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Convex Decreasing Algorithms: Distributed Synthesis and Finite-Time
Termination in Higher Dimension
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Abstract—We establish finite time termination algorithms for
consensus algorithms based on geometric properties that yield
finite-time guarantees, suited for use in high dimension and in the
absence of a central authority. These pursuits motivate a new peer
to peer convex hull algorithm, which is utilized for one stopping
algorithm. Further an alternative lightweight norm based stopping
criteria is also developed. The practical utility of the algorithm is
illustrated through MATLAB simulations.

Index Terms—Convex hull, distributed consensus, high-
dimensional state algorithms, multiagent systems, network-based
computing systems.

|. INTRODUCTION

Consensus algorithms are a fundamental tool utilized in multiple
disciplines, in particular they are used for maintaining the reliability of
systems in distributed and multiagent contexts. The ideas of distributed
consensus algorithms can be traced back to the seminal works, see [2],
[3], [4], [5]. We direct the reader to [6] and [7] for background on the
topic in the context of control. For additional background, recent work
and motivation for treating the high-dimensional case, see [8], [9], [10],
[11], [12], [13], [14], [15], [16], [17], [18].

In practice, all consensus algorithms must terminate in finite time,
and more rapid termination saves valuable computation and commu-
nication resources. The purpose of this article is to provide distributed
stopping mechanisms for an R”-valued consensus algorithm in a dis-
tributed manner when all agents are within an e-threshold of consensus.

To do so, we introduce and analyze two distributed algorithms for
diameter estimation, which provide upper bounds on a system of agents.
When the agents behavior, consensus or not, satisfies a geometric
property we call “convex decreasing,” it is shown diameters bounds
that hold at ¢y holds for all time ¢ > t,. In particular for a consensus
algorithm, every agents is, and will remain for all time within € of
consensus. Our notion of an € norm is flexible with respect to choice
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of norm. When agents take values in R", there is thus considerable
diversity in the meaning of an e-threshold, as there is considerable
diversity of norms, even among ¢,,. For instance, a vector x satisfying
a e-threshold for /., in the sense that ||z||. := max; |z;| < & would
only guarantee that ||z||2 :== >, |;| < /ne. Thus in high dimension,
using /., norm to determine the /5 convergence (or vice versa) comes
with high cost. As such we emphasize that our approach is flexible
enough to be implemented for convergence with respect to an arbitrary
norm.

A precise definition of a convex decreasing algorithm will be given in
Section II. For now we remark that such algorithms ensure a nonincreas-
ingness of the diameter of the values of the agents and are ubiquitous
in consensus. Convex decreasing algorithms can be understood as a
relaxation of the class of algorithms studied by Moreau in [19], and
hence the stopping algorithms introduced here may be immediately
applied. Additionally, the nonlinear “push-sum” (as referred to in [8])
or “ratio-consensus” algorithm (as it is referred to in [20]) is proven
to be convex decreasing here, even in the case of time-dependent, and
randomly chosen update matrices, extending the work of the authors
in [21] which treated the deterministic, time homogeneous case. This
gives a rigorous mathematical explanation for the relative robustness
and stability of ratio consensus enjoyed even in complicated practical
implementations. We thank an anonymous reviewer for suggesting [22],
where the “circumcenter algorithm” provides another example of a
convex decreasing algorithm.

As mentioned, we introduce two algorithms for distributed diameter
estimation. The first is based on the determination of extreme points
of the values taken by the agents. In short, agents share their best
knowledge of the extreme values of the convex hull of the groups
values. The agents are able to reconstruct the extreme values within
D-iterations. Determining the extreme points of a set in a distributed
fashion is tantamount to a distributed convex hull algorithm and is of
independent interest beyond beyond diameter estimation. With knowl-
edge of the extreme points in hand, an agent can reassemble the convex
hull and make many useful computations. Most relevant to our efforts
here, the agents can upper bound the value of a convex function on the
convex hull of the extreme points. In particular, the distances of the
algorithm from consensus with respect to any norm can be controlled
from above.

