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Abstract 

In this paper optimal controller design which ad- 
dress the concerns of the 312 and the k', norms 
is studied. In the first problem a positive combi- 
nation of the 312 and the t, norms of the closed 
loop is minimized. In the second the t 1  norm of 
a transfer function is minimized while restraining 
the another below a prespecified level. Converg- 
ing upper and lower bounds are obtained. Rela- 
tion to the pure k'1 problem is established. The 
solution methodology does not involve zero inter- 
polation to characterize the achievable closed-loop 
maps. Thus obtaining the controller from the op- 
timal closed-loop map is very straightforward. 

Keywords: duality, optimization, 312 optimiza- 
tion, multiple objectives, robust control. 

1 Introduction 

It  has been recognized that controllers which 
optimize a particular measure (particularly the 
312,31, or the k', norm) might be unacceptable 
because their performance might be poor with 
respect to  an alternate measure. Indeed it has 
been shown that in many cases optimal perfor- 
mance with respect to a certain measure can lead 
to  a compromise with respect t o  some other mea- 
sure. This has led to  a number of results which 
address the design of controllers that  incorporate 
the objectives of two or more measures. An impor- 
tant class of controllers which include the concerns 
of the 312 problem and other time domain crite- 
ria have been the recent focus of attention. In 
[6, 8, 101 it is shown that such problems can be 
solved via finite dimensional convex optimization. 
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It is also shown that a priori estimates on the di- 
mension can be obtained for the problems solved 
in [6, 91. However, the referred work is limited 
to  single-input single-output problems. In [4, 51 
the interaction of the 312 and the t1 norms for the 
multi-input multi-output case was studied. It was 
shown that approximating solutions within any a 
priori given tolerance to the optimal can be ob- 
tained via quadratic programming problems. The 
approach was based on the Delay-Augmentation 
method which was first introduced for solving the 
pure t1 problem [l]. The difficulties that  afflict 
the pure k', solution methodology which employ 
the zero-interpolation scheme are also present in 
this approach. For such schemes the optimal con- 
troller needs to retrieved from the optimal closed 
loop map. This usually implies inversions of cer- 
taip maps. Thus it becomes essential t o  determine 
exactly which zeros of the optimal solution get in- 
terpolated. This is particularly difficult to deter- 
mine due to the inaccuracy introduced by the error 
present in any numerical scheme. 

Researchers are focussing on alternate methods of 
solving the pure 11 problem which avoid the diffi- 
culties mentioned [2, 31. A scheme for the pure k'1 

problem which does not use the zero-interpolation 
method was introduced in [3]. This method is 
particularly attractive because obtaining the con- 
troller from the optimal solution is very straight- 
forward and the method can be generalized to 
solve multi-objective problems. 

In this paper we present two problems. The first 
problem considers a positive combination of the 
t 1  and the 312 norms. It is shown that approx- 
imating solutions which converge in the 1 2  norm 
to  the optimal can be obtained. Conditions are 
given under which the optimal is unique. In the 
second problem the t 1  norm of a transfer function 
is minimized while keeping the two norm of an- 
other transfer function below a prespecified level. 
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2 Combination problem 

w., 

A 
U 

Consider the system of Figure 1, where w := 
(w1 w2)' is the exogenous disturbance, z := (21 z2)' 

is the regulated output, U is the control input and 
y is the measured output. In feedback control de- 
sign the objective is to design a controller li' such 
that  with U = K y  the resulting closed loop map 
QZw from w t o  z is stable (see Figure 1) and sat- 
isfies certain performance criteria. In [ l l ]  a nice 
parameterization of all closed loop maps which are 
achievable via stabilizing controllers was first de- 
rived. A good treatment of the issues involved 
is presented in El]. Following the notation used 

more columns than rows and both have full normal 
rank. Thus the left inverse of U1 exists (given by 

z? 
G 

(U')- ')  and the right inverse of V1 exists (given by 

We also define the truncation operator, P, on the 
set of sequences by: 

P,(Q,)(IC) = @ ( I C )  if IC 5 r 
=Oi f  k > r .  

