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Distributed Stopping Criterion for Consensus in
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Abstract—Linear consensus protocol is an iterative dis-
tributed algorithm with asymptotic convergence guaran-
tees. This paper develops and analyzes an algorithm for
agents running linear consensus iterations to detect con-
vergence to consensus within a specified error tolerance in
a distributed manner. The distributed stopping criterion al-
lows for time-varying bounded delays in information trans-
mission and reception between agents. The algorithm relies
on distributively determining the maximum and minimum
values held by the agents. This paper further develops an
algorithm for average consensus that utilizes a distributive
stopping criterion, based on maximum and minimum con-
sensus, where no centralized coordination is needed on
how each agent weights its neighbor’s values. Here, the
doubly stochastic assumption on the weight matrix is re-
laxed and only column stochasticity is needed. The effec-
tiveness of the algorithms is demonstrated by simulations
and a comparison with prior work in the literature. More-
over, the demonstration of the proposed algorithms on an
experimental test bed of Raspberry-Pi agents communicat-
ing wirelessly validates its applicability and utility.

Index Terms—Approximate consensus, average consen-
sus with delays, consensus with delays, maximum consen-
sus, minimum consensus.

I. INTRODUCTION

COORDINATION of multiagent systems to achieve
system-level objectives requires sharing information

among agents where the communication layer is determined by
the network topology. A coordination strategy that has received
considerable attention utilizes the consensus mechanism, where
agents compute a common value of interest determined by initial
values held by agents in a distributed manner [1], [2]. A special
case of consensus is average consensus where agents converge
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to the average of the initial conditions held by agents through
local communication [2], [3]. Considerable research focuses on
algorithms to distributively reach consensus/average consensus
with contributions from communications, control, and computer
science areas [4].

The convergence to the consensus/average consensus value,
in the presence or absence of delays, when linear strategies are
used, is achieved asymptotically [5]–[9]. The standard consen-
sus protocol [2] converges asymptotically to a consensus value
that may have a bias with respect to the average of the initial
values held by the agents. Here, the bias can be removed if
a doubly stochastic weight matrix (requires centralized weight
matrix allocation) is employed and when no delays are present
in the network. In [10] and [11], a ratio consensus algorithm is
reported that only assumes a column-stochastic weight matrix
(weights can be assigned in a distributed manner) and provides
guarantees of the agents’ iterations to asymptotically converge
to the average of the initial values held by the agents even in the
presence of time varying but bounded communication delays. In
this approach, there is computational overhead over the standard
consensus protocol [2] of propagating another added iteration.

In the approaches discussed previously, agents keep updating
their states and communicating with their neighbors, in prin-
ciple, forever, leading to wasted power and computational re-
sources, which is untenable in resource-constrained applica-
tions, such as wireless-sensor networks. Moreover, in many
real-time applications, including the power grid, the distributed
stopping of consensus/average consensus iterations is essential
as the consensus/average consensus value, when determined, is
used in real time by local systems to perform important tasks
[12], [13]. In such situations, it is necessary for each node to
distributively detect if consensus/average consensus is achieved,
possibly within a specified error margin and, thus, terminate
computation as well as communication.

Distributed stopping of average consensus in the presence of
time varying but bounded delays is presented in [11]. Charalam-
bous et al. [11] rely on computing and storing Hankel matrices
at every iteration, which can be computationally expensive if the
size of the matrix is large; here, the size depends on the number
of iterations needed for convergence. Manitara and Hadjicostis
[14] utilize an approach where nodes are allowed to broadcast
only when necessary although without considering network de-
lays. Here, nodes halt the consensus iterations based on the dif-
ference of their states with their in-neighbors where it is possi-
ble that not all nodes halt the computations simultaneously. The
nodes wait for the neighbors to send new information and, thus,
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local communications are not terminated. As shown in the nu-
merical illustrations in [14], this approach requires a large num-
ber of iterations to achieve termination of computations at all
nodes. In many applications where coordinated action follows
the distributed computation step, it is essential for every agent
to realize that all agents have completed the consensus step.

In another approach, maximum and minimum consensus pro-
tocols that determine the maximum and minimum values held
over the network of agents have proven effective for distributed
decision making [15]. Numerous applications of maximum and
minimum consensus strategies are reported in the literature, in-
cluding [16], which uses maximum consensus for synchroniza-
tion of wireless-sensor networks. Yadav and Salapaka [15] were
the first to utilize the maximum and minimum consensus proto-
cols to arrive at a distributed stopping criterion for termination
of linear consensus iterations. It is also one of the earliest works
on distributed stopping of linear consensus iterations. The maxi-
mum and minimum consensus protocols-based approach in [15]
has a smaller computational footprint where all agents reach the
stopping criterion simultaneously in comparison with [14]. Xie
et al. [17] use minimum consensus for detecting consensus lo-
cally to characterize global consensus. Yadav and Salapaka [15]
and Xie et al. [17] assume a row-stochastic weight matrix. Xie
et al. [17] do not address convergence to the average of the ini-
tial values. With the more restrictive assumption of the weight
matrix being doubly stochastic (that is, both, row and column
stochastic), Yadav and Salapaka [15] guarantee that the consen-
sus value reached is arbitrarily close to the average of the initial
values held by the agents. We note that the implementation of a
doubly stochastic weight matrix requires centralized coordina-
tion or weight balancing algorithms to disseminate the weight
values to each agent prior to the initialization of the consensus
iterations [18]. Moreover, the authors in [14], [15], and [17]
do not address communication delays. We remark that address-
ing communication delays is essential given the prevalence of
wireless communication and Internet of Things applications.

Our contributions are as follows.
1) Stopping criterion for consensus in the presence of de-

lays: This paper presents an algorithm with a distributed
stopping criterion for such linear consensus iterations in
the presence of time varying but bounded communication
delays. The stopping criterion can be set such that if the
criterion is met by an agent, then it can access the con-
sensus value within any preassigned error margin. The al-
gorithm utilizes iterative computations of maximum and
minimum values held by agents, which has a small com-
putational footprint compared with existing approaches.
Here, the maximum and minimum consensus-based dis-
tributed stopping approach in [15] is generalized to the
case of time varying but bounded delays, for distributed
termination of consensus iterations “close” to the con-
sensus value.