When agents take scalar values, this reduces to maxima and minima
protocols already utilized in the consensus literature. See [23], where
this property was leveraged toward finite time stopping for consensus
when agents update to convex combinations of their neighbors values.
The respective decreasingness and increasingess of maxima and min-
ima protocols mathematically legitimizes their use for stopping, and
corresponds to be introduced notion of convex decreasingness of the
consensus algorithm in the 1-D case. This monotonicity was proven
for the maxima and minima for the 1-D ratio consensus algorithm
in [24] and utilized for finite stopping. This was then extended to
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time-dependent cases in [25] and [26]. By treating the coordinates of
an n-dimensional ratio consensus algorithms as 1-D ratio consensus al-
gorithms an n-dimensional stopping algorithm was introduced in [24].
The work here contains all the aforementioned as special cases and in
particular provides a considerable sharpening both theoretically and in
application of [24].

The second method for stopping is based on agents passing an
auxiliary “radius” value. This stopping algorithm is flexible to any
choice of norm, however unlike the first, the norm must be chosen
before initialization of the algorithm. Though both algorithms are based
on distributed computations, and scale with the level of connectivity at
a node (agnostic to the network), the radius-based stopping algorithm
has the advantage of having a computational cost at a node that grows
linearly in the number of neighbors. In addition, it has a communication
cost of a single scalar value, independent of the size of the network and
the dimension of the consensus values, making it dramatically more
efficient than other proposed algorithms at high dimension.

We mention that for small networks, the authors in [27] presented a
method terminating in a finite number of iterations. However, Sundaram
and Hadjicostis [27] required each node to run n (total number of
agents) different linear iterations each for at least n + 1 time-steps.
The algorithms for stopping developed here have computational cost
on the order of neighbors to a node. Thus, the algorithms presented here
provide significant improvement, for example, in large networks with
sparse connectivity.

Let us note that the diameter estimation algorithms terminate within
D-iterations and provide valid bounds independent of convergence of
said agents values. This is especially significant in real world appli-
cations, where theoretical guarantees can be intractable, probabilistic,
or practically inefficient. The algorithms here have the advantage of
addressing the particular realization of the system, and not a theoretical
worst case.

Statement of contribution:

1) This article introduces two new algorithms for distributed stop-
ping of R"-valued consensus algorithms within an e-threshold of
consensus with respect to arbitrary norm.

The algorithms correspond to distributed diameter estimation meth-
ods that are of independent interest. In particular, the first diameter
estimation algorithm is based on distributed convex hull determi-
nation, which is of broad utility. The second introduced algorithm
is based on a radius sharing technique and has minimal communi-
cation cost of the stopping algorithm, requiring only a single scalar
value to be shared at each iteration. This is especially significant
as previous stopping algorithms carried a communication cost of
order n scalars, where n equal to the dimension.

We introduce a geometric notion, termed ‘“convex decreasing,’
which ensures that the diameter bounds obtained, yield guarantees
on the distance to consensus. Moreover, we demonstrate that this
property holds for many widely utilized consensus algorithms. In
particular, the convex monotonicity proven for the deterministic
and time homogeneous, ratio consensus algorithm in [21] is ex-
tended to treat the case of random and time-dependent updates.

The techniques here can also be used to obtain new stopping criteria
for consensus-based least square estimation, as well as distributed
function calculation. For brevity of exposition, such applications of
the theory developed will be reported elsewhere.

The article is organized as follows. In Section 11, the basic definitions
needed for subsequent developments are presented. Further, we discuss
the setup for the distributed average consensus in higher dimensions
(called the vector consensus problem) using ratio consensus. Sec-
tions IV present an analysis on the polytopes of the network states
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generated in the ratio consensus algorithm. Section I'V-B establishes a
norm-based finite-time termination criterion for the vector consensus
problem. Theoretical findings are validated with simulations presented
in Section V followed by conclusions in Section VI.

Il. PRELIMINARIES

In this section, we present definitions and elementary results essential
for the subsequent developments. Detailed description of graph theory
and linear algebra notions is available in [28], and [29], respectively.

Definition 1. (Directed Graph): A directed graph (denoted as di-
graph) G is a pair (V, £), where V is a set of vertices or nodes and £ is
a set of edges, (4, j) which are ordered subsets elements of ).

We use standard graph theoretic terminology, recalled here. In a di-
rected graph, a directed path from node i to j exists if there is a sequence
of distinct directed edges of G of the form (k1,2), (ka, k1), .-, (J, km)-
For the rest of the article, a path refers to a directed path. The path length,
or length of a path is the number of directed edges belonging to the path.
By convention, we consider a node ¢ € V to be connected to itself by
a path of length zero. The diameter! of a graph is the longest shortest
path between any two nodes in the network. Unless stated otherwise,
we assume there exists an upper bound D on the diameter of the graph
throughout the rest of the article.

