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Abstract—The atomic force microscope (AFM) is one of the
foremost tools for imaging, measuring and manipulating matter
at the nanoscale. This brief presents a review of the systems and
control approach to analyzing the challenging dynamic-mode
operation of the AFM. A Luré system perspective of the AFM
dynamics facilitates the application of powerful tools from systems
theory for the analysis. The harmonic balance method provides
significant insights into the steady-state behavior as well as a
framework for identifying the tip-sample interaction force. A
simple piecewise-linear tip-sample interaction model and its iden-
tification using the harmonic balance method is presented. The
dominant first harmonic is analyzed using multivalued frequency
responses and the corresponding stability conditions. The ability
of the simple tip-sample interaction model to capture the intricate
nonlinear behavior of the first harmonic is demonstrated. This
also points to the importance of studying the higher harmonics to
obtain finer details of the tip-sample interaction. The suitability
of the Luré system perspective for the analysis of the higher
harmonics is demonstrated.

Index Terms—Asymptotic methods, atomic force microscopy
(AFM), dynamic-mode AFM, harmonic balance, integral
quadratic constraints, Luré system.

I. INTRODUCTION

I N 1986, Binnig, Quate, and Gerber invented the atomic force
microscope (AFM) to investigate surfaces of insulators at

the atomic scale in a noninvasive manner [1]. The primary com-
ponent of an AFM is a microcantilever, which is supported at
one end and has a sharp tip at the other end for probing the
sample surface (see Fig. 1). The cantilever forms a force probe
that deflects owing to the interaction force between the tip and
the sample. The force on the cantilever probe depends on the po-
sition of the tip. When the tip is far away from the sample, the
interaction force is minimal. As the tip is brought closer, the can-
tilever starts experiencing relatively weak attractive forces and
on further approach to the sample, the interaction force starts
becoming repulsive in nature [2].

In the traditional contact-mode operation, the tip probes the
repulsive regime of the interaction force. The tip is said to be “in
contact” with the sample. The deflection of the cantilever due
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Fig. 1. Schematic of a typical AFM.

Fig. 2. Schematic depicting the microcantilever during dynamic-mode opera-
tion of the AFM.

to the tip sample interaction force is monitored to infer sample
properties. This mode of operation is rather harsh on the sample
and hence not suitable for numerous applications. In the dy-
namic-mode operation, the cantilever is made to oscillate by an
external forcing signal (see Fig. 2). The oscillating cantilever tip
traverses a wide range of the interaction potential, probing the
attractive and possibly repulsive regimes of the tip sample inter-
action forces intermittently. Dynamic-mode operations where
the tip probes the repulse regime are typically referred to as tap-
ping mode in AFM literature. Owing to this intermittent nature
of the interaction with the sample, this mode of operation leads
to much smaller lateral and vertical forces. The changes in the
cantilever oscillation due to the tip sample interaction are mon-
itored to infer sample properties. Because of its gentle nature,
dynamic-mode operation is the preferred mode of operation for
biological investigation.

One of the applications of the AFM and in particular of dy-
namic-mode AFM, is the reconstruction of the tip sample force
profile. In this application, the cantilever sample offset is varied
with respect to the oscillating cantilever. The cantilever oscilla-
tion and its relationship to the cantilever sample offset are an-
alyzed to obtain the tip sample force profile. Throughout this
operation, the sample is maintained at the same lateral position.
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However, in the more prevalent use, the sample is moved lat-
erally. As the sample is moved laterally, the sample topography
modulates the cantilever sample offset. The subsequent changes
to the cantilever oscillation thus form a basis for imaging the to-
pography of the sample. Note that understanding the tip sample
force profile is crucial to the task of imaging the sample to-
pography as the sample is positioned laterally. Typically, a set
point property of the oscillating cantilever (e.g., the amplitude of
the first harmonic) is regulated using a feedback controller that
moves the sample vertically relative to the cantilever. A piezo-
electric scanner is typically employed to position the sample rel-
ative to the cantilever in the lateral and the vertical direction.
Thus, estimation of the tip sample force profile and topographic
imaging are two of the primary applications of dynamic-mode
AFM, both of which require a detailed understanding of how
the cantilever and its tip interact with the sample.

