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Abstract—This paper is the first of a two-part series that
develops and experimentally demonstrates a first-of-its-kind hier-
archical control solution for optimally dispatching thousands of
deferrable loads and distributed energy resources (DERs) across
a distribution feeder to provide fast frequency response (FFR)
within 500 ms to the bulk power system. This approach rapidly
coordinates resources online after a frequency event occurs,
allowing fast-changing, behind-the-meter (BTM) resources to
be incorporated and aggregate FFR power set points to be
achieved more quickly and accurately than existing approaches.
We also present a solution for determining the optimal amount of
headroom to operate solar inverters with to minimize opportunity
cost while ensuring the FFR response viability of a building
with the inverter and deferrable loads. In Part I, we develop
practical algorithms for fast, cost-based optimal dispatch at
multiple aggregation scales (single building, multiple buildings,
and full distribution feeder), establish their optimality, and
demonstrate via simulation that they are faster than state-of-the-
art, coordinated frequency response approaches. In Part II, the
entire platform is implemented and experimentally verified using
a unique power hardware-in-the-loop demonstration, including
more than 100 powered loads and DERs connected to a real-
world distribution network model and over 10,000 net-load
resources dispatched.

Index Terms—fast frequency response (FFR), frequency con-
trol, optimal dispatch, flexible load, distributed energy resources
(DER), demand response, coordinated response

NOMENCLATURE

System Variables

Total active power consumption  Pg,
FFR response command APG, =

Pay(t) — Peq(to)
Total net-load groups (NLGs) k=1...Nyyq
Net-load units per NLGy j=1...Nyy
Deferrable loads per NLUy, ; t=1...Nrqr;

B. Lundstrom (e-mail: blake.lundstrom@nrel.gov) is with the Power
Systems Engineering Center, National Renewable Energy Laboratory,
Golden, CO, USA and the Department of Electrical and Com-
puter Engineering, University of Minnesota, Minneapolis, MN, USA.

S. Patel and M.V. Salapaka are with the Department of Electrical and
Computer Engineering, University of Minnesota, Minneapolis, MN, USA.

This work was authored in part by the National Renewable Energy
Laboratory, operated by Alliance for Sustainable Energy, LLC, for the U.S.
Department of Energy (DOE) under Contract No. DE-AC36-08G0O28308.
Funding provided by the Advanced Research Projects Agency-Energy (ARPA-
E) under grant no. DE-AR0000701. The views expressed in the article do
not necessarily represent the views of the DOE or the U.S. Government.
The U.S. Government retains and the publisher, by accepting the article for
publication, acknowledges that the U.S. Government retains a nonexclusive,
paid-up, irrevocable, worldwide license to publish or reproduce the published
form of this work, or allow others to do so, for U.S. Government purposes.

Net-load Unit Variables

Single NLU General
multi-building
system
Total nondeferrable load Pr, Pr kg
Deferrable loads
count NrLd Nrd,k,j
load power Pra; =(1—x;)Pra Pra,kji
on/off v = 1 off (deferred) Thjs
0 on
participation unit cost ci Ckji
Inverter
pre-event power Pin'u(to) = Pinv,base Pinv,k,j (tO)
POSt‘diSPatCh power Pipy = inv,base + PinvA inv,k,j,base
limited change in power  PipuA dn < Pinva < Piroak,j
P, invA,up
downward headroom PiyA,dn Pinva,k,j,dn
upward headroom Pinya,up invA,k,j,up
max power fa i
participation unit cost Cinv Cinv,k,j
Grid power consumption Pa
FFR response command ~ APF = Pg (t) — Pa(to)

I. INTRODUCTION

A. Motivation and Background

ELIABLE operation of a power system depends on

maintaining its frequency close to its nominal value
at all times. In many grids worldwide, the displacement of
conventional, high-inertia, synchronous generation by inverter-
interfaced low-zero-inertia renewable generation has resulted
in a decrease in total system inertia and a decline in frequency
response performance from historic values. These trends are
especially prevalent in isolated grids with high penetrations
of renewable generation, such as Ireland/Northern Ireland and
South Australia [1], but also evident in much larger intercon-
nections in Europe [2] and the United States [3]. The outcome
is that sudden imbalances in grid load and generation result
in faster rates of change of frequency and larger frequency
nadirs, making frequency regulation more challenging.

