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Abstract In this paper the design of controllers that in- 
corporate structural and multiobjective performance require- 
ments is considered. The control structures under study 
cover nested, chained, hierarchical, delayed interaction and 
communications, and symmetric systems. Such structures 
are strongly related to several modem-day and future appli- 
cations including integrated flight propulsion systems, pla- 
toons of vehicles, micro-electro-mechanical systems, net- 
worked control, control of networks, production lines and 
chemical processes. It is shown that the system classes 
presented have the common feature that all stabilizing con- 
trollers can be characterized by convex constraints on the 
Youla-Kucera parameter. Using this feature, a solution to a 
general optimal performance problem that incorporates time 
domain and frequency domain constraints is obtained. A 
synthesis procedure is provided which at every step yields 
a feasible controller together with a measure of its perfor- 
mance with respect to the optimal. Convergence to the opti- 
mal performance is established. An example of a multi-node 
network congestion control problem is provided that illus- 
trates the effectiveness of the developed methodology. 
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1 Introduction 

Figure I:  Standard Framework 

In large, complex and distributed systems there is often 
the need of considering a specific structure on the overall 
control scheme (e.g., [I]). In this paper we consider the gen- 
eral framework of Figure 1 where G may represent a com- 
plex system consisting of subsystems interacting with each 
other. The overall controller for G is K .  Both G and K are 
assumed to be linear, discrete-time systems. The controller 
K has to respect a specific structure that may be imposed 
by interaction and communication constraints. A typical ex- 
ample of structure that has been studied extensively in the 
literature is when K is decentralized. However, the optimal 
performance problem when structural constraints are present 
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still remains a challenge, notably the lack of a convex char- 
acterization of the problem (see for example [2, 3, 41 and 
references therein). Taking an input-output point of view 
and parameterizing all stabilizing K via the Youla-Kucera 
[5] parameter Q one can see as a major source of difficulty is 
that structural constraints on K may lead to non-convexcon- 
straints on Q. A main theme in the paper is the identification 
of specific classes of problems for which the constraints on 
Q are convex with the appropriate choice of the coprime fac- 
tors of G. The various classes of systems identified include 
what are herein referred to as nested, chained, hierarchical, 
delayed interaction and communication, and, symmetric sys- 
tems. They are associated with several practical applications 
such as integrated flight propulsion systems, platoons of ve- 
hicles, networked control, production lines, and chemical 
processes. Common to all these problems is that Gzz, the 
part of the system that relates controls U to measurements y, 
has a specific structure. It is the structure of Gzz that matters 
for convexity; the remaining part of G can be unstructured. 

In the classes that we consider, Gzz has the same struc- 
ture as the one imposed on the controller K .  This by itself 
is not in general a necessary or sufficient condition for the 
problem to he convex. As indicated in [6] where these struc- 
tures were initially reported, there is an algebraic property 
between the K's and GZ2's under consideration. That is, 
with the exception of the symmetric case, they form a ring 
as the structure is preserved in products, additions and in 
( I  - G22K)-1 whenever the inverse exists, as it should, for 
well-posedness. A very interesting relaxation of this ring 
property is possible as reported in [7] where it is shown 
that structures that are so-called quadratically invariant, lead 
to convex closed loop maps in the term K ( I  - GzzK) - ' ,  
which is the Youla-Kucera parameter in the case of stable G. 
However, by itself convexity in K ( I  - Gz2K)-'  does not 
provide a method to effectively synthesize controllers that 
incorporate structure and specifications on the closed-loop 
performance in terms of various measures that may reflect 
various frequency and time domain concerns. This is pre- 
cisely what this paper achieves. In particular, in this article 
we explicitly identify the coprime factors to be employed in 
the Youla-Kucera parameterization that result in the parame- 
ter Q inheriting the structure of the controller K.  The results 
obtained hold for stable as well as unstable plants Gzz .  The 
constructive nature of these results allows one to pose the 
problem of optimal performance as an optimization prob- 
lem in the parameter Q. For various different specifications 
and performance measures on the desired closed-loop behav- 
ior the resulting optimization problem takes a convex form, 
which we solve within any prespecified tolerance from the 
optimal via tractable finite dimensional convex optimization 
problems. 