We note that the notion of diameter can be extended to the case
that a network takes finitely many {&4,...,¢&,,} different topologies
determined by a random process o(k) taking values in {1,...,m}
such that the topology of the network at time t is given by &,().
In this case, we consider the diameter of the network D to be
the minimum over D where D is an integer such that given 4,7 €
V and a sequence ny,...,np such that P((o(1),...,0(D)) =
(n1,...,np)) > 0, then there exists a sequence ko, k1, - . ., K, Km1
in V with m < D, i = ko and J = kms1 and (k;, ki_q) € E;y. In
short, the diameter is the longest duration of time it can take to travel
from one node to another. We make no assumptions on the distribution
of the process o, except that D < oo. For simplicity of exposition,
we will not further emphasize the technicalities of random topology
switching. We will denote the cardinality of a set A by | A].

Definition 2. (m-In-Neighborhood): Form = 0 define N; (0) = 1,
and for m > 0 define N; (m) tobe U c (1) N, 0 that N7 (m) is
the set of nodes j € G from which ¢ can be reached in m or less steps.
When m = 1 we write N, , called the In-neighborhood of i.

Definition 3. (Network and Consensus algorithms): A network al-
gorithm on G = G(V, &) is a finite or countably infinite sequence
of maps ¢ : WY — WY called network updates for a normed space
(W, ]l - 1I), a consensus algorithm is a network algorithm such that
for any state f € WY, ®,(f) := ¢n0opn_10---0¢1(f) satisfies,
lim,, oo ||, (f)(2) — P, (f)(7)]| =0, for all 4, j € V, where ¢; are
network updates.

We will have particular interest in distributed consensus algorithms
that can be built from matrix operations. We recall the following
definitions.

Definition 4. (Stochastic Matrices): Areal N x N matrix P = [p;;]
is called a column stochastic matrix if p;; > 0 for 1 <4,7 < N and
Z;.V:lpji =1for 1<i<N.Areal Nx N matrix A = [a;;] is
called a row stochastic matrix if 1 > a,;; > 0 for 1 <4,7 < N and
Sy =1forl <i<N.

"When a graph is undirected, path length defines a metric, and this coincides
with the usual notion of diameter. That is, for S a set with metric d, the
diam(S) = sup,, ,c g2 d(z,y).
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As is well known, both row stochastic or column stochastic updating
matrices can be constructed by agents locally. However, constructing
an updating matrix that is simultaneously row and column stochastic
(known as doubly stochastic), though desirable for its simple conver-
gence properties, is not possible without global topological knowledge.

As a notational convention, matrices will be written in bold face as
above. One can identify the vector space W with R¢ without any loss
of generality.

Definition 5. (Convex hull): For aset U C W, the convex hull of U
is the smallest convex set containing U,

co(U) = m F. )]

{F convex :UCF'}

The closure of a set U, denoted U, is the smallest closed set
containing U. We write the closure of a convex hull by ¢o(U) := co(U).

Compact, convex sets are characterized by their extreme points,
whose definition we recall now.

Definition 6. (Extreme point): For a convex set U C W define u €
U to be an extreme point of U, denoted &' (U), if u = “12& foru; € U
implies u; = us = u. For a general U, define &(U) := & (co(U)).

Definition 7. (Convex Decreasing): A sequence of sets S,, C W is
convex decreasing if co(S, 1) C co(S,). A W consensus algorithm
is convex decreasing when the sets S,, = ®,,(f) are convex decreasing
forany f € WY,

Definition 8. (Support function): For anonempty set A C R¢, define
its support function

ha(u) := sup(zx,u)
zeA
where (z,y) ==Y 1" xy;.
Proposition 2.1: Support functions satisfy the following:

1) AC Bimplieshs < hp

2) ha = heo(a)

3) ha=hx

4) ha < hp implies ¢o(A) C co(B).

5) A sequence of compact sets { A,, } is convex decreasing if and only

if ha, > ha, ., holds forall n.

Proof: Equations (1)—(4) are standard results from convex geometry,
see [30].