The dynamic-mode operation of the AFM is particularly
challenging because the tip traverses a long range of highly
nonlinear tip sample interaction potential. The complexity of
the dynamics is demonstrated by the experimental and theoret-
ical studies that confirm the existence of chaotic behavior under
certain operating conditions [3], [4]. Another indication is the
experimentally observed feature that the cantilever can settle
into two different stable trajectories for the same cantilever
sample offset. Systems and control perspectives have signifi-
cantly contributed to the analysis of dynamic-mode AFM and
to the development of novel modes of imaging [5]–[7]. This
brief provides a review of the systems and control approach to
the analysis of dynamic-mode operation. Hereby the analysis
of dynamic-mode AFM is greatly facilitated by casting the tip
sample dynamics as an interconnection of a linear system that
models the cantilever with a nonlinear system that models the
tip sample interaction forces. This perspective of a Luré system
was introduced in [8]. Further advances in the systems view-
point-based analysis of AFM dynamics and its applications are
presented in [9]–[12].

The Luré system perspective facilitates the application
of powerful tools from systems theory to the analysis of
dynamic-mode operation. The harmonic balance method con-
stitutes one of the main tools. The resulting harmonic balance
equations provide significant insights into the steady-state
behavior of the cantilever oscillation. They also provide a
framework for the systematic identification of tip sample force
profile. The identification of a piecewise linear tip- sample in-
teraction model is illustrated. This representative and tractable
model can effectively be used to simulate the dynamic-mode
AFM, which can aid controller design and provide insights into
the AFM dynamics without carrying out extensive experiments.

The Luré perspective and experiments show the dominance
of the first harmonic of the cantilever oscillations. Experiments
indicate a multivalued dependence of the first harmonic on the
sample topography. Thus, the analysis of the first harmonic,
which is the main signal used for imaging, assumes particular
importance. In this brief, we present the application of asymp-
totic methods, pioneered by Bogoliubov [13], to the analysis of
the first harmonic of the microcantilever oscillation assuming a
piecewise linear model of the tip sample interaction force. Some
of the significant analytical and numerical investigations that

have helped understand the behavior of the first harmonic are
reported in [8] and [14]–[19].

An important insight obtained by the study of the first har-
monic is that a simple piecewise linear model is capable of re-
producing most of the intricate experimentally observed fea-
tures further reinforcing the importance of studying the higher
harmonics for the possibility of extracting further information
on the tip sample interaction potential.

This brief is organized as follows. In Section II, the Luré
system perspective of the cantilever sample system is intro-
duced. The harmonic balance method is presented in Section III.
In Section IV, the analysis of the dominant first harmonic along
with the piecewise linear tip sample interaction model is
presented. The review concludes with a discussion on the
analysis of the higher harmonics using the systems perspective
presented in Section V.

II. LURÉ SYSTEM PERSPECTIVE OF THE CANTILEVER

SAMPLE SYSTEM

In spite of the popularity of the dynamic-mode operation, sev-
eral experimental features were not well understood for many
years. When the external forcing signal was chosen to be sinu-
soidal close to the resonant frequency of the cantilever, the can-
tilever oscillation was found to be near sinusoidal. This is partly
responsible for the gentle nature of this mode of operation. The
smallness of the higher harmonics also posed questions on the
applicability of dynamic-mode AFM for discerning finer fea-
tures of the tip sample force profile. Moreover, for the same tip
sample separation, oscillations with different amplitudes were
observed, which was found to cause imaging artifacts. There
was also a lack of systematic methods for the identification of
the tip sample force profile, which in itself is a significant appli-
cation of the AFM.

One of the significant steps in addressing these issues was
that of viewing the cantilever-sample system as an interconnec-
tion of a linear-time invariant cantilever system with a nonlinear
tip-sample interaction system. This viewpoint enabled signifi-
cant insight into the dynamic-mode operation and greatly sim-
plified the analysis. It also enabled the use of powerful tools
from systems theory.