With continued grid modernization, new approaches to en-
sure sufficient frequency regulation are required. Traditionally,
mitigation of frequency deviations after a sudden loss of
generation or load is driven by three primary factors: inertial
response, primary frequency response (PFR), and secondary
frequency response (SFR). System operators, such as ERCOT
in Texas, USA and ENTSO-E in Europe, have conducted
recent studies (e.g., [2], [4]) to examine the decreasing inertia
in their systems and propose mitigation measures. ERCOT’s
study highlights faster responding reserves as a key mitigation
measure. Frameworks in different regions vary but generally
include Fast Frequency Response (FFR), a response of the
resource’s full allocated capacity within 1 s or less after the
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frequency crosses a predefined threshold or a dispatch signal is
received. FFR is particularly effective because it can increase
the time to system frequency nadir, allow additional time
for PFR to deploy, and contribute to reducing the nadir’s
magnitude [5], [6]. In [5], a study on the ERCOT system found
that FFR can be up to 2.2 times more effective than PFR,
depending on the system inertia. As of 2019, many system
operators have implemented or are finalizing the implemen-
tation of new FFR ancillary service market products that are
distinct from PFR (e.g., FFR under ERCOT’s NPRR863 or the
U.K. National Grid’s Enhanced Frequency Response Service).

Demand-side resources, including DER and deferrable load
(“net-load” resources), offer a largely untapped opportunity to
provide valuable FFR services. It has been shown that system
frequency disturbances propagate through distribution systems
much faster than transmission systems [7]; thus, a collection
of devices connected to a distribution system will observe,
and can respond to, frequency disturbances just as fast (if
not faster) than a traditional frequency response asset (e.g.,
sync. generator) connected at the same location would. DERs,
such as solar inverters, have traditionally not contributed to
frequency response [3], but recent work demonstrated new
control methods to allow BTM solar inverters [8] and battery
inverters [9] to rapidly respond (within 75 ms) to changes
in grid frequency. At the solar power plant scale, the provi-
sion of FFR from multiple +20-MW solar power plants was
demonstrated in [6]. Note that providing FFR from a solar
inverter represents an opportunity cost; to provide increased
active power output in response to a system loss of generation,
the inverter must nominally operate off of its maximum power
point (leaving “headroom” to increase the power output),
forgoing some energy production and the associated revenue.
Determining the optimal amount of headroom to leave for a
given solar inverter’s operating conditions is not studied in
the literature. Here, we propose an approach to determine
the optimal headroom. Deferrable load is particularly well
suited to provide FFR services because it does not incur an
opportunity cost in preparing for FFR provision, and it can
respond with its full capacity as quickly as a relay can be
operated or a modern appliance’s power electronic front-end
can be controlled. In particular, thermostatically controlled
loads (TCLs) and electric vehicles (EVs) are well-suited
because of their inherent energy storage properties, which
allow them to be switched off for a short period (typically
at least a few minutes) without significantly compromising
user comfort [10], [11]. TCLs represent a significant portion
of total system load: more than 48% of residential electricity
consumption in the U.S. in 2018 [12].

A key challenge to leveraging demand-side resources to
provide FFR in associated ancillary service markets is the
ability to provide sufficient capacity (historically, >1-MW
capacity is required) and reliable dispatchability to a partic-
ular set point. Recently, regulators are considering actions
to remove barriers to the participation of DER aggregations
in ancillary service markets, including reducing minimum
capacity requirements [13]. Coordinating deferrable load and
DERs as a virtual power plant (VPP) capable of FFR is
particularly attractive because it not only allows aggregations

of resources to meet market capacity participation limits but
also leverages diversity, manages the variability of load and
generation to enable dispatchability, and provides a framework
to incentivize BTM participation and achieve the lowest-cost
global dispatch solution. Also, by coordinating variable DERs
and load in the same framework, a better determination of
optimal DER operating headroom can be made.
B. Related Work

Few existing works address the coordination of net-load
resources to provide FFR given the relatively new definition
of FFR as a grid ancillary service product. For context,
we examine related work, including existing PFR response
approaches, which are often uncoordinated, as well as more
general frequency response approaches that are coordinated.