To prove (5) observe that if {4, } is a convex decreasing se-
quence, by definition co(A, 1) C co(A,).Sothathys, = heora,) =
hCO(A"H) = hAn+1 Conversely, if ha, > ha 1 then by (4),
co(A, 1) Ceo(A,), and since A, are assumed compact their convex
hulls are as well, and hence co(A,,+1) C co(A,,). [ |

Lemma 2.1: For K convex and compactco(&'(K)) = K.For A, C
R9, then co(Uy Ag) = co(Uyco(Ay))

Proof: The first result can be found in [30]. The second is an easy
exercise. ]

Ill. EXAMPLES OF CONVEX DECREASING ALGORITHMS

We give two archetypal examples and note that we need no assump-
tion of connectivity to prove these examples convex decreasing.

Example 1. (Row Stochastic Updating): Let A (k) be a sequence of
(random) N x N row stochastic matrices. Given an arbitrary initial-
ization 2%(0) of N agents. The sequence z(k) is defined by

Z Aus (K

“(k+1)

is convex decreasing
Since z%(k + 1) can be written explicitly as Z LA (k)27 (K), a
convex combination of {27(k)}, by the row stochastlcisty of A(k),

z(k + 1) clearly belongs to the convex hull of z(k). The second main
example is more subtle and is included as the following theorem.

Theorem 3.1. (Ratio Consensus): Let P(k) be a sequence of (ran-
dom) N x N column stochastic matrices. Given an arbitrary initializa-
tion of 2¢(0) of IV agents, initialize an auxiliary sequences, y*(0) = 1,
and update by

(k+1)= ]ipij (k)2 (k)
(k+1) ZZN; Pyj(k)y’ (k)
then the sequence
ri (k) = yizk) (k)

is convex decreasing.

Proof: By Proposition 2.1, it is enough to show that the support
functions satisfy A,(xy1) < hee). Since rJ(k) = z7(k)/y (k) the
support function satisfies the following inequality for all j:

(@7 (k),u) < iy (w)y? (k).
With ratio-consensus updates from P column stochastic, to prove
convex decreasingness, since the convex-hull of a compact set K is

the intersection of half-spaces containing K, it suffices to show that
if u € R? and ¢ € R are such that (r*(k),u)c holds for all 4, then

{(r'(k 4+ 1), u)cholds for alli as well. Written in terms of support func-
tions, we need to prove, (r7 (k + 1), u) < hy(x)(u), or equivalently,
(27 (k4 1),u) < hygo (w)y’ (k +1).
Computing
<x7 (k+1), Zpﬂ ), u)
< ijihr(k) (w)y' (k)
= Ry (w)y’ (k +1)

where the equalities follow by definition and by linearity. The inequality
used is equivalent to (r'(k), u) < h.x)(u), which follows from the
definition of the support function. |

IV. FINITE-TIME STOPPING CRITERIA

We will use the monotonicity of convex decreasing consensus algo-
rithms to develop a distributed stopping criteria, guaranteeing conver-
gence of all nodes within an e-ball of the consensus value for a general
norm.

The consensus value Z of a convex decreasing consensus algorithm
must belong to the convex hull of {x;(¢)}, see Fig. 1. Thus the value of
an arbitrary convex function f at Z can be upper bounded by its maxima
on the extreme points of {xz;(t)}, a set of typically logarithmic order
in the number of agents [31], [32]. In the same spirit, the following
demonstrates the monotonicity of diameter with respect to an arbitrary
norm.
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Fig. 1. lterations of a convex decreasing consensus algorithm. Details
on construction in [21].

Theorem 4.1: 1f x(t) = {z;(t)} Y, is convex decreasing in ¢, and
|| - || isanorm, thendiam(x(t)) := sup;; [|z;(t) — x;(t)|| is decreasing
in t. Moreover, if z(t) is a consensus algorithm, with Z denoting the
consensus value, then sup, ||z;(t) — Z|| is decreasing in ¢.

Proof: For any x € R%, since x;(t + 1) belongs to the convex
hull of z(t), there exists ; > 0 such that . A; =1 and =, (t +
1) = 3, gy (8). so thatz(t + 1) — af| = [ 35, (s () — @) <
sup; ||lz;(t) — z||. Repeating the argument gives the first result, taking
x = Z gives the second. |

Observe that the number of agents used in the diameter computation
in Theorem 4.1 can be reduced. One can consider only the set of extreme
points of x(t) as

a:i,a:];ré?f;(t)) llzi — ;|

HIZ.?X [o; —z;]| =
Indeed, for any convex function ¥ and compact set K, sup,. i ®(z) =
SUP,ce () P(x). In what follows, we develop a distributed convex
hull computation algorithm that is of independent interest. For agents
{1,2,..., N} with states w(i) € R?, we wish to communicate the
extreme points of w; and hence the convex hull, across the network in
a distributed fashion. We consider hereafter a fixed topology a graph of
diameter bounded by D, and an algorithm, where at stage one, agents
share their value w(j) with neighbors. The nodes then update their
approximation of the convex hull, by determining the extreme points
among all values received from their neighbors and their own. This
new set of extreme points is communicated to all neighbors and then
the process repeats. We show that after D iterations, every node will
have determined the extreme points of w.

