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Abstract In this paper, the integrated parameter
and control (IPC) problem is considered where the sys-
tem parameters are assumed to enter into the state-
space realization in a polynomial manner. Converg-
ing finite-dimensional sub-optimal problems are con-
structed and solved via a linear relaxation technique,
whereby a global optimal solution to the IPC problem
can be computed to any prescribed tolerance.

Keywords £y, Hz, robust optimal control, lin-

ear/quadratic program, Integrated Structure and Con-

trol (ISC) Design

1 Introduction

It is a well-known fact that system structure design
and feedback control synthesis are not isolated pro-
cesses ([1]). The two are naturally iterative in a sense
that good modelling should take into consideration the
knowledge of the control input generated by the con-
troller, and a good control design should (ideally) yield
directions on how to modify the model to achieve the
best possible performance. Moreover, on designing to-
day’s engineering systems, more and more demanding
performance requirements, often diverse or even con-
flicting in nature, have rendered it impossible to meet
these criteria without redesigning the plant itself. Thus
it is well-motivated to develop a systematic approach to
conduct system and control design simultaneously.
Research efforts towards this direction have yielded
algorithms to synthesize a stabilizing controller and to
select corresponding system structure parameters that
affinely enter into the system dynamics. Specifically,
the performance objectives include output RMS([2]),
Hoo([3]), and mixed H2/Ho performance([4]). The de-
sign approaches proposed are usually carried out in an
iterative way. The control design and plant design are
repeated one after another until a certain prescribed
tolerance is achieved. Due to the non-convex nature of
the problem formulations tackled in these approaches,
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the above-mentioned iterative algorithms usually yield
a sequence of non-increasing upper bounds and does not
guarantee the convergence to the optimal solution.

In this paper, the simultaneous system and control
design problem is considered for the case where plant
parameters enter into the system in a general poly-
nomial manner. Via Youla parameterization, finite-
dimensional sub-problems are constructed to provide
converging upper and lower bounds. After certain al-
gebraic operations, these non-convex sub-problems are

‘equivalently transformed into a much more manageable

nonlinear programming formulations. Whence a linear
relaxation scheme is combined with an effective branch
and bound algorithm to obtain the solution. The out-

- line of the paper is as follows. In Section 2, we introduce

the notations to be used. In Section 3, we formulate
the problem setup and the converging sub-problems.
In Section 4, we transform the nonlinear sub-problems
into a more manageable expression. In Section 5, we
show that the solutions to these sub-problems can be
effectively computed by solving a relaxed linear pro-
gramming problem combined with a branch and bound
algorithm. In Section 6, we summarize the paper.

2 Nomenclature

Co The subspace of sequences of real numbers
whose element 2 satisfies limg_, o z(k) = 0.

o The space of matrix-valued right-sided real se-
quences such that each element z € ¢§**" is
the matrix (z;;) and each z;; is in cp.

2 The Banach space of right sided absolutely
summable real sequences with the norm given

by |zl = 2520 [=(k)]-

The Banach space of matrix-valued right-
sided real sequences with the norm given by
llzlls == maxicigm 327, 1]l where z €
£M*™ is the matrix (z;;) and each z;; is in £;.

mxn
el

123 The Banach space of right-sided square
summable real sequences with the norm given

by [jallz = (£, 22(K) /.
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Z(X) The A transform of a right-sided real se-
quence z = (z(k))2, defined as #(A) :=

Y ohe o T(K)AE.

Ha The isometrically isomorphic image of 2 un-
der the A transform with the norm given by
N2z = ll=ll2-

R - The real number system.

R® The n dimensional Euclidean space.

P, The truncation operator on the space of
sequences defined as P, (z(O) z(l) .
(z(0) z(1) ... z(n) 00 .

X The dual space of a normed linear vector

space X. For z* € X*, < z,z* > de-
notes the value of the bounded linear func-
tional z* at £ € X([6]). For example, it
can be verified that (cf**™)* = £**™ and
for £ € ¢g’*" and z* el””‘",<:¢::v > =

Zt—l 2;:1 ko Tij (k)-’l’u (k).

3 Problem Formulation

w Z
—_— >
G
u 4

K =

Figure 1: Closed-loop system

Consider the setup in Figure 1, where G : [w;u] —
[#;v] is the generalized discrete-time linear time-
invariant plant, K is the controller. w, 2, u, and v
are the exogenous input, regulated output, control in-
put, and measured output of dimensions ny, nz, N,
and n,,, respectively.

