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Reconstruction of directed acyclic networks of dynamical systems

Donatello Materassi

Abstract— Determining the relation structure of various in-
terconnected entities from multiple time series data is of sig-
nificant interest to many areas. Knowledge of such a structure
can aid in identifying cause and effect relationships, clustering
of similar entities, detecting representative elements for an
aggregate and determining reduced order models. Current
methods tend to treat observations in a static manner by
modeling the measured time series as repeated realizations of as
many random variables that are independent over time. This
amounts to assume static relationships among the measure-
ments, making these techniques ill-suited for detecting propaga-
tive and dynamic phenomena that can be fundamental for the
understanding of the system. In this paper we extend techniques
for the identification of networks of random variables connected
through static relations to the case of random processes with
dynamic relations. This is achieved by showing that the Wiener
filter defines a relationship among jointly stationary stochastic
processes that has the properties of a semi-graphoid.

I. INTRODUCTION

The adoption of networks as a modeling tool has become
ubiquitous in science. Interconnections of simple systems
are commonly used to explain and describe complicated
phenomena. We find examples in many fields, such as
Economics (see e.g. [1], [2]), Sociology (see e.g. [3]) Biology
(see e.g. [4], [5], [6]), Cognitive Sciences (see e.g. [7]), and
Geology (see e.g. [8], [9]). Indeed, when a complex system
is observed, multiple measurements can usually be obtained,
where each measurement represents the behavior of an
individual unit of the whole system. Since the various com-
ponents of a complex systems are often related to each other
through dynamic relations, the resulting observations might
show asynchronous correlation and dependencies. The liter-
ature on graphical models is extensive, but it is principally
focused on random variables inteconnected through static
relations. Fundamental work in this area has been pioneered
by Judea Pearl and his group (see [10], [11], [12], [13]) and
by many other researchers (see [14], [15], [16]). However, an
approach that is specifically targeted to stochastic processes
inteconnected through dynamic relations (in other words
considering dependencies occurring at different time instants)
has not been fully developed yet. Indeed, when dealing
with the problem of reconstructing networks of stochastic
processes, the dynamic scenario poses several challenges.
Compared to random variables, the amount of data required
to obtain information about joint probability distributions for
stochastic processes is prohibitive even for small networks
because of the additional “time dimension”. Dependencies
at different time instants have to be identified, limiting
the applicability of non-parametric bayesian methods. Also,
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compared to a scenario where the random variables are
connected through static functions, the presence of a “time
dimension” makes it meaningful to consider structures with
cycles: the well-posedness of a system is guaranteed if, for
example, there is positive delay in each loop. Thus, not only
more data is needed in order to accurately estimate joint
probabilities, but also the class of structures to identify is
significantly larger since it comprises models with feedback
loops. In addition, the potential presence of cycles in the
structure leads to more complicated probabilistic dependen-
cies that need to be taken into account.

These challenges are leading to new results and techniques
which are rapidly emerging (see [17], [18], [19], [20], [21],
[22]). The motivations behind the approach followed in this
paper stem primarily from the results developed in [22]. In
particular, the results in [22] show striking similarities with
results already developed in the area of machine learning
for Bayesian Networks (BNs). One of the main results
obtained in the BNs literature (see [10]) is that the probability
distribution of a random variable conditioned on the rest of
the random variables of an acyclic network is equal to the
probability distribution of the random variable conditioned
only on the random variables within the so-called “Markov
Blanket” of the random variable. Given an oriented graph
the Markov Blanket of a node is the set of the “parents”,
“children” and “parents of the children” of the node. The
work in [22] shows that in order to estimate or predict a
node signal in a network only the signals within the Markov
Blanket of the node are required, even when cycles are
present. This property allows one to reconstruct the Markov
Blanket of each node providing an estimated structure for
the system topology derived using only the second order
statistics.

Given these similarities, the main goal of this paper is
to formulate the problem of reconstructing a network of
stochastic processes on the ground of general theoretical
foundations.