In the context of a consensus algorithm protocol, w : V — R?
represents w(i) = r*(k) or z'(k) the value at node i in iteration k
of a consensus algorithm, and we implement the following stopping
criterion. Given a norm || - || and a tolerance ¢, implement the con-
vex hull algorithm at time k, then at time k£ + D, at a node j if
maXe(;),e(j)es(w) [|€(i) — e(j)|| < e, then stop the consensus algo-
rithm. In what follows, we demonstrate that upon stopping every node
is within ¢ of the consensus value in norm.

A. Peer-to-Peer Convex Hull Algorithm

We now describe a finite time algorithm for distributed convex hull
computation. Suppose that |V| agents indexed by i, where each agent
has a set S; of elements of R¢. The agent can communicate within
the constraints imposed by a specific communication network. We

provide a distributed consensus algorithm? through which all agents
obtain &(U;S;) in D-iterations of the algorithm.

Definition 9: For S :V — E, define the initialization x;(0) =
&(S;). Iteratively define

U =e-1

JeN; (1)

We identify x;(¢) with an element of E, by writing its elements
in lexicographical order. That is, at iteration ¢, an agent ¢ receives the
extreme points known to their “in-neighbors” and forms a new set s; (¢)
comprised of their previous extreme points and their neighbors. Agent
¢ finds the extreme points of this new set, and then communicates the
set to its “out-neighbors” to initiate another iteration.

Theorem 4.2: For any initial configuration defined by S : V — F,
the algorithm for x;(¢) described in Definition 9 is a distributed con-
sensus algorithm. Moreover, considered as sets

zi(t) = &(5:(t)) @

where S;(t) := U;cy-(4)S;, and we recall that N;(t) is the ¢ in-
neighborhood of nodé i (see Definition 2). In particular, for ¢ > D,
zi(t) = z;(D) = &(Uie1Si).

Proof: The result is true by definition checking when ¢ = 0, since
S;(0) = S;. Thus, we proceed by induction and assume the result holds
for k£ < t. By definition,

U z-1). A3)

By the induction hypothesis,

sl U =e-n]=¢ U €Sit-1)
JEN; (1) JeN; (1)
=& U & U Sk

JEN,; (1) keNj’(t—l)
Recall that for nonconvex sets U, &(U) := & (co(U)), so that
& (Ujg (Ukj Skg)) =& (co(Uj(g‘? (CO(Ukj Skj ))))

where the subscript k; ranges over the set N (t —1). If we write
K = co(Ug,; S, ),and apply Lemma 2.1, with the fact that K is convex
and compact

co(U; 6 (K;)) = co(Ujco(&(K;))) = co(U; Kj).
By definition of K ; and another application of Lemma 2.1,
CO(UjKj) = CO(UjCO(Ukj Sk])) = CO(Uj Uk]. Sk])

Thus our result follows once we can show:

Ul U s|=Us.

JEN; (1) keNj’(t—l) JEN, (t)

Both sets can be considered as unions of S, indexed by paths of length
not larger than ¢ terminating at <. More explicitly, both sets can be written
as [ J, . Si, where A is the space of all paths v : {0,1,2,...,k} =V

2The convex hull algorithm can be understood as a distributed consensus
algorithm in the space of all finite sequences in R

Authorized licensed use limited to: University Of Minnesota Duluth. Downloaded on September 16,2026 at 21:06:19 UTC from IEEE Xplore. Restrictions apply.



3964

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 6, JUNE 2024

such that k£ < ¢, v(k) = v,. This gives (2). Since N; (t) =V fort >
D, S;(t) = UjepS;and x; (D) = z;(D) = &(S). Thus, the algorithm
considers is a consensus algorithm. The algorithm is distributed as each
S;(t) is a function of S; (¢t — 1) for j € N (1).