In dynamic-mode AFM, the cantilever is actuated by an ex-
ternal periodic signal. The cantilever also experiences forces due
to the tip sample interaction. This force, in turn, depends on the
position of the tip relative to the sample and hence is a function
of the deflection of the cantilever. It is assumed that a linear
time-invariant model captures the behavior of the cantilever.
Thus, is a linear time-invariant operator that takes as input the
sum of the external forcing signal and the tip sample inter-
action force . It produces the deflection signal

as the output (see Fig. 3). The tip sample interaction force
now appears as a feedback block. In this perspective, the in-
stantaneous tip position is fed back to the cantilever system
through the tip sample interaction system . In this way, the
AFM dynamics is viewed as an interconnection of two systems,
the system , which models the cantilever, and the block
which models the tip sample interaction.

Authorized licensed use limited to: University of Minnesota. Downloaded on October 16, 2009 at 17:55 from IEEE Xplore.  Restrictions apply. 



954 IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 15, NO. 5, SEPTEMBER 2007

Fig. 3. Feedback perspective of dynamic-mode AFM dynamics.

Fig. 4. Typical tip-sample interaction system �, as a function of the deflection
p.

The cantilever dynamics is accurately captured by a linear
time-invariant multimode model described in [20]. A typical in-
teraction force profile is depicted in Fig. 4. As described earlier,
it consists of long-range attractive forces and short-range repul-
sive forces. Note that could be any nonlinear operator of
and need not be memoryless. For example, the interaction force
could be a function of the velocity of the microcantilever tip, as
in the case of dissipative samples.

The analysis of dynamic-mode operation in what follows is
based on the Luré system perspective. One of the primary tools
for analysis is the harmonic balance method, which is presented
next. The near sinusoidal nature of the cantilever oscillation is
explained using the Luré system perspective in conjunction with
the harmonic balance method. The Luré perspective also lends
itself to a methodical way of estimating the tip sample force
profile. One strategy is to assume a parametric model of the tip
sample interaction system and use the Luré structure and the
harmonic balance method to identify the unknown parameters
of the model.

III. HARMONIC BALANCE EQUATIONS FOR

DYNAMIC-MODE AFM

Assumptions of linear time invariance on and time invari-
ance on enables the use of harmonic balance techniques to
study the AFM dynamics. The forcing signal is assumed to be
periodic, with period . It is shown in [21] that under unrestric-
tive assumptions, a cantilever-sample system admits a periodic
solution with the same period as that of the forcing signal .
Such a periodic solution is denoted by . If the tip sample
interaction force is assumed to be time invariant it follows that

is also periodic with period . Thus, , , and
all admit expansions of the form ,

, and , where
, , and are the exponential Fourier coefficients of , ,

Fig. 5. Relationship between the periodic signals g(t), p (t), and h (t).

and , respectively, and . On the periodic orbit, Fig. 3
can be viewed as Fig. 5. Given the linear time invariance of ,
it follows that

for all (1)

Equation (1) constitutes the harmonic balance equations that
need to be satisfied by the cantilever sample system. Over the
years, several schemes have been developed to identify in a
precise manner [20], [22]. The Fourier coefficients of the forcing
signal are known and those of the cantilever oscillations

can be obtained from measurements. The harmonic balance
equations can then be used to evaluate , the Fourier coeffi-
cients corresponding to the tip sample interaction force signal

(2)

A. Model for Tip Sample Interaction Force
and Its Identification

Harmonic balance equations serve as powerful tools for
the identification of tip sample interaction force models. The
Fourier coefficients of the tip sample interaction force signal

can be processed to provide information on the sample
properties that can be used to identify various parameters in a
given model of the tip sample interaction force. An approach to
identifying the tip sample interaction is to assume a parametric
model that takes in as input the tip displacement and provides
the force on the cantilever due to the sample as its output. Let

denote such a model, where is a finite set of parame-
ters. Thus, we have . The corresponding
minimization problem is

(3)

where are the Fourier coefficients of . Note that
the tractability of the problem depends on the parametric model

. One such parametric model is a simple piecewise linear
model.

Fig. 6 depicts the piecewise linear model for the tip sample
interaction force. It is designed to capture the tip sample force
profile that has long-range attractive and short-range repulsive
components. The former is modeled by a negative spring de-
noted by ; the latter by a positive spring denoted by . The
dissipation in the sample is captured by a damper denoted by .
The distance between the unforced cantilever tip and the begin-
ning of the repulsive regime is a good measure of the cantilever
sample offset. The length of the attractive regime is denoted by

. The various parameters of this simple tip sample interaction
model could be identified using the harmonic balance method.
The details of the identification procedure, which also uses the
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Fig. 6. Tip sample interaction model and single-mode model for the cantilever.

power balance equations, are provided in [9]. The identification
scheme is revisited in the experimental part of Section IV.

