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Abstract

This work deals with a model for repeated impacts of a
mass attached to a spring with a massive, sinusoidally
vibrating table. This model has been studied in an at-
tempt to understand the cantilever-sample dynamics in
atomic force microscopy. In this work, we have shown
that for some values of the frequency of the vibrating ta-
ble, there are countably many orbits of arbitrarily long
periods and the system is sensitive to the initial condi-
tions with which the experiments are conducted.

1 Introduction

I z(t)

Figure 1: The model for cantilever-sample system.

In this paper, we consider a spring-mass system with
natural frequency w,, and a massive table vibrating be-
low it such that the rest positions of the table and the
mass are not the same (the case when they are the same
is studied in [1]). Figure(1) shows the visualization of
the system. Here all variables are measured from the
equilibrium position of the mass and the upward direc-
tion is considered as positive. The rest position of the
mass is at £ = 0 and the position of the table is de-
scribed by the equation z(t) = —p + Bsin(wt). It is
assumed that the mass of the table is large and there-
fore its motion is not altered by the impacts between the
mass and the table. The equation governing the motion
of the mass under no external forcing is given by

i“i—(JJnZT = 0 (l)
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The solution to this differential equation with initial dis-
placement z, and initial velocity z, (at ¢ = o) 1s given

by

T, cos(wn(t —10)) + i—osin(wn(t —t0)),(2)

n

z(t) =

£(t) = 2,c08(wn(t —1tp)) — wnkosin(wn(t — £0).(3)

The dissipation of energy by the mass in an impact is
captured by the coeflicient of restitution e. To study
this model, we have to solve the differential equation
(1) repeatedly with initial conditions being redefined at
every impact. If we denote the sequence of time instants
at which the impacts take place by {tx}, k € N, and the
speed of the mass just before the impact at time instant
tx by v, then the motion of the mass in the time interval
(tk,tx41] is given by equations (2) and (3), where the
initial conditions are given by the following equations,

—p + B sin(wtk) (4)
—ev + (1 + €)fw cos(wiy). (5)

T, =

T, =
These equations hold for the impacts after which the
mass and the table separate (that is, z(t) — z(t) >

0 forallt € (tx,tx41)). We know that at the instant
tx+1, the following relations hold,

Z(tey1) — 2(teg1) =0 (6)

Vk41 = E(tk41), (M)

where the initial conditions are given by (4) and (5).

After substituting (4),(5),(2) and (3) in (6) and (7), we
obtain the following equations,

(—=p + Bsin(wix)) cos(wn (tk+1 — 1)) (8)

il +(1 +wc)ﬂw cos(wiy) sin
n

(wn (tks+1 —1x))

+p — Bsin(wik4+1) =0,

Vk41 = (wnp — Bwn sin(wig)) sin(wy (k41 — 1)) (9)
+((e + 1)Bw cos(wtr) — evg) cos{wn (tk+1 — tk)).

Note that the above equations are transcendental and
therefore cannot be solved in a closed form. We also see
that, in the case of inelastic impacts (i.e. € = 0), equa-
tion (8) becomes independent of the speed vi. Physi-
cally, this corresponds to the impacts in which there is
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no rebound. In this case the knowledge of the position
of the table at impact completely determines the motion
of the mass and therefore we do not need to know the
velocity of the mass just before impact. Even though the
impacts are inelastic, the mass and the table will eventu-
ally separate because of the restoring force of the spring
and the vibration of the table. We nondimensionalize
equation (8) by introducing the variables; scaled impact
time ¥ = wig, the amplitude v = :pﬁ and the frequency
ratio n = 2. This results in the following equation for
the inelastic case ( i.e. € = 0),

(1 + vsin(¥r)) cos(n(¥r41 — ¥x)) (10)
-l-% cos(Uy) sin(n(Yr41 ~ i)
~1 —vsin(¢p41) = 0.

