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On the Problem of Reconstructing an Unknown
Topology via Locality Properties of the Wiener Filter

Donatello Materassi and Murti V. Salapaka

Abstract—Determining interrelatedness structure of various
entities from multiple time series data is of significant interest
to many areas. Knowledge of such a structure can aid in identi-
fying cause and effect relationships, clustering of similar entities,
identification of representative elements and model reduction.
The majority of existing results are based on correlation based
indices which effectively assume a static relationship between the
time series data and are not suitable for detecting interrelatedness
when the time series are dynamically related or when the time
series involve loops. In this paper, a methodology for identifying
the interrelatedness structure of dynamically related time series
data is presented that also allows for the presence of loops in the
connectivity structure. A linear dynamic graph model is presented
where it is assumed that each time series data is the sum of an
independent stochastic noise source and a dynamically weighted
sum of other time series data. A link is assumed to be present
between two time series if the weight of a time series, which is
a linear time-invariant filter, is nonzero in the formation of the
other. Reconstruction of the link connectivity structure under
various scenarios is considered. It is shown that when the linear
dynamic graph is allowed to admit non-causal weights, then the
links structure can be recovered with the possibility of identifying
spurious connections. However, it is shown that the spurious links
remain local, where, a spurious link is restricted to be within one
hop of a true link. Furthermore, strategies for exact reconstruc-
tion of the link structure when the weights are restricted to be
causal are developed. The main tools for determining the network
topology are based on variations of Wiener filtering. A significant
insight provided by the article is that, in the class of network
models considered in the paper, the Wiener filter estimating a
stochastic process based on other processes remains local in the
sense that the Wiener filter utilizes only measurements local to the
node being estimated.

Index Terms—Filtering, network analysis, system identification.

I. INTRODUCTION

HE interest on networks of dynamical systems is in-
T creasing in recent years, especially because of their
capability of modeling and describing a large variety of phe-
nomena and behaviors. Interconnections of simple systems are
used to understand the emergence of complicated phenomena
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(see, for example, [1]-[4]) and have provided novel modeling
approaches in many fields, such as economics (see, e.g., [5] and
[6]), Biology (see, e.g., [7]1-[9]), cognitive sciences (see, e.g.,
[10]), ecology (see, e.g., [11] and [12]) and geology (see, e.g.,
[13] and [14]), especially when the investigated phenomena are
characterized by spatial distributions where multivariate anal-
ysis is involved [15]. While networks of dynamical systems are
well studied and analyzed in physics [16]-[18] and engineering
[19]-[21], there are fewer results that address the problem
of reconstructing the topology of a network. Unraveling the
interconnectedness of a set of processes is of significant interest
in many fields, with the necessity for general tools rapidly
increasing (see [22]-[24] and the bibliography therein for
recent results). However, such a problem poses formidable
theoretical as well as practical challenges (see [25]). Existing
results derive a network topology from sampled data (see,
e.g., [6], [22], [24], and [26]) or to determine the presence of
substructures (see, e.g., [18], and [23]). The unweighted pair
group method with arithmetic mean (UPGMA) [27] is one of
the first techniques proposed to reveal an unknown topology. It
has found widespread use in the reconstruction of phylogenetic
trees, and is widely employed in other areas such as commu-
nication systems and for resource allocation [28]. UPGMA
identifies a tree topology relying on the observation of leaf
nodes, theoretically guaranteeing a correct identification only
on the strong assumption that an ultrametric is defined among
the leaves. Another well-known technique for the identification
of a tree network is developed in [6] for the analysis of a stock
portfolio. The authors identify a tree structure according to
the following procedure: 1) a metric based on the correlation
index is defined among the nodes; 2) such a metric is employed
to extract the minimum spanning tree [29] which forms the
reconstructed topology. Many improvements over [6] are now
devised especially using shrinking techniques to estimate the
correlation matrix [30], [31] or refining its estimate via high
frequency sampling [32]. A reliability index for any link can
also be defined using bootstrap techniques [31]. However, in
[15] a severe limitation of this strategy is highlighted, where
it is shown that, even though the actual network is a tree,
the presence of dynamical connections or delays can lead to
the identification of an incorrect topology. In [33], a similar
strategy, where the correlation metric is replaced by a metric
based on the coherence function, is numerically shown to
provide an exact reconstruction for tree topologies. In [34], it
is shown that a correct reconstruction can be guaranteed for a
topology with no cycles.

In [23], different techniques for quantifying and evaluating
the modular structure of a network are compared and a new
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one is proposed trying to combine both the topological and dy-
namic information of the complex system. However, the net-
work topology is only qualitatively estimated. In [22], a method
to identify a network of dynamical systems is described. How-
ever, primary assumptions of the technique are the possibility
to manipulate the input of every single node and the possibility
of conducting experiments to detect the link connectivity. In
[35], an interesting and novel approach based on auto-regres-
sive models and Granger-causality [36] is proposed for recon-
structing a network of dynamical systems. This technique relies
on multivariate identification procedure to detect the presence of
a link, but still no theoretical sufficient or necessary conditions
are derived to check the correctness of the results. More recently,
in [24] and [37] interesting equivalences between the identifica-
tion of a dynamical network and a [ sparsification problem are
highlighted, suggesting the difficulty of the reconstruction pro-
cedure [38]. Summarizing, to the best knowledge of the authors,
apart from the results in [39], which are limited to tree topolo-
gies, no general theoretical guarantees about the correct recon-
struction of network links are provided if there is no possibility
of directly manipulating the inputs of the node.

This paper addresses the problem of reconstructing a network
of dynamical systems where every node represents an observ-
able scalar signal and the dynamics, which is linear, is repre-
sented by the connecting links. The problem, when analyzed
from a systems theory point of view, provides a method for cor-
rectly identifying a topology that belongs to the pre-specified
class of self-kin networks. Moreover, if the network does not be-
long to such a class, conditions about the optimality of the iden-
tified topology according to a defined criterion is established.
From this perspective, sufficient conditions for the exact recon-
struction of a large class of networks, which we name self-kin,
are derived. Examples of self-kin networks are given by (but
not limited to) rooted trees, and ring topologies [40]. In the case
the network is not self-kin, the reconstructed topology is guar-
anteed to be the smallest self-kin network containing the actual
one. The theory developed is not Bayesian and relies directly on
Wiener filtering theory. Conditions derived for the detection of
links are based on sparsity properties of the (non-causal) Wiener
filter modeling the network. Indeed, conditions under which the
Wiener filter smoothing a signal of the network is “local” are
derived. From a different perspective, another important con-
tribution of the paper are conditions for a local and distributed
implementation of the Wiener filter. The results obtained bear
a striking similarity to the ones developed in the area of ma-
chine learning for Bayesian networks (BNs) [41], [42] where
the topology of a network of nodes that represent random vari-
ables is sought. One of the main results obtained in the BN lit-
erature (see [43]) is that the probability distribution of a random
variable conditioned on the rest of the random variables of the
network is equal to the probability distribution of the random
variable conditioned only on the random variables within the
kin set of the random variable (Markov blanket). It is assumed,
though, that the network has no loops. The problem considered
in this paper is for a network of random processes and is not re-
stricted to random variables as is the case for BNs. Evidently,
issues concerning causality and stability do not arise for BNs
which have to be addressed for a network of random processes.
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Moreover, in this paper no assumption on the absence of loops
is made as is the case in [43].