2.1 Problem Statement 
Given a plant G, let the Youla parametrization be 
characterized by the transfer function matrices H ,  
U ,  and V so that  a closed loop map is achievable 
via a stabilizing controller if and only if it can be 
written as H - U * Q * v for some Q E t y u X n v .  
Further let H ,  U,  and V be partitioned according 
to  the following equation; 

in [l] we denote by nu, nw, n, and ny the num- 
HI1 H12 

outputs ber of control and measured inputs, exogenous outputs respectively inputs, regulated of the H W u * Q * v = (  ~ 2 1  H 2 2 ) - (  : i ) * Q *  
plant G. We represent by 0, the set of closed 

through stabilizing controllers. H E ! ; l . z X n w ,  U E 
tyzxnu and V E !yyxnw characterize the Youla 
parametrization of the plant [ll]. The following 

( V1 V2 ) . The combination problem statement 

solve the following problem, 

loop maps of the plant G which are achievable is: Given a plant G, positive constants c1 and c2 

theorem follows from Youla parameterization. inf f ( Q ) ,  (1) 
QE!yXn, 

where f(Q) := c l l lH1l -U1 *Q*V1111+c211H22- 
U 2  * Q * V21/;. Now we define an associated prob- 
lem which is more tractable. The auziliary com- 
bination problem statement is: Given a plant G, 

Theorem 1 0 = {Q, E !TzxyA c. . 
there exists a Q E tyuxny with 6 = H - UQV}, 
where f denotes the X transform off (see [l]). 

positive constants c1 and c2 solve the following 
problem, 

U =  inf f ( Q )  (2) If Q, is in 0 we say that  is an achievable closed 
loop map. We assume throughout the paper that 
U has normal rank nu and $' has normal rank 
ny. There is no loss of generality in making this 
assumption [l]. Let f : -+ R (where main problem 
@' and Q,22 are matrices consisting of elements in 
t 1 )  be defined by: 

11QIli l a  

2.2 Relation between the auxiliary and the 

It is clear that  the optimization in (1) can be re- 
stricted to  the set {Q : Q E ! y u X n y  with clllH1l - 
U1 * Q * V1II1 5 c1llH1'111 + ~211H~~11;). This im- 
plies that  for any relevant Q in the optimization 
in (1) IIU * Q * VI11 L: 21IH"lll + %llH2211;. SUP- 



of v and the solutions of (1) and (2) will be identi- 
cal. The extra constraint in the problem statement 
of U is useful because it regularizes the problem (as 
will be seen). Furthermore an a priori estimate on 
how large p has t o  be for the extra constraint t o  
be redundant can be obtained. Now we state a re- 
sult which shows that  problem (2) does not have 
any anamolous behavior with respect to  a. 

Theorem 2 Define v : [ O , o o )  + R be defined by  
.(a) := inf f(Q), where a is a non-negative 

11QI l i 1~  
real number. Then .(a) is continuous with respect 
to a on ( 0 , ~ ) .  

Corollary 1 Let 

U(&") := inf f ( Q ) ,  
I IQl l i lan (3) 

where a and the sequence an are in (0 , l ) .  Let Q" 
denote a solution of (3). Then there exists a subse- 
quence {QrY}  of {Qri} and QZj such that QtY + 
Qt j  where Q" is a solution to .(a). Furthermore, 

U 2  * Q" * V 2 ) ,  (@"@ @22@) := (H" - U1 * Q" * 
V 1 ,  H22-U2*Qa*V2j and ~ ~ ( @ l l ~ a ) p ~ ~ l  = ~ ~ @ l l @ ~ ~ l ,  

where (@'), denotes the pth row of a", then there 
exists a subsequence {(@l '*"m,  @ 2 2 + m ) }  such that 

if (@11t",@22~") := (HI1 - U1 * Q" * V1,H22 - 

c1II (@ll,"m)p- (@ll,")p 1 1  1+CZ llQi22,"m -@22@ 112 + 0- 

Also, i f  H l 1  - U1 * Q * V 1  = H 2 2  - U 2  * Q *  

ll@22," - @ 2 2 q ;  + 0. 