Related to the scaled impact time, we introduce a phase
variable, ¢ := ¢ modulo 2mw. This variable gives the
position of the table at time instant ¢. We know that,
when the impacts are inelastic, given an impact phase,
the next phase at which impact occurs is uniquely de-
termined. We denote this mapping by f,, : ¢; —
GPit1, ¢ € [0, 2m).

2 Sensitive Dependence on Initial Conditions:
Inelastic Impacts

In the following sections it will be shown that the map
fow © @i = ¢ip1 1s sensitive to initial conditions for
certain parameter values. Note that this map cannot be
obtained analytically as equation (10) is transcendental.
However, this function can be constructed by numerical
means for a given value of  and over a discrete set of

values of phase, ¢ € [0, 2n].

1.32

(SN0

L

Figure 2: The map f,,. for n = .2121 and v = —0.2.
fnwv(®) for ¢ in [1.15,1.27] is not in [1.11,1.32]
and not shown in this Figure.

In Figure (2), we show the plot f,, versus ¢ with
(n,v) = (0.2121,-0.2) and ¢ € I := [1.11,1.32]. Note
that the interval has been partitioned into three smaller
intervals and Iy and I, are closed intervals. Let A be
set of all those points in I that are not mapped out of
I by repeated application of f; ,. on them. That is,

A = {oel:f;,(¢)€ ! forallneN}

I
e

fro ).

n=0

Note that, if ¢ € A, then ¢ has to be in Iy U I, because
if ¢ ¢ IpU I then f, ,(¢) & I (see Figure 2) . To every
point, ¢p in A we can associate a sequence {ax}, k € N
such that

ap = 0if f5 (¢0) € I,

ap = 1if fi (o) € Ih.
k+1

This is always possible since otherwise f;'T'(¢o) ¢ I.
We define a space of infinite sequences, ¥ by

¥ = {0.zyzs.... such that z; € {0,1} for all i € N}.

We also define amap h : A = £ by h(ég) = 0.a1003...,
where ai,k € N are obtained as described above. We
have introduced these sequences into this analysis be-
cause it can be shown that the space of these sequences
is homeomorphic to the invariant set A. Thus we can
find the properties of the underlying set A by study-
ing . In the next section, we will study this sequence
space.

2.1 Symbolic Dynamics

A good reference of this material can be found in [5]. We
define a metric d(,-,) on ¥ by d(z,y) = Y o 7,
where ¢ = 0.z1x923...,y = 0.y1y2y3... . Let s*, i € N
denote all finite binary sequences of i bits. Note that
for every i € N there exist 2¢ i-bit sequences. Let us
denote these by si,s},...s5,. We also define, the shift
map o : ¥ —= ¥ by o(0.z1z223...) = 0.202324....

The sequence of binary sequences generated by repeated
application of the map o to a point in ¥ is called an
orbit of . An orbit of o is i-periodic (or has period 7)
if '(z) = z for all z in the orbit. Now, we state three
facts concerning the dynamics of o on ¥ in the following
theorem.

Theorem 1 The shift map o has

1. countably many periodic orbits of arbitrarily high pe-
riods;

2. uncountably many nonperiodic orbits;

3. a dense orbit.

Proof: See [5] for proof.

From Figure(2), we note that v; := 5.25 > 8—?;‘2—“ >
v2 := 4.2 for all ¢ € int(ly) := (co,dg) = (1.11,1.15)
and for all ¢ € int(L1) = (c1,d1) = (1.27,1.32). Also
note the function f,, is monotonically increasing on
Iy and I; and therefore fn",i(J) consists of two closed
intervals, one in Iy and another in I, where J is any
closed interval in Iy or /. Also, the length of each of
these intervals is less than %U] where |J| represents the
usual length of the interval.

Theorem 2 The map h : A - ¥ is a homeomorphism.
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Proof: We need only to show that h is one-one, onto
and continuous since the continuity of the inverse of h
will follow from the fact that one-one, onto and contin-
uous maps from compact sets into Hausdorff spaces are
homeomorphisms [5].