The paper is organized as follows. In Section II, examples are
illustrated to provide the basic intuition behind central ideas;
in Section III definitions are provided based on standard no-
tions of graph theory; in Section IV the main results are pro-
vided for non-causal Wiener filtering; in Section V the results
are extended to causal Wiener filtering and Granger causality;
in Section VI the implementation of algorithms for the detec-
tion of network topologies are discussed for different scenarios;
in Section VII the robustness of the identification is addressed;
eventually, in Section VIII numerical simulations illustrating the
effectiveness of the methodology are presented.

Notation: The symbol := denotes a definition

2-norm of a vector x.

[l

wT the transpose of a matrix or
vector W.

w* the conjugate transpose of a
matrix or vector W.

z; or {x}, the ith element of a vector z.

Wi the entry (j,¢) of a matrix W.

W; jth row of a matrix W.

Wi sth column of a matrix W.

Ty when V = (v1,...,0,)

is a n-tuple of natural
numbers denotes the vector
(N

|A] cardinality (number of
elements) of a set A.

E[] mean operator.
Rxy(r):=F [X(t)YT (t+ cross-covariance function of
7)] wide-sense stationary vector

processes X and Y.
autocovariance.

Z-transform of a signal.
cross-power spectral density.
power spectral density.

b; sth element of the canonical
base of R™.

In this section, a representation of dynamical networks in
terms of oriented graphs is presented. According to this rep-
resentation, every node x; is given by a scalar time-discrete
wide-sense stationary stochastic process, while every directed
arc form a node z; to a node x; represents a possibly non-causal
transfer function H;;(z) # 0. The absence of such an arc im-
plies that Hj;(z) = 0. Every node signal is also implicitly
considered affected by an additive process noise ¢;. Given the
graphical representation, the dynamics of the network is de-
scribed by

T; =e;+ ZHji(Z)xi- (1)



MATERASSI AND SALAPAKA: ON THE PROBLEM OF RECONSTRUCTING AN UNKNOWN TOPOLOGY

D
2)
®

Fig. 1. Example of the graphical representation of dynamical networks. Every
node represents a stochastic signal and the edge from a node ; to a node
represents the transfer function H;;(z). Every node signal is also implicitly
affected by a process noise.

For example, in Fig. 1 a network is represented, the dynamics
of which corresponds to

€ry =€y

T = e + Hos
z3 =e3+ Hz;
T4 =eq+ Hys
z5 =es5 + Hsp

~ o~~~

II. ILLUSTRATIVE EXAMPLES

In this section, special network configurations of dynamical
systems are presented where the Wiener filter producing the es-
timate of a node signal z( from the other node signals z; has
the characteristic of being sparse. In most cases, the presence
of a non-null entry in the Wiener filter corresponds to the pres-
ence of a direct link between the signal x; and the signal z¢. In
the following sections, it will be shown that this result holds in
general for the class of self-kin networks, a class of networks
defined later. Moreover, if the network is not self-kin it will be
shown that the presence of a non-null entry in the Wiener filter
identifies the presence of a link in the “smallest” (in the sense of
number of edges) self-kin network containing the original one.

A. Wiener Filtering of a Downstream Signal

Consider a network of four systems as represented in Fig. 2
where

Iy =—e€3

Tic1 =e€i—1 + Hi_1,(2)z;

with H;_ 1 ;(z) # 0 three possibly non-causal SISO transfer
functions for z = 1,2, 3 and with signals e; mutually uncorre-
lated for z = 0, 1, 2, 3. Consider the Wiener filter that provides
the estimate z( of z( based on the other signals, x1, 2 and z3.
It can be shown that

g9 = (Wor(z) Woa(z) Wos(2)) | 22
= (HOl(Z) 0 0) D)
3
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Fig. 2. Cascade network (a): the Wiener filter estimating xo from the other
signals makes use only of the “child” signal x; which is directly linked to .
A cascade network (b): the Wiener filter estimating 2o from the other signals
makes use only of the “child” signal x; which is directly linked to ;. A loop
network (c): the Wiener filter estimating xo from the other signals makes use
only of the “child” signal 2; and the parent signal 3 which are directly linked
to xo. A more general network (d): the Wiener filter estimating xo from the
other signals makes use of the signal x> which is directly linked to it, but also
of the signal #; which is not.

is the best estimate of x( in the least squares sense. Indeed,
E[(zo — Zo)zi] = Eleor;] =0 )
for ¢ = 1, 2, 3. Thus, from the Hilbert projection theorem [44]

Wo(Z) = (W01(z) W()Q(Z) ng(z)) (3)
is the Wiener filter providing the best estimate for x( [45]. In this
case, the only non-null entry of Wy correctly detects that there
is a connection between the node 0 and the node 1. Note that
the Wiener filter W (z) can be computed using the time series
of xg, x1, x9, x3 without the knowledge of the transfer functions

of the network.

B. Wiener Filtering of an Upstream Signal

Consider a network of four systems as represented in Fig. 2(a)
with

Ty =€ 4)

Tiv1 = Hip1:(2)x; + et (5)

where H;1 (%) are three possibly non-causal SISO transfer
functions for 2 = 1, 2, 3 and with signals e; mutually not corre-
lated for 2 = 0,1, 2, 3. The Wiener filter that provides the esti-
mate Z( of xy making use of the other signals z1, 2 and x3 is
such that

o = (Woi(z) Woa(z) Wos(z)) l;
T3
_( Pany () H(2) o
‘<|Hm<z>|2<1>m<z>+<1>el ! °> ’

Again in this case, there is one only non-null entry in the
Wiener filter corresponding to the link between the node 0 and
the node 1.

C. Wiener Filtering of a Loop

In the two previous cases the network configurations did not
involve loops and the resulting Wiener filter had the property of
having non-null entries corresponding to the node signals im-
mediately connected to the node of interest. The identification
of network topologies with loops is a challenging problem [6],
[15]. Indeed, most techniques deal with networks with no cycles
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[39]. The presence of a loop leads to complex relations between
the node signals, especially in terms of the covariance function
and (cross)-spectral densities. Thus, it is interesting to note that
the absence or presence of loops does not seem to affect the spar-
sity of the Wiener filter as shown in the following example [39].

