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a  b  s  t  r  a  c  t

Engineered  transport  of  material  at the  nano/micro  scale  is  essential  for  the  manufacturing  platforms  of
the  future.  Unlike  conventional  transport  systems,  at the  nano/micro  scale,  transport  has  to be  achieved
in  the  presence  of  fundamental  sources  of uncertainty  such  as  thermal  noise.  Remarkably,  it is  possible
to  extract  useful  work  by  rectifying  noise  using  an  asymmetric  potential;  a principle  used by Brownian
ratchets.  In  this  article  a systematic  methodology  for designing  open-loop  Brownian  ratchet  mechanisms
that  optimize  velocity  and  efficiency  is  developed.  In the case  where  the  particle  position  is  available  as
eywords:
lashing ratchet
tochastic systems
ynamic programming
ptimization

a  measured  variable,  closed  loop  methodologies  are  studied.  Here,  it is  shown  that  methods  that  strive
to  optimize  velocity  of transport  may  compromise  efficiency.  A  dynamic  programming  based  approach
is presented  which  yields  up to three  times  improvement  in efficiency  over optimized  open  loop  designs
and  35%  better  efficiency  over  reported  closed  loop  strategies  that  focus  on  optimizing  velocities.

©  2014  Elsevier  Ltd.  All  rights  reserved.

olloidal self-assembly

. Introduction

Engineered nanoscale systems are posed to enable high effi-
iency and unparalleled precision in specificity in fabrication and
anufacturing of materials and structures. Such a capability can

esult in new materials and devices with a vast range of applications
n diverse areas such as medicine, electronics, and bio-materials
2,16,17,19,25]. The success of such a paradigm critically rests
n the quality of transport of micro/nanoscale components from
ources to destinations. An associated goal is the differentiation
f components into separate groups based on different proper-
ies. Key insights on engineering transport mechanisms can be
btained from how biology utilizes micro/nano scale objects to
chieve macro scale functionality. For example, in eukaryotic cells,
aterial is transported on microtubular networks by motor pro-

eins (kinesin and dynein) [11,26]; a detailed understanding of the
nderlying transport mechanisms can play a significant role in real-

zing productive engineered transport systems at the molecular
cale. Use of biological constructs to realize such systems has found
ecent focus [7,23,27]. However, considerable challenges remain on

oth the fundamental understanding of transport mechanisms at
he molecular scale and related engineering tasks.

∗ Corresponding author. Tel.: +1 6125985316.
E-mail address: subhra@umn.edu (S. Roychowdhury).
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959-1524/© 2014 Elsevier Ltd. All rights reserved.
A significant challenge for realizing efficient transport at the
nano/molecular scale is posed by noise. Unlike in macroscale
systems, thermal noise that causes Brownian motion often deter-
mines the limits of performance of molecular scale systems. For
example, a kinesin motor protein (which together with dynein
carry cargo inside a cell) moves on microtubules (MTs) with a char-
acteristic step length of 8 nm;  the motion caused by thermal noise
has similar magnitude of standard deviations and thus a kinesin
molecule has to achieve robust transport under a significant source
of noise.

Remarkably, there are mechanisms that take advantage of
Brownian motion to achieve directed motion. In the presence of
Brownian motion, Brownian ratchet mechanisms use spatially peri-
odic potential that are alternately turned on and off, to realize
transport in preferred directions. For achieving the preferential bias
in the motion, it is essential that the potential be asymmetric within
the period; similar to the potential in a ratchet-and-pawl mech-
anism [10]. Moreover, in Brownian ratchet mechanisms, without
the Brownian motion, no mean movement of particles is possible
[2,18]; thus here Brownian motion is indeed an enabling factor.
In many naturally occurring systems the potential is realized only
at the vicinity of the moving entity, thus being more efficient
[1].

In many engineered realizations where noise is marshaled for

enabling motion in a desired direction, a spatially periodic potential
is realized over the whole extent of the transport regime. The result-
ing mechanisms are also used to separate different constituents of
a mixture by exploiting the dependence of diffusion constants on

dx.doi.org/10.1016/j.jprocont.2014.11.012
http://www.sciencedirect.com/science/journal/09591524
http://www.elsevier.com/locate/jprocont
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jprocont.2014.11.012&domain=pdf
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Fig. 1. The top schematic shows the transport of a cargo by motor proteins Kinesin
and  Dynein that walk on linear lattice provided by microtubules (MT). A simple
model of MT is a linear arrangement of dipole moments (which is shown in the
bottom figure). When an ATP/ADP molecule (which has a charge) is attached to the
motor domain, the motor protein will feel the electrostatic force due to the dipole
moments which depends on whether an ATP or an ADP is attached. The string of
dipole moments provides the periodic asymmetric potential and the acquisition and
loss  of ATP/ADP switches the ratchet potential. It is possible that the rate of switching
between the ADP and ATP molecules is dependent on where the motor domain is
with respect to the MT unit that is modeled as a dipole. It is postulated that due to
conformational changes in the motor protein structure, ATP/ADP exchange rate is
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p(x, t|kL, 0) = 1√
4�Dt

exp

(
− (x − kL)2

4Dt

)
. (1)
ifferent in the first  ̨ fraction of the dipole length in comparison to the case when
he motor domain is anywhere in the rest of the 1 −  ̨ fraction.

hysical properties (such as size) which results in different trans-
ort velocities. A flashing ratchet potential can also be realized,
or example, using periodically asymmetric and transversely inter-
eaved geometric patterns etched on surfaces and using electric
elds in the transverse direction of motion (see geometric ratch-
ts in [16,25]). In many applications only open-loop strategies are
iable; for example, in geometric ratchets, the patterns are fixed
nd cannot be altered in real-time. Also, open-loop strategies have
ignificant relevance when transport of many dispersed particles is
nvolved. In open loop strategies a key design issue is to determine
he on-and-off time schedule for the potential which optimizes
ransport efficiency and time to destination. Results in this arti-
le enable determination of optimal open-loop schedules that yield
aximum efficiency/velocity for a given physical system without

esorting to exhaustive Monte Carlo methods. In particular, the
talling force that prohibits appreciable forward transport, sched-
les that severely limit forward transport and schedules that result

n non-negligible forward transport are determined. The viable
ange of on–off schedules are used to obtain bounds on forward and
ackward transport that can occur in a single on–off cycle, which
re used to obtain an analytical estimate of the probability density
unction of the particle position. Error bounds on the estimated
df of the position from the true pdf are obtained. The analysis
nd results above provide critical guidance in the design of ratchet
echanisms, which will lead to better transport mechanisms in

pplications, for example, in colloidal self-assembly [16,25] and
eparation of mixtures [2].