This shows that agents in a distributed network can obtain exact
knowledge of the convex hull in D iterations. As in the discussion in
the beginning of this section, the convex hull algorithm can be used to
provide finite time stopping criterion for a convex decreasing consensus
algorithm.

Theorem 4.3: For z;(t) the state of the ith agent at time ¢ > O in a
convex decreasing consensus algorithm with consensus value Z, then
with S; = {z;(¢')}, and z; as in Definition 9,

z— ()] < 7 —
Iz = (0] < max |z~

fort > t'.

Proof: By z is convex decreasing, z;(t) € co({zx(t")}«). By Theo-
rem4.2, & ({z,(t')},;) = z;(D)atevery j.Since z — ||Z — z|| takesits
maximum on co({zx (t') } x at an extreme point of {zj (¢') }, the theorem
follows. |

Theorem 4.3 demonstrates that an agent can obtain exact bounds
on the distance from convergence of the consensus with respect to an
arbitrary norm within D iterations of the convex hull algorithm. If
denotes the consensus value of the algorithm x(¢), obtaining knowledge
of the extreme points of x(¢) gives decentralized agents upper bounds
on ®(Z) for any convex function ®. In particular an agent can compute
an upper bound on their own distance from consensus, by choosing
®(x) = ||z — z;(t)]]. The significance of this observation, for convex
decreasing algorithms, is that an agent will be able to upper bound their
own distance from consensus not only for their current state, but for all
future states as well.

The distributed convex hull algorithm constructed here is of inde-
pendent interest. Centralized algorithms for finding the convex hull of a
finite set of n points, particularly in R2, have been long proposed. How-
ever, with the recent advancements in distributed multiagent systems,
the problem of estimating the convex hull of set in arbitrary dimension
in a distributed manner, has become important, see [33], [34], [35].

The number of extreme points associated with n points can be as large
as n, however, in practice their cardinality is typically much smaller.
For example, when the n points are chosen to be iid standard Gaussian,

the average number of extreme points is of order, see log% (n) [31]
and is approximately Gaussian for n large, see [32] with variance no

larger than order log% (n).

When computational resources, communication power is limited, or
the precision of the convex hull algorithm is unnecessary, a lighter-
weight alternative is desirable. In the following section, we develop a
stopping algorithm to address these potential feasibility issues.

B. Norm Based Finite-Time Termination

Here we provide a lightweight alternative to the convex hull algo-
rithm, which distributedly finds a norm ball containing all agents’ states.

Theorem 4.4: Let {c'(k)} be the value of the ith agent at time k in
a time homogeneous, convex-decreasing protocol. For all 7 € V, let

Ri(k+ 1,k == max{||c'(K + k+1) — & (K + k)|
JEN;

+ R;(k,K)} 4
with R;(0,%’) := 0 and k' > 0. Then

¢ (k') € B{R;(D, k), c (k' + D)} )

for all j € V, where B{R,z} denotes the closed ball of radius R
centered at z and D is the diameter of the underlying graph topology.

R;(k, k) is an iterative radius estimate for the process at node i,
initialized at time &’ after k iterations. The content of the theorem
is that after D iterations, the ¢th agent has knowledge of a norm ball
guaranteed to contain the state of every agent. Note that R, (k + 1, k') is
locally computed from R; (k, k'), ¢/ (k' + k) with j a neighbor to 7. To
run the norm-based stopping, each agent ¢ needs only communicate an
additional scalar R;(k, k") to their neighbors alongside their algorithm
updates.

Proof: We prove a stronger claim

I (K) € B{R:(k, k), (K + k)} ©6)

forall j € N; (k). One recovers (5) when k = D, as (6) is valid for all
J € V. We prove the claim using induction. For k = 1,

Ri(1, k) = max||ci (K + 1) — ¢ (K)].
JjENT

Thus for all j € N;, we have ||c'(kK' + 1) — ¢/ (K')|| < R;(1, k') and
hence ¢/ (k') € B{R;(1,k'), c'(k' + 1)}. Thus, the assertion holds for
k=1

Now let us assume (6) is true for k. Let j € N, (k + 1), and take ¢
to be an element of a shortest path from j to 4, such that j € N (k)
and g € N; . Then from induction assumption,