Consider a network of four systems as represented in Fig. 2(c)
where

Ti = Hi 1) 4 (2)T[i1] 00 4 T €

fori = 0,...,3 and
[P)mod m := min{qlg=n+km >0and k € Z}. (6)

Assume also that the signals e; are mutually not correlated.
It is possible to show that the best least squares estimate of
Tg, based on z1, z2 and x3, is given by

T
LfZOZ(W()l(Z) W(]Z(Z) Wog(z)) T
zs3
:<—@60H10(2)* 0(1——(1)60|H10|2 >H03(2)>
q)eo|H10|2+q)el q)eo|H10|2+q)el
T
T2
T3

It is to be noted that the signal x5, which is not directly con-
nected to xg, is not used in the optimal estimate of z. Thus,
in all the examples presented so far the node signals actually
employed by the Wiener Filter are the signals corresponding
to nodes directly connected to the node signal being estimated.
This example, along with the previous ones, leads to the conjec-
ture that the Wiener filter can be used as a tool to identify which
nodes are connected to a specific node of interest by checking
whether the corresponding entries of the Wiener filter are null
or not. Unfortunately, the situation is more complex as shown
in the following example.

D. Wiener Filter Using a Not Directly Connected Signal
Consider a network of four systems as represented in Fig. 2(d)

where

Trog =¢€p

r1 =e€q

To = HQ_’(](Z)./EO + HQ_’l(Z).’El + e

rs = H372(Z)."I}2 + €3
and the noises e; are mutually not correlated. In this example,

the Wiener filter providing the estimate Z( of x( using the other
signals of the network is given by

g9 = (Wor(z) Woa(z) Wos(2)) | 22
T3
_ Qe (2)H30(2) (~H2(2) 1 0) i;
Ceo(2)[Hao(2)]? + ez (2) |

In this case the Wiener filter estimating xo from the other signals
makes use not only of the signal x5 which is directly linked to
it, but also of the signal z:; which is not.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 57, NO. 7, JULY 2012

Fig. 3. (a) Directed graph, (b) its topology, and (c) its kin-topology.

After the analysis of these examples, it is natural to ask to
what extent and under which assumptions it is possible to re-
construct the topology of a network of linear dynamical sys-
tems measuring the node signals and if the Wiener filter can be
a useful tool for accomplishing this identification procedure.

III. PRELIMINARY DEFINITIONS

In this section, basic notions of graph theory, which are func-
tional to the subsequent developments, will be recalled. For an
extensive overview see [29]. First, the standard definition of
undirected and oriented graphs is provided.

Definition 1 (Directed and Undirected Graphs): An undi-
rected graph G is a pair (V, A) where V is a set of vertices or
nodes and A is a set of edges or arcs, which are unordered sub-
sets of two distinct elements of V.

A directed (or oriented) graph G is a pair (V, A) where V is
a set of vertices or nodes and A is a set of edges or arcs, which
are ordered pairs of elements of V.

In the following, if not specified, oriented graphs are
considered.

Definition 2 (Topology of a Graph): Given an oriented graph
G = (V, A), its topology is defined as the undirected graph
G’ = (V, A") suchthat {N;, N;} € A" ifand only if (N;, N;) €
Aor (N;j,N;) € A, and top(G) == G'.

By removing the orientation on any edge of an oriented graph
G, an undirected graph G’ is obtained that is its topology. An
example of a directed graph is represented in Fig. 3(a) with its
topology in Fig. 3(b).

Definition 3 (Children and Parents): Given a graph G =
(V,A) and a node N; € V, the children of N; are defined
as Cq(N;) = {N;|(N;, N;) € A} and the parents of N; as
Po(N;) = {Ni|(Ni, ) € A}.

Extending the notation, children and the parents of a set of
nodes are denoted as follows:

Ce ({Nj,,---,Nj. }) == ULy Ca(Ny,)
Pa ({Njys -5 Nj, }) = Ugy Pa(Nj,)-

Definition 4 (Kins): Given an oriented graph G = (V, A) and
anode N; € V, kins of N; are defined as

ICG(N]') = {NZ|NL # N; and N; € CG(N]'>U
UPc(N;) U Pg (Ca(Nj))} -

Kins of a set of nodes are defined in the following way:

Ka ({Nj,...,Nj. }) = Ui Ka(Njy).

17"

Definition 5 (Proper Parents and Proper Children): Given
an oriented graph G = (V, A) and a node N;, N; is a proper
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parent (child) of NV; if it is a parent (child) of N; and N; ¢
Pc(Cq(Nj)). N;isaproperkinifitisakinand N; ¢ Pg(N;)U
Ca(N;j).

Note that the kin relation is symmetric, in the sense that N; €
Kg(Nj) if and Ol’lly if Nj S ICg(NL)

Definition 6 (Kin-Graph): Given an oriented graph G =
(V, A), its kin-graph is the undirected graph G’ = (V, A) where

A s= {({Ni, N;HN: € Ka(N,) for all j}

and it is denoted askin(G) = G.

A directed graph and its kin-topology are represented in
Fig. 3(a) and (c), respectively. Note that the kin-graph of G is
an undirected graph. It could be defined as a directed graph,
but, because of the symmetry of the kin relation, a directed
graph contains exactly the same information. Moreover, such a
choice is motivated by the following definition.

Definition 7 (Self-Kin Graph): An oriented graph G is
self-kin if top(G) = kin(G).

Many graphs are self-kin, such as oriented trees, rings, and
triangular lattices [29].

Definition 8: Let £ be a set containing time-discrete scalar,
zero-mean, jointly wide-sense stationary random processes such
that, for any e;,e; € &, the power spectral density @, (2)
exists, is real rational with no poles on the unit circle and given
by

A(z)

(Deiej (Z) = B(Z)

where A(z) and B(z) are polynomials with real coefficients
such that B(z) # 0 for any z € C, with |z| = 1. Then, £ is
a set of rationally related random processes.

Definition 9: The set F is defined as the set of real-rational
single-input single-output (SISO) transfer functions that are an-
alytic on the unit circle {z € C| |z| = 1}.

Definition 10: Given a SISO transfer function H(z) € F,
represented as

H(z) = Z hyz =" )
k=—o0

the causal truncation operator is defined as
{H(2)}c =Y hpz™". 8)
k=0

Lemma 11: For every H(z) € F, it holds that { H(z)}. €
F.

Definition 12: The set F is defined as the set of real-rational
SISO transfer functions in F such that

{H(2)}c = H(2). ©

Definition 13: Let £ be a set of rationally related random
processes. The set €& is defined as

FE = {:17 = ZHk(Z)ek|ek €& Hy(z) e Fom e N} .
k=1
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Lemma 14: The set F€& is a vector space with the field of real
numbers. Let

(1. 22) = Ry, 0 (0) = / Dy 0 ()

which defines an inner product on & with the assumption that
two processes 1 and xo are considered identical if z(t) =
x2(t), almost always for any ¢.
Proof: The proof is done by inspection checking the prop-

erties of vector space and of inner product. ]

For any © € F&, the norm induced by the inner product is
defined as ||z|| := /{(z,z).