2) Stopping criteria for average consensus (based on ratio
consensus) in the presence of delays: Cady et al. [19] ap-
plied the maximum and minimum consensus presented in
[15] to ratio consensus for resource allocation in ac micro-
grids. However, Cady et al. [19] do not provide provable
guarantees and ignore communication delays. Here, we

establish the monotonicity of the maximum and mini-
mum ratio of nodal states in the presence of time varying
but bounded communication delays, which is then used to
present an algorithm for distributed termination of ratio
consensus iterations “close” to the average of the initial
conditions. The algorithm can be set such that if the cri-
terion is met by an agent, then it can access the average
of the initial values held by the agents within any pre-
assigned error margin. Prakash et al. [20] (conference
paper) present a preliminary version of the work, where
communication delays are not considered and proofs are
not detailed.

3) The performance of the proposed algorithms is illustrated
experimentally with a prototype network of Raspberry
Pis, where agents experience time-varying delays on the
communication channels. Compared with previous work,
this is the only work that validates the distributed stop-
ping criterion experimentally in the presence of stochastic
communication delays and using a weight matrix realized
distributively, thus providing evidence that our algorithm
is indeed applicable practically.

The rest of this paper is organized as follows. In Section
II, preliminaries and notations are presented. In Section III,
the distributed stopping criterion for the standard consensus
algorithm in the presence of delays based on maximum and
minimum consensus is developed. Here, results are developed
under the row-stochastic and doubly-stochastic assumptions on
the weight matrix. In Section IV, a distributed algorithm where
agents detect convergence to the average of the initial values
held by the agents with any column-stochastic weight matrix is
presented. The performance of the proposed distributed stopping
criteria is illustrated through simulations and experiments in
Section V. Finally, conclusions are presented in Section VI.

II. PRELIMINARIES AND NOTATION

In this section, definitions and notations needed for subse-
quent development (for details, see [21] and [22]) are provided.
Consider the following definitions.

1) Directed graph: A directed graph G is a pair {V,E},
where V is a set of vertices or nodes and E is a set of
edges, which are ordered subsets of two elements of V .
If an edge from j ∈ V to i ∈ V exists, then it is denoted
as (i, j) ∈ E.

2) Directed path: In a directed graph, a directed path from
node j to node i exists if there is a sequence of dis-
tinct directed edges of G of the form (i, k1), (k1 , k2),
. . . , (km , j).

3) Strongly connected graph: A directed graph G = {V,
E} is strongly connected if for all pairs of vertices i, j ∈
V , there is a directed path from i to j and from j to i.

4) In-neighbor of node: Given a graph G = {V,E}, the
set of in-neighbors of node i ∈ V is denoted by N−

i :=
{j ∈ V : (i, j) ∈ E}.

5) Out-neighbor of node: Given a graph G = {V,E}, the
set of out-neighbors of node i ∈ V is denoted by N+

i :=
{j ∈ V : (j, i) ∈ E}.
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6) Diameter of graph: The longest shortest distance be-
tween any pair of nodes in a graph is the diameter of the
graph and is denoted by D.

7) Stochastic matrices: A real n × n matrix A = [aij ] is
called a row-stochastic matrix if 1 ≥ aij ≥ 0 for 1 ≤
i, j ≤ n and

∑n
j=1aij = 1 for 1 ≤ i ≤ n. A real n × n

matrix A = [aij ] is called a column-stochastic matrix
if AT is a row-stochastic matrix. A real n × n matrix
A = [aij ] is called a doubly stochastic matrix if it is
both row stochastic and column stochastic.

8) Non-negative matrix: A non-negative matrix is a matrix
with all entries greater than or equal to zero.

9) Weight matrix P : Consider a directed graph G = {V,E}
consisting of n agents. For every (i, j) ∈ E, a weight
pij > 0 is associated, which represents the weight, and
node i gives any information received from node j.
If (i, j) /∈ E, then pij = 0. P = [pij ] represents the
weight matrix associated with graph G.

10) Delay τij (k) at instant k: The delay on the edge from
node j to node i at any instant k is denoted by τij (k).

The following assumptions hold throughout this paper.
A1. The delay in the network is uniformly bounded, that is,

τij (k) ≤ τ̄ , τ̄ ∈ R≥0 , for all i, j ∈ V and for all time
instants k. In addition, (i, i) ∈ E and τii(k) = 0 for all
i ∈ V and for all time instants k.

A2. Graph G is strongly connected.
Agents (nodes) do not have the knowledge of the delay asso-

ciated with the edges in their in-neighborhood.

III. DISTRIBUTED TERMINATION OF CONSENSUS

In this section, we consider a protocol where agent i updates
its state xi(k + 1) at (k + 1)th iteration according to

xi(k + 1) = piixi(k) +
∑

j∈N −
i

pij xj (k − τij (k)) (1)

where N−
i is determined by the graph G = {V,E}. Let x(k) :=

[x1(k) x2(k) · · · xn (k) ]T . Equation (1) implies that at any
update iteration k, node i incorporates at most one packet of
information from each of its in-neighbors. We assume that the
following assumption holds throughout this section.

A3. The weight matrix P associated with the graph G is row
stochastic.

First, we state the following result from the prior work.
Theorem III.1: [6], [7] The following statements hold:
1) Update rule given by (1) under the assumptions A1

(delays with an uniform bound), A2 (graph is strongly
connected), and A3 (weight matrix is row stochastic)
achieves consensus, that is, for any set of initial conditions
x(0) ∈ Rn , there exists α ∈ R such that limk→∞xi(k) =
α for i = 1, 2, . . . , n.

2) Update rule given by (1) under the assumptions A2
(graph is strongly connected) and the weight matrix
is doubly stochastic with τij (k) = 0 for all i, j and k
(no delays) achieves average consensus, that is, for any
set of initial conditions x(0) ∈ Rn , there exists α ∈ R
such that limk→∞xi(k) = α for i = 1, 2, . . . , n, where
α = 1

n

∑n
i=1 xi(0).

A. Maximum and Minimum Consensus Protocols

For node i and iteration k, define

Mi(k) := max[xj (k − r)|(j, r) ∈ (N−
i ∪ {i})

× {0, 1, . . . , τ̄}] (2)

mi(k) := min[xj (k − r)|(j, r) ∈ (N−
i ∪ {i})

× {0, 1, . . . , τ̄}]. (3)

Here, Mi(k) and mi(k) are the maximum and the minimum
values held by any agent in the neighborhood of node i (includ-
ing node i) at the kth and past τ̄ iterates from the kth iterate.
Let

M(k) := max
j∈{1,2,...,n}

Mj (k), and,m(k) := min
j∈{1,2,...,n}

mj (k).

(4)
Here, M(k) and m(k) are, respectively, the maximum and mini-
mum taken over values held by any agent over the past τ̄ iterates,
considering iterate k as present. Since τij (k) ∈ {0, 1, . . . , τ̄},
it follows that for j ∈ N−

i ∪ {i}, xj (k − τij (k)) ≤ Mi(k) ≤
M(k) and xj (k − τij (k)) ≥ mi(k) ≥ m(k).