The need to design control systems that perform well with 
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respect to a variety of performance criteria is important in 
its own right and has led to the development of a number 
of multiobjective techniques over the last decade (see for 
example [SI, [9] and the references therein). The majority 
of these methods concentrate on optimizing a combination 
of two-criteria, selected among standard measures such as 
Xm, 312, el closed loop norms. Moreover, these results do 
not address the concerns of controllers that need to satisfy 
structure constraints. Here, we consider the general multi- 
objective (GMO) control synthesis problem that can simul- 
taneously incorporate multiple measures on the closed-loop 
in terms of the tl, ?i2, X m  norms and can incorporate time- 
domain template constraints on the response of the closed- 
loop due to specific inputs while respecting the structure 
constraints on the controller. As stated before the results 
on translating the structure constraints on the controller K 
to structure constraints on the Youla-Kucera parameter Q 
makes it possible to use Q as the optimizing variable. An 
important advantage of incorporating Q as an optimization 
variable is that the controller can be easily retrieved from the 
optimal solution. This is in contrast to methods where in- 
terpolation constraints are imposed on the closed-Imp map 
to characterize their achievability. This method has similar- 
ity to the basic Q-des method introduced in [lo]. However, 
in this article emphasis is placed on obtaining a sequence 
of tractable finite dimensional convex optimization problems 
which provide converging upper and lower bounds to the o p  
timal cost. Thus in this methodology, every step furnishes 
a feasible controller that meets the specifications together 
with the distance from the optimal performance. The de- 
velopment presented here is inspired in part by some of the 
ideas presented in [ 111 for the special case of the unstruc- 
tured ?i2/e1 problem. Our approach, apart from providing 
solutions to hitherto unaddressed multiobjective problems, 
relies only on the primal formulation of the problem. Thus 
there is no need for constructing the dual and to perform 
the ensuing analysis of the dual and its relationship to the 
primal. This approach makes it straightforward to add new 
performance objectives into the problem formulation and its 
solution. Finally, it needs to be noted that problems with 
structured constraints have only recently been considered in 
[12, 13. 14, 15, 161 where the Youla-Kucera parameteriza- 
tion is used. These works all fall within the general classes 
of problems considered here. 

In Section 2, we 
present the various control structures of interest. In Section 3 
to 5 ,  we introduce the controller parameterization and de- 
scribe the solution procedure to the structural multiobjective 
optimal control synthesis problem. In Section 6, we illustrate 
the effectiveness of the proposed framework with a network 
congestion control example. In Section 7, we  conclude the 
paper. 

The paper is organized as follows. 

2 Classes of System Structures 
2.1 Triangular Structures 
Nested systems: simple triangular structures 

This class represents the case where a subsystem is inside 
another and there is only one-way interaction, from inside 
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Figure 2: Nested structure and chain structure 

to outside, or, the reverse. The two-nests case is shown in 
Figure 2(up) where it can be seen that the plant Gz2 and 
the controller K have the following lower (block) triangular 
(1.b.t.) structure: 

Chains 

In the chain (or string) system of Figure 2(down), bringing 
in the general G - K framework we have that the structure 
of G22 is 

1 
Sa 

with K as in Gz2 by replacing g's with k's. This implies that 
this problem can be addressed using an equivalent simple 
triangular structure. 

Hierarchical structures 

This type of structure is depicted in Figure 3(up), for which 
the controller K and the Gz2 admit the following upper 
block triangular (u.b.t.) structure: 

* * ... * * * . . .  * 
K =  [ 0 * _ ' '  $ 1 ,  G22= 0 0 ... 0 

... . . .  
0 0 ... 0 0 0 ... * 
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Figure 3: Hierarchical structure and delayed interaction and 
communication structure 

Toeplitz triangular structures 

An additional triangular structure that is interest that requires 
fewer building blocks is that of Toeplitz, i.e., 

r 91 1 

1 . . .  XQZ 91 1 
with K as in Gzz by replacing g's with k's. 