Let Iy,a0..a, denote the set, Iy, N f,,‘,},(fag) N
fn_,g(laa)“'ﬁ f1‘7_,:/1+1(‘[an) = ICH ﬂfrlez(jaz ﬁferlz(Iaa"'n
fri(Ia,)..)) where a; € {0,1}. Note that for ev-
ery point ¢ in Io,a,. 0., R(@) = S1B2... is such that
Bi = a;,i € {1,2..n}. As f,;i(]ak) N 1; is a closed in-
terval for all £ € N,j € {0,1}, Is,04. .0, is 2 closed in-
terval. From the definition of I4,4,. «,, it follows that
Inyag.angs Clayay...a,- As the slope of f; , > 72 at all
points in I}, € {0,1}, [Iayas...0npn | < %|1alag,..a,.|-

h is one-one: This means that given ¢,¢’ € A, if ¢ #
@', then h(¢) # h(¢’). Let us prove by contradiction,
suppose ¢ # ¢’ and

h(¢) = h(¢') = .z122...T0-;

then by construction of A we know that ¢ € I; ., .
and ¢’ € Iy 5, 2, for all n € N. But, {I;,z,. 2.} is
a nested sequence of closed bounded intervals whose
lengths shrink to zero, therefore by a theorem due to
Cantor (see Theorem 1.2 in [3]), N3%1 Iz, z,...z, contains
a unique point, and hence ¢ = ¢’. However, this con-
tradicts our supposition that ¢ # ¢'. This shows A is
one — one.

h is onto: Let y = .y1y2... € ¥ be arbitrarily chosen.
By Cantor’s theorem, we know that N;L 4, .y, iS a
unique point in A. Let this point be denoted by ¢;.
Then by construction of A and definition of h we have
that y = h(¢1). As y was chosen arbitrarily in £, we
have shown that h is an onto function.

h is continuous: This means that given any point
% € A and ¢ > 0, we can find a § > 0 such that |/ —
P| < & implies d(h(¢'), h(¢)) < €. Let ¢ > 0 and
¥ € A with h(¢) = 0.9192... be given. From the def-
inition of the metric on X, we know that there exists
N = N{e) in N such that for any z = 0.212,... € ¥ with
zi = i1 € {1,2..N}, d(h(¥),z) < €. We know that
for each € in A such that | — 8] < 6 := W, h(8)
has the form 0.¢19s...¥NOn 10N 42 where 6; € {0, 1}.
This in turn implies that d(h(v), h(8)) < €. Thus A is

|

continuous.

Now, we can state a theorem regarding the dynamics
of f,., on A that is precisely the same as theorem 1,
which describes the dynamics of o on X. The sequence
of points generated by repeated application of the map
fa,v to a point in A is called an orbit of f,,. An orbit of
Jav 18 t-periodic (or has period 7) if i is the least positive
integer such that f;  (x) = z for all z in the orbit. We
say that an orbit O 1s eventually i periodic if there exists
a finite number M in N such that the sequence in A

obtained by calculating {fM (z)} for every z € O forms
an ¢ periodic orbit. Any orbit that is neither periodic
nor eventually periodic is said to be nonperiodic.

Theorem 3 The map f, . has

1. countably many periodic orbits of arbitrarily high pe-
riods;

2. uncountably many nonperiodic orbits;

3. a dense orbit.

Proof: First, we show that f,, acting on A and o act-
ing on ¥ are topological conjugates, i.e. ho f,; ., (¢) =
oo h(¢) for all ¢ € A. Let ¢ € A. Therefore,
there exists a binary sequence, {ar} such that ¢ =
ﬂzozl Ia102~~an' Therefore fTI,V(d)) = nzoz2 ]<7‘203~--an'
From the definition of o, we have h(f, . (4)) = .azaa...
and o(h(¢)) = o(.a12...) = (.@2as...). This shows that
ho fy,(8) = o 0 h(8).