Using deferrable load to contribute to grid services such
as peak demand reduction and load following was explored
as early as the late 1970s, though work on controlling loads
fast enough to provide PFR has occurred only more recently.
Earlier work includes a simulation study [14] that implemented
autonomous PFR via temperature-based frequency trip points
at individual refrigerators; simulation results demonstrated
how autonomous PFR from 1,000 refrigerators could, in aggre-
gate, provide PFR similar to that of a synchronous generator
to the bulk power system. In [15], more than 50 electric
water heaters and 150 clothes dryers were controlled in one
of the earlier field demonstrations of fast (~400-ms response
times), autonomous PFR from loads. Later simulation studies
identified overresponse, frequency oscillation, and loss of load
diversity as potential issues with uncoordinated load frequency
response [16]-[19]. Strategies to mitigate potential issues in
autonomous approaches have been proposed, including using
uniformly distributed response time delays [11] and imple-
menting random activation and re-activation frequency thresh-
olds [20]. These uncoordinated PFR approaches demonstrate
meaningful contribution to system PFR, but they are unable
to provide dispatchability to the operator and will result in
uncertainty of response and suboptimal dispatch.

Semicoordinated load PFR approaches (e.g., [17], [21]-
[24]), in which individual resources respond rapidly via
autonomous control while having their control parameters
periodically updated for coordination purposes, provide some
improvement. Reference [17] proposed a supervised threshold
determination approach in which electric water heaters are
given updated frequency thresholds every 15 minutes and a
given aggregate droop characteristic is achieved. Reference
[24] demonstrated a similar approach applied to HVAC equip-
ment with room temperature as feedback and updates made ev-
ery minute. Reference [23] developed an hourly optimization-
based approach that accounts for individual resource costs,
comfort constraints, and global cost. Reference [21] extended
the approach in [23] by adding load priorities and appliance
off-time constraints to the optimization problem. Reference
[22] solved a minimum cost commitment problem to compute
the lowest cost interruptible load action to take for every given
frequency deviation with hourly updates. These semicoordi-
nated PRF approaches add increased capabilities to manage
the penetration level and specific settings of resources partic-
ipating autonomously to achieve a more predictable overall
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PFR. However, they all assume simplistic, slow-changing,
aggregated load models and perform coordination updates on
a minute to hour basis, resulting in significant uncertainty in
their dispatch when applied to controlling real-world net-load
resources that change their active power significantly faster.
Given this uncertainty, it is unlikely that such approaches will
be able to accurately achieve an aggregate power set point and
are much more likely to make sub-optimal dispatch decisions.

Online coordination approaches, in which individual re-
sources are coordinated after a frequency event occurs, often
have the advantage of optimal dispatch and the ability to
integrate with automatic generation control (AGC), but they
are generally too slow to meet PFR or FFR timescales. For
example, in [25], eight optimization-based coordination frame-
works in the literature are compared, and all have computation
times of 10 s or greater. Distributed approaches are used to
solve an optimal load-shedding problem [26] and an optimal
load-control problem [27] on the +5-s timescale. Reference
[28] developed a distributed approach for coordinating load
aggregators that integrates with AGC for SFR. Reference
[29] developed a centrally-managed solution where aggregated
loads are controlled autonomously using control parameters
precoordinated based on day-ahead estimates to provide PFR
and a SFR supervisory control can be integrated with AGC.
Reference [30] demonstrated similar combined SFR and PFR
capabilities wherein resources with static droop characteristics
provide PFR but then use a direct load frequency control
approach for secondary control. These combined approaches
have the advantage of fast control followed by achieving a
dispatched set point on a slower timescale, but they still
have significant uncertainty and nonoptimal dispatch because
their governing PFR control parameters are still updated on a
slower timescale that does not compensate for changes in load
and DER occurring on a faster timescale. In addition, these
approaches are not fast enough for FFR. In our previous work
[31], we experimentally demonstrated optimal coordination of
four loads and an inverter within a single building for FFR
within 142 ms.
C. Contribution and Organization

This two-part paper makes the following contributions:
1) We develop a first-of-its-kind control solution that optimally
coordinates tens of thousands of deferrable loads and DERs
across a distribution network to provide bulk power system-
scale FFR that is dispatchable and accurate. Compared to
existing frequency response solutions, the developed control
platform is able to optimally coordinate a much larger number
of net-load resources (up to 40,000 is shown), incorporate
fast-changing BTM resources, and accurately meet a specific
aggregate power set point while also achieving dispatch on a
faster timescale (<500 ms) suitable for FFR.
2) We provide an analytical proof of the atomic control
algorithm’s optimality and then verify near-optimal (within
0.1%) performance of the algorithm as it is scaled to configu-
rations with up to 40,000 net-load resources via Monte Carlo-
style simulation. In all cases, dispatch solutions are achieved
faster than traditional mixed-integer linear program (MILP)
optimization approaches and sufficiently fast to support coor-
dinated FFR within 500 m:s.