2.2 Delayed Interaction and Communication 
Networks: Band Structure 

The network in this case i s  as in Figure 3(down). In the 
G - K framework the structure is reflected as 

1 911 Xg1z " '  X"-'gln 
Xgz1 g22 _ ' '  

Snn Xn-lgnl . . . . . . 
with K as in Gzz by replacing g's with k's. There are some 
other structure patterns of interest (like the delayed observa- 
tion sharing structure and symmetric structures) that can be 
addressed in a similar manner and are omitted due to space 
limits. 

Gzz = 

3 Controller Parameterization 
Via Youla-Kucera parameterization, all stabilizing K are 
given by[5]: 

K = (Y,-M,Q)(X,-N,Q)-' = (Xe-Q&-'(YL-QMe) 

Figure 4: Feedback interconnection of P = GZZ and K. 

where Q is a stable free parameter and 
Y,, D,, X , ,  N,, X , ,  N,, Yi, D, can be obtained 
from a coprime factorization (e.g., [17, IS]) of Gz2.  These 
coprime factors are highly non-unique. However, there is 
a particular choice of these factors such that the structural 
constraints on K transform to the exactly same constraints 
in Youla parameter Q. 

3.1 Triangular Structures 
Lemrna3.1 Let the plant P that maps the control in- 
puts U = (ul,. . . , u , ) ~  to the measured outputs y = 
(gl , .  . . , Y , ) ~  be lower triangular: Assume that the it'' row 
of P denotedby Pi = {Pi1 . . . Pi< 0 . . . ,O}  admits a real- 

ization [*] with Bi = {Bil . . . B;i 0 . . .O}, 

Di = (Dil Di2 ... Dii 0 ... 0 )  and I-+&+] 
the inherited state space realization of gi is $tab&- 
able and detectable. Then there exist stable parameters 
Y,, M,, X,, N,, X c ,  Nc, Ye, and Mt such that the fol- 
lowing statements are equivalent: 

K is lower triangular and it internally stabilizes rhe 
interconnection depicted in Figure (4) .  

e there exists a stable, lower triangular Q such that 

K = (Y,-M,Q)(X,-N,Q)-' = (Xt-QNe)-'(&-QM!> 

For all other classes of structures discussed in the previous 
subsection, similar conclusions as Lemma 3.1 can be drawn 
and the presentations of results are omitted due to space con- 
straints. 

4 Multiple Objective Optimal Perfor- 
mance in the Presence of Structure 
Constraints 

Consider the system shown in Figure 5. As indicated, for the 
classes of structural problems described in the previous sec- 
tions, a suitable choice of the Youla parameterization leads 
to subspace type of restrictions on Q. We denote by S the 
closed subspace of stable systems Q E that have 
the required structure. Then, all the achievable closed-loop 
maps can be given as follows (Youla parametrization): 

{ R E  t:=""-IR = H - U * Q * V  withQ E S} 
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.my 
Figure 5 :  Closed-loop system 

whereH E e ;=x"w,U E e;zx"",V E t n Y x n w , Q i s a f r e e  1 

parameter in S and '*' denotes the convolution operation. 
(i = 1, . . . ,6) to denote the closed-loop trans- 

fer matrix from w; to zi and 8' the transfer function from T 
to s. For simplicity, and w.l.0.g.. we shall consider the case 
when the reference input r is a step sequence. Define 

We use 

1 0 0 ' . '  
1 1  0 

Ate,, := ( : .,( ::I ) . 
The GMO problem studied .in this paper can be stated as: 
Given a plant P, constants ci > 0, i = 1,. . . , G ,  and two se- 
quences {atemp(k)}& and {b temp(k)}&,  solve the fol- 
lowing problem, 

P =  inf f(Q) Qts 
subject to llR4(Q)11~ 5 c4 

ll+5(&)llf 5 c5 
11R6(&)11.(, 5 c6 

atemp(k) 5 [AtempR7(Q)l(k) 5 b t e m p ( k ) , V k .  

whefe f(Q) := CIIP~(Q)III + c211R2(Q)ll~ + 
c311R3(Q)/1~,, R'(Q) = Hi' - U' * Q * V3,i = 1,. . . ,7. 