Lemma III.1: Consider the update rule (1). Then, for all
k

′ ≥ k and i = 1, . . . , n

xi(k
′
) ≤ M(k), and xi(k

′
) ≥ m(k). (5)

Proof: See Appendix A for proof. �
Lemma III.1 establishes that the value held by an agent in

the future is always bounded above (below) by the maximum
(minimum) over the current and delayed values over a horizon
τ̄ of all the nodal states.

Lemma III.2: Consider a strongly connected graph G =
{V,E} running consensus protocol given by (1) with an initial
condition x(k). Let i be a node such that xi(k) < M(k) and
let j be a node such that xj (k) > m(k), then for all k

′ ≥ k,

xi(k
′
) < M(k), and xj (k

′
) > m(k).

Proof: See Appendix A for proof. �
Lemma III.2 establishes that if the value held by an agent i

at the present instant of time is strictly less (greater) than the
maximum (minimum) over the current and delayed values over
a horizon τ̄ of all nodal states, then the value of agent i continues
to be strictly less (greater) than this maximum (minimum) for
all future instants.

Define max x(k) := maxi∈V xi(k) and min x(k) :=mini∈V

xi(k), respectively. Note that for any k ≥ 0, max x(k) ≤ M(k)
and min x(k) ≥ m(k).

Lemma III.3: Consider a strongly connected graph G =
{V,E} with an update rule for the consensus protocol given
by (1). If the initial condition x(k) is such that min x(k) <
max x(k), then for all k

′ ≥ k + D(1 + τ̄),max x(k
′
) < M(k)

and min x(k
′
) > m(k).

Proof. See Appendix A for proof. �
Lemma III.3 establishes that if the maximum value over all

nodal states at the present instant is strictly greater than the
minimum value over all nodal states at the present instant, then
the maximum (minimum) over all nodal states after D(1 + τ̄)
instants in the future will be strictly less (greater) than the present
maximum (minimum) over the current and delayed values over
a horizon τ̄ of all nodal states.
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Define by T ∗ := D(1 + τ̄) + τ̄ . Note that T ∗ is a constant
for a fixed interconnection topology.

Theorem III.2: Consider a strongly connected graph G =
{V,E} with an update rule for the consensus protocol given
by (1) and an initial condition x(lT ∗) such that min x(lT ∗) <
max x(lT ∗), where l ≥ 0. Then, M((l + 1)T ∗) < M(lT ∗) and
m((l + 1)T ∗) > m(lT ∗).

Proof: Using k = lT ∗ in Lemma III.3, it follows that for
k

′ ≥ lT ∗ + D(1 + τ̄), max x(k
′
) < M(lT ∗). Note that

M((l + 1)T ∗) = max
v∈V

max
w∈N −

v ∪{v},r∈{0,1,...,τ̄}
xw ((l + 1)T ∗ − r)

where for 0 ≤ r ≤ τ̄ , (l + 1)T ∗ − r ≥ (l + 1)T ∗ − τ̄ = lT ∗ +
T ∗ − τ̄ = lT ∗ + D(1 + τ̄). It follows that M((l + 1)T ∗) <
M(lT ∗). The rest of the proof is left to the reader. �

Theorem III.2 implies that M(lT ∗) is a strictly decreasing
sequence and m(lT ∗) is a strictly increasing sequence as a
function of the index l.

Corollary III.1: Consider a strongly connected graph G =
{V,E} running consensus protocol given by (1) with an initial
condition x(lT ∗) such that min x(lT ∗) < max x(lT ∗), where
l ≥ 0. Then, the following conditions hold.

a) max x((l + 1)T ∗) < M(lT ∗) and min x((l + 1)T ∗) >
m(lT ∗).

b) max x((l + 1)T ∗) − min x((l + 1)T ∗) < M(lT ∗) −
m(lT ∗).

Proof: The proof of (a) follows directly from Theorem III.2.
The proof of (b) is a direct consequence of (a). �

Corollary III.2: Consider the consensus protocol given by
(1) with each node converging to α, that is, limk→∞xi(k) = α
for all i = 1, 2, ...n. Then, the sequences M(lT ∗) and m(lT ∗)
converge to α as l → ∞ and, thus, the sequence M(lT ∗) −
m(lT ∗) → 0 as l → ∞.

Proof: The proof follows from the fact that M(lT ∗)
and m(lT ∗) are subsequences of convergent sequences {xi

(k)}i=1,2,...,n .
Corollary III.1 and Corollary III.2 together imply that max

x((l + 1)T ∗) − min x((l + 1)T ∗) → 0 as l → ∞. In what fol-
lows, an algorithm is devised which converges to max x((l +
1)T ∗) and min x((l + 1)T ∗) in a finite number of iterations.
The distributed stopping criterion is based on the difference
between max x((l + 1)T ∗) and min x((l + 1)T ∗) and evaluat-
ing whether the difference is less than the user-specified error
tolerance. Toward this end, the maximum/minimum consensus
protocols are developed next and the finite-time convergence
of maximum/minimum consensus protocols in the presence of
possible time-varying communication delays is proved.

Let T̃ := (τ̄ + 1) and define the indicator function for the
link from node j ∈ V to node m ∈ V at time k as

Ik,mj (τ) =

{
1, if τmj (k) = τ

0, if τmj (k) 
= τ.
(6)

The maximum consensus protocol denoted by MXP com-
putes the maximum of the given initial node conditions z(0) =
[z1(0) z2(0) . . . zn (0)]T in a distributed manner. It takes z(0) as
an input and generates a sequence of node values based on the

following update rule for node m for k ≥ 0:

zm (kτ̄ + l) = zm (kτ̄ + l − 1), l ∈ {k + 1, .., k + τ̄} (7a)

zm ((k + 1)T̃ ) =

max
j ∈ N −

m ∪ {m}
r = {0, 1, . . . τ̄ }
q = {0, 1, . . . , r}

{zj ((k + 1)T̃ − (r + 1))I(k+1)T̃ −(r+1),mj (q)}

(7b)

where the indicator function is defined as in (6).
The minimum consensus protocol denoted by MNP com-

putes the minimum of the given initial node conditions y(0) =
[y1(0) y2(0) . . . yn (0)]T in a distributed manner. It takes y(0)
as an input and generates a sequence of node values y(k) based
on the following update rule for k ≥ 0:

ym (kτ̄ + l) = ym (kτ̄ + l − 1), l ∈ {k + 1, . . . , k + τ̄} (8a)

