite-time consensus based on the network observability

matrix. Here, every node needs storage and computational

abilities commensurate with the requirements of matrix

inversions and rank calculations, which makes it unsuitable

for MAS based on computationally less capable Internet of

Things systems. The authors of [27], [28], [29] designed a

computationally advantageous distributed detection mecha-

nism to ascertain the convergence of average consensus

algorithms under static interconnection topologies. They

established that the sequence of global maximum (and mini-

mum) state values of the agents following a consensus algo-

rithm is a monotonic sequence converging to the consensus

when the network topology is fixed. A distributed maximum

(and minimum) protocol was proposed to propagate these

global maximum (and minimum) state values to achieve

finite-time consensus within a prespecified tolerance margin.

Having additional states corresponding to the global maxi-

mum and minimum values helps each node to detect the prog-

ress toward consensus. Each node can simultaneously detect

the convergence in finite time; thus, the consensus protocol is

terminated by each node at the same iteration. These works,

however, do not consider switching topologies, and adopting

the same framework for the network with changing topolo-

gies can lead to convergence toward erroneous states in the

network.

In this article, we focus on answering the following key

research issues:

i) Can the protocols developed to detect the convergence

of distributed consensus algorithms under static topolo-

gies [27], [28], [29] be used as a finite-time criteria in
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the case when the communication topology of the

agents is dynamic ?

ii) If not, then how can we design a criterion to detect

when the agents achieve (approximate) consensus to the

average of their initial values?

In this sequel, we show that the approaches in [27], [28],

[29] are not directly applicable when the network topology is

dynamic. Here, we propose an extension of this approach to

develop a distributed finite-time criterion that can be applied

to networks with dynamic topology. The work in [30] intro-

duced the concept of a node’s influence on the other parts of

the network for a static graph. Here, we extend that idea to a

novel concept of a “time-path,” which incorporates the influ-

ence of a node on the other nodes of the network with changes

in time as well as the topology. We establish the existence of

time-paths of finite length for all pairs of agents in the net-

work. Leveraging the existence of time-paths, we propose a

new maximum-minimum protocol to propagate the global

maximum and minimum state values. The article makes the

following contributions:

Statement of contribution:

1) This article presents an algorithm with a distributed

stopping criterion for ratio consensus in the presence

of directed switching topologies. We augment the

ratio consensus algorithm with two additional states:

the global maximum and the global minimum of the

values held by the agents. We show that these values

are monotonic in nature and converge to the consen-

sus value even when the network is dynamic. The

stopping criterion can be set such that if the criterion

is met by an agent, then it has access to the consen-

sus value within any prespecified tolerance margin.

Here, the maximum and minimum consensus-based

distributed stopping approach [27], [28] is extended

to the case of time-varying topologies. To the best

of the authors’ knowledge, such a criterion for aver-

age consensus algorithms in switching topologies

does not exist in the literature.

2) We establish an upper bound on the number of itera-

tions required for a node in the network to influence all

other nodes. To achieve the upper bound, we introduce

a novel concept of a time-path. We prove the existence

of finite-length time-paths for every pair of nodes, and

we present the maximum-minimum protocol to propa-

gate the global maximum and global minimum state

values in the network.

3) The scheme proposed here is shown to be amenable for

distributed implementation because it only requires

each agent to have access to an upper bound on the

number of nodes. The performance of the proposed

algorithm is illustrated by experimentally realizing a

1,000-node network with dynamic topology created

using a NodeJS framework. This demonstrates the scal-

ability of the proposed protocol. Here, each node is

implemented as a socket.io [31] server. This experimen-

tally validates the distributed stopping criterion in

the presence of switching topologies, thus providing

evidence that our algorithm is indeed applicable for

real-time applications [32].

The rest of the paper is organized as follows. In Section II,

the basic definitions needed for subsequent development as

well as the setup for distributed averaging using ratio consen-

sus are presented. In Section III, analytical results for the dis-

tributed finite-time termination of ratio consensus in switching

topology using maximum and minimum consensus algorithms

are discussed. Theoretical findings are validated with the

experiments presented in Section IV, followed by conclusions

in Section V.

II. DEFINITIONS AND BACKGROUND

In this section, we present basic notions of graph theory and

linear algebra, which are essential for the subsequent develop-

ments as well as the relevant background results. Detailed

descriptions of graph theory and linear algebra notions are

available in [33] and [34], respectively.

Definition 1: (Cardinality of a set) Let A be a set. The car-

dinality of a set, A, denoted by jAj, is a measure of the number

of elements of the set A.

Definition 2: (Directed graph) A directed graph (denoted as

digraph), G, is a pair, ðV; EÞ, where V is a set of vertices or

nodes, and E is a set of edges, which are ordered subsets of

two distinct elements of V. If an edge from j 2 V to i 2 V
exists, then it is denoted as ði; jÞ 2 E.
Definition 3: (Path) In a directed graph, a directed path

from node i to j exists if there is a sequence of distinct

directed edges of G of the form ðk1; iÞ; ðk2; k1Þ; . . .; ðj; kmÞ:
Definition 4: (Strongly connected graph) A directed graph

is strongly connected if it has a directed path between each

pair of distinct nodes i and j.
Definition 5: (Column stochastic matrix) A real n� n

matrix A ¼ ½aij� is called a column stochastic matrix if 1 �
aij � 0 for 1 � i; j � n and

Xn
i¼1

aij ¼ 1 for 1 � j � n:
Definition 6: (Irreducible matrix) A n� n matrix A is

reducible if we may partition f1; . . . ; ng into two nonempty

subsets, E, F , such that Aij ¼ 0 if i 2 E; j 2 F . Matrix A is

called irreducible if it is not reducible.