Closed-loop strategies hold significant promise of increasing
ransport efficiency in Brownian ratchet based mechansms. As
lluded to earlier, motor-proteins, such as kinesin and dynein carry
argo inside a cell over MT  networks (see Fig. 1). Each MT  is
ormed by dimer units, which can be modeled as dipoles. Motor-
roteins acquire ATP and ADP molecules that have different charge
ensities and thus by conversion between these molecules (via
ydrolysis) the effective interaction potential between the motor
omplex and the microtubule is changed. The electrostatic force
elt by the motor depends on where the ATP/ADP molecule is in
elation to the dimer unit, providing a natural feedback mecha-

ism; and thermal forcing provides the noise component. Thus
ll the ingredients that constitute a Brownian ratchet, with feed-
ack, are present in the molecular motor based transport [4,22].
ocess Control 27 (2015) 76–86 77

Engineered systems can be synthesized and used to study the effect
of feedback mechanisms that govern changes in the potential. These
studies can be used to develop efficient feedback strategies in the
transport of a single particle. Although closed-loop strategies are
considered in the literature, most focus on maximizing velocity
of transport (for example, [9]) and do not consider efficiency ([5]
does emphasize importance of transport efficiency). In this article,
the trade-off between the average velocity of the particle and the
energy required are obtained by solving a multiobjective stochas-
tic optimization problem. It is shown that optimal feedback control
strategies can be obtained using a dynamic programming formu-
lation in a tractable manner. Similar approach have been adopted
for a flashing ratchet system in [21], although the objective there
was limited to maximization of velocity under certain conditions.
A key insight obtained is that optimizing average velocity may
compromise efficiency. For a given set of physical parameters the
study provides guidelines on the choice of velocities to target max-
imum efficiency. Apart from providing guidance on engineered
systems, the study of feedback mechanisms will enable the study of
molecular motors, where analytical results can be used to decipher
experimental data to assess whether feedback is essential (or the
extent to which feedback is needed) to explain the data. Since often
for many particle systems, the objectives are cast in terms of the
center of mass of the particle positions [5,6], efficient single-particle
feedback strategies can prove helpful when applied to a virtual par-
ticle at the center of mass of the particle ensemble. The closed-loop
performance also provides bound on the limits-of-performance of
many particle systems.

The paper is organized as follows: In Section 2, the basic oper-
ating principle of flashing ratchets is discussed and a mathematical
model is provided. In Section 3, a systematic framework to maxi-
mize velocity and efficiency for open-loop operation is developed.
In Section 4, the problem of maximizing efficiency is cast as a multi-
objective optimization problem, which is converted into a dynamic
programming problem. A solution together with an analysis of the
computational cost is derived. Simulation results accompany the
analysis throughout the article. Finally, the findings of the present
work are summarized in Section 5.

2. Principle of operation and modeling

Brownian rectifiers constitute a class of mechanisms that real-
ize transport in a preferential direction via ‘rectification’ of thermal
noise. To understand how a Brownian ratchet rectifies noise to
obtain preferential movement of particles, consider a simple ver-
sion of a ratchet shaped potential (see Fig. 2(a)) that remains on
and off in an alternating manner for time intervals ton and toff,
respectively.1 Here the potential is periodic with a period L and
has positive slope (the corresponding force, −(∂V/∂x), is negative)
in the interval (kL,  (k + ˛)L) and a negative slope (the corresponding
force is positive) in the interval ((k − 1 + ˛)L, kL)  of the kth spatial
period. Consider a particle located at the kth valley at time t = 0. We
represent the dynamics of the particle in terms of the time evo-
lution of the probability density function p(x, t|x0 = kL,  0), which is
the probability of the particle being at position x at time t given
that it was at x = kL at time t = 0. Thus, p(x, 0|kL, 0) = ı(x − kL),  where
ı(x) is the Dirac-delta function. Suppose the potential is off in the
time interval [0, toff]; then the motion of the particle is governed by
Brownian motion and the pdf is given by (see Fig. 2(b))
1 And hence the name ‘flashing ratchet’
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Fig. 2. (a) A periodic potential with spatial period L. (b) A Gaussian pdf with mean kL
and variance toff . Consider a particle which initially at time t = 0 is at the well x = kL .
The  corresponding pdf at time t = 0 is shown in (a). The potential is absent for time
[0,  toff]. The probability of finding the particle in the region x > (k + ˛)L is much higher
than  finding the particle in the region x < (k − 1 + ˛L)L after a time toff . If the potential
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Fig. 3. Flashing ratchet showing the numbering of valleys and different transition
probabilities. The valley where the particle(s) initially reside is marked as the zeroth
valley. Valleys toward its right are numbered with positive integers and to the left
with negative ones. The probability of jumping forward by i valleys is denoted by
si , whereas that of jumping backwards by j valleys is denoted by s−j . s0 denotes
s  turned on at time toff probability of having the particle move in the well at (k + 1)L
s  much higher than having the particle move to the well at (k − 1)L  thus achieving
ransport to the right. (c) The evolved pdf of the particle after one flash.

ote that the mean position of the particle remains unchanged
t x = kL,  while the variance increases linearly with time t . Thus
t the end of the off-time the probability of finding the parti-
le in the region x > (k + ˛)L and x < (k − 1 + ˛)L are given by If =
∞

(k+˛)L
p(x, t = toff |kL, 0) dx and Ib =

∫ (k−1+˛)L
−∞ p(x, t = toff |kL, 0) dx,

espectively. Typically  ̨ is chosen such that the length ˛L is smaller
han the length (1 − ˛)L, and therefore If > Ib . Thus upon turning
he potential back on, the probability of finding the particle (using
1)) in the region x > (k + ˛)L is greater than finding it in the region

 < (k − 1 + ˛)L. The on-time ton is chosen large enough to allow the
article to settle at the bottom of the well in which it is located. With
hese conditions, after a duration toff + ton the particle has a higher
robability of settling in the well whose minimum is at x = (k + 1)L
r stay at the current well (at x = kL)  than going backwards and
ettling in the well corresponding to x = (k − 1)L  (the pdf of the par-
icle’s position after the potential is turned back on is shown in
ig. 2(c)). Thus on average, the particle moves to the right after
any flashes. The above description provide the main principle

xploited by Brownian Ratchets.
A specific potential that serves the requirement of Brownian

atchets is shown in Fig. 2, which can be mathematically expressed
s

(x) =

⎧⎪⎨
⎪⎩

V0
mod(x, L)

˛L
for mod(x, L) < ˛L

V0

(
1 − 1

(1 − ˛)

(
mod(x, L)

L
− ˛
))

for mod(x, L) ≥ ˛L.

(2)

his form (see [8,13]) of potential is easily realized experimentally.
ombination of all forces opposing the motion of the particle is
odeled by a constant load force F. In biological systems, such forces
ay  originate from intracellular mechanism [4] or sometimes from
easurement devices such as optical traps [22]. In engineered sys-

ems, the load force typically is an external force [14].
The equation of motion of a particle in a thermal bath which is

nder the influence of a switched potential and a load force is given
y the stochastic differential equation [5,20,22]

dx = −Fdt − �(t)V ′(x) dt +
√

D dW(t), (3)
here � is the viscous coefficient of the medium, D = KBT/� [14]
s the diffusion constant and W(t) is the Wiener process. Here KB

s Boltzman’s constant and T is the absolute temperature of the
the  probability of remaining in the initial valley, while sf and sb denote the total
probability of transportation to the front and back, respectively.

thermal bath. The switching parameter �(t) is 0 when the ratchet
is off and 1 when it is on.

For further analysis, we employ normalized units (n.u.) for
different variables, that will make the analysis in the article
applicable to a wide array of practical situations. The normalized
units of different quantities are summarized in the following table.