B. Dominance of the First Harmonic

The Luré system perspective combined with the harmonic
balance equations provides significant insights into dynamic-
mode operation. In most dynamic-mode operations, the forcing
signal is a single sinusoid with a frequency close to the reso-
nant frequency of the first mode of the cantilever. If the forcing
frequency is selected to be the resonant frequency, then, as-
suming that the dynamics of the cantilever is well captured by
the single-mode approximation, it is seen that
for . Thus, acts like a low-pass filter that ensures
that the higher-frequency components get filtered. From the har-
monic balance equations, it immediately follows that if

. This explains the fact that in typical dynamic-mode
operation the microcantilever oscillation is near sinusoidal or,
in other words, the first harmonic is the predominant compo-
nent of the cantilever oscillation. Regardless of whether the tip
sample interaction force signal consists of higher harmonics, the
measurable deflection signal is dominated by the first harmonic.
A more detailed analysis of the generation of higher harmonics
and bounds on their magnitude is referred to a later section.
Typical imaging applications utilize the amplitude and phase
of the first harmonic. Hence, the relationship between the first
harmonic and the cantilever sample offset has to be well under-
stood. The transient behavior of the amplitude and the phase is
also of interest as it influences the imaging bandwidth.

IV. ANALYSIS OF THE FIRST HARMONIC

In this section, a detailed analysis of the first harmonic is pre-
sented. A first-mode approximation is sufficient to capture the
cantilever dynamics when analyzing the first harmonic. In the
subsequent analysis, all parameters are normalized to the mass
of the cantilever. In accordance with the Luré perspective, is
given by and the tip sample interaction
system is denoted by .

The deflection signal , is governed by

(4)

The tip encounters the tip sample interaction forces towards the
end of the negative cycle of the oscillation. Thus, during most
of the oscillation cycle the tip does not interact with the sample.
This motivates the analysis using the asymptotic methods de-
veloped for weakly nonlinear systems. If , then
it can be shown that the solution of the dynamics is given by

(5)

where the slowly varying variables, the amplitude , and the
phase are dictated by (see [13] and [19])

(6)

(7)

(8)

(9)

where

(10)

(11)

If the sample is conservative, the dissipative component of
the tip sample interaction, , and does not depend
on the phase . Note that near resonance excitation is neces-
sary for the validity of this analysis. Let and

. From (9), is the difference between
the equivalent damping of the cantilever sample system and the
damping of the cantilever alone. Hence, it is a measure of the
dissipative component of the tip sample interaction. Similarly,
from (8), is a measure of the conservative interaction and
can take positive or negative values depending on .

A. Multivalued Frequency Response

For a fixed cantilever sample offset (which translates to a
fixed tip sample interaction ) and a fixed frequency of forcing

, the amplitude , and phase [the quantities defined by (5)]
evolve according to (6) and (7). It can be shown from (6) and
(7) that each fixed point for the amplitude and phase dynamics
has to satisfy the relation

(12)

Hence, for each fixed (hence a fixed tip sample interaction po-
tential) and , there could be more than one equilibrium point. If
one has a plot of the fixed-point amplitudes versus the frequency
of forcing, then it can be shown that a particular fixed-point am-
plitude is stable if

if

if (13)
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If the damping is very small, then a fixed-point amplitude is
stable if the slope at that point is positive for forcing
frequencies below the equivalent resonant frequency corre-
sponding to that amplitude . This is also true when
the slope is negative for forcing frequencies above the
equivalent resonant frequency.

For a fixed-cantilever sample offset and a fixed-forcing fre-
quency, let be an equilibrium point of the dynamical
equations (6) and (7). Then the steady-state periodic solution of
the cantilever-sample system is given by

and the steady-state tip sample interaction force signal is
. Let be the

first Fourier coefficient of the signal . Then, from the expres-
sion for (9), it can be shown that .
Similarly from the expression for (8),

, where and are the real and imaginary parts of
. Hence, the conservative and dissipative components of the

tip sample interaction force are directly linked to the first Fourier
coefficient of the steady-state tip sample interaction force signal,
which can be measured using the harmonic balance equations
(2) described in Section III.