ym ((k + 1)T̃ ) =

min
∈ N −

m ∪ {m}
r = {0, 1, . . . τ̄ }
q = {0, 1, . . . , r}

{yj ((k + 1)T̃ − (r + 1))I(k+1)T̃ −(r+1),mj (q)}

(8b)

where the indicator function is defined as in (6).
Note that from (7a), (7b), (8a), and (8b), effectively every

zm update and every ym update takes place once after every τ̄
iterations. In the time-varying delay framework, it is possible
that any in-neighbor j of node m can send multiple packets of
zj to node m while it is waiting for τ̄ iterations, but each packet
received from j during the waiting time contains the same infor-
mation because node j also updates its maximum and minimum
consensus states only once in τ̄ iterations in accordance with
(7a), (7b), (8a), and (8b). The MNP is similar to the MXP since
the minimum over a set of values is the negative of the maximum
of the negative of the values. Next, results are established that
will be useful to prove the convergence of MXP and MNP run-
ning through the update rules (7a), (7b), (8a), and (8b) in finite
time. Let zmax := maxi∈V zi(0) and ymin := mini∈V yi(0).

Lemma III.4: Consider a directed graph G = {V,E} with
possibly time-varying delays with bound τ̄ , the MXP given by
(7a) and (7b), and the MNP given by (8a) and (8b).

1) For all k′ > 0,maxi∈V zi(k′) = zmax and mini∈V yi

(k′) = ymin .
2) Let for some k, zj (k) = zmax and yj ′ (k) = ymin , that is,

nodes j and j
′

have the maximum and minimum values,
respectively, in the network at the kth time instant. Then,
for all instants k′ > k, zj (k′) = zmax and yj ′ (k′) = ymin ,
that is, node j continues to hold the maximum value and
node j

′
continues to hold the minimum value for k

′
> k.

Proof: (a) The proof is left to the reader. (b) The proof
follows from the fact that if the maximum value at the current
iteration is held at node j, then node j continues to hold the
maximum value in future iterations as well, as the update step
(7b) of the MXP includes the past value of node j. The proof
for the other part follows similarly.

Lemma III.5: Consider a directed graph G = {V,E} with
possibly time-varying delays with a uniform bound τ̄ and an
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update rule for the MXP given by (7a) and (7b) and that for the
MNP given by (8a) and (8b). Let zπ1 (0) = maxj∈V zj (0) and
yπ

′
1
(0) = minj∈V yj (0). Then, for all k ≥ D(1 + τ̄), and any

m ∈ V , zm (k) = zπ1 (0), and ym (k) = yπ
′
1
(0).

Proof: As zπ1 (0) = maxj∈V zj (0), it follows from
Lemma III.4 that:

zπ1 (k) = zπ1 (0) for all k ≥ 0.

Consider any node i ∈ V . Since the graph G is strongly con-
nected, there exists a directed path (π2 , π1)(π3 , π2)...(i, πd)
connecting i and π1 . It follows from the update rule (7a)
and (7b) that within τ̄ iterations, π2 will have received the
value zπ1 (0) and, thus, zπ2 (τ̄ + 1) = zπ1 (0); and for any
k ≥ τ̄ + 1, zπ2 (k) = zπ1 (0). Using the above-mentioned steps
for π3 , π4 , . . . , πd , i, it follows that:

zi(k) = zπ1 (0) for any k ≥ d(τ̄ + 1).

Thus, if k ≥ D(τ̄ + 1) ≥ d(τ̄ + 1); zi(k) = zπ1 (0). Since D is
the diameter of the graph G, it follows that for k ≥ D(τ̄ + 1):

zm (k) = zπ1 (0) = max
j∈V

zj (0) for all m ∈ V.

The proof of the other equality is similar. �

B. Distributed Algorithm for Stopping Consensus
Protocol

In this section, an algorithm based on maximum–minimum
consensus for stopping the consensus protocol distributively
in finite time is synthesized using the results derived in the
previous subsections. At time instants T (j) := jT ∗, with T ∗ :=
D(1 + τ̄) + τ̄ and j = 0, 1, 2, . . ., MXP and MNP protocols are
reset with initial conditions x(jT ∗). Thus, z(T (j)) = x(T (j))
and y(T (j)) = x(T (j)). Let

ᾱ(j) := max z(T (j)), α(j) := min y(T (j)), and

β(j) := ᾱ(j) − α(j).

Lemma III.6: Consider the consensus protocol given by (1)
with each node converging to α, that is, limk→∞xi(k) = α for
all i = 1, 2, ...n. Then, the sequences ᾱ(j) and α(j) converge to
α as j → ∞. Furthermore, the sequence β(j) → 0 as j → ∞.

Proof: If {x(k)}∞k=1converges to α, that is, limk→∞xi(k) =
α for all i = 1, 2, ...n, then it follows that limk→∞ max xi(k) =
α andlimk→∞ min xi(k) = α for all i = 1, 2, ...n.

Note that ᾱ(j) and α(j) are subsequences of convergent se-
quences max xi(k) and min xi(k), respectively. Thus, ᾱ(j)
and α(j) converge to the same limit α. This implies that
β(j) → 0 as j → ∞. �

It should be noted that Lemma III.6 is a consequence of
Corollary III.2.

Theorem III.3: The following results hold.
1) Under assumptions A1 (uniformly bounded delays), A2

(graph is strongly connected), and A3 (weight matrix
is row-stochastic), given any ρ > 0, there exists Tc ∈ N
such that β(j) < ρ, that is, Algorithm 1 terminates at line
number 15 in a finite number of iterations.

2) Under assumptions of no delays in communication, A2
(graph is strongly connected) and with the additional

assumption that the weight matrix is doubly stochastic,
given any ρ > 0, there exists Tc ∈ N such that β(j) < ρ,
that is, Algorithm 1 terminates at line number 15 in a finite
number of iterations, where each agent has access to the
average of the initial values held by all agents within ρ.

Proof: 1) Under assumptions A1–A3, we have from
Theorem III.2 that limk→∞ xi(k) = α for all i. It follows from
Lemma III.6 that β(j) → 0 as j → ∞. Thus, for any given
ρ > 0, there exists an integer j0 such that β(j) < ρ for all j ≥
j0 . This implies that Algorithm 1 converges in finite time
Tc = j0(ρ). �

2) The proof is provided in [15].
Thus, we first established the monotonicity of maximum and

minimum consensus iterations and used it to develop Algorithm
1 for distributed termination of consensus iterations at the nodes,
once the nodes are close to the consensus value. The analysis
utilized the row-stochastic property of the weight matrix. More-
over, we have established that a consensus value reaches within
a specified tolerance of the average of the initial values held by
the agents in the delay-free case with a distributed stopping cri-
terion for a doubly stochastic weight matrix. We remark that to
the best of the authors’ knowledge, even with a doubly stochastic
weight matrix assumption in the presence of delays, the linear
consensus algorithm does not necessarily converge to the aver-
age of the agents’ initial values (please refer to Fig 2(a), which
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is a simulation-based illustration of this point). To overcome the
bias of the consensus value, we resort to ratio consensus itera-
tions and distributed termination of ratio consensus iterations in
the following section.