The theorem is an immediate consequence of topological
conjugacy of f acting on A with ¢ acting on ¥ and
theorems 1 and 2. [ ]

3 Noninelastic Impacts (¢ # 0)

In this section we shall study the impacts that have very
small coefficient of restitution, and in particular we will
study the case with ¢ = 0.01. These impacts are es-
sentially different from the inelastic impacts as they are
characterized by the knowledge of the ’position’ and ’ve-
locity’ variables while inelastic impacts are determined
solely by the ’position’ variable. Mathematically, inelas-
tic impacts are described by one dimensional systems
while the noninelastic impacts are determined by two
dimensional systems. We have already seen in section
(1) that under the condition z(t) — z(t) > 0 for all ¢ €
(tk,tk+1), the two dimensional system describing the
impact at time instant {441 is given by equations (8)

and (9). Using the dimensionless variables introduced
in section (1) and the nondimensionalised velocity vari-
able v := w”—"p, we can rewrite these equations as

(1 + vsin(¥y)) cos(nr+1 — nx) (11)
+(em + %(1 + €) cos(Yn)) sin(ng 41 — MUk)

—1 —vsin(yYr+1) = 0,

Te+1 = (1 + vsin(ee)) sin(nhes1 — ) (12)
—(evk + %(1 + €) cos(¥x)) cos(nPr 41 — MYk

We see that, given the characteristics of impact at in-
stant tj, the impact phase ¢, := ¥;, modulo 27 and the
dimensionless velocity +vx; we can determine the char-
acteristics (¢g4+1,Yk+1) of the next impact. We denote
this map that takes the phase, ¢, and velocity, v, from
one impact to the next by

Fpoe:(8,7) = (4,7)
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Figure 3: The topological horseshoe

We will show the existence of a two dimensional com-
plex invariant set A, analogous to A in the one di-
mensional case, for & specific set of values, (1,v,¢) =
(0.2121,-0.2,0.01). We consider the images of the rect-
angle ABC'D and EFGH under the map F), , . (see Fig-
ure (3)),where

ABCD = {(¢,7) :1.11 < ¢ < 1.15,-0.45 < v < 0},
EFGH = {(¢,7) : 1.27 < ¢ < 1.32,~0.45 < v < 0}.

These images are shown in the same figure with em-
phasized points (e.g. AA) being the image of points
(e.g. A). Note that the vertical distances are greatly
contracted and the horizontal distances are expanded.
We denote the vertical strips by V4 = ABCD and
Vo = EFGH and their respective images (horizontal
strips) by H; and H,. We see that

Fn,u,e(vi) =H;1= ],Q

and thus we have a topological horseshoe [6]. For more
detailed references on horseshoes, see [5] and [2]. Let
D =V} U V2. We define the invariant set Ag by

n=0~oo

A= [) Fyue(D).

n=-—0oo

F, v having a horseshoe implies that A, contains
(51,21, (6]

1. countably many periodic orbits of arbitrarily high
periods;

2. uncountably many nonperiodic orbits;

3. a dense orbit.

4 Analysis of the Mappings f,, and F, .

In previous sections, we have shown that for a spe-
cific set of parameters, (n,v,¢) = (.2121,-0.2,0.0), the
motion of the mass is complex on the invariant set
A C [1.11,1.32] (in the inelastic-impact case). We have
seen that the trajectories of the mass are sensitive to
initial conditions on this set. It is also possible to show
that this set has zero lebesgue measure. This means

that there is a zero probability of ‘typical’ trajectories
being in this set. In this section we shall investigate how
this system behaves outside this set.
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Figure 4: The graph of f,.(¢) for ¢ € [0, 27] is shown by
the faint (curved) lines. (¢1,¢2) = (4.64,6.05)
are on 2- periodic orbit. Simulation was done for
¢ € [0,2x] and (n,v) = (.2121,-0.2). fy,.(¢) =
¢ on the dashed line.