B. Experimental Validation

The analytical results presented are further illustrated by an
experiment using a silicon cantilever, AC160TS from Olympus,
with natural frequency 335.4 kHz. The length, width, and thick-
ness are 160, 50, and 4.6 m, respectively, and the spring con-
stant is 42 N/m. The quality factor is measured to be 170.

The cantilever is oscillated at the resonant frequency
335.4 kHz to an amplitude of 24.25 nm. The sample [highly
oriented pyrolitic graphite (HOPG)] is moved towards the freely
oscillating cantilever and then away. Approach and retraction of
the sample are performed sufficiently slow so that the amplitude
and phase evolving according to (6) and (7) settle to an equi-
librium amplitude and phase for a particular cantilever sample
offset. The resulting amplitude is plotted against the cantilever
sample offset [see Fig. 7(a)]. Using the harmonic balance equa-
tions and the identification schemes described in [9], the param-
eters for the tip sample interaction-force model, , , , and

were estimated for the experimental data: s ,
s , s , and nm (see Fig. 6).

Using these parameters, simulations were performed and the re-
sulting amplitude versus cantilever sample offset data is com-
pared with the experimental results in Fig. 7(a). The remarkable
similarity between the experimental and the simulated data con-
firm the capability of the simple piecewise linear tip sample in-
teraction model to capture the first harmonic behavior.

To simplify the discussion on the stability of equilibrium
points, the damping term is assumed to be zero in the model.
This entails some discrepancy with the experimental data as
shown in Fig. 7(b). However, there still is a good qualitative
match showing the discontinuous jumps. Fig. 8 depicts the mul-
tivalued frequency response plot for a cantilever sample offset of
23 nm obtained using the piecewise linear model. It also shows
the equivalent resonant frequency plotted as a function
of the amplitude. For the forcing frequency, which is equal to
the free resonant frequency of the cantilever, there are three
fixed points , , and . From the stability criteria developed
earlier, the fixed points and are stable, whereas is unstable.

Fig. 7. (a) Comparison of the amplitude versus cantilever sample offset curve
obtained using the interaction model with that obtained from the experiment.
(b) The same comparison assuming the sample conservative.

The amplitude versus cantilever sample offset plot can be ex-
plained in terms of the multivalued frequency response plots,
the resulting multiple equilibrium amplitudes and their stability.
Fig. 9(a)–(e) depict the multivalued amplitude frequency plots
for various cantilever sample offsets characterized by obtained
using the piecewise linear model. In these plots, the forcing
frequency is depicted by the vertical line at 335.4 kHz, and the
value of that denotes the cantilever sample offset is indicated by
the horizontal line. In Fig. 9(f), the amplitude versus cantilever
sample offset curve is shown. In Fig. 9(a), the cantilever is freely
oscillating, with 30 nm. In the approach phase, the cantilever
is brought closer to the sample. As is reduced to 24.5 nm [see
Fig. 9(b)], there is only one possible fixed point denoted by B.
It is also evident that the cantilever does not explore the repul-
sive region as the amplitude is smaller than . As the cantilever
sample offset is further reduced with 23.9 nm, there are two
possible fixed points, C and J. However, the amplitude takes the
value corresponding to C as the operating region is in its basin
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Fig. 8. Multivalued frequency response curve is shown for the cantilever
sample system with a cantilever sample offset of l = 23 nm.

Fig. 9. (a)–(e) For different cantilever sample offsets, the multivalued fre-
quency response curves are obtained by solving (12). (f) The discontinuities
in the amplitude versus cantilever sample offset plot can be explained using
the multivalued frequency response plots, the resulting multiple equilibrium
amplitudes and their stability.