To this aim, we will rely on the mathematical framework
provided by the theory of “semi-graphoids” developed by
Judea Pearl [23]. We will translate familiar concepts of
Control Theory, such as Wiener filtering, in the language
of semi-graphoids. This endevour will bring several positive
outcomes: the results, mainly on acyclic networks, already
obtained for semi-graphoids in the Artificial Intelligence
community will seamlessly extend to the case of networks
of stochastic processes; the Control Theory community will
be exposed to new concepts that can be readily applied to
stochastic systems; finally, it will motivate research towards
new significant directions, such as the development of net-
work identification/reconstruction techniques where feedback
loops are present.
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The paper is organized as follows. TODO: In Section II
we describe a class of models that will suite our purposes of
describing an interconnected structure of dynamical systems.
In Section III we will recall some basic concepts of Wiener
filtering. In Section IV we will show that the projections
obtained using Wiener filters induce a semigraphoid struc-
ture on a space of stochastic processes. In Section V ans
Section VI we will use the semigraphoid properties to obtain
reconstruction results on sets of stochastic processes.

Notation:

The symbol := denotes a definition

< -,- >: inner product ||z||: 2-norm of a vector x

AT': the transpose of a matrix or vector A

E[-]: mean operator;

Rxvy (1) == E[X(#)YT(t + 7)]: cross-covariance function
of wide-sense stationary vector processes X and Y

Rx (1) := Rxx(7): autocovariance;

Z(+): Z-transform of a signal;

O xy(z) := Z(Rxy(7)): cross-power spectral density;

D x(2) := Pxx(2): power spectral density;

II. A CLASS OF MODELS FOR DYNAMIC NETWORKS

In this section we describe the class of Linear Dynamic
Graphs (LDGs), that will be functional for the formulation
of the problem of reconstructing a network of dynamical
systems.

First we define the class of processes that we will use in the
development of our theretical framework.

Definition 1: Let £ be a set containing time-discrete
scalar, zero-mean, jointly wide-sense stationary random pro-
cesses such that, for any e;,e; € &£, the power spectral
density ®.,.,(2) exists, is real rational with no poles on the
unit circle and given by

q)eiej(z) = A(Z)

B(z)’

where A(z) and B(z) are polynomials with real coefficients
such that B(z) # 0 for any z € C, with |z| = 1. Then, £ is
a set of rationally related random processes.

We define a class operators under which a set of rationally
related random processes is closed.

Definition 2: The set F is defined as the set of real-
rational single-input single-output (SISO) transfer functions
that are analytic on the unit circle {z € C| |z| = 1}.

Definition 3: Let £ be a set of rationally related random
processes. The set FE is defined as

FE = {x = ZHk(z)ek | ex € E,Hp(z) € F,m € N}.
k=1

The following definition provides a class of models
for a network of dynamical systems. It is assumed that the
dynamics of each agent (node) in the network is represented
by a scalar random process {x;}_; that is given by the
superposition of a noise component e; and the “influences”
of other “parent nodes” through dynamic links. The noise

acting on each node is assumed to be unrelated to other
noise components. If a certain agent “influences” another a
directed edge is drawn between the nodes representing the
agents and a directed graph is obtained.
Definition 4 (Linear Dynamic Graph): A Linear
Dynamic Graph G is defined as a pair (H(z),e) where
e e = (e1,..,e,)T is a vector of n rationally related
random processes such that ®.(z) is diagonal
e H(z) is an x n matrix of transfer functions in F such
that Hj;(z) =0, for j =1,...,n.
The “node processes” {z; }?:1 of the LDG are the processes
defined as

n
vy =i+ Y Hu(2)w,
=1

or in a more compact way
x(t) = e(t) + H(z)z(t). (1)

Let V := {z1,...,x,} and let E := {(x;,x;)|H;i(z) # 0}.
The pair G = (V, A) is the associated directed graph of
the LDG. Nodes and edges of a LDG will mean nodes and
edges of the graph associated with the LDG. Also, we say
that a LDG is topologically identifiable if ®.(e™) is positive
definite for every w.