Definition 15: For a finite number of elements z1, . .
FE, tf — span is defined as

tf —span{z1,...,Tm} = {:E = Zaq(z)a:1|a1(z) € ]-'} )

Iy €

Lemma 16: The tf — span operator defines a subspace of
FE.
Proof: The proof is left to the reader. ]
Definition 17: For a finite number of elements 1, ..., T, €
FE,c—tf — span is defined as

c—tf—span{xy,...,Tm} ::{x:iai(z)azi|ai(2) € f"’} .
i=1

Lemma 18: The ¢ — tf — span operator defines a subspace
of FE.
Proof: The proof is left to the reader. ]
The following definition provides a class of models for a net-
work of dynamical systems. It is assumed that the dynamics
of each agent (node) in the network is represented by a scalar
random process {:f:j}?zl that is given by the superposition of a
noise component ¢; and the “influences” of some other “parent
nodes” through dynamic links. The noise acting on each node is
assumed not related with the other noise components. If a cer-
tain agent “influences” another one a directed edge can be drawn
and a directed graph can be obtained.
Definition 19 (Linear Dynamic Graph): A linear dynamic
graph G is defined as a pair (H (z), ¢) where:
e ¢ = (e1,...,e,)T is a vector of n rationally related
random processes such that ®.(z) is diagonal,
* H(z)isan x n matrix of transfer functions in F such that
H]-j(z) = 0, fOI'j = 1,...,’”,.
The output processes {x j};:l of the LDG are defined as

n
T;=e; + E HJ,(Z)J?,
=1
or in a more compact way

z(t) = e(t) + H(z)x(t).

Let V := {z1,...,z,} and let A := {(z;,z;)|H;i(z) # 0}.
The pair G = (V, A) is the associated directed graph of the
LDG. Nodes and edges of a LDG will mean nodes and edges of
the graph associated with the LDG.

Observe that (10) defines a map from a vector of rationally
related processes z to a vector of rationally related processes e.

(10)
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Indeed, e = (Z — H(z))x and each entry of (Z — H(z)) has no
poles on the unit circle. If the operator (Z — H(z)) is invertible
on the space of rationally related processes it can be guaranteed
that, for any vector of rationally related processes e, a vector x
of processes in the space Fe will be obtained. For this reason,
the following definition is introduced.

Definition 20: A LDG (H(z), e) is well-posed if each entry
of (Z— H(z)) ! belongs to F. Thus, z = (Z — H(z)) le.can
be written. A LDG (H(z), e) is causally well-posed if all the
entries of (Z — H(z)) and (Z — H(z))~" belong to F 7.

Observe that if all the entries of H(z) are strictly causal, then
the LDG is well-posed.

A LDG is a complex interconnection of linear transfer func-
tions Hj;(z) connected according to a graph G and forced by
stationary additive mutually uncorrelated noise. The following
definition will be useful for determining sufficient conditions for
detection of links in a network.

Definition 21: ALDG G = (H(z),e) is topologically de-
tectable if @, (¢*) > 0 for any w € [—m,7] and for any
1 =1,...,n.

We formulate the problem tackled in this paper as follows.

Problem 22: Consider a well-posed LDG G = (H, ) where
its associated graph G is unknown. Given the power (cross-)
spectral densities of {zj}].zl _____ n» determine sufficient/neces-
sary conditions under which it is possible to conclude that the
edge (z;, ;) belongs to G, its topology top(G) or its kin-graph

IV. SPARSITY OF THE NON-CAUSAL WIENER FILTER

First, a lemma is provided that guarantees that any element
in tf — span{z;},_, , admits a unique representation if the
cross-spectral density matrix of its generating processes has full
normal rank.

Lemma 23: Let ¢ and z1,...,z, be processes in the
space FE. Define + = (v1,...,2,)T. Suppose that
q € tf — span{z;},_, , and that ®,(e*’) > 0 almost
for any w € [, 7]. Then there exists a unique transfer matrix
A(z) € F*™ such that ¢ = A(2)z.

Proof: Note that if A(z) is such that ¢ = A(z)xz = 0, then
() = 0 = A(e™)D,(e™)A*(e™). Since D, (™) > 0
for any w € [—m, ], it holds that A(e’) = 0 almost every-
where which implies that A(z) = 0. Now, by contradiction
assume that ¢ = Ay(z)z = Aa(2)z, with Aq(2) # Aa(z2).
Then 0 = [As(e™) — A1 (e™)]®,(e™)[Az(e™) — Ay (e™)]"
implying that A;(2) = Aa(2). ]

A specific formulation of the non-causal Wiener filter is in-
troduced for the defined spaces.

Proposition 24: Let v and z1,...,z, be processes in

the space FE. Define z := (v1,...,7,)7 and X :=
tf — span{xy,...,x,}. Consider the problem
inf ||v —q|*. 11
Jnf flv —qll (11)

If ®,(e™) > 0, forw € [—m, 7], then the solution 9 € X exists,
is unique and is given by © = W (z)xz where

W(z) = fbw(z)@z(z)fl.
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Moreover, v is the only element in X such that, for any ¢ € X

(v—1,q) =0. (12)
Proof: Observe that, since ¢ € X, the cost function
satisfies

0= WalP = [ Bue) 4 W), (e (c)4

—T

_(I)zv(eiw)W*(eiw) _ W(eiw)q)m:(eiw)_

The integral is minimized by minimizing the integrand for all
w € [—m,m]. It is straightforward to find that the minimum is
achieved for

W (™) = By () ().

13)
Defining the filter W(z) = ®,,(z)®,(z)"! a real-rational
transfer matrix is obtained with no poles on the unit circle
that has the specified frequency response given by (13). Thus,
© = W(z)x € X minimizes the cost (11). As a consequence
of the Hilbert projection theorem (for pre-Hilbert spaces) (12)
is satisfied for ¢ if and only if it is the unique element of the
subspace X minimizing (11) [44]. If ®,.(z) > 0, the uniqueness
of W(z) follows from Lemma 23. [

Observe that Proposition 24 allows one to replace the inf op-
erator of (11) with a min operator.

In the following definition a notion of conditional non-causal
Wiener-uncorrelation is given.

Definition 25: Let v, z1,...,z, be processes in the
space FE. Define © := (z1,....,2,)7 and X =
tf — span{x1,...,z,}. Forany i € {1,...,n}, the process
v is conditionally non-causally Wiener-uncorrelated with z;
given the processes {z},, ; if the ith entry of the Wiener filter
to estimate v from x is zero, that is (Dumq);lbi = 0. where b;
is the vector of R” that has 1 as the ¢th entry and O in all other
entries.