Definition 7: (Aperiodic matrix) Let A be a n� n matrix.

Let G be a directed graph induced by the zero/nonzero struc-

ture of A. Then matrix A is aperiodic if G is strongly con-

nected with at least one node has a self-loop.

Definition 8: (Primitive matrix) A N �N matrix A is said

to be primitive if for any i; j 2 f1; . . .; Ng, there exist a m 2
N, such that ðAmÞði; jÞ > 0, that is, it is possible to reach any
state from any other state in a finite number of hops.

Next, the key result from [35], which enables reaching the

average consensus in the presence of dynamic topology, is

summarized. Consider a scenario where the network topology

is dynamic but with a fixed set of nodes, V (jVj ¼ n), i.e., at
any given instant, k, the network is described by a digraph,

GðkÞ ¼ ðV; EðkÞÞ. Let PðkÞ ¼ ðpijðkÞÞ be the weighted adja-

cency matrix associated with the digraph, GðkÞ. Here, GðkÞ 2
�G ¼ fG1;G2; . . . ;Gmg;m � 2n

2�n is the set of all possible

digraphs for a given set of nodes, V. We assume that a node
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always has access to its own information, i.e., for any node,

i 2 V; ði; iÞ 2 EðkÞ, for all k. Now, we present a few defini-

tions related to dynamic topology.

Definition 9: (Union of digraphs) Given a collection of

digraphs, fG1;G2; . . . ;Gmg (for some m � 1), of the form

GðkÞ ¼ ðV; EðkÞÞ, k ¼ 1; 2; :::; m, the union of digraphs is

defined as GðkÞ1;2;...;m ¼ ðV;[m
k¼1EðkÞÞ.

Definition 10: (In-neighborhood of node i at instant k) The
set of in-neighbors of node i 2 V at instant k is denoted by

N�ði; kÞ ¼ fj : ði; jÞ 2 EðkÞg:
Definition 11: (Out-neighborhood of node i at instant k)

The set of out-neighbors of node i 2 V at instant k is denoted

byNþði; kÞ ¼ fj : ðj; iÞ 2 EðkÞg:
Definition 12: (Out-degree of node i at instant k) The out-

degree of a node, i, at any instant, k, is equal to the cardinality

of the set of out-neighbors of i, jNþ
i ðkÞj.

Each node, i 2 V, maintains two states at time k, denoted by
xiðkÞ (referred to as the numerator state of node i) and yiðkÞ
(referred to as the denominator state of node i). Node i updates
its state at the ðkþ 1Þth iteration according to the following

policy:

xiðkþ 1Þ ¼ piiðkÞxiðkÞ þ
X

j2N�ði;kÞnfig
pijðkÞxjðkÞ (1)

yiðkþ 1Þ ¼ piiðkÞyiðkÞ þ
X

j2N�ði;kÞnfig
pijðkÞyjðkÞ; (2)

where yið0Þ ¼ 1 for all i 2 V. Using (1) and (2), we get

xiðkþ 1Þ
yiðkþ 1Þ ¼

piiðkÞxiðkÞ þ
P

j2N�ði;kÞnfig pijðkÞxjðkÞ
piiðkÞyiðkÞ þ

P
j2N�ði;kÞnfig pijðkÞyjðkÞ

: (3)

Throughout the rest of the paper, we consider the network

with dynamic topology to satisfy the following assumptions,

and the underlying communication network is assumed to be

delay free.

Assumption 1: The digraphs GðkÞ ¼ ðV; EðkÞÞ are strongly

connected for all k 2 N.

Assumption 2: PðkÞ for all k is a column-stochastic matrix.

One choice of weights that satisfies Assumption 2 is the out-

degree-based equal neighbor weights rule [36]: Here, for all

j 2 V and k � 0:

pijðkÞ ¼
1

1þjNþ
j
ðkÞj ; if i 2 Nþ

j ðkÞ
0; if i =2 Nþ

j ðkÞ

8<
: (4)

and;

pjjðkÞ ¼ 1

1þ jNþ
j ðkÞj

for all k � 0; (5)

where jNþ
j ðkÞj denotes the out-degree of a node, j 2 V. Note

that because the out-degree is known locally, each agent can

decide the weights, pijðkÞ, in a decentralized manner, leading

to a distributed synthesis. Using the equal neighbor weights

rule, (4)–(5), the updates (1) and (2) are done in the following

manner:

Every agent j sends the weighted information, pijðkÞxjðkÞ
and pijðkÞyjðkÞ, to every agent i in its out-neighborhood. Then,

at the next time instant, agent i scales its own estimates,

xiðkÞ; yiðkÞ, with a weight piiðkÞ, and adds it to the information

sent by all the agents in its in-neighborhood, j 2 N�
i ðkÞ, to get

the estimates xiðkþ 1Þ and yiðkþ 1Þ. Thus, a distributed imple-

mentation of the updates (1) and (2) is realized. Note that PðkÞ
synthesized using (4) and (5) satisfies the primitiveness and irre-

ducibility properties (see [35] Lemma 2). We next present the

convergence result from [35], which forms the basis of our work.