Intuitively, a LDG is an interconnection of stochastic pro-
cesses via linear transfer functions H,;(z) according to a
graph G and forced by stationary additive mutually uncorre-
lated noise.

A. Linear Dynamic Directed Acyclic Graphs

The definition of an LDG allows for the presence of cycles.
The purpose of this paper is twofold. On one hand, we want
to translate familiar concepts of Control Theory into the
language of semi-graphoids. On the other hand we show how
the semi-graphoid property results in significant results on a
network of stochastic processes interconnected via dynamical
systems. The PC algorithm (see [11], [14]) is a well-known
algorithm for the reconstruction of Directed Acyclic Graphs
of random variables. In this paper we will illustrate how
it can be suitably modified in order to reconstruct acyclic
networks of dynamic systems. For this reason we introduce
the following definition.

Definition 5 (Linear Dynamic DAG): A LDG (H(z),e)
is a Linear Dynamic DAG (LDDAG) if its associated graph
is a Directed Acyclic Graph, that is a directed graph with no
loops.

A graphical representation of a LDDAG is given in Figure 1.

III. WIENER FILTERING

In this section we recall the concept of Wiener filter,
showing that the projection it operates is closed with respect
to the semi-Hilbert space &, where £ is a set of rationally
related processes.

Definition 6 (Semi-Hilbert space of random processes):
Let H denote the space of rationally related random variables
with the inner product defined by < z,y >= Rxy(0).
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Fig. 1. A Directed Acyclic Graph.

Proposition 7: Under the assumption that two random
processes are identical if they are equal to each other almost
everywhere, the space H with its inner product is a semi-
Hilbert space.

Proof: The proof is left to the reader. [ ]
First, we introduce a way of creating a vector space from a
finite set of generators.

Definition 8: For a finite number of elements x1, ...
FE, tf-span is defined as

» Tm €

tf-span{xy, ..., T } := {x = Zai(z)xi | ai(z) € .7:}.
i=1

We make the following observation.
Lemma 9: The tf-span operator defines a subspace of FE.
Proof: The proof is left to the reader. [ ]
The following proposition formulates the Wiener filter in the
spaces that we have defined.

Proposition 10 (Wiener Filter): Let £ be a set of ra-
tionally related processes Let » and wq,...,w, be pro-
cesses in the space FE. Define the vector process W :=
(w1, .y wn)T and M := tf-span{wy, ..., w, }. Consider the
problem

inf |lu— g 2
qlgMHu qll )

If @y (e™) > 0, for w € [, 7], then the solution & € M
exists, is unique and is given by & = W(z)x where

W(2) = By (2) P (2) L.

Moreover, 7 is the only element in M such that, for any
qeM,

<u—1u,q>=0. 3)
Proof: See [22]. |
The operation performed by the Wiener filter W(z) can be
interpreted as projection of a vector u on the space M.
Definition 11: Let M be a subspace of the semi-Hilbert
space H and let u be a vector in H. Then uy; := Projyu
denotes the projection of u on M if such a projection exists.
We will use interchangeably the notation s := Projyru
to denote the projection performed by the Wiener filter on a
subspace M. Also, notice that Theorem 10 guarantees that
such a projection always exists in the spaces of rationally
related processes that we have defined. We extend the
notation to include the projections of single components of
a vector process U.

Definition 12: 1f U = [uy,...,u,] is a vector pro-
cess and M is a subspace of H then Uy :=
[ dine tian Unpr |* . We also define Uy :=U —
UM.

We also overload the notation allowing the subspace M to
be replaced by a set X of random processes. In such a case,
we mean that the projection happens on tf-span(X).