The following lemma provides an immediate relationship be-
tween non-causal Wiener-uncorrelation and the inverse of the
cross-spectral density matrix. This result presents strong simi-
larities with the property of the inverse of the covariance matrix
for jointly Gaussian random-variables. Indeed, it is well-known
that the entry (7, 7) of inverse of the covariance matrix of n
random variables x1,...,x,, is zero if and only if z; and z;
are conditionally independent given other variables. This also
forms the reason for Definition 25.

Lemma 26: Let £ be a set of rationally related processes
and let z1, ..., x, be processes in the space FE. Define z =
(r1,....,m,)T. Assume that ®, has full normal rank. The
process x; is non-causally Wiener-uncorrelated with x; given
the processes {zk};; ;. if and only if the entry (4,7), or
equivalently the entry (j,7), of ®;1(2) is zero, that is, for
i #

bT O, b = b] @, 'b; = 0. (14)
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Proof: Without any loss of generality, let 7 = n and define
27 = (v1,...,7,_1)T. Suppose the non-causal Wiener filter
estimating x,, from z7 is W,,7. Then

Tp = En + Wnﬁ(z)gjﬁ (15)

where, from (12), the error ¢,, has the property that &, ,_(z) =
0. Define r := (z%,an)T

TZ(—W2@>?>“ w2<wé@>?>”

It follows that
ot 0 I 0
0 (bt__nl Wnﬂ (Z) 1

@71 — (I Wnﬁ(z)*
@, +%ﬂﬁ Wi 2!
-1 d-1 :

v 0 1
Wnn
The assertion is proven by pre-multiplying by b2" and post-mul-
tiplying by b;. [ |

The following theorem provides a sufficient condition to de-
termine if two nodes in a LDG are kins.

Theorem 27: Consider a well-posed and topologi-
cally detectable LDG (H(z),e) with associated graph G.
Let + = (x1,...,7,)T be its output. Define the space
X; = tf — span{z;}, ;. Consider the problem of approx-
imating the signal z; with an element £; € X; (non-causal
Wiener filtering), defined as follows:

and observe that

1 P— A - 2
%I]Iél)réj llz; — 4% (16)
Then the optimal solution % exists, is unique and
Bi=> W (17)

i#]
where W;;(z) # 0 implies {z;,z;} € kin(Q).
Proof: The LDG dynamics is givenby 2 = (Z—H(z)) e
implying that

o, =(T-H)*d, YT - H). (18)

Consider the entry (i,7) of ®,1, with i # j. Recalling that ®,
is diagonal, we have
Ta—17. _ (1T #\ g—
b; @ bi= (bj — (H.j)*) @
=b7b;—b; ®; 'H,;—

YT — H)b,

(H.j)* @7 b+ (H.j)* @ {(H.)

== b Hui— (Haj)" b7+ (Hij)"
k=1

ot +Zq> (Hyj)*

-1
(I)F,k (Hk'l)

=—0_'Hj; — (Hp;).
The first two terms in the last expression are zero if z; and z;
are not directly linked. The third term is zero if there is no zy
that is a child of both x; and x;. Thus, if z; and x; are not kins,
the entry (7,5) of ®; ! is null. Using Lemma (26) the assertion
is proven. [ |

The following result provides a sufficient condition for the
reconstruction of a link in a LDG.
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Corollary 28: Consider a well-posed and topologi-
cally detectable LDG G with associated graph G. Let
(71,...,2,)T be its output. Let W;;(z) be the entry of
the non-causal Wiener filter estimating «; from {z},_ . cor-
responding to the process ;. If G is self-kin, then sz(zs #0
implies (z;,z;) € top(Q).

Proof: Since G is self-kin, Pg(z;) U Cq(z;) U
Pa(Ca(zj)) = Ca(zj) U Pe((z;)). Thus, from the pre-
vious theorem the assertion follows immediately. [ |

The following lemma is a key result to explicitly determine
the expression of the Wiener filter for a LDG in the non-causal
and in the causal scenarios.

Lemma 29: Consider a well-posed LDG G = (H (z), e) with
associated graph G' and output = (z1,...,7,)7. Fix j €
{1,...,n} and define the set

C:={clz. € Ca(zj)} ={c1,...

€r =

Cn, }

containing the indexes of the 7. children of «;. Then, for 7 # j,

j)}U U {ex}

x; € tf —span { U (ex+Hyj(z)e
kgCu{sj}
ej)}U

keC

Furthermore, if G is causal,

U e}

z; €Ec—tf—span {U ex+Hy;(2)

keC k¢CU{;}
Proof: Define
g;:=0
ep =ep + Hyj(2)e; ifkeC (19)
€k =€} if k€ {C}u{j}
&k = ZHM(Z)JJ ifk=j
§k =Tk if k#j (20)

and, by inspection, observe that

- H(z)]§ =<.

Since G is well posed, [Z — H (z)] is invertible implying that the
signals {¢;},_, ,, are a linear transformation of the signals
{ei}iq For 1 # j, we have

T, =& € tf — Spaﬂ{€k}k:17___7n

= tf —span{er};;

where the first equality follows from (20) and last equality fol-
lows from €; = 0. The causality of G also implies that z; =
¢ — tf —span{ey }; ;. This proves the assertion. ]
In the case of a well-posed and topologically detectable LDG,
the following theorem completes Theorem 27 providing an ex-
plicit expression for the non-causal Wiener filter W since the so-
lution of the minimization problem (16) is known to be unique.
Theorem 30: Consider a well posed and topologically de-
tectable LDG G = (H(z),e) with associated graph G. Let
x = (x1,...,7,)7 be the its output. Define, for j = 1,...,n

: 3., ()3, ()81 (2)
Ci(2) = ! J
) = T, (e () e, ()
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Piu(z) = (1 e (Z)H*j(Z)) Hju(2) (22)
N _Jo. ifi=y
Kji(z) = { —Cj«(2)H,i(2), otherwise. 23)

Consider the estimate &; for z; provided by the non-causal
Wiener filter using the other signals {z;},_,;

§7j = Z Wji(z)xi.

i#j

Then, W;;(2) = Cji(2) + Pji(2) + Kji(2).
Proof: Fixed j, define the following set of indexes:

C = {c|z. € Ca(z;)} ={c1,...cn. }

Pri= {plz, € Pe(w)} /{j} = {Prrs- - - Pinys}

K :={klzy € Kg(z;)} = {k1, .- kn, }
foranyl = 1,...,n.

The set C contains all the indexes of the n. children of z;
while the set K contains all the n;, indexes of the kins of z;.
The set P, contains all the n,, parents (except x;) of a generic
node ;.