IV. DISTRIBUTED TERMINATION OF AVERAGE CONSENSUS

In Section III, under the row-stochastic weight matrix, finite-
time termination of the consensus iteration described by (1)
can be obtained where all agents arrive at a consensus value.
However, the consensus value is not guaranteed to be the av-
erage of the initial values. Such a guarantee is possible only
if column stochasticity holds for the weight matrix. Here, we
only assume column stochasticity for the weight matrix and de-
velop an algorithm to reach the average of the initial conditions
in a distributed manner and in a finite number of iterations.
As alluded to earlier, a column-stochastic weight matrix can
be chosen in a distributed manner unlike a doubly stochastic
weight matrix [10]. We remark that the techniques used in this
section do not subsume the development of Section III where
the row-stochastic assumption needs a different approach.

First, we review the framework of ratio consensus for arriv-
ing at the average of initial conditions using a column-stochastic
weight matrix in the presence of time varying but bounded de-
lays. In [10], it is shown that average consensus can be asymp-
totically reached by using the ratio of two consensus updates
described as follows:

xi(k + 1) =
∑

j∈N −
i ∪{i}

pij

τ̄∑

r=0

xj (k − r)Ik−r,ij (r) (9)

ui(k + 1) =
∑

j∈N −
i ∪{i}

pij

τ̄∑

r=0

uj (k − r)Ik−r,ij (r). (10)

The delay between the neighbors is time varying and the result
from [10] is formally stated ahead.

Theorem IV.1: [10] Suppose the weight matrix P with
P (i, j) = pij associated with the directed graph G is prim-
itive and column stochastic with P (i, i) > 0 for all i ∈ V .
Let the initial conditions for the numerator states be {x1(0),
x2(0), . . . , xn (0)} and for the denominator states be {ui(0) =
1}i∈V . Under assumptions A1 and A2, the ratio xi (k)

ui (k) asymp-

totically converges to
∑ n

i = 1 xi (0)
n for all i = 1, . . . , n, that is, the

ratio of the numerator and denominator states converge to the
average of the initial conditions (referred to as ratio consensus).

The key point to note is that the weight matrix is re-
quired to be column stochastic. A column-stochastic weight
matrix can be determined in a distributed manner; for example,
pij = 1/(card(N+

j ) + 1), where N+
j is the set of out-neighbors

of node j and card denotes cardinality. Next, we present a dis-
tributed algorithm for termination of ratio consensus iterations
near the average of initial conditions.

A. Distributed Termination Algorithm for Ratio
Consensus

First, we define new maximum and minimum consensus it-
erations for ratio consensus. Then, we will prove monotonic

properties of the new maximum and minimum consensus iter-
ations, similar to those of the previous section. Let us consider
the maximum and minimum values of the ratio of nodal states
[see (9) and (10)] over all nodes within a time horizon τ̄ from
any time instant k given by

M(k) := max
j∈V

r={0,1,2,...,τ̄ }

xj (k − r)
uj (k − r)

, uj (k − r) 
= 0, j ∈ V

(11)

m(k) := min
j∈V

r={0,1,2,...,τ̄ }

xj (k − r)
uj (k − r)

, uj (k − r) 
= 0, j ∈ V.

(12)

Remark 1: Given that uj (0) = 1 for all j ∈ V and P is
a non-negative matrix, uj (k − r) 
= 0 for all k ∈ N and r ∈
{0, 1, 2, . . . , τ̄}.

Lemma IV.1: Consider the update rule (9) and (10) with the
assumptions of Theorem IV.1. Then, for all k

′ ≥ k

xi(k
′
)

ui(k
′)

≤ M(k), for all i ∈ V, and (13a)

xi(k
′
)

ui(k
′)

≥ m(k), for all i ∈ V. (13b)

Proof: See Appendix B for proof. �
Lemma IV.2: Consider the update rule (9) and (10) with

the assumptions of Theorem IV.1. Let i be a node such that
xi (k

′
)

ui (k
′ )

< M(k) and let j be a node such that xj (k
′
)

uj (k ′ )
> m(k) for

some k
′ ≥ k. Then, for all k

′′ ≥ k
′
, xi (k

′′
)

ui (k
′′ )

< M(k), xj (k
′′
)

uj (k ′′ )
>

m(k).
Proof: See Appendix B for proof. �
Remark 2: Note that xi (k ′)

ui (k ′) ≤ M(k), for k′ ≥ k follows
from Lemma 4.1. Lemma 4.2 emphasizes the strict inequality
xi (k ′′)
ui (k ′′) < M(k) for k′′ > k′ if at any time instant k′, the inequal-

ity xi (k ′)
ui (k ′) < M(k) is satisfied. A similar remark holds for the

min value as well.
Lemma IV.3: Consider the update rule (9) and (10) with the

assumptions of Theorem IV.1. Let R(k) := { x1 (k)
u1 (k) , . . . ,

xn (k)
un (k) }

such that min R(k) < max R(k). Then, for all k
′ ≥ k + D(1 +

τ̄) and for all v ∈ V

max R(k
′
) < M(k), and (14a)

min R(k
′
) > m(k). (14b)

Proof: See Appendix B for proof. �
As in Section III, define by T ∗ := D(1 + τ̄) + τ̄ . The follow-

ing theorem shows that M((l + 1)T ∗) is a strictly decreasing
sequence as a function of index l. Similarly, m((l + 1)T ∗)
under is a strictly increasing sequence as a function of index l.

Theorem IV.2: Consider the update rule (9) and (10) with
the assumptions of Theorem IV.1 and the initial ratio vector
as R(lT ∗) := { x1 (lT ∗)

u1 (lT ∗) , . . . ,
xn (lT ∗)
un (lT ∗) } such that min R(lT ∗) <

max R(lT ∗), where l = 0, 1, 2, .... Then, M((l + 1)T ∗) <
M(lT ∗) and m((l + 1)T ∗) > m(lT ∗).

Authorized licensed use limited to: University of Minnesota. Downloaded on June 22,2022 at 00:35:55 UTC from IEEE Xplore.  Restrictions apply. 