4.1 An auxiliary problem 

To facilitate the solution of f i ,  we define an auxiliary proh- 
lem closely related to it: Given constants y > 0, e; > 
0, i = 1,. . . , G ,  and two sequences {a t emp(k) }& and 
{b temp(k) }&,  solve thefollowing problem, 

U =  inf f(Q) 
subjectto I I Q I I ~  5 Y 

Q E S  

llR4(Q)11~ 5 c4 
Il+5(Q)llz 5 c5 

a t e m p ( k )  5 [At.m&'(Q)l(k) I btemp(k), vk. 
It can he shown that for most cases of interest we have U = p 
and for other cases the solution of p would admits more ad- 
vantages than that of U from a computational point of view. 
So we shall solely focus on the solution of problem /I from 
now. 

IIR6(Q)II~, 5 c6 

5 Problem Solution 
5.1 Existence of an optimal solution and con- 

verging lower bounds 
U, := inf fn(Q) 

QES 
subiect to 

where fn(Q) := clIIP,(R1(Q))lh + c~11Pn(~z(Q))113 + 
C ~ ~ [ T ~ , ~ ( Q ) I I ,  Pn denotes the truncation operator on 
the space of sequences defined as P"(z(0) z(1) . . .)= 
( ~ ( 0 )  ~ ( 1 )  . . . z(n) 0 0 ...), and 

R'(0) 0 .', 0 
Ti,p(Q) := : . .  . .  . .  0 ] , i = 3 , G  

R'((k) _ . .  . . .  Ra(0) [ 
Theorem 5.1 There i s  an optimal solution Qn in 
probleni U .  Moreoves U ,  7 U, as n --t CO. 

io 

5.2 Converging upper bounds 

subject to 
IIQIh < Y 

< - Vk 

Theorem 5.2 {U"] forms a monotonically decreasing se- 
quence of upper bounds of U. Furthermore, 

U" \ U, as n --t CO. 

6 Example of Optimal Control Design 
for ABR Network 

Figure 6 depicts a setup for the congestion control of a 3- 
node ABR network ([ 191). In Figure 6, T ,, T Z  and TQ denote 
the flow rates from data sources into network nodes 1,2,3 re- 
spectively. r12 denotes the rate of flow from node 1 to node 
2 and T~~ denotes the rate of flow from node 2 to node 3. 
w represents the total capacity available for the three data 
sources. qi denotes the buffer length at the i th  node. The 
network exerts control over the network traffic by assigning 
the rate for each data source. In particular. there are three 
(nodal) subcontrollers C1, CZ, C3 that dictate respectively 
T I ,  (r12,rZ). and ( ~ 2 1 ~ ~ 3 ) .  Moreover,thereisaone-stepde- 
lay in passing nodal information (q,) from one nodal subcon- 
troller C, to its preceding one Ci-l, while each Ci does not 
receive information from any of the preceding nodes. The 
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Nade 2 Nade 3 

Figure 6: 3-nodal ABR Network 

goals are to prevent the node buffers from overflowing so as 
to avoid possible data loss ('stabilization goal'), and to opti- 
mally utilize the available transfer capacity w such that the 
sum of the data rates ri(i = 1,2 ,3)  matches w as closely as 
possible ('optimalily goal'). The exogenous input signal is 
identified as the available capacity w and the control input 
and measured output signals are identified as: 

Y = [ 41 42 43 IT' 

= [ T I  ~ 1 2  r2 ?23 ~3 IT 

The goal of the congestion control for the network can be 
captured by identifying the regulated output as: 

I = [ q1 42 q3 T I  - wal r2 - wa2 TZ - wa3 I T .  
where ai is a prescribed constant representing the ratio of 
available resource assigned to it,, source. Suppose also that 
steps are the typical exogenous input signals w we would 
like to optimally track. Then, we can impose TDCs on 
z,(z = 4,5 ,6)  such that the step response of ri ( i  = 4,5 ,6)  
is forced to stay within a prescribed envelope. Clearly, the 
plant Gz2 and thecontroller K are upper triangular operators 
of the following form: 