3) We present a solution for determining the optimal amount
of headroom to operate solar inverters with to minimize
opportunity cost while ensuring the FFR response viability of
a building with the inverter and deferrable loads. A practical
optimal headroom algorithm is given and analytically proven
to match a bi-level optimization-based approach.

4) The entire platform is implemented and experimentally
verified using a unique power hardware-in-the-loop (PHIL)
demonstration including more than 100 powered loads and
DERs connected to a real-world distribution network model
from Colorado, USA. Test cases demonstrate the approach at
multiple scales, including a full-scale demonstration with more
than 10,000 deferrable loads and DERs.

This two-part paper is organized as follows: Part I presents
an overview of the control platform in Section II, a definition
of the net-load unit (NLU) building block in Section III, an
algorithm for determining optimal NLU inverter headroom
that is developed with analytical guarantees in Section IV,
algorithms for optimal FFR dispatch from a single NLU in
Section V, and algorithms for optimal FFR dispatch from
multiple NLU and net-load groups (NLGs) that are developed
and validated via simulation results in Section VI. In Part II
[32], the entire platform is implemented and experimentally
verified with multiple test cases.

II. PLATFORM FOR FAST FREQUENCY RESPONSE FROM

OPTIMALLY-COORDINATED NET-LOAD RESOURCES
A. Objective and Requirements

The objective of this work is to achieve a platform that can
optimally coordinate tens of thousands of net-load resources
connected in an electric distribution network as a VPP to
provide FFR ancillary services to the bulk power system. In
particular, the platform should:

« meet general FFR service performance requirements (i.e.,
dispatchable, >1-MW capacity, response within 500 ms
[includes all communications delays], and achieve set
point within 1%)

« coordinate the operating power level and on/off status of
tens of thousands of net-load resources to achieve the
lowest global cost, while meeting the prescribed FFR set
point for the VPP and respecting all resource limits

o incorporate fast-changing BTM resources, such as de-
ferrable loads and solar inverters, in its optimal dispatch

« provide online control for participating solar inverters to
operate each inverter with an optimal amount of head-
room to ensure the FFR response viability of a building
with the inverter and deferrable loads, while minimizing
opportunity cost

o allow for real-time user input of resource price and
availability; individual devices can participate at will

e preserve user privacy and allow for a variety of commu-
nication protocols

B. Solution Overview

As shown in Fig. 1(a), the developed platform leverages a
hierarchical structure that is scalable, preserves user privacy,
enhances reliability, and provides optimal coordination at
selectable levels. At the lowest level, individual DERs and
flexible loads are organized into NLUs wherein a net-load unit
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controller (NLUC) manages participating net-load resources.
Loads are controlled through plug- or circuit-level load sensing
and control interfaces (LSClIs), which provide high-speed (half
ac cycle) power measurement and on/off actuation capabilities
(see [31] for more details). Each NLUC also implements an
optimal NLU inverter headroom algorithm (see Section IV) to
operate constituent solar inverters to minimize opportunity cost
while ensuring the FFR response viability of the NLU. NLUs,
typically representing individual buildings, are organized into
NLGs, which generally represent all the NLUs connected to a
single distribution transformer and are managed by a net-load
group controller (NLGC).

For global coordination, a distribution system master con-
troller (DSMC) can optimally dispatch all NLUs across a
distribution network according to FFR set points and frequency
trigger levels provided by the balancing authority or higher-
level aggregator. In this configuration, the computational bur-
den of optimal dispatch calculation is distributed across the
NLGCs, allowing nearly constant dispatch calculation times
regardless of how many NLGs are participating. In this hier-
archical structure, user privacy is preserved as controllers can
communicate only one layer up or down and only minimal
device information, such as operating power and capacity
limits, is shared (e.g., NLGs cannot directly address devices
and do not have knowledge of specific devices). An indepen-
dent communications network is used at each layer, enabling
specific communications protocols or security measures to be
implemented at each layer as needed. A communications relay
is used to interface the NLGCs and the DSMC—this provides
a flexible, high-performance method to communicate informa-
tion between each NLGC and the DSMC in a redundant, plug-
and-play fashion without the DSMC needing to individually
address each NLGC. Building owners interact with the NLUC
by setting unit costs and enabling/disabling dispatch for each
resource.