PRAKASH et al.: DISTRIBUTED STOPPING CRITERION FOR CONSENSUS IN THE PRESENCE OF DELAYS 91

Proof: Using k = lT ∗ in Lemma 4.3, it follows that for
all j ∈ V and for r ∈ {0, 1, 2, . . . , τ̄}, xj (lT ∗+D (1+ τ̄ )+r)

uj (lT ∗+D (1+ τ̄ )+r) <

M(lT ∗). Thus, maxj∈V ,r∈{0,...,τ }
xj ((l+1)T ∗−r)
uj ((l+1)T ∗−r) < M(lT ∗), im-

plying, M((l + 1)T ∗) < M(lT ∗). This completes the proof of
the first inequality. The other inequality can be proved similarly
and is left to the reader. �

Corollary IV.1: Consider the update rule (9) and (10) with
the assumptions of Theorem IV.1. Then, liml→∞ M(lT ∗) =
∑ n

j = 1 xj (0)
n and liml→∞ m(lT ∗) =

∑ n
j = 1 xj (0)

n . Moreover,
liml→∞ M(lT ∗) − liml→∞ m(lT ∗) = 0.

Proof: The proof follows from Theorem IV.2 and reasoning,
as mentioned in Corollary III.2, and is left to the reader. �

Next, using maximum and minimum consensus definitions
(2), (3) and the results established in Section III-A, we propose
an algorithm for stopping the ratio consensus protocol in finite
time based on a user-specified threshold ρ. The maximum and
minimum consensus iterations are to be reset with the ratio of the
nodal states every T ∗ iterations, that is, z(T (j)) = { x1 (T (j ))

u1 (T (j )) ,

. . . , xn (T (j ))
un (T (j )) }, and y(T (j)) = { x1 (T (j ))

u1 (T (j )) , . . . ,
xn (T (j ))
un (T (j )) }. De-

fine ᾱ(j), α(j)), and β(j) as before. Then, the following result
analogous to Lemma III.6 holds and the proof is omitted due to
similarity with the proof of Lemma III.6 and space limitations.

Lemma IV.4: Consider the ratio consensus protocol given

by (9) and (10) with each node converging to α :=
∑ n

j = 1 xi (0)
n ,

that is, limk→∞xi(k) = α for all i = 1, 2, ...n. Then, the se-
quences ᾱ(j) and α(j) converge to α as j → ∞. Furthermore,
the sequence β(j) → 0 as j → ∞.

This leads to the algorithm for distributed finite-time termi-
nation of averaging using ratio consensus and the main result of
this section. The proof is similar to the proof of Theorem III.3
and is skipped due to space limitations.

Theorem IV.3: Given any ρ > 0, there exists Tc ∈ N such
that β(j) < ρ, that is, Algorithm 2 terminates at line number 15
in a finite number of iterations where each agent has access to
the average of the initial values held by all agents within ρ.

Thus, we first established monotonicity of the maximum and
minimum consensus for the ratio of the nodal states and used it
to design an algorithm for distributed termination of ratio con-
sensus near the average. We end this section with the following
remark.

Remark 3: It is shown in [23] that no finite-time dis-
tributed averaging protocol is possible without knowledge of
some global network parameter if each node only knows its
history of estimates. The only global parameters needed for our
algorithm are the knowledge of the graph diameter and an up-
per bound on the maximum delay in the network. However, it
should be noted that each node does not need to know the ac-
tual diameter but some upper bound of the diameter. One of the
many algorithms in the literature that can accomplish the task
of finding diameters is shown in [24]. Each node can first run
this protocol to determine the diameter in a distributed manner.

Remark 4: Note that the maximum and minimum consensus
in Algorithms 1 and 2 could begin at a suitable multiple of D(1 +
τ̄) instead of k = 0 if the network owner knows that convergence
would not occur before a certain number of iterations. This step
will reduce communication overhead in larger networks.

V. EXPERIMENTAL AND SIMULATION-BASED VALIDATION

A. Simulation-Based Validation of Algorithm 1

First, we consider random (time varying) but bounded com-
munication delays on the network shown in Fig. 1(a). All of
the delays are sampled from a uniform distribution on {0, 1,
2, 3} (where τ̄ = 3) for the simulation. The initial conditions
are set as x(0) = [1000 0 200 100 700]T with ρ = 0.01. The
communication weight matrix P is chosen to be

P =

⎡

⎢
⎢
⎢
⎣

1/2 0 0 1/2 0
1/4 3/4 0 0 0
1/4 1/8 1/2 0 1/8
0 0 0 1/2 1/2
0 1/8 1/2 0 3/8

⎤

⎥
⎥
⎥
⎦

.
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Fig. 1. (a) General representative network of five nodes for the simu-
lation study. (b) Five-node network for experimental validation.

Under Algorithm 1, all nodes converge to a common value
of 320.2623 [see Fig. 2(a)] in 96 iterations. We note that the
consensus value in the presence of time-varying delays depends
on the specific realization of the communication delays and is
not necessarily the average of the initial conditions.

B. Simulation-Based Comparison of Algorithm 2 and [15]

Next, we compare Algorithm 2 with the algorithm in [15] for
the network in Fig. 1(a) with the same communication weight
matrix P as in the above-mentioned study and fixed (determin-
istic) communication delays, with the network delay matrix τ
being

τ =

⎡

⎢
⎢
⎢
⎣

0 0 0 2 0
2 0 0 0 0
3 1 0 0 2
0 0 0 0 1
0 3 1 0 0

⎤

⎥
⎥
⎥
⎦

.

The initial values of the nodes are set as x(0) = [1000 0
200 100 700]T and the error tolerance is set as ρ = 0.1. Fig. 2(b)
illustrates the performance of the stopping algorithm in [15] with
Algorithm 2. Here, it is seen that the algorithm in [15] fails to
terminate the consensus iterations near the average of the ini-
tial conditions (stopping criterion is not satisfied) even in the
presence of fixed delays (given by τ ); unlike Algorithm 2.

C. Experimental Case Study

Here, we realize a five-node network shown in Fig. 1(b) where
all of the edges are bidirectional. The initial values held by
agents in this network are set as x(0) = [1000 0 200 100 700]T

with the error tolerance of ρ = 0.01. The column-stochastic
weight matrix is given by

P =

⎡

⎢
⎢
⎢
⎣

1/4 1/5 1/4 1/3 0
1/4 1/5 1/4 0 1/4
1/4 1/5 1/4 0 1/4
1/4 1/5 0 1/3 1/4
0 1/5 1/4 1/3 1/4

⎤

⎥
⎥
⎥
⎦

.