Theorem 1: Consider a sequence of digraphs of the form

GðkÞ ¼ ðV; EðkÞÞ, k ¼ 0; 1; 2; , satisfying Assumption 1 and

Assumption 2. With the update rule (1) and (2), the ratio
xiðkÞ
yiðkÞ

asymptotically converges to

Pn

i¼1
xið0Þ

n for all i ¼ 1; . . .; n, that
is, the ratio of the numerator and denominator states converge

to the average of the initial conditions of xi variables (referred

to as the ratio consensus).

Proof: See Theorem 2 in [35] for the proof. &

Remark 1.1: Under Assumption 2, PðkÞ is only column sto-

chastic and not row stochastic (
Pn

i¼1 pijðkÞ 6¼ 1 for all

i ¼ 1; . . .; n). Here, xiðkÞ and yiðkÞ converges to

gi

Pn
i¼1 xið0Þ and gi

Pn
i¼1 yið0Þ, respectively, where gi is the

ith entry of the vector, g given by limk1 Pk
s¼1PðsÞ ¼ g>1n,

where 1n is the n-dimensional vector with all entries equal to

one. By having the ratio
xiðkÞ
yiðkÞ and initializing yið0Þ ¼ 1 for all

i 2 V, each agent i’s state, yiðkÞ, converges to ngi, and the

ratio
xiðkÞ
yiðkÞ converges to the average of the initial states of xi’s,Pn

i¼1
xið0Þ

n .

Remark 1.2: Note that even though Theorem 1 does not

require PðkÞ to be row-stochastic, Lemma 4.2 in [37] proves

that the xiðkÞ and yiðkÞ following the updates of (1) and (2)

are almost surely bounded below by some positive constant.

Thus, the state updates will not become arbitrarily small, and

the ratio state will always be well defined. Further, due to the

weak ergodicity [38] of the products of PðkÞ’s, along with the

bounded initializations xið0Þ and yið0Þ, the individual states,

xiðkÞ and yiðkÞ, will also remain bounded.

Remark 1.3: Note that the discrete-time consensus algo-

rithm is agnostic to the frequency with which the underlying

graph topology is changing. In particular, only the network

state at the time of communication is used. All the constraints

on the network are imposed at time instant of communication,

that is, any switching happening between the two discrete

time instants is not considered.

A. Motivation

As discussed briefly in Section I, the authors of [27], [28]

presented a finite-time criterion for a consensus algorithm

using the global maximum and minimum of the ratio states in

the case when the topology of the network is static. In this sub-

section, we highlight the limitation of that work when the

communication topology is dynamic. It was shown in [27],

[28] that within Dmax iterations, every node has access to the

global maximum and minimum, where Dmax is an upper
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bound on the graph diameter. The result from [27], [28] does

not hold for a network with dynamic topology. The following

counterexample highlights the case where an upper bound on

the maximum diameter (Dmax ¼ fmaxðDðGÞÞ;G 2 �Gg,
where DðGÞ is the diameter of graph G) does not provide

access to the global maximum and minimum to all the nodes

of the network. Let us consider a network of six nodes, where

the network topology can be either of undirected graphs G1 or

G2 (see Fig. 1), that is, �G ¼ fG1;G2g, with switching as

described in Table I. Here, the diameter of both graphsD ¼ 3.
Definition 13: (Range of a node) Let us define the range of

any node i with initial time, k, and time horizon, t > 0 as:

Riðk; tÞ :¼
[

m2Riðk;t�1Þ
fl : l 2 Nþðm; kþ t� 1Þg;

with Riðk; 0Þ ¼ fig; jRiðk; 0Þj ¼ 1, and Nþðm; kÞ is the out-

neighborhood of nodem at instant k.
The range of node 1 starting from any instant k is also

shown in Table I. It is clear that it takes five iterations for the

range to contain all the nodes, which is more than the bound

on the maximum diameter (Dmax ¼ 3). Therefore, using the

criteria proposed in [27], [28] leads to two issues:

1) Lemma 2.2 in [28] and Theorem 4.1 in [27] (strict

monotonicity of global maximum/minimum states

implementing the average consensus protocol and the

ratio consensus protocol, respectively) assume that the

global maximum/minimum are available to each agent

within Dmax iterations, which is deemed untrue for this

example (Table I).

2) Thus, nodes implementing Algorithm 1 of [27], [28] do

not have access to the global maximum/minimum and

might terminate the algorithm (when the local maxi-

mum and minimum are within the tolerance) before

actual global convergence (when the global maximum

and minimum are the within tolerance).

The results in Section IV will further highlight these prob-

lems in a numerical simulation.

III. DISTRIBUTED FINITE-TIME TERMINATION

In this section, the definitions and convergence of the maxi-

mum and minimum consensus algorithms are established.

Subsequently, a finite-time termination criterion for the aver-

age consensus in the case of switching topology is developed

based on these algorithms. Let us consider the maximum and

minimum values of the ratio of the consensus protocols given

by (1) and (2) over all nodes at any time instant k, given by:

MðkÞ :¼ max
i2V

xiðkÞ
yiðkÞ ; yjðkÞ 6¼ 0; j 2 V; (6)

mðkÞ :¼ min
i2V

xiðkÞ
yiðkÞ ; yjðkÞ 6¼ 0; j 2 V (7)

The following Lemma shows that the ratio of states at each

node stays within the maximum and minimum for subsequent

iterations.