V2 for all Q E l;LuxnY then 

In the rest of this section we will focus on the so- 
lution of the auxiliary combination problem given 
by (2). 

2.3 Converging lower bounds 
Let v, be defined by 

v, := inf f n ( Q )  
I lQ l l i l f f  (4) 

where f n ( Q )  := c l I (kn(H1l  - U1 * Q * V1)lll + 
c ~ I I P ~ ( H ~ ~  - U 2  * Q * V2)II$ It is clear that  the 
above problem is finite dimensional and can be 
reduced to a finite dimensional quadratic pro- 
gramming problem. Thus every such approxi- 
mate problem has a solution. It is also clear that  
v, < v ,  < U for all n < m. 

Theorem 3 There exists a solution Q" to prob- 
lem (2). Also, v, 7 v. Furthermore, i f  
(@"T", @22,n)  := (Pn(H1l-U1*Q"*V1),  Pn(H22- 
U 2  * Q" * V')), (@"+', @ 2 2 $ o )  := (H" - U1 * 
Q" * V1, H22 - U 2  * Q" * V 2 )  and I I ( @ 1 1 7 0 ) p I 1 1  = 
~ ~ @ l ~ " ~ ~ l ,  where Q" is a solution to (4) and 
(<P1l), denotes the pth row of @". then there ex- 
ists a subsequence { (@l+m, @22,nm)} such that 

0. 
C 1 1 ~ ( W " ~ ) ,  - (@llqpll l  + c211@'22+m - i p 2 2 q ;  -+ 

Corollary 2 Suppose in problem (2) H := H l 1  = 
H 2 2 ,  U := U1 = U 2  and V := V 1  = V2, and 
c2 > 0. Let Q" be a solution of problem (2) and 
let = @ 2 2 y 0  := H - U * Q" * V. Then @" 
is unique. If Q" denotes the optimal solution to 
(4) then Qn := Pn(H - U * Q" * V) is such that 
I /@" - a0112 + 0. 

Corollary 3 There exists a solution Q" to the fol- 
lowing problem: v = inf 

11QIli la 

Furthermore i f  Q" denotes the optimal solution to 
v, = inf IIPn(H-U*Q*V)II1, thenu,  7 v .  I f p  

is such that II(H-U*QO*V),II1 = /IH-U*QO*VII1 
then there exists a subsequence of {H-U*Qnm*V} 
of { H  - U * Q" * V} such that 

IIH - U * Q * VII1. 

11811i5~ 

II(Pnm(H-U*Qnm *V))p-(H-U*Qo*V)pI11 --+ 0. 

The results of this corollary relate very well with 
the ones obtained in [3] where the following prob- 
lem was addressed: inf max{IIH - U * Q * 

QEi?;UXnY 

V/l1,allQ/l1}. Adding the 312 norm of the closed 
loop makes the lower bounds behave nicer be- 
cause then the original suboptimal solution se- 
quence converges in the 312 norm t o  the optimal 
(see Corollary 2). 

2.4 Converging upper bounds 
Let U" be defined by 

subject t o  
11Q11i I a 
Q ( k )  = 0 if IC > n. - .  I 
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It is clear that  V" 2 vn+l because any Q E 
which satisfies the constraints in the problem defi- 
nition of V" will satisfy the constraints in the prob- 
lem definition of v"+'. For the same reason we also 
have vn 2 v for all relevant n. 

Similar results as developed for the lower bounds 
can be proven for these upper bounds. The details 
are left to the reader. 

3 tl/3-12 problem 

3.1 Problem statement 
The t1/X2 problem statement is: Given a plant G, 
positive real number y solve the following problem; 

subject t o  
- U 2  * Q * V2))1 5 y 

Q E tyu xny. 

(6) 
The l 1 / 3 1 2  auxiliary problem statement is: Given 
a plant G, positive real number y solve the follow- 
ing problem; 

subject to 
llH22 - U2 * Q * V2111 5 7 
11Q11i 5 

(7) 
The parameter Q in the optimization stated 
in (6) can be restricted to the set {Q E 
l;uXny such that  llH" - U1 * Q  * VIII1 5 llHll1). 