Each agent in the network is realized using a Raspberry Pi 3
model b [25] with a configuration of 1.2-GHz CPU, 1-GB RAM,
and 802.11n Wireless LAN support [26]. A NodeJS-based appli-
cation [27], capable of bidirectional communication for running
the consensus algorithm on each Raspberry Pi is developed.
Data communications occur via an HTTP protocol [28], which
is designed over TCP/IP [29] and ensures guaranteed, in-order
delivery of data packets between the nodes using WiFi.

Fig. 2. Simulation results on the general representative network of
five nodes, as shown in Fig. 1(a). (a) Application of Algorithm 1 for
distributed stopping of consensus in the presence of uniformly bounded
time-varying delays. (b) Comparison of Algorithm 2 with the algorithm
presented in [15] in the presence of fixed delays in terms of the difference
between maximum and minimum consensus values at a node.

Fig. 3. Distribution of pairwise latency (in milliseconds) for each node
in the network shown in Fig. 1(b).

The distribution of pairwise communication latency for each
node in the experimental realization of the network given in
Fig. 1(b) is summarized in Fig. 3. For instance, the box plot
labeled as “Agent 1” depicts the latency experienced by the
Raspberry Pi 1 for several communication requests sent to every
other Raspberry Pi in the network, that is, Agents 2–4. It is
seen that the network latency ranges from 10 to 120 ms. Each
consensus update is run every 50 ms and τ̄ is chosen to be 3.

Algorithm 2 is implemented on each agent (emulated by
Raspberry Pis) with the neighborhood topology given by
Fig. 1(b).

The results are presented in Fig. 4. From Fig. 4, it is clear
that the distributed stopping algorithm proposed in this paper
terminates when the nodes get close (within tolerance ρ) to the
average of the initial conditions in 34 iterations.

Remark 5: Similar to Algorithm 2, Charalambous et al.
[11] study the distributed stopping of average consensus in the
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Fig. 4. Experimental results on the network of five nodes, as shown
in Fig. 1(b) in the presence of uniformly bounded random delays with
Algorithm 2.

presence of time varying but bounded delays using column-
stochastic weight matrices to run ratio consensus. Including the
two states of ratio consensus, Charalambous et al. [11] require
the transmission of two messages at each iteration from a node
to a neighbor, whereas Algorithm 2 requires transmission of
four messages. Even though the communication overhead is
increased, the communication overhead is small compared with
the storage and computational advantages of Algorithm 2 over
[11]. The method in [11] needs to compute and process Hankel
matrices at each iteration for each node in the graph requiring
the storage of Hankel matrices until a matrix rank condition
is met. Here, the size of the Hankel matrices increases with
iteration count. Thus, in large networks, computing, storing,
and processing needs of [11] can be expensive as convergence
may take several iterations.

Algorithm 2 computes max–min consensus states where the
storage and computational requirements do not increase with the
iteration count, thus avoiding scalability issues. This is particu-
larly beneficial for applications where computational overhead
is of critical importance and can be permitted at the expense of
increased communication load.

VI. CONCLUSION

In this paper, novel maximum and minimum consensus-based
distributed stopping criteria are proposed to terminate the con-
sensus iterations by the agents when each of them has reached
within a specified error tolerance of the consensus value. Here,
when the agents stop the iteration, they are aware that all other
agents’ have terminated the algorithm as well; which is needed in
applications where the distributed result is employed for a sub-
sequent task. The methods proposed are robust to time-varying
communication delays. Algorithms for finite-time termination
are developed to accommodate the cases when the consensus
iterations use a weight matrix that is row stochastic (the standard
consensus iterations motivated by [2]) and weight matrix is col-
umn stochastic (the ratio consensus iterations for [11]). Here, in
the latter case, convergence that is arbitrarily close to the aver-
age of the initial values held by agents is guaranteed, where the
weight matrix is realizable in a distributed manner without the

need for any centralized coordination. The practicality of the
proposed algorithms is tested via simulations and experiments
on a network of agents experiencing time-varying communica-
tion delays. An interesting extension of the presented algorithms
is to incorporate asynchronous computations, which would re-
quire the use of asynchronous maximum [30] and minimum
consensus.

APPENDIX A
PROOFS OF LEMMAS IN SECTION III

Proof of Lemma III.1: The method of strong induction is
employed. Note that xi(k) ≤ M(k) for all i = 1, . . . , n, follows
from the definition of M(k). Consider the following induction
hypothesis:

xi(k + l) ≤ M(k) for all 0 ≤ l ≤ L and i = 1, . . . , n. (15)

Suppose L ≥ τ̄ . Then, for any j ∈ N−
i , it follows that 0 ≤ L −

τ̄ ≤ L − τij (k) ≤ L. It follows from the induction hypothesis
that xj (k + L − τij (k)) ≤ M(k).

Suppose 0 ≤ L ≤ τ̄ . Then, for any i ∈ {1, . . . , n} and j ∈
N−

i , it follows that −τ̄ ≤ L − τij (k) ≤ L. Consider the case
that −τ̄ ≤ L − τij (k) ≤ 0, which implies k − τ̄ ≤ k + L −
τij (k) ≤ k and xj (k + L − τij (k)) ≤ M(k). Consider the case
0 < L − τij (k) ≤ L. Then, from induction hypothesis, it fol-
lows that xj (k + l − τij (k)) ≤ M(k). Thus, it is established
that for any j ∈ N−

i , xj (k + L − τij (k)) ≤ M(k). It follows
that:

xi(k + L + 1) = piixi(k + L) +
∑

j∈N −
i

pij xj (k + L − τij (k))

≤ piiM(k) +
∑

j∈N −
i

pijM(k) = M(k). (16)

Thus, by strong induction, it follows that xi(k
′
) ≤ M(k) for all

k
′ ≥ k and for all i. The rest of the proof follows similarly.
Proof of Lemma III.2: The method of strong induction will

be employed to prove the Lemma. Note that

xi(k + 1) = piixi(k) +
∑

j∈N −
i

pij xj (k − τij (k))

< piiM(k) +
∑

j∈N −
i

pijM(k) = M(k). (17)

The rest of the strong induction step follows the steps of Lemma
3.1 with strict inequalities replacing inequalities.

Proof of Lemma III.3: Since min x(k) < max x(k), there
exists a node i such that xi(k) < max x(k). Since max x(k) ≤
M(k), it follows that xi(k) < M(k).