For any ¢ # j, define

E; =Ty — Z HZJ(Z)HJk(Z)QJk - ZHZ]C('Z)'/E]C

k#j k#j

(24)

Note that, for any 7 # j, &; = e; + H;;(z)e;. Also note that

€j =T — ZH]k(Z).Z‘k (25)
k

Consider an auxiliary process o; such that has the same spec-
tral density of e; (that is ®,,(z) = ®,(2)) but is indepen-
dent from each component of e (that is ®, .(z) = 0). Define
o:=(01,...,00)T, where 0; := ¢; for i # j. Observe that

B,(2) = B, (=) Hoy (2 L, (=) + . 2)
be,o =D, (2)H;(2).

Consider the solution é; to the minimization problem

min

€; = arg
J getf—span{o;

2
e; —q||°.
}H J |

By applying Theorem 24, we find that

6j =P, (2)0; ' (2)0

=B, (2)H(2) [@e, (2) Hig(2) HE (2) + B (2)] o
Since

Cju(2) [@e, (2) Haj(2) HZj(2) + @e(2)] = Do, (2)HI;(2)

*]

we obtain that
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where it can be observed that C;;(z) = 0 follows from the
diagonal structure of ®.(z). Thus, we have that

" ) ,
€; = ar min er — .
J g qetf—span{si}1¢j || J (IH
Now, let us consider the problem
&; = arg min lz; = qll.

qetf—span{a:i }7¢j

From (25), its solution Z; satisfies

T = H: 1 R
Zj ; k()T + argqetf_slg;;%zi}i¢j lle; —all
— . : C_

zk: ik(2)ze + argqetf_srprgl{si}#j lle; —ql]

where the last equality has been obtained by using Lemma 29.
Thus, we have

By = Wiwi =) Hi(2)on+ ) _Cjici.
k

i#g i#y

Substituting the expression of ¢;, ¢ # j, as a function of z;,
i # 7, the assertion is proven. |
Theorem 30 gives the expression of the entry W,;(z) of the
non-causal Wiener filter as the sum of the three components C']-i,

pji, and K ji- The three components have a graphical interpre-
tation: C']Z(z) is the contribution corresponding to the fact that
x; is a child of z; P]L(z) is the contribution when z; is a parent
of z;; and K j;(2) is a term present when there is a “co-parent”
relation.

Lemma 31: Given a well posed LDG, consider (21), (22), and
(23). Then:

« Cji(2) # 0 if and only if z; € Cq(x;).

« Pji(z) # 0if and only if z; € Pe(x;).

« Kji(z) # 0 implies z; € Ps(Cq(x;)) \ ;.

Proof: Since ®.(z) is diagonal it follows that C’ji # 0 for

any z; € Cg(x;). Furthermore, it follows

|Ciute ) Hy(e™) (26)

<1

implying, from (22), that IAJj,;(ei“’) # 0, for any z; € Pg(z;)m

From Lemma 31, Theorem 27 can be recovered, since
CA’JZ(Z) = P]z(z) = Kji(z) = 0 for all the nodes z; that are
not kin of x;. Lemma 31 also shows under which conditions
a link cou}d remainA undetected; Indeed, poth the S:xpressions
C’j7(z) + ij(z) + KJ7(Z) and qu(z) + PL']'(Z) + qu(z) must
vanish. Examples under which a true link remains undetected
are pathological, if z; and z; are simple kins.

V. SPARSITY OF CAUSAL FILTERING OPERATORS

First, we need to introduce the following lemma.

Lemma 32: Let £ be a space of rationally related processes
and let v and z1,...,x, be processes in FE. Define x :=
(z1,....,2,)T. Assume that ®,,,.(¢*) = 0 forall w € [, 7].
Then (v,q) = 0forall g € tf — span{z;},_,

..... n'
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Proof: As q € tf —span{z;},_, . itfollows that there

exist o;(z) € F such that

n

q= Zai(z)xi =:

=1

where a(z) = (a1(2),...,an(z)) is a row vector of real-ra-
tional transfer functions. Then it follows that

a(z)z

(v,q) :/ Byo (e)a(c®)" = 0.

|

Now, a specific formulation of the standard causal Wiener
filter (see [46]) is introduced for the defined spaces.

Proposition 33: Let v and x1,...,x, be processes in the

space FE. Define # := (x1,...,7,)7 and X = ¢ — tf —
span{zy,...,x,}. Consider the problem
inf ||lvs — g||*. 27
Jnf llvs — ql| (27

Let S(z) be the spectral factorization of ®,(e™) =
S(e™)S*(e™). If @, (e™) > 0, for w € [—, 7], the solution
9(®) € X exists, is unique and has the form (9 = W) (2)z,
where W) (2) = {®,.(2)®,(2)1S(2)} S~ (2). Moreover
9(°) is the unique element in X such that, for any ¢ € X,

satisfies (v — 0(¢), q) = 0.

Proof: This proof follows the standard derivation of the
Wiener—Hopf filter (see [46]) and it is reported for the sake of
completeness. Observe that W () (z) is rational and causal. Let
us prove that, for any causal H (z), we have

(v -9 H(z)z) = 0. (28)
Define 7 := S~!(z)z, and observe that S(z),S~!(z) € FT,
since S(z) is the spectral factor of ®,(z) that is real-rational
and has full rank on the unit circle. The signal r is white since

®,.(z) = Z,. Observe that
0(?) = ={®,,(z <I>_1(z)}cr—
= {Pu2(2)2; ' (2)S(2)} o S~

and observe that () € X since it is obtained by composing
transformations in F¥. Also observe that ®,,,.(z)®;71(2) is the
non-causal Wiener filter estimating v from 7. Let the strictly
anti-causal component of such a filter be

{@,:(2)0,1(2) } g = Por(2) @7 (2) — { @0 (2)0;1(2) } . -
Now, for a H(z) € F*, compute

(v—"2,H(z)x) = <v — W(")$7H(Z)S(z)r> =

(1 — ®,,(2)®, *(2)r + {@vr(z)@gl(z)}Ac r,HSr) =

<{<I>M(z)q);1(z)

where Lemma 32 has been used to prove that (z —
®,.,.(2)®;(2)r, H(2)S(z)r) = 0 and the last equality follows
from the causality of H(z)S(z), the strict anti-causality of
{®,,.(2)®(2)} 5, and the whiteness of 7. From the Hilbert

}SA’I",HS’I‘>:0
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projection theorem, 9(©) is the unique process minimizing the
cost (27). [ |

The following theorem proves the sparsity of the causal
Wiener filter stating that the causal Wiener filter estimating x;
from the signals x;, i # j, has nonzero entries corresponding
to the kin signals of z;.