of attraction. With further reduction of to 23 nm and later to
21.1 nm, the amplitude takes the values corresponding to D and
E, respectively. Any further reduction of the cantilever sample
offset leads to the scenario where there is only one intersection
point of the vertical line with the amplitude frequency plot. Thus,
the amplitude jumps to F. Note that throughout the traversal
ABCDE, the tip does not interact with the repulsive part of the
regime ( is greater than the amplitude). At F, the amplitude is
bigger than and thus the tip explores the repulsive part at this
operating condition. Any further reduction of leads to a single
fixed-point scenario and the path FG is traversed by the tip [see
Fig. 9(f)]. In the retract phase, first the path GF is traversed. In
this phase, the amplitude at and 23.9 nm settles to the
value corresponding to points H and J, respectively. As the tip is

further retracted to a value slightly greater than 23.9 nm, the
tip has to take the value close to the one marked by C. Throughout
the traversal GFHJ, the tip explores the repulsive part of the
interaction. Thus, in the approach phase the path traversed is
ABCDEFG, where during ABCDE the tip does not interact with
the repulsive region. In the retract phase, the tip traverses the path
GFHJCBA, where during CBA the tip again does not interact
with the repulsive part.

It is quite remarkable that the first harmonic behavior is well
captured by a relatively simple piecewise linear model of the
tip sample interaction that accounts for the repulsive and attrac-
tive parts of the interaction and a spring-mass-damper model of
the cantilever. For all imaging methods that use only the first
harmonic, the first-mode approximation to the cantilever dy-
namics combined with the piecewise linear model for the tip
sample interaction force can be used effectively to simulate the
dynamic-mode AFM that can aid controller design without car-
rying out extensive experiments. Thus we are led to the study
of higher harmonics, which have the potential to provide finer
details of the tip sample interaction potential.

V. ANALYSIS OF THE HIGHER HARMONICS

In Section IV, it was shown that the first harmonic of the de-
flection signal is well characterized by a first mode model of
the cantilever and a simple tip sample interaction force model.
Even though the simplicity of the analysis is pleasing, it also
points to the limitations of the first harmonic in probing intri-
cate features of the tip sample interaction force. It is clear that
the more intricate features of the tip sample force profile cannot
be discerned using the first harmonic alone. This has motivated
several groups to investigate and utilize the higher harmonics
[23]–[27]. Proksch started using forcing frequencies with more
than one harmonic to further enhance the higher harmonics [28].

The Luré system perspective is particularly well-suited for
the analysis of the higher harmonics. Clearly, the harmonic bal-
ance equations introduced earlier serve as powerful tools for the
study of the higher harmonics. It was shown that the bandpass
characteristic of the cantilever transfer function is responsible
for the predominance of the first harmonic. Even though higher
harmonics of the interaction force signal are generated, they are
filtered by the cantilever transfer function. Hence, it is expected
that the higher harmonics close to the higher modes of the can-
tilever transfer function are likely to be the predominant higher
harmonics. This also points to the possibility of directed design
of the cantilever transfer function such that the higher harmonics
of interest are allowed to pass through [29].

Besides the harmonic balance approach, a frequency-domain
characterization of the nonlinear tip sample interaction system
using the notion of integral quadratic constraints (IQC) could be
employed for a complete frequency-domain analysis. Note that
no complete characterization of the tip sample nonlinearity is
available and often is the objective of the interrogation process.
However, coarse characteristics of the nonlinearity can be as-
sumed. For example, one can assume that the tip sample non-
linearity being explored in a particular operation explores the
nonlinearity only in a particular sector. By assuming a sector
bound, which is a coarse characterization of the nonlinearity,
bounds on higher harmonics can be derived [30]. It has been
shown that whereas the tip probes the net attractive regime of
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Fig. 10. (a) Experimentally obtained first, second, fifth, and sixth harmonics
of the cantilever oscillation during the approach and retract of the sample to-
wards the tip. (b) Magnitude of the first seven higher harmonics as the sample
approaches the cantilever for different values of cantilever sample offset.

the tip sample interaction force, bounds on the generation of the
higher harmonics can be obtained by using the cantilever fre-
quency response and an IQC characterization of the tip sample
interaction system [31], [32].