C. Method of Operation

Optimal net-load resource dispatch can be achieved within
a single NLU, an NLG with multiple buildings, or across
the entire distribution network when coordinating NLGCs
using DSMC. Algorithms and performance evaluations for
optimal dispatch at each of these three scales are given in the
following sections. In this section, we describe the method of
operation for the most interesting case—optimal FFR dispatch
of a distribution feeder-scale VPP with tens of thousands
of net-load resources. FFR dispatch within a single NLU
or individual NLG are subcases that are described in more
detail in Section V and Section VI, respectively. Explain what
happens if there is a fault in the communication system.

1) Pre-event Actions: Before a frequency event occurs, con-
tinuous action within the VPP prepares it for effective FFR re-
sponse. Within each NLU, each device controller continuously
updates the NLUC with the latest device measurements and
operating limits. Each NLUC uses local device measurements
as inputs to the optimal inverter headroom algorithm (see
Section IV) and continuously updates the operating point of
its constituent solar inverter. Summary power measurement,
capacity, and cost information is aggregated at each NLUC
and NLGC before being sent to the DSMC. The DSMC uses

this summary information to inform the FFR bids that it places
with the balancing authority or other higher-level aggregator.
In response, the balancing authority sends the DSMC the
FFR set point it is committed to provide and the associated
frequency trigger levels outside of which this response should
be activated.

2) Event Dispatch Actions: The sequence of actions to
execute a FFR of the full VPP from the instant of a grid
frequency contingency event is shown in Fig. 1(b). Most
commonly, frequency is sensed locally within the distribution
network (e.g., via relay or a DER with high-speed frequency
reporting capabilities), and used to, when appropriate, send an
event trigger to the DSMC to begin the dispatch sequence.
The DSMC can also act upon a direct event trigger from
the balancing authority. In the first step of the dispatch
sequence, the DSMC sends a request to all participating
NLGCs (determined by those that have sent an updated status
measurement recently) to provide the set of best net-load
response options within their respective NLGs. The NLGCs
then calculate all net-load response options within their NLG
when considering all NLUs (and their constituent devices)
that have sent updated status information recently using Mthd.
1 (see Mthd. descriptions in Section VI-B and Fig. 3); ii)
downselect to the best (highest likelihood of being included in
the global optimal dispatch solution) net-load response options
using Mthd. 4; and iii) send these best net-load response
options back to the DSMC. The DSMC then gathers the best
net-load response options from all participating NLGCs, runs
an algorithm (Mthd. 5) to downselect to the net-load response
options that result in the optimal (lowest cost while meeting
the given VPP power set point) total dispatch action, and sends
out the final net-load dispatch actions to each NLGC. Finally,
commands are routed through each NLGC and NLUC down
to the individual device controllers which execute them. The
megawatt-scale FFR of the distribution network-scale VPP can
then be measured (and likely verified a meter by the balancing
authority) at the distribution feeder head.

With this sequence of operations, the computational burden
of determining the global optimal dispatch actions is shared
by all NLGCs, which all calculate their response options in
parallel, and the DSMC. This allows for excellent scalability,
maintaining fast computation regardless of how many NLGs
are participating. In centralized solutions, the complexity of
the dispatch problem grows exponentially with the number
of participating resources; our solution avoids this curse of
dimensionality by distributing computation across the NLGCs
and then running a computationally efficient algorithm for
final coordination at the DSMC. This distributed solution does
require communications between each layer in the hierarchical
control solution. Thus, communications delay times, in addi-
tion to other practical factors such as the actuation times of
the end devices, must be accounted for in achieving an overall
FFR dispatch within 500 ms. As shown in Section VI-C2 and
in the experimental results of Part II [32], we develop the
hierarchical dispatch algorithm to reliably compute a solution
within 150-200 ms (see Fig. 6(b)), leaving over 300 ms for
communications and device actuation. Communications relia-
bility is important, though the hierarchical control solution’s
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(a)
Fig. 1. Hierarchical optimal net-load coordination for FFR approach. (a) Block diagram showing connections and key data passed between each of the four

layers. (b) Flow chart indicating the sequence of steps to coordinate all net-loads into a VPP and provide MW-scale FFR in response to an event trigger.

plug and play design with fast (ms timescale) status updates
greatly mitigates the potential impacts of any communications
faults; participating resources are only included in the final
dispatch calculation if those resources have very recently (ms
timescale) provided a status update indicating their online
nature and willingness to participate. In the unlikely event
that a particular resource’s communications drop offline in the
150-200 ms between their last status communication and the
conclusion of the dispatch calculation, the total FFR power set
point will not be met exactly; however, we aim to meet the
the FFR power set point within an acceptable 1% tolerance.