Consider any node j. As G is strongly connected, there exists
a directed path connecting nodes i and j. Assume the shortest
directed path connecting i and j is given by (m1 , i)(m2 ,m1)
· · · (j,mdj −1). Using (1), it follows that:

xm 1 (k + τ̄ + 1) = pm 1 ixi(k + τ̄ − τm 1 i(k + τ̄))

+
∑

j∈N −
m 1 ∪{m 1 }\{i}

pm 1 j xj (k + τ̄ − τm 1 j (k + τ̄)).
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As (k + τ̄ − τm 1 j (k + τ̄)) ≥ k, it follows from the definition
of M(k) and (5) that:

xm 1 (k + τ̄ + 1) ≤ pm 1 ixi(k + τ̄ − τm 1 i(k + τ̄))

+
∑

j∈N −
m 1 ∪{m 1 }\{i}

pm 1 jM(k).

As (k + τ̄ − τm 1 j (k + τ̄)) ≥ k, it follows from the fact xi(k) <
M(k) and Lemma III.2 that:

xm 1 (k + τ̄ + 1) < pm 1 iM(k) +
∑

j∈N −
m 1 ∪{m 1 }\{i}

pm 1 jM(k).

Thus, xm 1 (k + τ̄ + 1) < M(k). Using Lemma III.2, it fol-
lows that for all k

′′ ≥ k + τ̄ + 1, xm 1 (k
′′
) < M(k). Similarly,

xm 2 (k + 2τ̄ + 2) < M(k) and, hence, it can be concluded
using Lemma III.2, that for all k

′′ ≥ k + 2τ̄ + 2, xm 2 (k
′′
) <

M(k). Proceeding in a similar manner for dj times, it fol-
lows that for all k

′′ ≥ k + dj τ̄ + dj , xj (k
′′
) < M(k). Note that

k + Dτ̄ + D ≥ k + dj τ̄ + dj , and, thus, for any v ∈ V, v 
= i,
k

′′ ≥ k + Dτ̄ + D implies xv (k
′′
) < M(k). It follows that for

all k
′ ≥ k + D(τ̄ + 1),max x(k

′
) < M(k). The proof for the

other inequality is similar.

APPENDIX B
PROOFS OF LEMMAS IN SECTION IV

Proof of Lemma IV.1: We prove the theorem using strong
induction. By the definition of M(k), for k

′
= k, the proof is

trivial.
Suppose, it is asserted that for k

′
= k + l

′
, l

′ ∈ {1, 2, . . . , l},
xi (k+ l

′
)

ui (k+ l ′ )
≤ M(k) for all i ∈ V. Then, for k

′
= k + l + 1

xi(k + l + 1)
ui(k + l + 1)

=
piixi(k + l) +

∑
jεN −

i
pij

∑τ̄
r=0 xj (k + l − r)Ik+ l−r,ij (r)

piiui(k + l) +
∑

jεN −
i

pij

∑τ̄
r=0 uj (k + l − r)Ik+ l−r,ij (r)

=
pii

xi (k+ l)
ui (k+ l)

pii + 1
ui (k+ l)

∑
j∈N −

i
pij

∑τ̄
r=0 uj (k + l − r)Ik+ l−r,ij (r)

+
1

ui (k+ l)

∑
j∈N −

i
pij

∑τ̄
r=0 xj (k + l − r)Ik+ l−r,ij (r)

pii + 1
ui (k+ l)

∑
j∈N −

i
pij

∑τ̄
r=0 uj (k + l − r)Ik+ l−r,ij (r)

.

Consider the case when l > τ̄ . Then, k + l ≥ k + l − r > k
+ τ̄ − τ̄ = k. Using the inductive assertion, it follows
that xj (k+ l−r)

uj (k+ l−r) ≤ M(k). This implies that xj (k + l − r) ≤
M(k)ui(k + l − r). Thus, it follows that:

xi(k + l + 1)
ui(k + l + 1)

≤

piiM(k)
pii + 1

ui (k+ l)

∑
j∈N −

i
pij

∑τ̄
r=0 uj (k + l − r)Ik+ l−r,ij (r)

+
1

ui (k+ l)

∑
j∈N −

i
pij

∑τ̄
r=0 uj (k + l − r)Ik+ l−r,ij (r)M(k)

pii + 1
ui (k+ l)

∑
j∈N −

i
pij

∑τ̄
r=0 uj (k + l − r)Ik+ l−r,ij (r)

.

It follows that xi (k+ l+1)
ui (k+ l+1) ≤ M(k) for any i ∈ V. The case when

1 ≤ l ≤ τ̄ can be worked out following the steps in the proof of
Lemma III.1.

This proves (13a). Similarly, (13b) can be proven. This com-
pletes the proof.

Proof of Lemma IV.2: The proof is based on induction. It fol-

lows from the hypothesis that for time instant k
′′
= k

′
, xi (k

′
)

ui (k
′ )

<

M(k).
Suppose the assertion is that for some integer q ≥ 1 and for

k
′′
= k

′
+ q, xi (k

′
+q)

ui (k
′+q)

< M(k). This implies that for k
′′
= k

′
+

q, xi(k
′
+ q) < M(k)ui(k

′
+ q). Then, for k

′′
= k

′
+ q + 1

xi(k
′
+ q + 1)

ui(k
′ + q + 1)

<

piiM(k)
pii + 1

ui (k
′+q)

∑
j∈N −

i
pij

∑τ̄
r=0 uj (k

′ + q − r)Ik ′+q−r,ij (r)

+
1

ui (k
′+q)

∑
j∈N −

i
pij

∑τ̄
r=0 xj (k

′
+ q − r)Ik ′+q−r,ij (r)

pii + 1
ui (k

′+q)

∑
j∈N −

i
pij

∑τ̄
r=0uj (k

′ + q − r)Ik ′+q−r,ij (r)
.

(18)

Using Lemma IV.1 and the steps therein, it follows that
xj (k

′
+q−r)

uj (k ′+q−r)
≤ M(k). Using this inequality along with the induc-

tive assertion, the proof follows similar to the proof of Lemma
III.2.

The proof of the other inequality is similar to the proof men-
tioned above and is left to the reader.

Proof of Lemma IV.3: Since min R(k) < max R(k), there
exists a node i ∈ V such that xi (k)

ui (k) < max R(k) ≤ M(k).

Using Lemma IV.2, it follows that xi (k+τ−r)
ui (k+τ−r) < M(k), r ∈

{0, 1, . . . , τ}. Thus

xi(k + τ − r) < M(k)ui(k + τ − r), r ∈ {0, 1, . . . , τ}.
(19)

Using Lemma IV.1, xl (k+τ−r)
ul (k+τ−r) ≤ M(k), l ∈ V \i, r ∈ {0, 1,

. . . , τ}. Thus

xl(k + τ − r) ≤ M(k)ul(k + τ − r), l ∈ V \i, r ∈ {0, .., τ̄}.
(20)

The rest of the proof is left to the reader. The other inequality
can be proven similarly and is left to the reader.
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