Definition 13: If X is a set of random processes and Z =
[ AR Ly }/ is a random process then ZX =
Projy Z where M is the span of the random processes X;
in the set X. In this case Zx = Z — Zx.

IV. SEMI-GRAPHOIDS INDUCED BY WIENER
PROJECTIONS

The notion of semi-graphoid was introduced in [23]
for a more general and abstract description of graphical
models. Intuitively, a semi-graphoid is given by a set x
of mathematical entities and a relation I(-,-,-) defined on
3-tuple of disjoint subsets of x. The relation I(X,Z,Y)
indicates whether the subset Z separates the subsets X and
Y according to certain properties.

Definition 14: Consider the set x = {z1,...,z,}, with a
relation of “separation” I(X,Y,Z) defined for 3-tuples of
disjoint subsets of x. The pair (x, ) is a semi-graphoid if
the following properties are met

o Simmetry: I[(X,Z2,Y) < I(Y,Z,X)

o Decomposition: I(X, Z,Y UW) = I(X,Z,Y)

e Weak union: (X, Z, Y UW) = I[(X,ZUW,Y)

o Contraction: I(X,Z U Y, W) and I(X,Z)Y) =

I(X,Z,YUW)

where X,Y,Z C x are three disjoint subsets. The relation
I(X,Z)Y) is read as “the set X is separated from the set
Y given the set Z in the model I”.

The relation of separation is the key component of a semi-
graphoid and lends itself to a representation in the form
of a directed graph. This is the reason why, by defining a
separation [ on a set x and obtaining a semi-graphoid, it is
possible to represent x in the form of a directed graph.

Here we will establish that the projection operation defined
by the Wiener estimate on the processes generated by a LDG
induces a separation on them that satisfies the properties of
a semi-graphoid. Also we will prove that if the LDG is a
LDDAG, it will be possible to recover information about its
underlying structure.

Definition 15: Let X, Y and Z be disjoint subsets in a
set of rationally related random processes. We say that X is
Wiener-separated from Y given Z if

Ty,z =2z

for all x € X and we denote this relation as I(X, Z,Y).
Theorem 16: The Wiener-separation satisfies the property
of Symmetry.

I(X,2,Y) & 1Y, Z,X) 4)
Proof: From I(X,Z,Y) we have that &y z = &z for
all x € span(X). This implies that

<x—Fz,y>=<Tz,y>=0 forall y € span(Y). (5)
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Now consider some y € span(Y’) and gz exist (this will be
true if span(Z) is closed). Then consider any x € X.

<y—9yz, x> = <Yz,8z+Tz>
= <4Yz,%z> as iz € span(”Z)
= <y_QZ7»%Z >
= <y,Tz > as §y € span(Z)
= 0as I(X,Z,Y).

Thus, since all the projections are guaranteed to exist, the
theorem holds. [ ]

Theorem 17: The Wiener-separation satisfies the property
of Decomposition.

1Y, Z,XUW)=I(Y,Z,X) and I(Y, Z,W).
Proof: This follows trivially from the definition. [ ]
Theorem 18: The Wiener-separation satisfies the property
of Weak Union.

I(X,Z,YUW) = I(X,ZUW,Y)

Proof: Suppose I(X,Z,Y UW). Then from the theo-
rem on symmetry I(Y UW, Z, X). Thus &yw z = &z. In
particular &z € span(Z) with Zz is such that < Zz, z >=<
Tz,y >=<2Tz,w>=0foranyy € Z, we Wand z € Z.
Now as &z € span(Z) C span(Z, W) and < Zz,w >=0
for all w € span(W) it follows that &z = Zzw. Thus

.’fiy’Z’W = Iy = LZ'Z’W and therefore i‘y’W’Z = jZ,W-
That is I(Y,Z U W, X) and from the symmetry theorem
I(X,ZUW,Y). This proves the theorem. ]

Theorem 19: The Wiener-separation satisfies the property
of Contraction.