Length Energy Force Viscous coeff. Velocity Time

L kBT kBT
L � kBT

�L
�L2

kBT

Note that L above is the period of the ratchet potential (see Fig. 2).

3. Maximizing performance in open loop

In this section, we  derive a closed form pdf of the position of
the particle under the influence of a flashing ratchet with assump-
tions that V0 � kBT and  ̨ � 1 which ensure that when the potential
is on, thermal noise alone can not make a particle jump from one
valley (the interval [k˛L, (k + 1)˛L] is referred to as the kth valley)
to another and at the end of the on-time, the particle is localized
at the bottom of its resident valley. From the pdf, we then derive
closed form expression of the mean and the variance of the trans-
port velocity and the efficiency of transport. We  also derive the
conditions under which the probability of back propagation of the
particle beyond a certain valley can be neglected.

Consider a particle located initially at valley 0 (see Fig. 3). The
valleys to the left of valley 0 are numbered as −1, − 2, . . ..  Similarly,
to the right they are numbered as 1, 2, . . . . The probability of the
particle jumping forward by i valleys in a single flash is denoted
by si and that of jumping backward by j valleys is denoted by s−j.
Note that these probabilities are independent of the initial location
of the particle.

Under the assumption of perfect localization at the resident val-
ley during on-time, it follows that

si = P(il + ˛L ≤ x(toff ) ≤ (i + 1)L  + ˛L)  (4)
and

s−j = P(−(j + 1)L − (1 − ˛)L ≤ x(toff ) ≤ −jL − (1 − ˛)L), (5)
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here P(a ≤ x ≤ b) =
∫ b

a
p(x(toff ), toff |0, 0) dx and in the presence of

oad force F, p(x(toff), toff|0, 0) is given by

(x(toff ), toff |0, 0) = 1√
4�Dtoff

exp

(
− (x − (F/�)toff )2

4Dtoff

)
. (6)

ere, during the on-time, the particle displacements due to diffu-
ion are neglected.

We  also define the quantities sb =
∑∞

j=1s−j and sf =
∑∞

i=1si,

here sf and sb denote the total probability of forward and back-
ard transportation in a single flash, respectively. s0 = 1 − sf − sb,
enotes the probability of the particle remaining in the initial val-

ey. The probability Pk[n] of finding the particle in the kth valley
fter the nth flash is given by the master equation,

k[n] = Pk[n − 1]s0 +
∞∑

i=1

Pk+i[n − 1]s−i +
∞∑

i=1

Pk−i[n − 1]si. (7)

ere the first term in (7) is the probability that the particle remains
n the kth valley, the second term represents the probability of the
article coming into the kth valley from valleys in front and the
hird term represents the probability of the particle coming into the
th valley from the valleys behind in the nth flash. As the problem
s translation invariant we will assume that the particle is initially
ocated at the zeroth valley; results hold for the initial location to
e at any of the other valleys. Thus assuming Pk[0] = ı[k] (note that
e have represented the dirac-delta function by ı(x) earlier; ı[k]

epresents the kronecker delta with ı[0] = 1 and ı[k] = 0 if k /= 0) for
ll k, it follows that if we can determine si and s−i for all i, then we
an determine the probability distribution of the particle in space
fter any number of flashes by propagating (7).

.1. Derivation of pdf Pk[n]

In this section, we present a few results that quantify bounds on
ackward propagation beyond a certain valley for the load force and
ff-time parameters that ensure forward propagation. We derive a
losed form pdf for the particle propagation which are near exact
olutions to (7), where the bounds obtained on forward and back-
ard propagation significantly simplify the computation.

First we derive a bound Fstall on the load force that severely limits
orward motion.

heorem 1. Let Fstall : = �n2D/2˛L. If load force F > Fstall, then

i>0si ≤ (1/2)erfc(n/
√

2) for any choice of off-time, where erfc(x) =
2/

√
�)
∫ ∞

x
e−y2

dy.

roof. Let F > Fstall. Suppose there exists some toff = t
uch that

∑
i>0si > (1/2)erfc(n/

√
2), then we have

∞
˛L

(1/
√

4Dt)e−(((x+Ft/�)2)/4Dt) dx > (1/
√

�)
∫ ∞

n/
√

2
e−y2

dy.

Defining the variables z = (x + Ft/�)/
√

2Dt and w =
√

2y we
btain

∞

˛L+Ft/�√
2Dt

e−z2/2 dz >

∫ ∞

n

e−w2/2 dw,

hich implies ˛L + (F/�)t − n
√

2Dt ≤ 0. Let g(t) := ˛L + (F/�)t −√
2Dt. Note that g(0) = ˛L > 0. Thus to satisfy g(t) < 0, we must have

ome t̃ satisfying g(t̃) = 0. This in turn requires that the deter-
inant of the quadratic t̃2(F/�)2 + 2t̃((˛LF/�) − n2D) + (˛L)2 = 0

ust be greater than or equal to zero. Thus 4((˛LF/�)  − n2D)
2 −

(˛LF/�)2 ≥ 0 which results in the inequality F ≤ (�n2D/2˛L) = Fstall .

hus we have a contradiction to the assumptions in the theorem
tatement. Hence the proof follows. �

The theorem above provides an estimate of the stalling force.
n physical systems, such as molecular motor based transport
ocess Control 27 (2015) 76–86 79

networks, that mimic  Brownian ratchet mechanisms [1,12,14],
stalling force is defined as the minimum value of load force beyond
which no forward transport occurs for any choice of on-time and
off-time.

Here n is a parameter that determines the error bound of
forward propagation. For example, if n ≥ 3, (1/2)erfc(n/

√
2) ≤

0.00135, which essentially is the mass contained beyond the 3�
tail of the Gaussian pdf. We can have a more general estimate of
the stalling force if we want the forward propagation error to be
less than the mass contained beyond the n� tail of the Gaussian
distribution by choosing n to be any positive number.

Below we present conditions on toff which limit forward motion.

Theorem 2. Let load force F < Fstall and off-time toff /∈ (Tl, Tu), where

Tl =
(√

2Dn2 −
√

2Dn2 − (4˛LF/�)
2(F/�)

)2

and

Tu =
(√

2Dn2 +
√

2Dn2 − (4˛LF/�)
2(F/�)

)2

.

Then
∑

i>0si ≤ (1/2)erfc(n/
√

2), where erfc(x) = 2/
√

�
∫ ∞

x
e−y2

dy.

Proof. Let F < Fstall and toff = t > Tu. If
∑

i>0si > (1/2)erfc(n/
√

2),
then following the proof of Theorem 1, we have ˛L + (F/�)t −
n
√

2Dt ≤ 0. Let  ̌ := √
t and f (ˇ) := (F/�)ˇ2 −

√
2Dn2

 ̌ + ˛L

with roots ˇl = (
√

2Dn2 −
√

2Dn2 − (4˛LF/�))/(2(F/�))  and ˇu =
(
√

2Dn2 +
√

2Dn2 − (4˛LF/�))/(2(F/�)). Thus, f(ˇ) ≤ 0, which
implies that (  ̌ − ˇl)(  ̌ − ˇu) ≤ 0, or  ̌ ∈ [ˇl, ˇu] . It follows that t ∈ [Tl,
Tu] which is a contradiction to the assumptions of the theorem.
Similarly we can arrive at a contradiction by starting with the
assumption toff = t < Tl. Hence the proof follows. �

Definition 3. If the condition
∑

i>0si > (1/2)erfc(p/
√

2) is sat-
isfied for any 0 < p < 3, then we  say that the condition for
non-negligible forward transport is met.