Suppose G has the following realization:

A(p) i Bi(p) Ba(p)

G(p):= | Ci(p) i Dii(p) Dralp)
Ca2(p) | Da1(p) Da22(p)
where p = [p1 -+ pm|T € R™, and each entry g(p) of

G(p) is a p-degree polynomial of the form:

9(p) = Yo', p —Hp,

J=1

0<6;<p Y10 =0€{0,1,2,...,p}.
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where fj is the coefficient of the ¢-degree monomial p?.

Given two m-dimensional real vectors p =
o, - p, T and p = [p; -+ Pn]"- In the sequel,
we use the notation p < p < por p € [p, 7] to de-
note the set of inequality relations {p, < p; < B;,i =

.,m}. Assume that (A(p), Bg(p)3 is stabilizable
and (A(p) Cs>(p)) is detectable for any p € [p,p]. The
problem to be solved is formulated as: -

= inf{||R(K, p)llx : K stabilizing,p € [5,7]} (1)

where R denotes the closed-loop transfer matrix from
w to z. From now on, we assume that the feasible set of
problem (1) is non-empty, which includes the require-
ment that the optimal cost u be finite.

Via Youla parametrization([7]), problem (1) is equiv-
alently transformed into the following form:

po= inf IR(Q, p)lIx
subject to  R(Q,p) = H(p) - U(p) *Q*V (p)
p<p<P

where H € £3-™™ U € £*™,V € £7**™, Q is afree
parameter in £7**"*, and ‘#' denotes the convolution
operation. In the sequel, without loss of generality, we
shall assume that H, U, and V are finitely supported.

Introducing an extra £, norm bound on Q([8]), we
obtain the following auxiliary problem of u:

X
i

if (IR Pl
WP

subject to  {|Qh <

R(Q,p) =H(p) - U(p)*Q *V(p)

pSp<p

It is clear that u and v are closely related. If problem
4 has an optimal solution, say, Q,, then p = v for any
a > ||Qoll1. If 4 doesn’t bear an optimal solution, then
the constraint {|@||; < a plays the role of a regularizing
condition such that v always has an optimal solution
with a reasonable bounded gain. Thus in what follows,
we shall solely focus on problem v. Two sequences of
lower and upper bounds of v are then given by:



Vn = ind 1P, R(Q, p)lIa
subject to  [|Qlh < a
R(Q,p) =H(p) - U(p) *Q*V(p)
p<p<pP
o= inf IR(@Q, p)lx
subject to  ||QJ < a
R(Q,p) =H(p)-U(p) *Q*V(p)

p<P<P.

Qk)=0ifk>n.

Following the same argument as in [10}, it can be
be shown that v, and »™ monotonically converge to v
from below and above as n goes to infinity. In what
follows, we shall demonstrate how to solve these finite-
dimensional non-convex problems. The development
will be based solely on »,, but the same technique also
applies to the solution of v™.

4 Reformulation

In this section, we shall demonstrate that, by introduc-
ing two sets of auxiliary variables, the non-convex prob-
lem to be solved can be reformulated as an optimizing
problem with linear and non-linear constraints, where
the non-linear constraints are of the type z = yz for
variables z, y, and z.

Let the following be the corresponding state-space
representation([11]) of H, U, and V:

10 = | G0 D]

. a new formulation for these variables.

Léx@LLE&QL]

[ A(p) + LCx(p) i Bi(p) + LDy (p) ]
Calp) i D2 (p)

where we assume the existence of a pair of feedback
gain F' and observer gain L that stabilize the system
for any p € [p,p]. Note that if A(p) is assumed to be
stable for any feasible parameter vector p, then the zero
controller (F' =0, L = 0) are to be chosen in the above
realizations. By the definition of the impulse response
for discrete-time systems, we infer from the above state-
space representations that any entry H;;(k) of H is a
polynomial of p, and so are Uy;(k) and V;;(k). In what
follows, for ease of notation, we shall use S;c’ to denote
S;j(k) for any variable S in 2"”‘" or cg*™.