I(X,Z,Y) and [(X,ZUY,W) = I(X,Z,Y UW)

Proof: Suppose I(X,Z,Y) and I(X,ZUY,W). Then
it follows that for any y € span(Y) and w € span(W),
Jzx = Yz and Wx zy = Wzy. Let Wzy = 2y + Yu
where z,, € span(Z) and y,, € span(Y’). Further let y,, =
Ywz + Jw- Where y,. € span(Z) and §,. € span(Z)* .
Now (w—1zy) L span(Z) which implies (w—zy, — ) L
span(Z). Thus w — zy — Y, L span(Z). Now as z, €
span(Z) and yy,, € span(Z) it follows that the projection
of w on span(Z), Wz = 2y + Yz Now as Wz y = Wx, 7y
it follows that w — Wz y L span(X).

w—1zy L span(X)
W — Zy — Yo L span(X)
W — 2w — Ywz — ng L SpCL’Il(X)

w— Wz L span(X)

Wz L span(X)

Wy =Wx, z

I(X,Z,W).

Thus I(X,Z,W) and I(X,Z,Y). This proves the theorem
|

The previous results are summarized in the following
theorem.

Theorem 20: Let x be a set of rationally related stochastic
processes and let I(-,-,-) be the separation relation induced
by the Wiener-separation. (x, ) is a semi-graphoid.

Proof: As the above properties hold, the projection
based relationship I defined on a set of stochastic processes
is a semi-graphoid. [ ]

R R A

W — Zyw — Yz L span(X) as Projzyw = Projz xyw

V. I-GRAPHS AND d-SEPARATION

In many areas of interest, multiple time-series data are
monitored and a relationship between these time-series data
is sought. A natural way of organizing the data is in terms of
graphs where the vertices represent the processes generating
the time series and the links between vertices denote the
"closeness" of one process to another. Here the focus will
be to determine a directed graph which consists of a set of
vertices V' with directed edges E. Each edge consists of a
head vertex and a tail vertex with the arrow directed from
the tail to the head.

Definition 21 (Skeleton of a directed graph): The skele-
ton of the directed graph is obtained by removing the
directions of the edges thereby yielding an undirected graph.

Definition 22: Given a graph (V,E) with vertices
Z1,...,Tn, a chain starting from z; and ending in z; is a
sequence (Zc,, Ze,,-..,%e) Where z; = z¢,, ¢; = x, and
directed edges from x., , to x.,, ¢ = 2,...,l exist in the
directed graph.

Definition 23 (Parents, children, ancestors, descendants):
Vertex x; is a parent of vertex x; if there is a directed edge
from z; to x;. In such a case x; is a child of ;. z; is an
ancestor of x; if there is a chain from z; to x;. In such a
case x; is a descendant of x;.

Definition 24 (Paths, forks and inverted forks): A  path
between two vertices, x; and x, is an ordered set of
vertices (Zc,, Ze,, - .., %e) Where z; = z.,, ; = x,, and
there is an edge between z., , and x., forall 7 =2,...,n
in the skeleton of the directed graph. A path has a fork at
z.,, if z., , and x. ., are both children of m (that is
Tep_y € Te,, — Te,,,, appears in the directed graph). A
path has an inverted fork at z.,, if x., , and z., , are
both parents of m (that is z.,, , — z.,  Z,_, appears
in the directed graph).

The following definition introduces a notion of separation on
subsets of vertices in a directed graphs.

Definition 25: (d-separation) Consider three set of ver-
tices X,Z,Y. The set Z is said to d separate X and
Y if every path between a pair of vertices, one from X
and another from Y, meets at least one of the following
conditions

1

1) the path contains a chain x; — x,,, — x; where x,, €
Z.

2) the path contains an inverted fork at z,, given by
Tpm—1 —> T 4 T;my1 Where neither x,, nor its
descendants belong to Z.

If Z d-separates X and Y we write dSep(X, Z,Y).