Theorem 34: Consider a well-posed, causal and topologically
detectable LDG. Let z1,...,z, € FE be the signals associ-
ated with the n nodes of its graph. Define X; = ¢ — tf —
span{z;}, #5° Consider the problem of approximating the signal
x; withanelement Z; € X; (causal Wiener filtering), as defined
as follows:

i Ml — 212
Juin llj = ;117

Then the optimal solution Z; exists, is unique and
Lfij = ZW]L(Z’)LE
i

where W;;(z) # 0 implies (z;,z;) € kin(G).
Proof: For any ¢ # j, define ¢; as in (24) and observe that
€; can be represented as in (19). Also note that

::cJ—ZH

Consider é; defined as

(29)

—qll =Y (2)e

i#]

é; = arg min
q€c—tf—span{5i},¢

where the transfer functions C’J(j)(z) are given by the causal
Wiener filter estimating e; from {e;}, 2" Notice that, by (19),

CJ(:)(Z) is equal to zero if z; is not a child of z;. Now, let us
consider the optimization problem

lzj = all = Y~ Wi(=)z

i#]

min

T, = arg
qec—tf—span{z;};.;

where Wj;(z) are the entries of the associated causal Wiener
filter. Its solution £ ; satisfies

#j= 3 Hy(z)ritarg _ min oy, e =l
i#£]
llej = gll

= H;;(z)x; + arg
27',: J ( ) gqec—tf—span{s,}i¢]

where the first equality derives from (29) and the last one has

been obtained by using Lemma 29. Thus, we have

;= Z Wiix; = ZH (z)zi + Z Cjigi.

i#] i i#]

Substituting the expression of ¢;, ¢ # j, as a function of z;,
1 # j, the assertion is proven. ]

The following theorem proves the sparsity of the one
step prediction operator (or Granger-causal operator).
Granger-causality is a widespread technique in economet-
rics to test the causal dependence of time series. If the stronger
hypothesis of strictly causal transfer functions Hj;(z) is
met, one-step predictor provides an exact reconstruction of
parent-child links in a LDG.



1774

Theorem 35: Consider a well-posed, strictly causal and topo-
logically detectable LDG. Let z1,...,z,, € FE& be the sig-
nals associated with the n nodes of its graph. Define X; =
¢ —tf — span{z1,...,x,}. Consider the problem of approx-
imating the signal zz; with an element #; € X, as defined
below

i?g}j lzz; — 3% (30)
Then the optimal solution Z; exists, is unique and
B =Y W2z (31)
i=1

where W;;(z) # 0 implies ¢ = j or z; is a parent of z;.
Proof: Consider the minimization problem
5 : (g)
€; := ar min ze; —q|| = i
jimarg min oz — gl = Z

where the transfer functions C'(.g )(z) are elements of FT. We

have that Cj(g)( ) = Oforany ¢ ;é j.Indeed, since B, (¢“) =
0 for i # 3, it holds that

arg i j —
I L P llze; — 4l
=g qE(‘,—tfn—liEan{e]} ||Z€j B q”
Now, let us consider the problem
B e D 225 — ql|-
Noting that
=z, — Y Hji(2)z; (32)
i
we find that its solution & is
;= Z zH i (2)z) + arg min llze; — ¢l
g€c—tf—span{z;}7 |
— Z zH i (z)z), + arg L llze; — ql|

C(g) EDY [zH]k
k#j

-l >(Z)ij(z)] .

This proves the assertion. ]

VI. A RECONSTRUCTION ALGORITHM

The previous section provides theoretical results allowing for
the reconstruction of a topology via Wiener filtering. It needs
to be stressed that even in the case of sparse graphs, the recon-
struction of the kinship topology can be considered a practical
solution. The reasons are two-fold. In many situations it is pos-
sible to measure the outputs of many nodes, while it is impor-
tant to identify a reduced number of possible interconnections
among those nodes. For example, DNA-microarrays are devices
that allow the measurement of gene expression of a cell. Such
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data can be useful in understanding which genes interact to-
gether and realize a specific metabolic pathway and how they
are related [8]. Indeed, a cell can express tens of thousands of
genes while only a few tens are typically involved in a gene reg-
ulatory network. The possibility of reducing the set of involved
genes to test the presence of actual interactions with targeted
experiments is of significant importance [47]. Analogously, in
Finance, quantifying the strongest interconnections among a set
of market stocks can suggest good strategies to balance a given
portfolio [6]. Thus, it is important to have a quantitative tool to
group together different stocks or, at least, to detect a limited set
of possible dynamical connections. Similar problems are also
present in neuroscience in order to understand neural intercon-
nections [10]. A second reason why the presented analysis is of
practical importance is that as a byproduct of the reconstruction
an optimal model for the node dynamics which can be used for
smoothing procedures (in the case non-causal Wiener filter are
derived) or predictive ones (in the strictly causal case which is
out of the scope of this paper) can be obtained.

The following algorithm is a pseudo-code implementation of
the reconstruction technique that was developed in the previous
section.

Reconstruction algorithm

0. Initialize the set of edges A = {}
1. For any signal x;

2. Determine the Optimal filter entries W;;(z) (non-causal
Wiener, causal Wiener or one-step predictor)

For any W;(z) 20
4. add {xi,xj} to A

w

5. end
7. end

8. return A

Under the assumption of ergodicity of the signals, there are a
variety of techniques to perform step 2 using data. Most of them
rely on estimating the spectral densities of the signal involved.
For example an efficient technique based on Gram—Schmidt or-
thogonalization is described in [48]. In this case, for a fixed
node z;, the computational cost associated with determining a
Wiener filter based on the other n— 1 signals is O(n2m log(m))
where m is the length of each measured sequence. Since the al-
gorithm repeats the procedure for each of the n nodes, the com-
putational cost is given by O(n*m log(m)).

The theoretical results that we have derived rely on deter-
mining the nonzero components W;;(z) in order to detect a link
between x; and x;. When dealing with real data the identifica-
tion of those entries can not be exact; thus, step 3 cannot be
implemented as a strict condition W;;(z) # 0. By Wj;(z) 2 0,
it is meant that W;; (2) needs to be “significantly” different from
zero. This can be done in practice by implementing a condition
of the form [|W;;(2)|| > oune(xi, ;) where oy, (25, 2;5) is a
threshold that might depend on both the signals x; and z;, and
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a proper norm needs to be defined on the space of transfer func-
tions. In the case of a simple model given for the measurement
and estimation errors (in the non-causal scenario), a quantitative
analysis to choose the value of the threshold for a given norm is
carried on in the next section.

VII. DISCUSSION ON THE ROBUSTNESS OF
THE RECONSTRUCTION

In the previous sections, an ideal scenario was analyzed,
where the node signals are affected by the processes {e;}
which are driving the network. This has led to the result that
the Wiener filter (in different formulations) is a useful tool for
revealing the structure of a network. In certain situations, the
reconstruction is exact, while in the general scenario only the
smallest self-kin network that contains the original system is
correctly identified.

All the presented techniques rely on determining the zero
entries of an optimal estimator that needs to be computed
from data. However, in practical situation optimal estimators
cannot be computed exactly from realizations of the observed
stochastic processes {z;}.