¢ (k) € B{R,(k,K), ¢ (k + K}
that is,
lle? (K + k) — ¢ (K[| < Ry(k, K'). Q)
From definition of R;(k + 1, k'),
" (K 4+ k +1) — (K + k)|| + Ry (k, k') < Ri(k+ 1,K).
From triangle inequality,
le' (K +k+1) = (K| < [l (K + &k +1) = c"(K + k)|
+ ||tk + k) — (K-
Using (7),
o' (K + &+ 1) = & (K)]| < [l (K + k +1) = (K + k)|
+ Ry (k, k")
which implies that ||ci(k' +k+1) — ¢/ (K)|| < Ri(k + 1,k') and
thus, ¢/ (k') € B{R;(k + 1,k"), (k' + k + 1)}, and the result fol-
lows.

Theorem 4.4 provides a distributed way to find a ball, which encloses
all the nodes. Only information needed by a node is the current radius
of its neighbors (along with the states pertaining to ratio consensus) and
it can determine the final radius within D iterations. Further, since the
ball B{R;(D, k'), c!(k' + D)} encloses all the nodes, it also encloses
the minimum ball, as mentioned earlier. Thus, we have provided an
algorithm to find an approximation of the minimum ball comprising of
all nodes.

Thus if R;(D, k) is within a tolerance p/2, all the agents ratio state
will be within p of consensus. We next provide convergence result for
R;(D, k) as k — oc.

Theorem 4.5: For a distributed convex decreasing consensus algo-
rithm cand update asin (4). Let R; (1) := R;(D,lD)forl = 0,1,2,...
and all ¢ € V. Then

lim R;(I) =0
l—00

forall i € V.

Authorized licensed use limited to: University Of Minnesota Duluth. Downloaded on September 16,2026 at 21:06:19 UTC from IEEE Xplore. Restrictions apply.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 6, JUNE 2024

3965

We will outline the argument, the interested reader can find a detailed
proof in [1]. The idea of the proof is simple, and follows from conver-
gence to consensus. By the assumption that the algorithm achieves
consensus the distance between all nodes M is eventually as small
as desired. Moreover since R;(k+ 1,ID) < M + R, (k,ID), it will
follow that R;(1) < M D, from which the result is obvious since M
tends to zero.

Notice that R;(l) can be different for different nodes and each
node might detect p-convergence (R;(l) < p) at different time in-
stants. According to Theorem 4.4, once R;(l) < p for any i € V,
|lct(ID) — 7 (ID)|| < 2p, that is the ratio state is within 2p of con-
sensus value, and the consensus is achieved. Further, any node 7 which
detects convergence can propagate a “converged flag” in the network.
To take that into account, we run a separate 1-bit consensus algorithm
(denoted as convergence consensus) for each node, where each node
maintains a convergence state b; (k) and shares it with neighbors. Each
node initializes b;(k) at every D iteration for [ € {0,1,2,...} with
1 or O depending on the node has detected convergence or not, and
updates its value on every iteration using

U b, ( (8)

]EN;

i(k+1)

where |_J denotes OR operation, k£ > 0 and b,(0) = 1 if node j has de-
tected convergence at initialization instant 0 and b; (0) = 0 otherwise.
Clearly, ifb;(0) = 1forany j € V, thenb;(D) = 1foralli € V, where
D is the diameter. Thus, each node can use b; (D) as a stopping criterion.

Using above discussion and Theorem 4.5, we present an algorithm
(see Algorithm 1) instantiating the result for ratio consensus (which
could easily be adapted for more general settings), which determines the
radius R;(1) forl = 0,1,2,...and all i € V and provides a finite-time
stopping criterion for vector consensus.

Theorem 4.6: Algorithm 1 converges in finite-time simultaneously
at each node.

Proof: From Theorem 4.5, it follows that R;(I) — 0 as [ — co.
Thus, for any given p > 0 and node i € V there exists an integer ¢(p, 1)
such that for I = t(p, i), R;(1) < p. As each node has access to R;(l),
convergence can be detected by each node and the convergence bit
b;(ID + 1) will be set to 1. Thus, b;(ID + D + 1) =1foralli € V
and algorithm will stop simultaneously at each node. |

Note, the only global parameter needed for Algorithm 1 is an
upper bound on the diameter D, readily available in most applications.
Further, the only additional communication required between nodes
to implement the algorithm is dimension free, passing a scalar and
a single bit for convergence consensus. In comparison, the stopping
criterion in [16] requires 2 d scalars to be communicated by each node
at each iteration. Therefore, the extra bandwidth required for each
neighbor—neighbor interaction is B + 1, where B is the bit length
(usually 32) for floating point representation. Thus, the above protocol
is suitable for ad-hoc communication networks, where communication
cost is high and bandwidth is limited.