Corollary 4. If load force F < Fstall and off-time toff ∈ (Tl, T̂off ), where

T̂off = ˛L/(F/�), then the condition for non-negligible forward trans-
port is met.

Proof. Note that T̂off < Tu by the inequality
√

a − b <
√

a +
√

b

for a > b > 0, and using Theorem 2. Also, T̂off > Tl by the inequality√
a − b >

√
a −

√
b for a > b > 0 and using Theorem 2. The rest of the

proof follows from the proof of Theorem 2. �

The theorem above together with the corollary gives us upper
and lower bounds on off-time to ensure non-negligible forward
transport. The lower bound on off-time in Theorem 2 is explained
since the probability of the particle diffusing to the next valley
is small when the off time toff is small. The upper bound on off-
time in Theorem 2 exists since a sufficiently large toff will make
the downhill drift term (F/�)toff large enough to overwhelm the
diffusion term that causes the forward transport. In either case, for-
ward transport will be negligible. It can also be readily seen that for
zero load force, we require toff > (˛2L2/2Dp2) for 0 < p < 3 to ensure
non-negligible forward transport.

Theorem 5. If F ∈ (Fm, Fstall), where Fm = (2n2D�˛/((m + 1 −2˛)2L)),
and we ensure non-negligible forward transport, by

∑
i>0si >

(1/2)erfc(p/
√

2) for 0 ≤ p < 3, by selecting off-time t such that
t ∈ [Tl, T̂off ], then

∑
i<−msi ≤ (1/2)erfc(n/

√
2), where erfc(x) =∫
(2/
√

�)
∞

x
e−y2

dy.

Proof. Assume F > Fm and t ∈ [Tl, T̂off ]. If
∑

i<−msi >

(1/2)erfc(n/
√

2), then following the same arguments as in
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Fig. 4. The probability distribution of (forward and backward) jumping si of the
particle in a single flash. si with i positive is the probability of jumping i valleys
forward and with i negative is the probability of jumping i  valleys backward in
a  single flash. si to different valleys in a single flash for different load forces. All

=
n

k

(1 − s − sb)n−ksk + sbM( )
0 S. Roychowdhury et al. / Journa

revious theorems and using symmetry of normal distri-
ution, we have n

√
2Dt > (m + 1 − ˛)L − (F/�)t. As T̂off > t,

ubstituting T̂off for t on both sides of the above inequal-

ty will give us n
√

2D˛L/(F/�) > (m + 1 − 2˛)L. It follows
hat F < (2n2D�˛/((m + 1 −2˛)2L)) = Fm which violates our initial
ssumption that F > Fm. Hence the proof follows. �

Theorem 5 states that if the condition of non-negligible forward
ransport is met, a lower bound on the value of load force would
imit back propagation beyond a certain valley for all off-times that
nsure non-negligible forward transport. This might seem non-
ntuitive at a first glance, as increasing load force is supposed to
ncrease back propagation. The key thing to note here is, we  are only
nterested in cases where a non-negligible forward transport takes
lace. A non-negligible forward transport is ensured in the form of

ˆoff , a maximum limit on the off-time. From Corollary 4 we can see
hat the maximum allowable off-time T̂off to ensure non-negligible
orward transport is a decreasing function of F. Thus, for smaller
oad forces, it is possible to choose a high enough off-time and
till get a non-negligible forward transport. However, as this would
ncrease the variance 2DT̂off , back propagation will also be more. For
igher load forces (but smaller than Fstall), T̂off being small, the dis-
ribution of particles about its mean during the off-time becomes
harper, and hence back propagation beyond a certain valley can
e neglected.

heorem 6. Let F ∈ (0, Fstall) and toff < min(Tm, T̂off ), where

m =
(

−
√

2Dn2 +
√

2Dn2 + ((4(m + 1 − ˛)LF)/�)
2(F/�)

)2

.

f non-negligible forward transport is ensured, that is,
∑

i>0si >

1/2)erfc(p/
√

2) for any 0 ≤ p < 3, then
∑

i<−msi ≤ (1/2)erfc(n/
√

2),

here erfc(x) = (2/
√

�)
∫ ∞

x
e−y2

dy.  For the case when F = 0, the above
esult holds with

m = (m + 1 − ˛)L√
2Dn2

.

roof. For 0 <  ̨ � 1, it can be shown that Tm > Tl using Theorem
. Assume t < min(Tm, Tu). If

∑
i<−msi > (1/2)erfc(n/

√
2), then fol-

owing the same arguments as in previous theorems and using
ymmetry of the normal distribution, we have (F/�)t + n

√
2Dt −

m + 1 − ˛)L > 0.

Let  ̌ := √
t and g(ˇ) := (F/�)ˇ2 +

√
2Dn2

 ̌ − (m + 1 − ˛)L.
hus, g(ˇ) > 0 implies that (  ̌ − ˇl)(  ̌ − ˇu) > 0 where

l = (−
√

2Dn2 −
√

2Dn2 − ((4(m + 1 − ˛)LF)/�))/2(F/�)  and

u = (−
√

2Dn2 +
√

2Dn2 − ((4(m + 1 − ˛)LF)/�))/2(F/�).  Thus it
ollows that  ̌ /∈ [ˇl, ˇu]. Now if  ̌ ≤ ˇl then ˇ2 > ˇ2

u ≥ min(Tm, Tu),
hich contradicts the condition t < min(Tm, Tu). Hence the proof

ollows. �

The theorem above gives us a way to limit back propagation
eyond a certain valley by controlling the off-time if the condition

n Theorem 5 is not met. The condition toff < min(Tm, T̂off ) ensures
on-negligible forward transport in case Tm > T̂off .

From the results of Monte Carlo Simulations presented in Fig. 4,
t can be seen that both forward and back propagation beyond the
djacent valley can be neglected for load forces less than the stalling
orce. We  thus define probability of jumping one valley forward by
f = s1, probability of jumping one valley backward by sb = s−1 and

he probability of staying in the same valley by s0 = 1 − sf − sb . From
7), the propagation equation becomes

k[n] = s0Pk[n − 1] + sbPk+1[n − 1] + sf Pk−1[n − 1].  (8)
simulations are done with V0 = 10kBT, L = 1,  ̨ = 0.1, � = 0.1, with different load forces
and  off-times that satisfy the limits of Theorems 2–5. Here all variables are presented
in  normalized units (n.u.).

Taking Z transform over space, we  obtain,

Pz[n] = s0Pz[n − 1] + zsbPz[n − 1] + z−1sf Pz[n − 1], (9)

which implies that Pz[n] = (s0 + zsb + z−1sf )
n
Pz[0].