Figure 5: The Histogram showing the number of im-
pacts before reaching stable 2- periodic or-
bit of f,.(¢). Simulation was done for ¢ €
[0,27], (n, v, €) = (.2121,-0.2,0.0).

In Figure 4, we show the graph of f,, over its full
domain, ie. [0,2r). We see that ?%"f—(qﬁ) = 0 for
all ¢ € (3.38,6.04). Impacts at these values are fol-
lowed by a time interval in which the mass sticks on
to the table. This happens when the force exerted on
the mass by the spring is less than the force exerted
on it by the table. This leads to a 2-periodic orbit
(Note that, ¢o = f; 1 (¢1) and ¢1 = f;,(¢2), and there-
fore, ¢; = ,?,U(qﬁi),i € {1,2} implying a 2-periodic or-
bit). We also see that all the orbits (that were simu-
lated) eventually converge to this orbit. That is, this
2-periodic orbit attracts all the initial conditions cho-
sen. The thickened part of the ¢-axis shown in Figure
4 1s a subset of the set of initial conditions that are
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attracted to the stable orbit. Note that, the proof of
fn v being sensitive to the initial conditions in the set
[1.11,1.32] depended only on the geometrical attributes
of the graph of f,, (i.e. the slope and the non invert-
ibility), and we see the graph has the same properties
in the set [1.32,1.48]. This suggests the existence of
another invariant set. So, although most of the initial
conditions are attracted to the stable 2-periodic orbit,
existence of these invariant sets shows that the dynam-
ics of the mass in this model is complex. In Figure 5,
we have plotted histograms with the height of the bar
denoting the number of impacts before which the trajec-
tory reaches the periodic orbit. We observe that there is
a relatively large transience (before settling to periodic
orbits) corresponding to initial conditions near the in-
variant sets. This shows the effect of the invariant sets
on the dynamics of the system.

Similar simulations were done in the non-inelastic case
for the same values of 7 and v as in the one dimensional
(inelastic impact) case with different values of the coef-
ficient of restitution e. In these cases too, we observed
that, there is a stable 2-periodic orbit which attracts
all the initial conditions chosen. We saw that the tra-
jectories took longer time to reach the periodic orbit
with increase in values of coefficient of restitution. This
fact can be utilized in order to predict the coefficient of
restitution between the plate and the mass.

5 Single Impact Periodic Orbits

In previous section we have analyzed the dynamics of the
mass in the spring-mass system with specified values of
the amplitude v and frequency ratio 7. In this section
we will study the dynamics of f; , in the whole param-
eter space. We had mentioned earlier that it is difficult
to get the evolution of impact phases as the equation
(eq.(10)) describing it is transcendental. However, we
can analyze this equation for single-impact-periodic or-
bits. These orbits are said to occur if every impact oc-
curs at the same phase ( i.e. position) of the plate with
the same velocity of the mass at every impact. In the
inelastic case, the motion of the mass after an impact
is completely determined by the phase value at the im-
pact, and hence impacts occurring with the same phase
ensure single impact periodic orbits. An n-periodic sin-
gle impact orbit is one in which the two consecutive
nondimensionalized impact times (see section (2)) differ
by 2mn. Substituting this condition in equation (10), we
can show that the fixed point ¢ of the map is given by

(14 vsin(@))cos(2mnn) + %cos(é)sin(?mm)

— 1—vwsin(¢) =0. (13)

can be rewritten as

sin(¢ — 0) + cos(6)

=0; (14)
which gives explicit solution for ¢. Note that all these
calculations are valid under the assumption that the
mass and the table separate just after the impacts and
that ’sticking’ does not occur. Now the stability of these
fixed points can be determined by checking if the magni-
tude of the slope, a—{;’;—"(dﬂ, is less than unity. The slope
1s given by

Ofn v

Si(6) =

L sin(¢) sin(2mnn) + n(1 — vsin(¢)) sin(27nn)

(15)

n(1 — vysin(#)) sin(27nn) + v cos(¢) cos(2rnn) — v cos(¢)

80

o=l c
N I
20- =3 - 4‘(

=

[T R
00

(@) (b)

Figure 6: (a)The n-periodic fixed points with change in
n with v = 0.2. (b) The n-periodic fixed points
with change in v with n = 0.237. The numbers
on top of the curves denote the value of n.