Definition 26: (I-graph) A directed graph G = (x, E)
provides an independence graph on a semigraphoid (x, I) if
every separation of vertices in the graph implies an separation
in the model I. Thus

dSep(X,2,Y) = I(X,Z,Y).

The smallest I-graph is called the minimal I-graph.

We remark that the minimal I-graph need not capture all
separations in the model I. To describe a situation where
a graph G represent exactly the the separation in a semi-
graphoid we introduce the notion of faithfulness
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Definition 27: If for the graph G = (x, A) we have that
I(X,Z)Y) & dSep(X,Z,Y), we say that G is faithful to
I (or that G is a perfect map for I).

The following theorem is a fundamental consequence of
the algebraic structure provided by a semi-graphoid.

Theorem 28: Consider a finite set of stochastic processes
x. Consider an ordering on the x given by x1,...,x,. 4; =
{z1,...,2;_1} form the predecessors of x; in this order.
Suppose B(;y C A; separates x; from all other predecessors
in the model I defined by the Wiener-separation (that is
I(x;, By, Ai\B(;)) holds) and B;) is the minimal such set.
Form a DAG by assigning as parents of x; all vertices in
B;). Then the DAG so created will be a minimal I-graph of
the model 1.

Proof: The proof follows from [12] as we have shown
that the projection model of I is a semi-graphoid. [ ]

The above theorem provides a means to create the minimal
I-graph of a set of time-series by following the steps

1) Consider any ordering x1,...,x, of the time series
set. Determine for each 4 the minimal subset B(;) C A;
where A; = {v1,...,v;_1} such that

Proja,vi = Pr0j3<i)xi

2) Create a graph such that for each ¢, the only parents
of z; are the elements of B;).

We note that the minimal I-graph for a model I is not
unique, but in general depends on the ordering of the nodes.

The following theorem holds

Theorem 29: Consider a vertex v; of a DAG with vertices
in S. Consider the set of vertices K; consisting of (a) parents
of v; (b)children of v; (c) spouses of v;. Then K; d-separates
v; from rest of the vertices. Also, K; is the minimal set that
d-separates v; from the rest of the graph. That is, every set
T that satisfies

dSep(v;, T, S\{T' U v;})

is such that 7' O K;.

The above theorem provides a means of identifying the
Markov blanket of a time series v; in the model /. Indeed
if G is an I-graph of model I then every separation in the
graph implies a separation in the model I and thus the set
of spouses, children and parents will separate the node @
from the rest of time-series in the model I. Notice how this
theorem is the equivalent (but limited to DAGs) of main
result in [22] in the non-causal scenario. We have been able
to prove it with virtually no effort just by relying on the
algebraic structure of semi-graphoids.

VI. ILLUSTRATION: RECONSTRUCTION OF THE PATTERN
OF A LDDAG

First observe that the graph underlying a LDDAG satisfies
the following property.

Theorem 30: The graph G of a LDDAG G = (H(z),e) is
an I-graph for the semi-graphoid generated by the processes
of G under Wiener-separation.

Proof: Since G is a DAG, it defines a partial order on
the processes where a node is a predecessor of another it is
one of its ancestors. Define a global order x = {z1,..., %, }

() (b) () (d

Fig. 2. A pattern represented as semi-directed graph (a) and the three
DAGs sharing that pattern (b), (c), (d).

that is compatible with the partial order determined by G.
For every x; define B(; as the parents of x;. Observe that
I(z;, By, {1,751} \ B;) from the diagonal structure of
®.(z). The application of Theorem 28 gives the assertion.

|

Thus, assuming that the underlying graph G of a LDDAG
g, is a perfect map of G opens the possibility of recovering
G only by using the second order statistics of the processes
necessary to compute the Wiener projections. This would be
possible, according to the proof of Theorem 30, if a global
order on the processes that is compatible with the partial
order defined by the DAG G were known. Unfortunately
such information is in general not available. Since the DAG
obtained from Theorem 28 is order dependent, this procedure
is not viable.