Now, suppose initially the particle is in the zeroth well, that is,
Pk[0] = ı[k], then Pz[0] = 1 and

Pz[n] = (s0 + zsb + z−1sf )
n
. (10)

By expanding the trinomial and collecting similar terms, we
can write the coefficient of z−i in the expansion to be∑

p,q,r≥0
p+q+r=n

r−q=i

(
n

p, q, r

)
sp

0sq
b
sr

f
, where −n ≤ i ≤ n.

Noting that, Z−1[z−i] = ı[k − i] for all i ∈ Z,  inverse Z transform
of the expansion of (10) results in,

Pk[n] =
∑

p,q,r≥0
p+q+r=n

r−q=k

(
n

p, q, r

)
sp

0sq
b
sr

f , (11)

where −n ≤ k ≤ n and
(

n
p,q,r

)
= n!/p!q!r!.

Theorem 7. Suppose sb < �, where � > 0 is a small parameter. Then
the probability of finding the particle in the kth valley after the nth
flash satisfies(

n

k

)
sk(1 − s)n−k − �1� ≤ Pk[n] ≤

(
n

k

)
sk(1 − s)n−k + �2�,

where sf = s, and �1 and �2 are positive constants.

Proof. Note that (11) can be rewritten as

Pk[n] =
∑

p, r ≥ 0, q = 0
p + r = n

r = k

(
n

p, r, q

)
sp

0sr
f
+

∑
p, r ≥ 0, q > 0
p + q + r = n

r − q = k

(
n

p, r, q

)
sp

0sr
f
sq

b

=
(

n

n − k, k

)
sn−k

0 sk
f

+ sb

∑
p, r ≥ 0, q > 0
p + q + r = n

r − q = k

(
n

p, r, q

)
sp

0sr
f
sq−1

b

( )
≤
n

k

(1 − s)n−ksk + ��2

,
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here M =
∑

p,r≥0,q>0
p+q+r=n

r−q=k

(
n

p,r,q

)
sp

0sr
f
sq−1

b
. Note that �2 ≤ Pk[n] ≤ 1

ince �2 constitutes only a part the positive elements that sum to
k[n] in (11). This provides the upper-bound.

Now, since M ≥ 0 (all the constituent terms of M are non-
egative),

k[n] ≥
(

n

k

)
(1 − s)n−k

(
1 +
(

− sb

1 − s

))n−k

sk. (12)

Since (sb/(1 − s)) ≤ 1 and n − k ≥ 0, applying Bernoulli’s inequal-
ty [15] to (12), we obtain

Pk[n] ≥
(

n

k

)
(1 − s)n−k

(
1 − (n − k)

sb

1 − s

)
sk

=
(

n

k

)
(1 − s)n−ksk −

(
n

k

)(
(n − k)

sb

1 − s

)
sk(1 − s)n−k

=
(

n

k

)
(1 − s)n−ksk − sbQ,

here Q =
(

n
k

)
(n − k)sk(1 − s)n−k−1. Note that Q ≥ 0 and

ounded as s ∈ [0, 1] and n − k ≥ 0. Thus, assuming sb ≤ �, we have,

k[n] ≥
(

n

k

)
(1 − s)n−ksk − �2�, (13)

here �2 = Q. This completes the proof. �

.2. Derivation of velocity and efficiency

It can be seen from Fig. 4 that for low load forces, sf is three
o four times greater than sb . Thus, in such cases, motivated by
heorem 7 if the probability of being in the kth valley after n flashes
s approximated as

k[n] ≈
(

n

k

)
sk(1 − s)n−k

hen the mean position of a particle after nth
ash is given by 〈xn〉 = L

∑n
k=0kPk[n] = nLs. Here s =

1/
√

4�Dtoff )
∫ ∞

˛L
exp(−((x − (F/�)toff )2/4Dtoff )) dx, which evalu-

tes to s = 2 erfc((˛L − (F/�)toff )/
√

4Dtoff ). Therefore the average
elocity is given by

vn〉 = 〈v〉 = nLs

n(Ton + Toff )
= Ls

Ton + Toff
. (14)

he variance �v2
n in the velocity of the particle can be obtained as,

�v2
n〉 = (L2s/n(Ton + Toff )2)(1 − s) where in the long time limit, we

ave,〈�v2∞〉 = 〈�v2〉 = 0. We  view efficiency 	 from an operational
oint of view (in contrast to the microscopic efficiency described

n [14,24]), i.e., 	 = Pout/Pin. Let Pout be the average rate of work done
gainst the load force, i.e.,  Pout = Fnp〈vcm〉, where 〈vcm〉 is the mean
ransport velocity of the center of mass of np particles. Clearly, for
ne particle, 〈vcm〉 = 〈v∠. If ef is the fraction of total run-time during
hich the ratchet was on, then Pin = kEef, where kE is a constant of
roportionality. Thus for np particles, we have

np = Pout = Fnp〈vcm〉
. (15)
Pin kEef

o avoid complications arising due to the evaluation of kE and
o normalize the efficiency irrespective of the number of par-
icles (otherwise higher number of particles may  give higher
ocess Control 27 (2015) 76–86 81

efficiency for a strategy which may  not truly reflect its perfor-
mance), a reference efficiency 	ref,np for np particles is defined and
all other efficiencies with the same number of particles are scaled
with respect to 	ref,np . We  define 	ref,np as the efficiency achieved
when an average transport velocity for the center of mass of n
particles is 〈vcm〉 = 1 n.u. is achieved when the load force F = 1 n.u.
and the input energy is kE . Let the scaled efficiency be defined by

	s = 	np

	ref,np

= FL〈vcm〉
ef

, (16)

where all quantities are expressed in normalized units. Clearly, 	s

does not depend on the number of particles and thus is suitable
for comparing the performance of different strategies.

3.3. Results and discussions

Note that the results in the previous section provide guidance on
the design of flashing ratchet mechanisms. Theorems 1-5 establish
bounds on experimental design parameters such as load force and
off-time that result in non-negligible forward propagation. Further-
more, analytical expressions (14) and (15) can be used to guide the
design of the Brownian ratchet mechanism to result in high average
velocity and/or efficiency with Theorem 7 providing quantitative
estimates on the accuracy of the analytical expressions obtained.
We  validate our analysis by comparing them against exhaustive
Monte Carlo simulations. Fig. 5 depicts these results for flashing
ratchet with V0 = 10kBT, L = 1,  ̨ = 0.1 and � = 0.1 . The maximum
average velocities plotted in red in Fig. 5(a) are obtained by running
Monte Carlo simulations for 500 runs based on (3) for each load
force F and each off-time toff ∈ [Tl, min(Tm=0, T̂off )]. For each load
force F, the maximum average velocity (in blue) is then obtained
by taking maximum among all the average velocities obtained over
the set of off-times. In contrast the maximum average velocity (in
red) for a given load force F is obtained by running Monte Carlo sim-
ulations for only one off-time toff, which maximizes the expression
for average velocity in (14). We note that there is a close agreement
in the red and blue plots, which validates designing toff from (14)
in order to effect high-velocity transport.