In this example we provide a tradeoff study between e l  and 
312 performance of the closed-loop system by solving the 
following multiobjective problem: 

v := inf clllR(K)Ill + c2llR(K)II; 
s.1. K is stabilizing 

K satisfies structure constraints above 
zi(i = 4,5,6) satisfies prescribed TDCs. 

where cl and c2 are prescribed weighting constants. Follow- 
ing the framework established in Section 3, we have 

v := inf clllR(Q)lll + c~llR(Q)llf 

Q is stable 
Q E S  
ri(i = 4,5,6) satisfies prescribed TDCs, 

subject to 
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where S characterizes the structure constraints and TDC are 
the time domain constraints that the three emor signals 14, 
zs, and zg due to step inputs lie within the upper and lower 
templates btemt, and atemp: 

btemp[O] = 0.5, ... btemp[5] = 0.5,btemp[6] = 0.01 ... 
atemp[O] = -0.5 ,... atemp[5] = -0.5,~temp[6] = -0.01 ... 

The fairness index ai is taken to he nl = a2 = a3 = 1/3 
and the upper hounds of  11Q11 are chosen to be y = 100. 

I I 

3 ijflnj:,y" 1 - 1 7  
,, ....... ........ ...... 1 I ....... ........ ~ ... '==I ! 

I I  ...... ~ ~~~~1 I... ~ ....... ..... ~ , ...... ....... ~~~ 

3 :EIIzl!T,l* --.2 
< !  

? :& yI__.. I (,limn I__..-' 
. -.:d*! I_ i ,  

Figure 8: Impulse Response of Centralized Controller 

The plots of llR(Q)111 versus llR(Q)ll~ are shown in Fig- 
ure 7, where the dashed curve denotes the cases of cen- 
tralized design with no information transfer delay while the 
solid curve denotes the cases where there exists transfer de- 
lay. From these two curves, we conclude that the structure 
constraints imposed on the stabilizing controllers induce a 
significant loss of the closed-loop system performance. 

The impulse responses of the centralized sub-optimal con- 
troller and the decentralized, delayed sub-optimal controller 
(case cl = cz = 1) are plotted in Figure 8 and Figure 9, re- 
spectively. From the last figure, it can be clearly observed 
that controller admits the required upper block triangular 
structure while the centralized controller does not admit such 
a structure. In Figure 10, the step response of the closed-loop 
system with structured controller is plotted, where the dash- 
dotted lines denote the TDC envelops imposed on the step 
responses. It is clear from the response plots that the time 
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response of ri(i = 4,5,6) satisfies the requirement of zero 
steady value, which implies that the optimality goal of the 
congestion control mechanism is achieved. 

7 Conclusions and Discussion 
In this paper we presented a convex optimization approach 
for optimal synthesis in systems in which the overall control 
scheme is required to have certain structure. These structures 
correspond to various classes of controlled systems such as 
nested, chained, hierarchical, delayed interaction and com- 
munication, and, symmetric systems. The common thread in 
all of these classes is that by taking an input-output point of 
view we can characterize all stabilizing controllers in terms 
of convex constraints in the Youla-Kucera parameter. We 
present an attractive methodology to solve the general mul- 
tiobjective (GMO) control problem concerning the e ,  norm, 
‘H2 norm, ‘H, norm and time-domain constraints in the 
presence of structural constraints. We showed that the reg- 
ularized GMO problem admits a minimizing solution in e 1  

and, more importantly, from an engineering viewpoint, we 
showed how to obtain arbitrarily close to optimal controllers 
within any prespecified accuracy. Furthermore, the GMO 

problem presented here furnishes us with a uniform frame- 
work under which many multiobjective and structured prob- 
lems can be addressed and solved by using the techniques 
proposed in this paper. The use of this method for simulta- 
neous parameter and control design is under investigation. 
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