Lemma 1: Consider the ratio consensus protocol compris-

ing two updates, given by (1) and (2). Let Assumption 1 and

Assumption 2 hold. Then for all time instants k0 � k and for

all i 2 V :

mðkÞ � xiðk0Þ
yiðk0Þ � MðkÞ:

Proof: We first prove the inequality for MðkÞ using induc-

tion. By definition of MðkÞ; for k0 ¼ k; , the proof is trivial.

Suppose it is asserted that for k0 ¼ kþ l; l � 1, xiðkþlÞ
yiðkþlÞ � MðkÞ

for all i 2 V: Then we have:

xiðkþ lþ 1Þ
yiðkþ lþ 1Þ ¼

P
j2N�ði;kþlÞ pijðkþ lÞxjðkþ lÞP
j2N�ði;kþlÞ pijðkþ lÞyjðkþ lÞ

¼
piiðkþ lÞ xiðkþlÞ

yiðkþlÞ þ
P

j2N�ði;kþlÞnfig pijðkþ lÞ xjðkþlÞ
yiðkþlÞ

piiðkþ lÞ þP
j2N�ði;kþlÞnfig pijðkþ lÞ yjðkþlÞ

yiðkþlÞ
:

It follows from the inductive assumption that:

xiðkþ lþ 1Þ
yiðkþ lþ 1Þ �

piiðkþ lÞMðkÞ þP
j2N�ði;kþlÞnfig pijðkþ lÞMðkÞ yjðkþlÞ

yiðkþlÞ

piiðkþ lÞ þP
j2N�ði;kþlÞnfig pijðkþ lÞ yjðkþlÞ

yiðkþlÞ

¼ MðkÞ:
Therefore,

xiðkþlþ1Þ
yiðkþlþ1Þ � MðkÞ for all i 2 V: The other

inequality is similar and is left to the reader. &

Next, Lemma 2 strengthens the result of Lemma 1 to a strict

inequality.

Lemma 2: Consider the ratio consensus protocol compris-

ing two updates, given by (1) and (2), where the initial time

instant is k. Let Assumption 1 and Assumption 2 hold., Let

Fig. 1. Both G1 and G2 have diameter 3.

TABLE I
NETWORK TOPOLOGY AND RANGE (R1ðk; tÞ) OF NODE 1 STARTING AT

INSTANT k FOR ITERATIONS t ¼ 1; 2; 3; 4; 5
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MðkÞ and mðkÞ be as in (6) and (7). Let i be a node such that
xiðk0Þ
yiðk0Þ < MðkÞ, and let j be a node such that

xjðk0Þ
yjðk0Þ > mðkÞ for

some time instant k0 � k. Then for all time instants k00 �
k0; xiðk

00Þ
yiðk00Þ < MðkÞ and xjðk00Þ

yjðk00Þ > mðkÞ:
Proof: The proof is based on induction and follows simi-

larly to the proof of Lemma 1 and is left to the reader. &

The following definition and lemmas introduce the concept

of a time-path and derive a bound on the number of iterations

required for one node to access the information of any other

node in the network.

Definition 14: (Time-path) In the case of the switching

topology, a time-path of length l at time t from node i 2 V to

j 2 V is a sequence of nodes, k1; k2; . . . ; kl�1, such that

ðk1; iÞ 2 EðtÞ; ðk2; k1Þ 2 Eðtþ 1Þ; . . . ; ðj; kl�1Þ 2 Eðtþ l�
1Þ. In other words, node j has access to node i’s information

after l time steps through the nodes k1; k2; . . . ; kl�1 starting at

time t.
Lemma 3: Consider a network where Assumption 1 and

Assumption 2 hold. Then for any node i 2 V, the following

holds:

1) Riðk; t� 1Þ � Riðk; tÞ for all t ¼ 1; 2 . . . :
2) Riðk; n� 1Þ ¼ V:
Proof: Here, Riðk; tþ 1Þ is the union of out-neighborhoods

of all the elements of Riðk; tÞ at instant t. Clearly, Riðk; t�
1Þ � Riðk; tÞ. Indeed, l 2 Riðk; t� 1Þ implies l 2 Nþðl; kþ
t� 1Þ, which, in turn, implies, l 2 Riðk; tÞ.

Now, for t ¼ 1:

Riðk; 1Þ ¼ fm1 : m1 2 Nþði; kÞg ¼ Nþði; kÞ:
If Riðk; 1Þ ¼ V, the claim is proven. Suppose Riðk; 1Þ � V.
Note that at time instant kþ 1, the graph is strongly con-

nected. Thus, there exists an outgoing edge between the set of

nodes Riðk; 1Þ and V nRiðk; 1Þ. That is, there exists m2 2
V nRiðk; 1Þ, such that m2 2 Nþðm1; kþ 1Þ for some m1 2
Riðk; 1Þ. Thus, m2 2 Riðk; 2Þ: It follows that m2 2
Riðk; 2Þ nRiðk; 1Þ, which implies that:

jRiðk; 2Þ nRiðk; 1Þj � 1:

Now, as Riðk; 1Þ � Riðk; 2Þ, we have:
jRiðk; 2Þj ¼ jRiðk; 1Þj þ jRiðk; 2Þ nRiðk; 1Þj

which implies jRiðk; 2Þj � jRiðk; 1Þj þ 1: Note here that

Riðk; 1Þ is a proper subset of Riðk; 2Þ: Following in the same

manner, we get:

jRiðk; tÞj � jRiðk; t� 1Þj þ 1 � jRiðk; t� 2Þj þ 2 � . . .