Fig. 5(b) shows results for maximum efficiency, analogous to the
maximum velocity case, that compares results from Monte Carlo
simulations run for each off-time in an interval to the simulations
done for one toff that maximizes efficiency in (16). Thus, if a search
for optimal off-time is done over a mp point grid of off-times and
np point grid of load force, and Monte Carlo simulation for each off-
time takes tp seconds, then using (14) and (16) would save mptpnp

seconds. In the simulation results presented, mp = 50, np = 10 and
tp ≈ 50 s, and thus obtaining the optimal off-time from the analyt-
ical expressions saved approximately 2.5 × 104 s. Also, the bounds
on off-times from Theorems 1–6 helps limit the search space of
off-times. The advantage of obtaining the optimal off-time that
yields maximum velocity or efficiency in a systematic manner is
important in cases where transport of large number of particles are
involved (for example, colloidal self assembly [16,25]).

It should be remarked that the maximum velocity and effi-
ciency computed using (14) and (16) shows a similar qualitative
trend (not shown in the figures) as the red and blue plots; how-
ever, there is no quantitative match. The reason is that (14) ignores
the back propagation term sb and therefore average velocity (and
hence efficiency) computed from (14) is higher than the case when
back propagation is accounted for. However the toff giving rise
to maximum velocity (and efficiency) is relatively insensitive to

neglecting sb, as variation of sb is very small around this toff; thus
the maximum velocity is primarily determined by the off-time that
gives maximum forward transport. This is also corroborated by
the results of Monte Carlo Simulations presented in Fig. 5(a) and
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Fig. 5. (a)Maximum velocity and (b) maximum efficiency obtained in open loop for different load forces. The off-times in the red curve are obtained by brute force Monte
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b) where the optimal off-times obtained from analytical results
re validated by exhaustive Monte Carlo simulations.

. Maximizing efficiency in closed loop

Under a constant load force, higher efficiency can be attempted
y increasing mean velocity and/or decreasing ef (where ef repre-
ents the fraction of the time the ratchet potential is on). However
ncreasing 〈v〉 and decreasing ef can be opposing objectives since too
ow a ef requires the potential to be off for most of the time which

ould impede achieving a high 〈v〉. Thus design of an off-time deter-
ines a trade-off between efficiency and velocity. In view of this

rade-off, we pose an optimization problem that seeks the on-off
ime schedule to minimize a cost function that reflects both velocity
nd efficiency objectives. Before posing the optimization problem
recisely, it is important to realize that the continuous time dynam-

cs described by (3) will render the problem near intractable. We
ill now present modeling assumptions which retain the essential
hysics of the problem while making an optimal feedback solution
eterminable.

We first obtain a discrete time version of the continuous time
ynamics (3). Here we assume a finite time horizon T which is
ivided into N stages and that a decision whether to switch the
atchet potential on or off has to be made every Ts = T/N s. We  denote
he position x(kTs) by xk; from (3) we have

xk+1 = xk − 1
�

∫ (k+1)Ts

kTs

(FL + �(k)V ′(x)) dt + w(k)

= xk − 1
�

∫ (k+1)Ts

kTs

FL dt −
∫ (k+1)Ts

kTs

�(k)V ′(x) dt + w(k)

= xk − FL

�
Ts −

∫ (k+1)Ts

�(k)V ′(x) dt + w(k),

(17)
kTs

here �(k) = 1 when potential is turned on and zero otherwise, and
(k)∼N(0,

√
2DTs) is a random variable capturing the effect of

xk+1 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xk − FL

�
Ts + wk

max
(

xk − 1
�

(
V0

˛L
+ F

min
(

xk + 1
�

(
V0

1 − ˛L
ifferent load forces. The off-times for maximum velocity and efficiency in the blue
ns are done with V0 = 10kBT, L = 1,  ̨ = 0.1, � = 0.1, where all variables are presented

thermal noise. If we represent uk ∈ {on, off} to represent the control
action of turning the potential on or off at kth stage, for uk = off

xk+1 = xk − FL

�
Ts + w(k), (18)

and for uk = on, after neglecting the effect of thermal noise (given
that V0 � kBT),

xk+1 = xk − FL

�
Ts − 1

�

∫ (k+1)Ts

kTs

V ′(x) dt. (19)

Note that for any t such that mod(x(t), L) < ˛L, the force
acting on the particle is negative and V′(x(t)) = (V0/˛L).
Therefore if mod(x(kTs), L) < ˛L and Ts is small enough
such that mod(x(kTs) − (FL/�)Ts − (V0/�˛L)Ts, L) < ˛L with
(FL/�)Ts + (V0/�˛L)Ts < ˛L, then under the assumptions that
there are negligible transient effects due to the control action at
kTs, we have mod(x(t), L) < ˛L for all t ∈ [kTs, (k + 1)Ts]. Therefore
under these conditions (19) simplifies to

xk+1 = xk − FL

�
− V0

�˛L
Ts. (20)

Now suppose mod(x(kTs), L) < ˛L and mod(x(kTs) − (FL/�)
Ts − (V0/�˛L)Ts, L) > ˛L with (FL/�)Ts + (V0/�˛L)Ts < ˛L. Then the
particle will cross the valley at L � xk/L � . In this case we make the
approximation that at the end of time Ts, the particle is settled at
L � xk/L � . This assumption is justified as subsequent to the particle
crossing the valley, the ratchet potential opposes its velocity
and the velocity is small due to high damping. This assumption
is further justified by Monte Carlo simulations (see Fig. 6(c)).
Therefore, if mod(xk, L)<˛L and uk = on,

xk+1 = max
(

− 1
�

(
V0

˛L
+ FL

)
Ts, L

⌊
xk

L

⌋)
. (21)

Similar approximations can be made for the case when mod(xk,
L)>˛L and uk = on . Thus, consolidating all the cases, we  have the
state update equation as,

uk = off

L

)
Ts, L

⌊
xk

L

⌋)
uk = on andmod(xk, L) < ˛L

) ⌈ ⌉) (22)
− FL Ts, L
xk

L
uk = on andmod(xk, L) ≥ ˛L.

The above model was reached under a series of assumptions
which render the dynamics tractable. We  now pose the optimiza-
tion problem. Herewe do not restrict the on-off time schedule to
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onte  Carlo simulations confirming that the particle localizes to its nearest valley 

nd  the initial position (xk) of the particle is on the gentler slope. The black dashed 

e periodic as done in Section 3; more importantly we assume that
he realized past trajectory of the position of the particle is mea-
ured and available for determining whether to turn on or off the
otential at the current time of interest. At every time instant k,
he optimization problem seeks a control action uk ∈ U = {on, off},
here the past positions {xj}, j ≤ k − 1 of the particle are known,

hat minimizes a weighted sum of input energy
∑N−1

i=k ei to go and
eviation of the average velocity v from vd where v = xN/T with xN

eing the final position reached when the time horizon T is reached.
ere e(k) = e if the potential is on at the kth instant and zero oth-
rwise. Consider the problem of minimizing a cost function of the
orm

v|vd − v| + ce

N−1∑
i=k

ei. (23)

ote that a higher value of cv/ce emphasizes the objective of achiev-
ng the desired velocity vd at the expense of increasing the input
nergy. The above objective leads to the following optimization
roblem:

rg min
u0,...,uN−1

E
w0,...,wN−1

[
cv|vd − v| + ce

N−1∑
i=k

ei

]
. (24)

ere, (wk)N−1
k=0 captures the effect of thermal noise at different samp-

ing instants and thus we minimize the expected value of the cost.
e cast problem (24) into a dynamic programming problem. Let

he cost function gk(sk, uk, wk) for stage k be,

k(xk, uk, wk) =

⎧⎪⎪⎨
⎪⎪⎩

cee for uk = Onand k < N

0 for uk = Offand k < N

1
T

cv|xd − xN | for k = N,

(25)

here xd = vdT, xN = vT,  and gN(xN) is the terminal cost. Thus for a
nitial state x0 and a particular sequence of actions � = (uk)N−1

k=0 , the

ost of a realization with the noise sequence (wk)N−1
k=0 is

0(x0) = gN(xN) +
N−1∑

gi(xi, ui, wi). (26)
i=0

o achieve objective (24), the sequence �∗ = (uk)N−1
k=0 that mini-

izes the expectation of J0(x0) over all possible realizations of the
ery close to the valley and is (a) on the steeper slope (b) on the gentler slope. (c)
he potential on if it is located very close to it. In the simulation Ts = 0.5 n.u. is used
notes the location of the next valley.

disturbance sequence (wk)N−1
k=0 needs to be determined. Thus the

following optimization problem is of interest:

�∗ = arg min
�

E
w0,...,wN−1

[J0(x0)]

= arg min
�

E
w0,...,wN−1

[
gN(xN) +

N−1∑
i=0

gi(xi, ui, wi)

]

= arg min
�

E
w0,...,wN−1

[
cv|vd − v| + ce

N−1∑
i=0

ei

]
.

.  (27)

We now analyze the dynamic programming approach [3] and the
associated computational complexity to evaluate the feasibility of
the method. To find a solution to the problem posed in (27), we
define the cost to go J∗

k
(xk) for stage k as

J∗k(xk) = min
uk,...,uN−1

E
wk,...,wN−1

[gN(xN) +
N−1∑
i=k

gi(xi, ui, wi)] (28)

with J∗N(xN) = gN(xN) = (1/T)cv|xd − xN |. It can be proved that [3],

J∗k(xk) = min
uk∈U

E
wk

[gk(xk, uk, wk) + J∗k+1(xk+1)]. (29)

Thus propagating the recursion relation in (29) backwards, given
J∗
k+1(xk+1), we  determine J∗

k
(xk) for every feasible xk using (22) and

(25). This way, when we finally have J∗0(x0), we obtain our solution
�* for optimization problem in (27).

We now provide an analysis for the computational cost. Since
xk is a real variable, the problem of computing uk over the entire
range of xk for every stage (1 ≤ k ≤ N − 1) is infinite dimensional.
We avoid the problem of infinite dimensionality by restricting xk
to lie in a bounded set where the particle dynamics constrains
the probability of xk being outside this set to be low. Note that
by using the fact that wk follows a normal distribution with vari-
ance �2 in particle dynamics given in (22), we can obtain bounds
dB and dF such that P(dB ≤ xk+1 − xk < dF) < 	 for any given 	 (also
from (22) these bounds are independent of k). More specifically for
	 = 0.95 (that is, 95% confidence), the bounds on forward and back-
ward travels are given by dF = ((V0/�(1 − ˛)L) − (FL/�))Ts + 2� and
dB = − ((V0/�˛L) + (FL/�))Ts − 2�, respectively. Thus for the stage
k, xk ∈ Ik = [kdB, kdF]. Also, we  grid xk with a finite resolution
� = (dF + dB)/m, where m is a suitably chosen integer to control the
resolution � . The steps above result in computing J∗

k
only at a finite

number of values of xk.
For the kth stage, we need to determine J∗

k
(xk) at all the km grid

values of xk. For a given xk, two computations need to be performed
to solve (29) corresponding to two actions of uk = on and uk = off
and the one yielding the lower cost is chosen. There are thus 2km

computations to be performed in evaluating (29) for the kth stage.
However, as all these computations can be done independent of
each other, if we have p processing units, each processing unit can
perform 2km/p computations for the kth stage. The total number of
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Fig. 7. Comparison of efficiency achieved at different load forces for open loop and dynamic programming. (a) shows the actual efficiencies achieved for different strategies
while (b) shows the ratio of efficiency achieved of open loop strategy and dynamic programming for different optimization parameters. In (a), the green curve corresponds to
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valuations for all the stages becomes 2
∑N

k=1(km/p) = m((N(N +
))/p). For modern supercomputing clusters, p and N are of the
ame order of magnitude and thus the computational complexity
cales as N for practical conditions and hence is tractable.

.1. Results

In this section we present the results from Monte Carlo sim-
lations using closed-loop dynamic programming to compare its
erformance with open-loop approach and ‘maximization of veloc-

ty’ (MIV) protocol [5]. We  used the same physical parameters as
escribed in Section 3.3 for the open-loop approach. From Fig. 5 we
an see that in open-loop method the maximum velocity achieved
t FL = 3.5 n.u. approaches zero, and thus FL = 3.5 n.u. can be taken as

 practical estimate of stalling force Fstall. Real systems are typically
perated much below stalling force and hence we  evaluate the per-
ormances of our strategy till Fstall to demonstrate its effectiveness
n real scenarios.

Fig. 7 (a) and (b) shows the comparison of the open-loop and
losed-loop strategies. Note that using closed-loop strategy, we  can
ouble the efficiency at low load forces while increase the efficiency
ore than three folds near stalling force conditions. A reason for

his gain in performance is that the velocity achieved in the closed-

oop, near open-loop stalling force is much greater than the open-
oop strategy based velocity. It can also be seen that choosing a
igher value of vd yields better efficiency, specially at high load

orces.

ig. 8. Comparison of efficiency achieved at different load forces for MIV  strategy and dyna
hile  (b) shows the ratio of efficiency achieved of MIV  strategy and dynamic programmin

oop,  red curve corresponds to dynamic programming with cv/ce = 1, vd = 1 and magen
ed  curve corresponds to the ratio 	s(DP)/	s(MIV) with cv/ce = 1, vd = 1 for dynamic progr
or  dynamic programming and the green curve corresponds to 	s(DP)/	s(MIV) = 1. (For int
he  web  version of the article.)
enta curve corresponds to dynamic programming with cv/ce = 1, vd = 2.5. In (b), the
ming and the magenta curve corresponds to 	s(DP)/	s(OL) with cv/ce = 1, vd = 2.5

end, the reader is referred to the web version of the article.)

Fig. 8(a) and (b) compares the efficiency achieved by the MIV
strategy vs that of the dynamic programming (DP) based closed-
loop strategy. We  can see that for low load forces DP yields
approximately 35% improvement over the MIV  strategy, but the
effectiveness of DP decreases when load forces are increased; for
high load forces, MIV  outperforms DP. This may seem contradic-
tory as DP is supposed to be optimal. However, errors introduced
by finite spatial gridding and assumption of perfect localization at
nearest valleys become higher for higher load forces (discussed in
detail in the next section). It should also be noted that DP out-
performs MIV  for all load forces less than Fstall/2 which may  be
considered as a practical range for most realizations of Brownian
ratchets.