The Figure 6(a) shows the various stable n-periodic
fixed points as we vary 7 over the values (0.01, 14). We
see that slight changes in 7 lead to fixed points of peri-
odic orbits of different periods. This shows that in this
range of values of 7, the motion of the mass is sensitve
to the values of the frequency ratio, 7.

The Figure 6(b) shows how the n-periodic fixed points
vary as we change v over the values (—0.9, 0.9) for a fixed
n = 0.237. Again we observe that slight changes in v
leads to fixed points of different periodic orbits. This
implies that the motion of mass is sensitive to changes
in the amplitude ratio (v) of the system. Note that,
in a n-periodic orbit, the table oscillates n times be-
tween consecutive impacts. Thus the impact frequency
1s a subharmonic of the frequency of the table. In the
following section, we show experimental evidence of ap-
pearance of subharmonics on varying the amplitude of
vibration of the table.
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6 Experimental Study

In previous sections, we showed the presence of compli-
cated dynamics exhibited by the model we developed. In
this section we will present experimental results which
show the sensitivity of periodic orbits to the amplitude
of vibration. The experimental setup is shown in Figure
7. The cantilever has a length of 45um, thickness of 2um
(approx.) and width of 47um. Its tip’s displacement is
measured by reflecting laser beam off the back of the
cantilever into an array of photodiodes. An adequate
model of the cantilever dynamics is

§+ 26w,y +wiy = f(t),

where £ is the damping factor, w, is the natural fre-
quency and f(t) is the external force applied to the can-
tilever. The damping factor is due to surrounding air
which can be neglected. Thus the cantilever motion is
described by

i+wiy = f(t).

For the experiment, a steel puck was glued to the top
of a piezo disc of thickness 1mm (approx.) and diame-
ter 10mm. Mica wafer was attached to the steel puck.
An insulator was glued to the bottom of the piezo disc
which was firmly held to the base via another steel puck.
Electrical leads were soldered to the top and bottom of
the piezo which were connected to a signal source.

Cantilever

Figure 7: The Experimental Setup.

A sinusoidal voltage was applied to the piezo-disc at a
frequency of 50kH:. Figure 8 shows the effect of in-
creasing the amplitude of vibration on the displacement
of the cantilever. As can be seen there is eighth sub-
harmonic appearing as the amplitude 1s increased, as
predicted by the theory. This is indicative of chaos as
predicted by the model. Further experiments to observe
chaotic behavior are being conducted.

7 Conclusion

We have studied the dynamics of the mass in the mass-
spring-vibrating table model (with inelastic impacts) for

@ . ®

Figure 8: The sample is vibrated at the resonant frequency
of the cantilever. The vertical axis reflects the
displacement of the cantilever tip. In (a) the
amplitude of vibration is lower and in (b) it is
increased.

a particular set of parameter values and have proved
that there exist countably many periodic orbits, un-
countably many nonperiodic orbits and a dense orbit
in the invariant set, A. We considered the case in which
impacts are not inelastic (but with small coefficient of
restitution) and showed the existence of another com-
plex invariant set A which implied complicated dynam-
ics analogous to the one dimensional (inelastic) case. We
also showed existence of a stable 2-periodic orbit which
attracted most of the initial conditions. This 2-periodic
orbit persisted in the two dimensional (non-inelastic)
case. We found that these dynamics were sensitive to
changes in the values of the frequency ratio, 7, and the
amplitude ratio, v. An experimental study corroborated
the complexity of the dynamics described.
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