Many factors such as numerical errors, limited amounts of
data, measurement noise lead to non-exact computations.

Aim of this section is to show that the developed techniques
offer a certain degree of robustness against an inaccurate
computation of the Wiener filter. In particular, it will be shown
that, in the presence of sufficiently small measurement noise (a
simple model for all the inaccuracy sources mentioned before),
the introduction of a threshold in the algorithm again provides
theoretical guarantees about the reconstruction of the topology
of the minimal self-kin network.

Definition 36: A Corrupted LDG (CLDG) is a pair (G,7)
where G = (H(z),e) is a LDG with output {21, ...,2,} and
n = (m,-..,n.)T is a set of noises with the property that
they are mutually not correlated and not correlated with the
signals {e;}, either. The output of the CLDG are the signals
{y1,...,yn} defined as y; = z; + n;.

The following important lemma about the inverse of a matrix
is recalled.

Lemma 37: If Q, A and Q + A are invertible matrices the
following equality holds:

(Q + A)_l _ Q—l — _Q—l(Q—l + A_l)_lQ_l.

The following result establishes a bound on the difference
between the topological filter W (z) which can be obtained by
measuring directly the dynamics of a LDG and the corrupted
topological filter W (z) obtained by measuring its output.

Theorem 38: Consider a CLDG (G,n) with an n nodes
{z1,...,2,}. Fix 0 < j < n and let

Bj= Y Wiz, 9;=) Wi2)m

i#y i#j

(33)

be respectively the minimum least square estimate of x; using
the signals {z;}, 2; and the minimum least square estimate of
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y; using the signals {yi}i#. Define I; := (1,...,5 —1,j +
1,...,n).If, forany z € C

1

g — [|®,(2)[| > 0
BT

then,

‘I)yjyzj (Z)H )

L, (2)]
2, ()

Proof: First note that @, (2) = Pajar, (2), thus

: | @, ()71 I ()
Wi, (2) = Wi, ()| < :

WjIj (2) - Wﬂj (%)
=Qy,y;, (2) [(I)y_zi (2) =

®
=d, ., (2) |2, (2) - (2,
yiyr; \Z) | Py, (2 yr

-1
,(2) =, (2) } (34)
By applying Lemma 37, it follows that
Q' -(@-A)T =@ @ -aT) QT 39
=Q7H(A-Q)7TA, (36)
which implies
7" =@ - <le Al -2~ 67
_ oAl QA
~ minsp(Q — A) = min sp(Q)) — max sp(A) (38)
Q™A
= . (39)
 —Y

The assertion is proven by applying this inequality to (34). =
An immediate way to apply Theorem 38 is when a func-
tion D(z) bounding ||®, (z)|| is known as illustrated by the fol-
lowing corollary.
Corollary 39: Assume that there exists a real valued function
D(z) such that ||®,(2)|| < D(z).If, for some z € C and for
any j = 1,...,n,

1

—H‘Pﬁ- (Z)H ~D(2) >0 (40)
and
5 20,00, )| 2020 )
\T — [0, (2)]

then (z;,z;) € kin(G).
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Fig. 4. Ring network of 20 nodes as the one considered in Example VIII-A (a).
The reconstruction obtained using the partial correlation technique described in
[25] which shows both false positives and false negatives (b). The reconstructed
topology of Section VIII-A. Every single link has been correctly detected and,
since the network is self-kin, the topology does not contain any false positive

(©).

Proof: By contradiction, assume that (y;,v:) ¢ kin(G).
Then W;;(z) = 0. By Theorem 38 we have

Dy, ()| 2021

Wii(2)] < ‘

T — [, (2)]
Pyrivr; (2)
|20,0s, )| N2
<
- D(2)
5 g, (2)
which is a contradiction. [ |

Note that the inequality of Theorem 38 needs to hold for any
z, s0, in this sense, it constitutes a sharp criterion to detect the
presence of a link in a CLDG.

VIII. NUMERICAL EXAMPLES

In this section, illustrative applications of the theoretical re-
sults are provided.

A. Self-Kin Network

A ring network of 20 nodes is considered. The network struc-
ture is provided in Fig. 4(a) The dynamics of the links is given by
randomly generated fifth-order causal finite impulse response
(FIR) filters. The noise power is the same on every node. The
network was simulated for 500 steps. A prevalent technique
based on partial-correlation to infer the connectivity structure
of a network is described in [25]. The reconstruction result pro-
vided by its implementation is reported in Fig. 4(b). As can be
noticed, the reconstruction is not accurate. An implementation
of the developed algorithms was applied to the data, as well.
Specifically, we applied the two techniques based on non-causal
and causal Wiener filtering. The reconstructed topology is the
same in both cases and it is depicted in Fig. 4(c). Notice that,
since the network is self-kin, every single link is detected, but
no information about its orientation is recovered. Since the dy-
namics on the links is not strictly causal, the conditions to apply
the technique based on one-step prediction are not met. Thus,
an exact reconstruction of the topology cannot be expected.

Fig. 5. A network of 24 nodes as the one considered in Section VIII-B (a), the
reconstructed topology using non-causal and causal Wiener filters (b) and the
reconstructed topology using the one-step predictor. In (b) every single link has
been detected, but, since the network is not self-kin, as expected, the topology
contains the additional links between the “kins.” In (c) the reconstruction is
exact (with detection of the link orientation) but this technique can be success-
fully applied only when the dynamic links of the network are strictly causal.

B. Generic Strictly Causal Network

Consider a network of 24 nodes for 500 steps as reported in
Fig. 5(a). As a difference from the previous case, the dynamics
of the links is given by randomly generated fifth-order strictly
causal FIR filters. The conditions to apply all the three tech-
niques reported in this article are met. The two techniques based
on non-causal and causal Wiener filtering provide the same re-
sult shown in Fig. 5(b). As guaranteed by the theoretical results
of this paper, the network in Fig. 5(b) is the smallest self-kin net-
work containing the original topology. Since the link dynamics
is strictly causal, the conditions to apply the technique based on
one-step predictors are met and the reconstruction is exact as
shown in Fig. 5(c).

IX. CONCLUSION

This work has illustrated a simple but effective procedure
to identify the general structure of a network of linear dynam-
ical systems. The approach followed is based on Wiener Fil-
tering. When the topology of the original graph is described by
a self-kin network, the method developed guarantees an exact
reconstruction. Self-kin networks provide a nontrivial class of
networks since they allow the presence of loops, nodes with
multiple inputs and disconnected sub-graphs. Moreover, the ar-
ticle also provides results about general networks. It is shown
that, for a general graph, the developed procedure reconstructs
the topology of the smallest self-kin graph containing the orig-
inal one. Thus, the method is optimal in this sense. Numerical
examples illustrate the correctness and also the reliability of the
identification technique.
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