It is easy to see from the deﬁmtlon of v, that only the
parameters of RY®,..., R, ..., R% involves in the opti-
mization of v, and so, in what follows, we shall develop
By Lemma 1
of [8], the b**-row c*?-column entry R®® of the closed-

- loop map R can be characterized as follow:

A(p)+B()F  -By()F | Bi(p)
0 A(p) + LCy(p) | Bi(p) + LD (p)
Ci(p) + Di2(p})F  —Dra(p)F | D11(p)

Cu(p) i Dy(p)

[ A(p) + Ba(p)F i —Bs(p) ]
Ci(p) + D12(p)F | —D12(p)

Uss(p) = [...f.‘!y..(.e.)...l..?..t{(e)._.]
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|

R(Q,p) = HE(p) — (WP (p), Q)

where
Wk (p) :=  {Z2(p),---»

Z%(p) := UL (p) * VE(p)

{ch(l’)’ ) ch(l’)v ZZil ).
Us,. is the bt*-row of of U, and V. . is the ct*-column of

Z8(p),0,.. } € ™

V. Then it is clear from above that R (k = 0,1,...,n)
is a polynomial of py,...,pm (up to the degree of a
constant, say, o,) and Q§,...,Q%.
Let
17 P1; ---3 Pm; P%, pLp2; - Pg", LEES] P::

be a basis for the o,-degree polynomials and let d be its
dimension. Define

r

Mo ... pm Pl pp2 - P . o317

[1'1 T2 ... ‘rd]T.

Then each element 7; of I is a d;-degree monomial of
the form

m m
T = Hpg‘i, 0<6;; <d;, Zaij =d; < on.

j=1 j=1

4)

.} € e;lu X‘nu’



Moreover, there exist indices ¢; € {1,2,...,d} and j; €
{1,2,...,m} (1 =0,...,d;) such that (4) is equivalently
characterized by the following set of equations:

Ti = T = TiyPjis
Ty = TPy
(5)
Tig;mx = Tig, Pia;
Td; = 1

It follows that there exist constant coefficients f; and
gist Such that RS can be expressed as

R¥(Q,p)

d ny ny k

Z Fr+d 3 Y gunmiQft

=1.s=1 t=1 I=0 (6)
= Ef. Hp,"} + Y g.uz{H p,"}Q"
Jj=1 i,8,t,0 j=1

Note that in (6), f; and gisu are functions of the indices
b, ¢, and k as well. But for the sake of notational sim-
plicity, these three indices are omitted in the symbolic
expressions of f; and gisy.

So the problem of interest becomes

v, = infy

subject to

>yt + QT <a

t=11=0

et Dol B + R S
Q=" -t ()
Rbe = Rhet _ poe

(6)

R+ >0, Rbo

QM >0,Q 20, p<p<p

where we have used a standard change of variables
from linear programming (see for instance [7]) to re-
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formulate the variables and constraints of v,,. Specif-
ically, the variable = is replaced by nonnegative vari-
ables z+ and z~ such that £ = z+ — z=. Then
the ¢; norm constraint ||Q||1 < « 1s replaced by
the constraint Y ;%) Y r_o[@7 bty Q"] < @, and
[|P. R(Q, p)ll1, the objective function to be minimized,
is repla.ced by mtroducmg an auxiliary variable v such
that 37 S°°_ [REY 4+ R}T] < 7. Tt is also useful to
mention that the optimal solution of problem (7) always
satisfies that either Rt or RL™™ is zero.

To set the stage for the branch and bounding algo-
rithm, we suppose that the rectangle-type set [p,p] is
partitioned into M subsets [p",5")(r = 1,..., M) such

that [p, 5} = UM, (", 7"], where p" = [o] -- -e,,,]T € R™
and p" = [} ---p5,]7 € R™. Then a finer grid version
of problem (7) is defined as:

Vp,r = infy
subject to
Z Z[Q{‘ * Q"’"] <a
t=1 1=0
T Sl B + BT <y
Qt =0 - Q" ®

c _ pbe, be,—
b = Rk + _ Rk
(6)
Rb+ >0, RE

QP >0,Q 20,p"<p<P.

For notational convenience, we shall use the sym-
bol ¥ to denote the set of (v, p, R, R, R, Qft,
Q) e RN (N = 14+m + 3nzn.,,(n +1)+
3n,m,,(n + 1)) such that all the other constraints except
the non-linear constraint (6) in problem (8) are satis-
fied. Thus problem v, , is equivalently expressed as:

Vny = infy
subject to
(6) (v B BT, RS, Q8 Q1@ ) e 1.
9

To prepare for the linear relaxation scheme intro-
duced in the next section, let us further introduce the



following set of variables: .