Thus for all relevant Q for the optimization in the 
main t1 /312  problem given by (6) /IU1*Q*VIII1 5 
llH1'lll. Once we have the above bound available 
on R := U' * Q * V' the rest of the discussion in 
Subsection 2.2 is applicable t o  the main and the 
auxiliary [,/?I2 problems given by (6) and (7) re- 
spectively. This establishes the relevance of the 
auxiliary C1/312 problem. Now we establish a re- 
sult which shows that  problem (7) does not have 
any anamolous behavior with respect to  cy and y. 

Theorem 4 
Define S := {y E [ O , c o )  : there exists Q E 
tyXny with / lHZ2  - U 2  * Q * V211g y}. Let 
q : [0, co) x S + R be defined by  

subject to 
llH22 - U 2  * Q * V2/11 5 7 
11Q11i 5 a. 

where a is any non-negative real number and y E 
S. Then q(a, y) is continuous with respect to a and 
y on ( 0 , ~ )  x int(S).  

Results similar t o  the one established in Corollary 
1 can be obtained for the t1 /312  problem. Such a 
result will reflect on the norm convergence p r o p  
erty for solutions to the problems with constraint 
on the one norm of Q being given by an and the 
constraint on l\H22 - U 2  * Q * V211$ being given 
by y". This result is not presented for the sake of 
brevity. 

Now we obtain converging upper and lower bounds 
to  the auxiliary problem. 

3.2 Converging lower and upper bounds 
Let qn be defined by 

It is 
clear that  only the parameters of Q ( O ) ,  . . .,Q(n) 
enter into the optimization problem and therefore 
(8) is a finite dimensional quadratic programming 
problem. Once optimal Q ( O ) ,  . . . , Q(n) are found, 
Q = {Q(O), . . .,Q(n),O,. . .} will be an FIR opti- 
mal solution to  (8). 

Theorem 5 Suppose the constraint set in prob- 
lem (7) is nonempty. Then problem (7) always 
has an optimal solution Qo E lyu Xny.  Further- 
more, qn /' q. Also, i f  @"io := H1' - U' * Q o  * V' 
and @''in := Pn(Hl1 - U1 * Q" * V ' )  where Q" 
is a solution to (8) then there exists a subse- 
quence { @ l ' * n m }  of the sequence {@","} such that 
I l ( @ " + m ) p  - (@"'o)plll + 0 as m + 00, where p 
is any row such that 

ll(@"~')plll = ll@"~olll. 
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3.3 Converging upper bounds 
Let qn be defined by 

subject t o  
llH22 - U 2  * Q * V211i 5 y 
IlQlli 5 0 
Q ( k )  = 0 if k > n. 

(9) 

It is clear t ha t  qn 2 qn+' because any Q E k ' ~ u x n y  
which satisfies the constraints in the problem defi- 
nition of qn will satisfy the constraints in the prob- 
lem definition of qn+'. For the same reason we also 
have qn 2 q for all relevant n. 

Similar results as developed for the lower bounds 
can be proven for these upper bounds. The details 
are left to the reader. 

4 Conclusions 

In this paper we have studied two problems. In the 
first termed the combination problem a positive 
combination of the one norm of a transfer function 
and the square of the two norm of another trans- 
fer function is minimized. Converging upper and 
lower bounds were obtained. It was established 
that  approximating solutions t o  the optimal can 
be obtained which converge t o  the optimal in the 
two norm. The relation t o  the pure k'1 problem 
was also discussed. 

In the second problem the f?, norm of a transfer 
function was minimized while restraining the 3 t 2  

norm of another below a prespecifed level. Results 
similar t o  the combination problem were obtained. 

The machinery developed seems appropriate for 
other time domain norms like the loo norm of the 
response due t o  a given signal and possibly the ?too 
norm. A general framework in which the interplay 
of the 312, k'1 Xm and other time domain measures 
is the topic of ongoing research. This paper lays 
down the foundations for such a framework. 
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