Finally, we  compare the velocity yielded by MIV  and DP. From
Fig. 9 we can see that for low load conditions, the velocity achieved
by DP is close to the specified optimization parameter vd. Note that
the velocity achieved by MIV  strategy is more than that achieved
by DP. As DP yields better efficiency till Fstall/2, it corroborates our
assumption that maximizing velocity does not necessarily maxi-
mize efficiency, although that seems to be the case at higher load
forces.

4.2. Analysis and discussion
From the results presented in the previous section, for lower
load forces DP performs significantly better in terms of efficiency,
whereas for higher load forces the performance of the MIV  strategy

mic programming. (a) shows the actual efficiencies achieved for different strategies
g for different optimization parameters. In (a), the green curve corresponds to open
ta curve corresponds to dynamic programming with cv/ce = 1, vd = 2.5. In (b), the
amming, the magenta curve corresponds to 	s(DP)/	s(MIV) with cv/ce = 1, vd = 2.5
erpretation of the references to color in this figure legend, the reader is referred to
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Fig. 9. Comparison of velocity achieved at different load forces for MIV strategy
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v/ce = 1, vd = 2.5). (For interpretation of the references to color in this figure leg-
nd, the reader is referred to the web version of the article.)

s very close or even outperforms DP. To understand the reason
ehind this, let us consider Fig. 10, where the zones are so divided
hat, with the potential on, if a particle starts at zone 1, it will move
orward and at the end of the sampling interval it will end in zone

 or zone 2, if a particle starts at zone 2, it will move forward and
t the end of the sampling interval it will end in the adjacent valley
nd if a particle starts at zone 3, it will move backwards. The extent
f zone 2 depends on the forward driving force Ff = (V0/(1 − ˛)L) − FL

nd sampling time Ts as mod(xZ2, L) = FfTs, where xZ2 is the starting
oint of zone 2. The extent of zone 1 and zone 3 then becomes clear
rom Fig. 10.

In the MIV  strategy, if the particle is located in zone 3 at the
eginning of the sampling time, the potential is turned off and if it

s in either zone 1 or zone 2, it is kept on. Thus, for the instances
hen the particle starts at zone 2, the input energy is not fully
tilized to move the particle forward, as the particle may  spend
onsiderable amount of time being stuck at the valley depending
n its starting position. The dynamic programming minimizes the
dle time spent at the valleys with potential turned on by looking
t the global solution and scheduling when to turn on (or off) the
otential with the particle at zone 2 (and also for which fraction of
one 2) and thus achieves better efficiency than the MIV  strategy.
t should, however, be noted that the extent of zone 2 decreases

ith increase in the load force FL, which in turn decreases Ff, and
hus the advantage of dynamic programming over MIV  is expected
o go down with increase in load force.

Since with increase in load force FL, the backward drift dur-
ng a sampling interval with potential off xbw = − (FL/�)Ts increases,

hile the forward drift with potential on xfw = (Ff/�)Ts decreases, to
chieve same forward transport, we need more on intervals or less
ff intervals or both. In any case, this would decrease 〈v〉/ef with
ncrease in load force for same 〈v〉. If 〈v〉 is close to the maximum
chievable limit, then for high enough load forces the advantage
ained by keeping potential off with the particle in zone 2 may  be
ore than offset by the negative drift suffered during that inter-
al. Thus it can be seen from the results presented in the previous
ection that as the load force increases, the velocity at which max-
mum efficiency is achieved becomes closer to the velocity given

ig. 10. Different zones on the ratchet potential based on the starting and finishing
osition of the particles with the potential on.
ocess Control 27 (2015) 76–86 85

by maximum achievable velocity. This also explains why the peak
efficiency in open loop occurs at higher duty cycles for higher load
forces. From the discussions in [5], it can be derived that in the
limit maximum velocity is achieved for efl : =1 − (1/˛). As discussed,
higher load forces requires increase in ef and thus our optimal strat-
egy and MIV  becomes similar in performance as ef → efl for higher
FL.

It should also be noted that the assumptions that a particle
located close enough to a valley would perfectly settle in the valley
with the potential on and that thermal noise can be neglected with
potential on is contingent upon the fact that the barrier height V0
is much higher than kBT . However, with increase in load force, the
barrier height decreases as −FL(1 − ˛)L and thus error is introduced
by the state update equation (22).

Another limitation of DP stems from its implementation via spa-
tial gridding, which in turn may  be limited by the computational
power available or the resolution of the position sensor. As the
actions are computed recursively in dynamic programming, the
error introduced due to finite spatial resolution at an early stage
may  be propagated among all the stages. Evidently, the penalty
of such errors would be higher for higher load forces due to the
increase in the negative drift term xbw . The MIV  strategy being a
greedy strategy, the error introduced in a stage is not propagated
and thus it is more robust toward spatial gridding at higher load
forces. Thus, depending on the grid size �,  coupled with the pre-
viously mentioned factors (decrease in span of zone 2, decrease
in xfw and increase in xbw with increase in FL), it may  be possi-
ble for MIV  strategy to perform better at significantly higher load
forces. It should, however, be noted that this is a limitation of the
implementation. Dynamic programming being an optimal strategy,
if it was possible to choose an infinitesimally small grid size �,
there would have always existed a combination of cv, ce, and vd that
would have performed at least as good as MIV  strategy for any load
force.

5. Conclusion

This article provides important guidelines for the design of
Brownian ratchets operated in the open-loop mode. Specifically,
this article provides bounds on the load force which if exceeded
result in negligible forward transport leading to stalling of the
transport for any choice of on-time and off-time schedule for the
ratchet potential. In the case that the load force does not cause
stalling, the viable set of on-time and off-time schedules is deter-
mined that lead to appreciable transport in the desired forward
direction. Assuming a viable choice of the schedule, it is shown
that backward transport of particles will be small (with quantitative
estimates provided) and furthermore transport of particles beyond
a certain specified distance will be small. The results above are used
to estimate an approximate form of the pdf of the particle posi-
tion with the error in the estimation quantified. The approximate
pdf is used to devise strategies that determine the optimal sched-
ules which maximize velocity and efficiency. Extensive Monte Carlo
simulations are presented to assess the analysis which corroborate
the accuracy and effectiveness of analysis.

This article also develops an optimal strategy based on dynamic
programming for maximization of efficiency of transport in closed-
loop. To the best of our knowledge, this is the first such strategy
that maximizes efficiency in closed-loop. In comparison to open-
loop methods, this strategy has shown more than two  to three
times improvement in terms of efficiency. Also, for lower load
forces, which includes the range of the load force in majority of

applications, the strategy results in 35% improvement over other
closed-loop strategies that focus on velocity maximization. Thus it
is demonstrated that maximizing velocity may  compromise effi-
ciency. For many particle systems assuming the particles can be
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ensed, the developed closed-loop strategy can be used to maxi-
ize 〈vcm〉/ef for a particular load force; 〈vcm〉 being the average

elocity of the center of mass. Methods based on approximate
ynamic programming or reinforcement learning to circumvent
he roadblock presented by the dimensionality of the problem are
lso worth considering, which constitutes our future work.
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