An experiment is presented that illustrates the generation
of the higher harmonics. An AFM is operated in the dynamic
mode using a silicon cantilever (AC240TS from Olympus) of
length 240 m, width 30 m, thickness 2.7 m, and spring
constant 2 N/m. The first and second modal frequencies of the
cantilever are at 69.1 kHz and 403 kHz, respectively.
The sample (HOPG) initially is sufficiently far from the can-
tilever. In Section IV, the existence of two stable equilibrium
points for the same cantilever sample offset was shown, one
corresponding to a low amplitude oscillation and the other to a
high amplitude oscillation. While describing the experimental
results, it was shown that during the low-amplitude oscillation
state, the tip explores only the net attractive regime of the

Fig. 11. For a cantilever sample offset of 40.75 nm, the theoretical bounds on
the harmonics are compared with the experimental values obtained.

tip sample interaction force. It was also shown that in the
high-amplitude oscillation state, it explores the net repulsive
regime along with the attractive regime. This assumption had
also been validated by numerical simulations and results from
[24], [26], and [33]. Next, the sample is progressively moved
towards the cantilever and then away from the cantilever to
obtain deflection signals from the cantilever while it oscillates
in the two different oscillation states. From the deflection data,
the magnitudes of the harmonics of the cantilever oscillation
are obtained as a function of time. The variations of the first,
second, fifth, and sixth harmonic are depicted in Fig. 10(a).
While approaching the sample surface, the magnitude of the
first harmonic reduces with a reduction in the cantilever sample
offset. It is seen in Fig. 10(a) that for a certain cantilever sample
offset, the first harmonic exhibits a discontinuous jump to a
higher value and stays there until it jumps back to a lower value
for a larger cantilever sample offset. These are the two oscil-
lation states of the cantilever. The higher harmonics increase
with shrinking cantilever sample offset, possibly because the
fraction of the period in which the cantilever interacts with the
nonlinearity increases with reducing cantilever sample offset.

As expected from the preceding discussion, the harmonics
close to the modal frequencies of the cantilever are particularly
dominant. As Fig. 10(a) shows, the fifth and sixth harmonics are
especially sensitive to the reducing cantilever sample offset. An-
other interesting aspect is the sudden increase in the magnitude
of the fifth and sixth harmonics at the onset of high-amplitude
oscillation. From the sampled deflection data, the magnitudes of
the first seven higher harmonics are obtained for different can-
tilever sample offsets in the region where the tip is believed to
be exploring the net attractive regime [see Fig. 10(b)], i.e. while
the cantilever is oscillating in the low-amplitude state. Fig. 11
compares the theoretic bounds on the harmonics obtained using
the IQC approach with those measured experimentally for a rep-
resentative cantilever sample offset of 40.75 nm. The theoret-
ical bounds serve as a good upper bound for the experimental
measurements.

Authorized licensed use limited to: University of Minnesota. Downloaded on October 16, 2009 at 17:55 from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 15, NO. 5, SEPTEMBER 2007 959

VI. CONCLUSION

The dynamics of the atomic force microscope operating in
the dynamic mode is particularly challenging because the can-
tilever tip traverses a long range of nonlinear tip sample interac-
tion forces. By viewing the dynamics as an interconnection of a
linear cantilever system with a nonlinear tip sample interaction
system, powerful tools from systems theory could be used to an-
alyze the dynamics. Harmonic balance techniques provide sig-
nificant insight into the steady-state behavior of dynamic-mode
operation and a paradigm for the systematic identification of
models of tip sample interaction as well as insights into the pre-
dominance of the first harmonic. Asymptotic methods are used
to analyze the predominant first harmonic and the equations de-
scribing the evolution of amplitude and phase are presented. The
transient behavior of dynamic-mode operation is captured by
these equations. The steady-state values for amplitude and phase
are given by the fixed points of these amplitude phase dynamical
equations. The stability conditions for these equilibrium points
are presented. An important insight obtained in this study is that
a simple piecewise linear model is capable of reproducing most
of the experimentally observed intricate features. This represen-
tative and tractable model of the tip sample interaction force can
effectively be used to simulate the dynamic-mode AFM, which
can aid controller design and provide insights into the AFM dy-
namics. To provide finer details of the tip-sample interaction,
the higher harmonics have to be investigated, for which the Luré
system perspective is particulary well suited. The harmonic bal-
ance method provides significant insights into the generation
of the higher harmonics. Another powerful method for charac-
terizing the higher harmonics is the frequency-domain charac-
terization of the nonlinear tip-sample interaction system using
IQCs.
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