� jRiðk; 0Þj þ t;

and thus jRiðk; tÞj � tþ 1: For t ¼ n� 1, jRiðk; n� 1Þj � n;
however Riðk; tÞ � V and thus jRiðk; tÞj � n for all t. Thus,
jRiðk; n� 1Þj ¼ n, implying Riðk; n� 1Þ ¼ V. Therefore,

the claim is true. &

Lemma 4: Let Assumption 1 and Assumption 2 hold. Then

for any two nodes, i; j 2 V, and at any time instant k, there

exists a time-path of length s from i to j with s � n� 1. In
other words, j has access to information of i in s number of

time steps.

Proof: Note here that Riðk; tÞ is the set of nodes influenced
by node i’s current state within the next t time steps. Now, we

show the existence of a time-path. We have Riðk; 0Þ �
Riðk; 1Þ � Riðk; 2Þ �� Riðk; sÞ ¼ V. Let s be the smallest

time step, such that j 2 Riðk; sÞ. From Lemma 3, s � n� 1.
As j 2 Riðk; sÞ; there exists ms�1 2 Riðk; s� 1Þ, such that

j 2 Nþðms�1; kþ s� 1Þ: As ms�1 2 Riðk; s� 1Þ, it follows
that there exists ms�2 2 Riðk; s� 2Þ, such that ms�1 2
Nþðms�2; kþ s� 2Þ: Choosing mi’s in this manner, we get

ms�2 2 Riðk; s� 2Þ;ms�3 2 Riðk; s� 3Þ, ...m1 2 Riðk; 1Þ,
such that m1 2 Nþði; kÞ. Therefore, there exists a time-path

ðm1; iÞ; ðm2;m1Þ; . . . ; ðj;ms�1Þ with s � n� 1. &

Using Lemma 3 and Lemma 4, we next provide a sampling

of the MðkÞ and mðkÞ, such that the resulting subsequences

are strictly monotonic and converge to the average of the ini-

tial conditions of xi variables.

Lemma 5: Consider the ratio consensus protocol compris-

ing two updates, given by (1) and (2). Let Assumption 1 and

Assumption 2 hold. Let MðkÞ and mðkÞ be as in (6) and (7),

such that mðkÞ < MðkÞ, where the initial time instant is k.
Then for all k0 � kþ n0 and for all i 2 V :

mðkÞ <
xiðk0Þ
yiðk0Þ < MðkÞ; (8)

where n0 is an upper bound on n� 1.
Proof: As mðkÞ < MðkÞ, it follows that there exists a

node i 2 V, such that
xiðkÞ
yiðkÞ < MðkÞ: Let j 2 V be an arbitrary

node, then from Lemma 4, there exists a time-path of length l
from node i to node j at instant k, where l � n� 1 � n0. Let
this path be denoted as ðm1; iÞ; ðm2;m1Þ; . . .; ðj;ml�1Þ: Then:

xm1
ðkþ 1Þ

ym1
ðkþ 1Þ

¼ pm1iðkÞxiðkÞ þ
P

u2N�ðm1;kÞnfig pm1uðkÞxuðkÞ
pm1iðkÞyiðkÞ þ

P
u2N�ðm1;kÞnfig pm1uðkÞyuðkÞ

¼
pm1iðkÞ xiðkÞyiðkÞ þ

P
u2N�ðm1;kÞnfig pm1uðkÞ xuðkÞyiðkÞ

pm1iðkÞ þ
P

u2N�ðm1;kÞnfig pm1uðkÞ yuðkÞyiðkÞ

<
pm1iðkÞMðkÞ þP

u2N�ðm1;kÞnfig pm1uðkÞ xuðkÞyiðkÞ
pm1iðkÞ þ

P
u2N�ðm1;kÞnfig pm1uðkÞ yuðkÞyiðkÞ

:

By definition of MðkÞ; xuðkÞyuðkÞ � MðkÞ for all u 2 V; thus,

xuðkÞ � yuðkÞMðkÞ: It follows that:

xm1
ðkþ 1Þ

ym1
ðkþ 1Þ <
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pm1iðkÞMðkÞ þP
u2N�ðm1;kÞnfig pm1uðkÞMðkÞ yuðkÞyiðkÞ

pm1iðkÞ þ
P

u2N�ðm1;kÞnfig pm1uðkÞ yuðkÞyiðkÞ

¼ MðkÞ:

Thus,
xm1 ðkþ1Þ
ym1 ðkþ1Þ < MðkÞ: Therefore, from Lemma 2, it follows

that for all k0 � kþ 1,
xm1 ðk0Þ
ym1 ðk0Þ < MðkÞ: Similarly, if k0 �

kþ 2, then
xm2 ðk0Þ
ym2 ðk0Þ < MðkÞ and that for all k0 � kþ l;

xjðk0Þ
yjðk0Þ <

MðkÞ: Note that because n0 � n� 1 � l; , it follows that kþ
n0 � kþ l: The condition k0 � kþ n0 is independent of the

index j and where the node j was chosen arbitrarily. Thus, it can

be concluded that
xiðk0Þ
yiðk0Þ < MðkÞ for all k0 > kþ n0 and for all

i 2 V: This completes the proof for MðkÞ: The other inequality
formðkÞ can be proven similarly and is left to the reader. &

Remark 1.4: Note that from Lemma 5, after a finite number

of iterations given by n0, all ratios of the nodal states under (1)
and (2) become strictly less than the maximum value of the

ratio in the network in the past and strictly greater than the

minimum value of the ratio in the network in the past.