Thus, for the applications with high-dimensional vector consensus
(like GAN:Ss, see for example [36]), the algorithm reported here provides
a reliable distributed stopping criterion with significantly less commu-
nication bandwidth.

We note that the following observation, whose proof follows from
an analogous argument given above, that the stopping algorithms in-
troduced here, can also provide bounds on ultimately uniform bounded
processes, would not have been possible without the comments of an
anonymous reviewer.

Assume the state of our system at time ¢ can be described as x(t) =
(x1(t),...,wa(t)) with z,;(t) € R%

Algorithm 1: Finite-Time Termination of Ratio Consensus in
Higher-Dimension d (at Each Node ¢ € V).
Input:

| p2'(0) 5
Initialize:

| k= 0; Rl(O) = 0; yl(O) = 1;bi(0) =
Repeat:
Input:

| (), y; (k), Ry (k)5 € N}

/+ ratio consensus updates of node

¢ given as in Theorem 3.1 */

ri(k+1):= | Z_ pji(k)a? (k)

JEN;
> pii(k)y;(k);
JGN_ .
(k +1):= (k+1) ' (k+1);
/* radius updates of node ¢ given
by (4) */
Ri(k+1) = mﬁﬁ{llri(k +1) =7 (k)| + R;(k)}
JEN;
/+ convergence bit update of node 1§
given by (8) */
bi(k+1) = U b;(k,)
JENT
if £ = (D then
if b;(k+1) =1 then
break ; // stop 'y, 1,
updates

// Initial condition

yi(k +1) :=

Ri and bl‘

i(1) = Ri(k +1);

if (R;(I) < p) then
bi(k+1)=1;
convergence bit to 1

// set

Ri(k+1)=0; b;(k+1) = 0;

Definition 10: z(t) is UUB with ultimate bound b if there exists
¢ > 0 such that for a € (0, c¢), there exists 7' := T'(a) and b := b(a)
such that

[z(to)|| < a=[z@®)|| <b

forallt >ty + T.
Theorem 4.7: For x(t) UUB and x,(t) such that a := R;(k +
1K) + [Jz;(t)] < c, then

lz; ()] < b

forallt >t+Tand1 < j<n.

V. SIMULATION RESULTS

Here we present simulation results to demonstrate finite-time stop-
ping criterion. A network of 25 nodes is considered, which is rep-
resented by a randomly generated directed graph [see Fig. 2(a)] with
diameter 6. The states are 10-D vector and randomly selected randomly.
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Fig. 2. (a) Communication network represented by a 25 node directed
graph. (b) 2-norm of 10-D ratio states of all the nodes (25) in the network.
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Fig. 3. (a) Radius R;(l) at each node. (b) 2-D projection of norm balls
for node 1 with changing I.

Ratio consensus updates are implemented in MATLAB and simulated.
2-norm of each node’s ratio state is plotted in Fig. 2(b).

Algorithm 1 is implemented in MATLAB and the radius R; (1)
for all 7 € V is plotted in Fig. 3(a). Here, it can be seen that radius
comes under some prespecified tolerance (0.0166, 1% of the norm of
the consensus vector) within 60 iteration and is used as a stopping
criterion by each node. Fig. 3(b) plots the 2-D projection of the norm
ball B{R;(l),7*(ID + D)} for node 1 as I progresses over time. As
expected, with increase in [, balls shrink in size. Similar observation is
seen for all the other nodes as well. The above illustration demonstrates
how Algorithm 1 can be successfully used as finite-time termination
criterion for distributed ratio consensus.

VI. CONCLUSION

We presented two algorithms for distributed diameter estimation
and a notion of monotonicity of network states, which we called a
convex decreasing. In the context of consensus algorithms, we showed
that these properties can be combined to construct finite-time stopping
criteria. The first algorithm is a distributed convex hull algorithm
of independent interest, and the second calculates norm balls, which
contain all the network states at a given iteration. This algorithm was
shown to have much smaller communication requirement compared
to existing methods. We thank three anonymous reviewers for careful
reading and thoughtful comments, which have improved the quality
and exposition of this article.
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