Xt = TQf (10)

and it follows from (6) that

) ch(Q’ p) = Z.fifi + Z Gisti Nistl- (11)

1,8,¢,1
So problem (9) becomes

v, := infy
subject to

(5), (10), (11)

(v, 0 BE, R R0, QP Q ) € 1.

(12)
Clearly that problem (12) is a non-linear optimization
problem and hard to solve in general.

5 Problem Solution

From the formulation of problem (12), we can infer
that the crux of solving this problem is how to deal
with those non-convex product terms present in (5)
and (10). For this purpose, we introduce the following
result from [10]):

Lemma 1 If the variables x; € R satisfy the conditions
l; < z; L u; and t;j == x;x;, then

And
&
\%

U;T; + UiT; — UiUj

S*
&
IN

ljfl},' + uiT; — u,—l_,-
(13)

R
-
<
IA

uix; + Lz — L

ti; > s+ Lz — L.

Furthermore, if variables t;; € R satisfy (13) and 3
satisfy Iy < zx < ug, then

|tij — zizj] < 3(us = L) (uj — 1)

Following (5) and (10), define

Qijt = {(TitsTiryss Pirya) € R®| (13) are satisfied
with (t;;, i, z;,us, li, u;, ;) replaced by
(Ti| s Tirp1s pj|+1 3 ?‘i;.n ) Iil+1 ’-p;,_“ ) —;l+1 )}'

Aistt = {(Nistt, T, Q%) € R3] (13) are satisfied

with (t.-j,z,-,zj,u,-,l;,uj,lj) replaced by

(Aistla Tis tha Ti, T Q, -'a)}‘

where 7; and 7, are upper and lower bounds for 7; and
they can be a priori computed. Hence from (12) and
Lemma 1, we have

Vnr = infy
subject to
(Tirs Tirgas Pirgr) € Qijts Niott T3, QFF) € Aot
(5), (10), (11)

(1, p, RE, REF RE™Q8t,Q0F, Q") € .

Removing the the nonlinear constraints (5) and (10), we
have the following relaxed linear programming problem:

subject to
(TinTi,H 7pj1+1) € Qijla ()\isth Ti, Qit) € Aisu
(11)

be,+ pbe,— t Nst,+ Hst,—
('YaP:RZC,Rk’ aRk Qi 1 ’Qz )G\I’-

It is clear that if the relaxed problem ¥, is infeasi-
ble, then so is the problem v, .. If u,’:, is a finite real

number, then ¥f_ < v, ,. Now we are ready to prove
the main result of the paper.

Theorem 1 Suppose an optimal solution of the relazed

problem vE _ is given by:

&~ T e phot phe— Tat ot -
("YapaT‘i,Aistthc’ch 1ch, aQ?t7Q: aQ‘[s )
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Then there ezists a feasible solution

~ pbe pbe,+ be,— st, 4 st,—
(7fea8ap7 Rk aRk )Rk 1Q1’t: 1 an )

for problem v, ; (as defined in (9)) such that

Ufllzﬂ' = ;Y\ < Un,r < Yfeas (14)
Yfeas — ﬁ < Clﬁ' -Brloo ‘ (15)

where C is a finite positive constant and [p" — p"|oo =
max{|p} — pf|: i=1,...,m}.

Having established the relationship between 7 and
Yfeas, We can now make use of certain well-established
branch and bound algorithms (see, for example, [9]) to
compute the optimal solution of ¢ within any prescribed
performance tolerance € > 0. More specifically, for a
fixed tapping length n of @, v, and v™ are computed by
combining the linear. programs with the branching and
bounding algorithm. If v® — v, < € then the globally
optimal controller is recovered from the corresponding
optimizing variables and the optimizations are termi-
nated. Otherwise n is increased until the desired per-
formance is achieved.

If the performance measure used in problem (1) is
#H2 norm instead of £; norm, then the exactly same
procedure as above would enable us the arrive at the
same conclusion of Theorem 1 by additionally observing
the fact that

I [R;¢,+ + R:c,—]z _ [ch,+ +R:c,—}2 l
S COwl IR + BT - RS + BT

where Cy, is a finite constant that can be computed a
priori from the known parameters.

6 Summary

We present a global optimal solution to the IPC prob-
lem in the paper. The solutions are obtained by solving
linear /quadratic programming problems for which pow-
erful numerical softwares exist.
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