The following theorem shows that after a finite time, the

maximum value of the ratio in the network decreases, and the

minimum value of the ratio in the network increases.

Theorem 2: Consider the ratio consensus protocol compris-

ing two updates given by (1) and (2). Let Assumption 1 and

Assumption 2 hold, and let the initial ratio vector be:

rðun0Þ :¼ x1ðun0Þ
y1ðun0Þ

x2ðun0Þ
y2ðun0Þ . . .

xNðun0Þ
yNðun0Þ

� �

such that minrðun0Þ < maxrðun0Þ, where u ¼ 0; 1; 2; . . .,
and n0 is an upper bound on n� 1. Then, Mððuþ 1Þn0Þ <
Mðun0Þ andmððuþ 1Þn0Þ > mðun0Þ:
Proof: Let k ¼ un0, then using Lemma 5, it follows that for

k0 � ðuþ 1Þn;0 xiðk0Þyiðk0Þ < Mðun0Þ for all i 2 V: Hence,

Mððuþ 1Þn0Þ :¼ max
i2V

xiððuþ 1Þn0Þ
yiððuþ 1Þn0Þ < Mðun0Þ: This completes

the proof of the inequality involving Mðun0Þ. The other

inequality involving mðun0Þ can be proved similarly and is

left to the reader. &

Theorem 3: Consider the ratio consensus protocol compris-

ing two updates given by (1) and (2). Let Assumption 1 and

Assumption 2 hold. Then:

lim
u!1Mðun0Þ ¼

Pn
j¼1 xjð0Þ
n

and

lim
u!1mðun0Þ ¼

Pn
j¼1 xjð0Þ
n

;

where n0 is an upper bound on n� 1.
Proof: This result follows directly from Theorem 1 and

Theorem 2 and is left to the reader. &

Corollary 3.1: Consider the ratio consensus protocol compris-

ing two updates given by (1) and (2). Let Assumption 1 and

Assumption 2 hold, and let n0 be an upper bound on n� 1:. Then:

lim
u!1Mðun0Þ �mðun0Þ ¼ 0:

Proof: The proof follows from Theorem 3 and is left to the

reader. &

We next present the maximum-minimum consensus proto-

col in the case of dynamic topology and use the preceding the-

orems to design a finite-time termination criterion.

A. Maximum-Minimum Consensus Protocol

The maximum and minimum consensus protocols, denoted

by MXP and MNP, compute the maximum and minimum of

the given initial node conditions:

zð0Þ ¼ ½z1ð0Þ z2ð0Þ . . . znð0Þ�T ;
wð0Þ ¼ ½w1ð0Þ w2ð0Þ . . . wnð0Þ�T

in a distributed manner, respectively. They take zð0Þ and wð0Þ
as inputs and generate a sequence of node values based on the

following update rules for node i:

ziðkþ 1Þ ¼ max
j2N�ði;kÞ

zjðkÞ; (9)

wiðkþ 1Þ ¼ min
j2N�ði;kÞ

wjðkÞ: (10)

Proposition 1: \The MXP protocol given by (9) converges

tomax
j2V

zjð0Þ in finite time k � n0 for any n0 � n� 1:

Proof: Let m be a node with state value at zmð0Þ ¼ max
j2V

zjð0Þ. Then, at k ¼ 1, all nodes connected to m at instant k ¼
0 will have the maximum value zmð0Þ. Then, from the defini-

tion of Rmð0; kÞ in Lemma 4, ifm1 2 Rmð0; 1Þ then zm1
ð1Þ ¼

zmð0Þ: Similarly, at k ¼ 2, all the nodes connected to the ele-

ments of the set Rmð0; 1Þ at instant k ¼ 1 will have the maxi-

mum value, that is, if m2 2 Rmð0; 2Þ, then zm2
ð2Þ ¼ zmð0Þ,

and so on. At k ¼ n� 1, if mn�1 2 Rmð0; n� 1Þ, then

zmn�1
ðn� 1Þ ¼ zmð0Þ. As Rmð0; n� 1Þ ¼ V, we have for all

j 2 V, zjðn� 1Þ ¼ zmð0Þ: Thus, at instant k ¼ n� 1, all

nodes will have the maximum value. As n0 � n� 1, zjðkÞ
converges tomax

j2V
zjð0Þ in finite time k � n0: &

Proposition 2: The MNP protocol given by (10) converges

tomin
j2V

wjð0Þ in finite time k � n0 for any n0 � n� 1:

Proof: Similar to the proof of Proposition 1. &

B. Distributed Finite-Time Termination Algorithm for Ratio

Consensus

Here, we propose an algorithm using the MXP-MNP protocol,

which allows each node to simultaneously detect the convergence

of the ratio consensuswithin a prespecified thresholdr. In the pro-

posed algorithm, the initial conditions for theMXP-MNP protocol

are set as the ratio of the initial values held by the nodes.