There is also a deeper reason why, only from Wiener-
separation, an exact reconstruction of the underlying graph
of a DAG is not possible: different DAGs can d-separate the
same subsets. So they can not be disringuished from each
other.

Definition 31: Two DAGs with the same set of vertices
have the same pattern if they have the same skeleton and
the same inverted forks.

Theorem 32: Let D1 and D5 be two DAGs with the same
pattern. Let X, Y amd Z be three disjoint subsets of the set
of vertices of Dy and Ds. If Z d-separates X and Y in Dy,
then Z d-separates X and Y in Ds.

Proof: This theorem is proven in [13]. |
Given this result, the reconstruction of the topology of a
LDDAG can not go beyond the pattern of its underlying
graph. Indeed, since DAGs with identical patterns d-separate
the same sets, from the knowledge of the semi-graphoid
associated with the LDG it is not possible to determine the
original DAG. A pattern can be represented as semidirected
graph where the only directed edges are the ones creating
an inverted fork (see Figure 2(a)). A DAG belongs to the
class of equivalence defined by a pattern if, by orienting the
unoriented edges, no new inverted forks are originated (see
Figure 2(b,d,d)).

In [13], an algorithm is provided that allows to obtain
from a semi-graphoid the pattern of a DAG, if this DAG
is a perfect map of the semigraphoid. The reconstruction of
the pattern of a LDDAG can be performed by the Inductive
Causation (IC) algorithm (see [13]).

Inductive Causation Algorithm
1) Initialize the set of edges E = ().
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(a) (b)

Fig. 3. Two DAGs considered in the example of a non-faithful graph.

2) For each pair (z;,x;) of variables in x = {z1,z,},
determine a set S; ; such that I(x;, S; ;, ;). If no such
a set can be found, then add (z;,z;) to
3) For each pair (z;,z,) of variables that are not con-
nected in &£ and have a common neighbour xj, check
if zp € Siyj.
o If 3, € S, ;, the inverted fork x; — x5 « z; is
in the pattern.

4) In the partially directed graph fix the orientation of as
many undirected edges as possible, as long as

« there are no directed cycles
« there are no new inverted forks.

The IC algorithm takes as an input the semi-graphoid
(x, I) generated by a LDDAG under Wiener-separation and
gives as an output the pattern of a DAG. The following
theorem guarantees that the computed pattern matches the
pattern of the original LDDAG, if the original DAG is faithful
to the generated semi-graphoid.

Theorem 33: If the DAG D of the LDDAG is faithful to
the separation I induced by the Wiener projection, the IC
algorithm provides the pattern of D.

Proof: The proof follows from the fact that the sep-
aration I is a semi-graphoid and from the results in [13].
|
As observed in [11], the faithfulness condition is quite mild
and is verified in most practical scenarios. Indeed, the graph
associated to a LDDAG is not faithful to the generated
graphoid only in pathological cases. An example is given
by considering the following 3-node LDG

T1 = ey; Ty = X1 +ex3 = X2 — 1 +e3.  (6)

The underlying DAG is represented in Figure 3(a), but,
because of a cancellation of the effect of 1 on x2 we have
T3 = ey + eg that implies I(x1, 0, x3). Thus the DAG is not
faithful to the Wiener-separation. Indeed, the application of
the IC algorithm produces the DAG in Figure 3(b).

VII. CONCLUSIONS

In this paper the problem of identifying the unknown
structure of a network of stochastic processes has been
considered. The main result consists in showing that a set
of jointly stationary stochastic processes is a semi-graphoid,
if we introduce in the set a notion of separation derived from
Wiener filtering. This property allows one to to seamlessly
apply results from the area of Bayesian network to the
more complicated scenario of network of stochastic pro-
cesses inteconnected through dynamic trasfer functions. We
have illustrated the effectiveness of the developed theoretical

framework by extending the algorithm of Inductive Causation
to reconstruct linear dynamic networks with no loops.
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