Definition 15: (Epoch) Let n0 be an upper bound on n� 1,
then the uth epoch is defined as the state update iteration at the

instant un0 for any positive integer u.
The MXP-MNP protocol is re-initialized at every uth epoch,

that is, k ¼ un0, where u ¼ 1; 2; . . ., with zðun0Þ ¼ xðun0Þ
yðun0Þ and

wðun0Þ ¼ xðun0Þ
yðun0Þ , respectively. We define �aiðun0Þ :¼ maxz

ðun0Þ ¼ Mðun0Þ, aiðun0Þ ¼ minwðun0Þ ¼ mðun0Þ and
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biðun0Þ :¼ �ai � ai ¼ Mðun0Þ �mðun0Þ. Each node com-

pares bi with r at every epoch, and if bi < r, then it termi-

nates the consensus protocol. Details of this scheme are given

in Algorithm 1.

Theorem 4: Algorithm 1 simultaneously converges in

finite-time at each node.

Proof: From Corollary 3.1, it follows that Mðun0Þ �
mðun0Þ ! 0 as u ! 1: Thus, for any given r > 0; , there
exists an integer tðrÞ, such that for all u � tðrÞ; jMðun0Þ �
mðun0Þj < r for all nodes in the network. As each node has

access to Mðun0Þ and mðun0Þ, convergence is simultaneously

detected by each node at the same iteration. &

Remark 4.1: Notice that by using the maximum-minimum

protocol, the global maximum and minimum values at any

instant k are available to each node at instant kþ n0. Further,
the only global parameter needed for Algorithm 1 is knowledge

of the number of nodes in the network. Note, however, that

each node does not need to know the actual number of nodes

but only some upper bound on the same. In most applications,

an upper bound on the number of nodes is readily available.

This result is a nontrivial extension of [27], [28] because

these considered only a static network, where the finite-time

consensus is based on knowledge of the upper bound on the

graph diameter. For the specific example with a six node net-

work in Section II-A, it was observed that it takes five itera-

tions for the range to contain all the nodes. In other words, it

requires at least 5 ð¼ n� 1Þ iterations for any node to receive

information from node 1, which follows directly from

Lemma 4. Thus, choosing n0 as ðn� 1Þ will lead to strict

monotonicity of the global maximum/minimum, as described

in Theorem 2. Moreover, each node implementing Algorithm 1

will have a finite-time distributed criterion to detect global

convergence of the consensus updates (2) and (1).

Remark 4.2: Here, we summarize the dependence of the

proposed finite-time termination algorithm on various design

parameters. The tolerance r has an inverse relationship with

the time it takes for the algorithm to converge; the lower the tol-

erance, the longer it takes for the algorithm to converge.

Weights pij need to be column-stochastic for the “ratio con-

sensus” algorithm to converge. Further, weights pij also govern
the rate of convergence. The termination protocol is agnostic to

the weights, and it will detect convergence independent of the

weights. All yi’s need to be initialized with 1, otherwise the

“ratio consensus” algorithm will not converge to the average.

IV. EXPERIMENTAL RESULTS

Consider a network of 1000 agents with switching topology

represented by a digraph chosen at random from a set of 50

strongly connected digraphs for every time instant. Three

instances of these digraphs are shown in Fig. 2. Here, each

agent running the consensus Algorithm 1 is implemented

using a NodeJS socket.io server. This is the first time where a

salable real-world experimental test bed is implemented for

consensus algorithms in a time-varying network. Here, at each

time instant, the network is based on a random topology (cho-

sen from 50 strongly connected digraphs), with the weights

using the equal neighbor weights rule (4) and (5). This guaran-

tees that Assumption 2 is always valid. This provides an

experimental environment where the information exchange

between the agents happens through a communication channel

(with arbitrary delays), thus proving the applicability of our

protocol in a real-world setting, unlike the simulation-based

validation present in most existing literature.

The initial condition of the numerator states are chosen at

random from (0,1). With r ¼ 0:01 and n0 ¼ 1000, Algorithm
1 results in the distributed finite-time termination of computa-

tions performed by the agents in 6000 iterations, as shown in

Fig. 3. Observe that the ratios of the nodal states are close to

the average of the numerator’s initial conditions (consensus

value). The consensus value for this instance is 0.514. This

experiment was repeated multiple times by randomly choosing

digraphs for each iteration as well as the initial values of the

agents. The proposed MXP-MNP protocol was able to distrib-

utively terminate the algorithm each time. As noted in

Remark 4.1, the global maximum and minimum state values

at k are available at n0 þ k. This is shown in Fig. 3, where

shifting the MXP and MNP plots left by n0 time instants, we

get the MXP0 and MNP0 plots, which coincide with the global

maximum and minimum.

Remark 4.3: This protocol uses the knowledge of only the

upper bound on the number of nodes (n0) and checks for con-

vergence every n0 number of iterations. As a result,after the

r-convergence, the MXP-MNP protocol might take additional

2n0 iterations for convergence in the worst-case scenario. Fur-

ther, when computational and storage capacity is not a con-

straint for an agent, it can run the n0 MXP-MNP protocol,

which are shifted in time, with the first one starting at k ¼ 1,
the second one starting at k ¼ 2, and so on. In this case, detec-
tion will only be delayed by n0 if the agents monitor all the

Algorithm 1: Finite-time termination of ratio consensus for

switching topology (at each node i 2 V).
Input:

xjð0Þ; yjð0Þ ¼ 1; j 2 N�ði; 0Þ; r //Initial condition

Initialize:

k :¼ 0; zi :¼ xið0Þ=yið0Þ; wi :¼ xið0Þ=yið0Þ; u :¼ 1;
Repeat:

/*ratio consensus updates of node i given by (1) and (2) */

xiðkþ 1Þ :¼ X
j2N�ði;kÞ

pijðkÞxjðkÞ;
yiðkþ 1Þ :¼ X

j2N�ði;kÞ
pijðkÞyjðkÞ;

/* global max-min updates of node i given by (9) and (10),

respectively */

zi :¼ maxj2N�ði;kÞzj;
wi :¼ minj2N�ði;kÞwi;

if k ¼ un0 then
�ai :¼ zi; ai :¼ wi; bi :¼ �ai � ai;

if bi < r then

break //stop xi; yi; zi and wi updates

else

set zi ¼ xiðun0Þ=yiðun0Þ; wi ¼ xiðun0Þ=yiðun0Þ;
u ¼ uþ 1;

else

k ¼ kþ 1;
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MXP-MNP protocols. Note that without additional informa-

tion on the network topology, which imposes sharing private

information (for example, degree of neighbors), detection and

stopping upon convergence cannot be achieved in fewer itera-

tions. For example, a chain network takes (n� 1) iterations
for information to travel from one end to another, so even if

an individual node has achieved convergence, it can take up to

(n� 1) iterations for all the other nodes in the network to

know about it. Thus, in a case when the agents do not have

information on the underlying communication topology, the

global stopping criterion will always be delayed by at least n0.
We next present the specific example discussed in Section II-

A, where it was shown analytically that some nodes will not

have access to the global maximum and minimum withinDmax

iterations. We consider a 6-node network, where the topology

is given by the sequence fG2;G2;G1;G2;G2;G1; g, with G1 and

G2, as defined in Fig. 1. The initial state value of the nodes is

chosen as xð0Þ ¼ ½10; 2; 2; 2; 2; 2�, with an average of 3.33. As

mentioned earlier, each node is implemented using a NodeJS

socket.io server. We use the sampling length of bothDmax ¼ 3
and n0 ¼ 5 to reset zi and wi in Algorithm 1, and we plot the

MXP/MNP of node 5 in Fig. 4 for both cases. The MXP/MNP

plots are shifted by the sampling length to coincide with the ini-

tialized values of zi and wi. The results clearly show that the

MXP, when using Dmax (MXPdia), plot for node 5 is non-

monotonic. Moreover, MXPdia is unable to capture the global

maximum value of the network (because some nodes have state

values greater than MXPdia between iterations 1 and 10). Fur-

ther, the algorithmwill actually stop incorrectly at the third iter-

ation for node 5 because MXPdia andMNPdia have equal value.

On the other hand, MXP/MNP (using n0) are monotonic and

converge when the states have actually converged.

We also present the evolution of the numerator (xiðkÞ’s)
and denominator states (yiðkÞ’s) in Fig. 5(a) and (b),

Fig. 2. Topology shown as a bidirectional graph at time instants (a) k ¼ 109,
(b) k ¼ 239, and (c) k ¼ 275.

Fig. 3. Finite-time termination of ratio consensus on a 1000-node dynamic
network in 6000 iterations with r ¼ 0:01. Each curve (without markers) in the
plot is the time evolution of the ratio state of 1000 nodes. MXP/MNP (when
using n0 as sampling) are monotonic and correctly converge. The MXP/MNP
curves are shifted left to coincide with global maximum and minimum, as
mentioned in Remark 4.1.

Fig. 4. Node ratio state trajectories for the ratio consensus of the 6-node net-
work shown in Fig. 1. The MXP/MNP for sampling length of both Dmax ¼ 3
and n0 ¼ 5 are plotted. MXP when Dmax is used as sampling is non-mono-
tonic. MXP/MNP (when using n0 as sampling) are monotonic and correctly
converge. The MXP/MNP curves are shifted left to coincide with the global
maximum and minimum.
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respectively. Clearly, as mentioned in Remark 1.2, both the

numerator and denominator are bounded above and below.

Remark 4.4: The analysis presented in this article does not

consider communication delays; however, using our experi-

mental test bed, we demonstrate that the scheme is suitable for

a real-world communication network with delays. In future

work, we will assume that the communication delay in the net-

work is bounded uniformly by some t [29], [39]. Establishing

that our MXP-MNP protocol converges to the global maximum

and minimum under these assumptions (switching topology

with bounded communication delays) is an ongoing work.

V. CONCLUSION

In this article, we present a protocol for distributed finite-

time termination of consensus algorithms in networks with

dynamic topology. We introduced a novel concept of a time-

path, which helps in analyzing the influence of an agent in the

network on all other agents. We prove the existence of finite-

length time-paths, and we establish the strict monotonic prop-

erty of the global maximum and minimum of the ratio of the

two state values of each node after every n0 (upper bound on

the number of nodes) number of iterations. A new maximum-

minimum protocol for dynamic topology is presented and

used to design the distributed finite-time termination algo-

rithm. We discussed that the existing algorithms for finite-

time termination based on static topology can fall short in the

case of a dynamic topology for real-time applications, such as

ad hoc cognitive radio networks and the control of autono-

mous agents. The effectiveness of our algorithm in these cases

is demonstrated by experimentally realizing a network with

dynamic topology created using a NodeJS framework. Exten-

sion of the proposed framework in the presence of noisy per-

turbations, bounded delay communication channels between

each agent in the network, and application to the real-world

control of multi-agent systems is the subject of future work.
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