III. NET-LOAD UNIT DEFINITION

At its most basic level, an NLU (e.g., see the bottom
of Fig. 2) contains nondeferrable load with aggregate active
power consumption, Pr; N4 deferrable loads with active
power consumptions, {PL(M}?;“; an inverter that outputs
active power, P;,,; and active power consumption, Pg (i.e.,
Pz > 0 represents power consumed by the NLU), from
the NLU’s grid connection. Note that power consumed or
supplied at each point throughout this problem formulation
are all time-varying quantities; however, in most cases, the
time dependence (¢) is dropped for ease of notation. All
Pr,q ; are deferrable such that their final power consumption is
PLd,i =Z;Prq; = (1 — x;)Prq,; after being issued an on/off
command, z; € {0,1}. That is, ; = 1 denotes that the load
has been deferred or switched off. The inverter is initially
operating at power Pj,,(t9) = Pinybase and has operating
limits 0 < P, < Pjo*. Upon command, the inverter
can change its output power t0 Piny = Pinvbase + Pinva,
where P;,,a is the inverter’s change in power from Pj,, (to).
The inverter’s change in power is limited: Pippa,an <
Pipon < PinvA,up’ where _Pinv,base < Pin'uA7dn < 0 limits
how much the inverter can decrease its power output, and
0 < Pipona up < < (Po* — Pipy pase) limits how much the
inverter can increase its power output. Throughout this work,
we assume PjpuaA dn = —Pinypase for simplicity because
curtailment of inverter output is generally not a significant
constraint. Pj,,A 4p is known as the inverter’s headroom and
will be determined in real time using the algorithm developed

in Section IV. By Kirchoff’s laws the power balance on the
net-load system is given by: » ;" Ld PLd i+ Pr— Py = Pg.

“®
va* PLd _1+ PLd |* PLd‘NLj PL Grid ;
oint of
Control [ w I Cpommon
~N 0 0 0 coupling
I ‘ @ — ™ Total
= nondeferrable
O load
Air
diti
_ Solar Fridee CONARONET | thes washer
inverter & ryer
VT
Single net-load unit It

Fig. 2. One-line diagram of an example net-load unit. DERs, such as solar
inverters, and controllable loads can be controlled directly with real-valued
power set points. Loads can be configured as fast-acting deferrable loads by
interconnecting them through a load sensing and control interface (LSCI).
Often, a portion of the NLU’s load cannot be controlled or deferred.

The NLU owner determines in advance of the frequency
contingency event which loads are deferrable vs. nondeferrable
and also assigns a participation unit cost, c¢;, for each de-
ferrable load as well as the inverter (c;,,) such that the
owner will be compensated a total of ¢y = ZNle x;(t) -
¢ - Pra,i(to) + Cinw | Pinw (t) — Piny(to)| after providing FFR.
These determinations are updated by the building manager
in real time so that any frequency event response considers
the owner’s latest preferences. This simplistic compensation
scheme is meant to replicate key aspects of market participa-
tion, including users determining if they want to participate
and at what price, determining total cost for an aggregated
response action, and compensating users. Each NLU periodi-
cally (and again immediately after receiving an event response
trigger) sends its measured Pg, {]E’Ld,i}ij\;ﬁd, Pinvs PinvA dns
and Pj,uA up to the NLGC. The NLGC uses this information
to determine an optimal AP% = Pg(t)—Pg(to) for each NLU
shortly after an FFR event is triggered and subsequently verify
the response performance of each NLU. The NLGC will en-
sure that NLU’s are provided with AP set pomts within their
operating capability; that is, —(Pipva,up + D Nra PLdl) <
APE < -PinvA,dn-
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IV. OpTIMAL NLU INVERTER HEADROOM

Here, we consider the problem of determining the optimal
amount of headroom, Pj,,A up, that a solar inverter within
an NLU should maintain prior to an FFR underfrequency
response dispatch event. This issue is important in the context
of the overall NLU optimal dispatch problem (see Section
V-A) because the inverter headroom is set in advance of
a dispatch event and determines what values of dispatch
command AP} can be achieved by the NLU. Insufficient
inverter headroom can make the single NLU optimal dispatch
problem infeasible or result in a sub-optimal dispatch solution.

To illustrate the need for headroom, consider the simple
case where an NLU has N4 = 2 deferrable loads, Prq(to) =
[100, 300]W, which are both initially on (z(tq) = [0, 0]), and
one solar inverter. A grid underfrequency event occurs and
shortly later the NLU is given a dispatch command, AP} =
Pg(t) — Pga(to), to consume less grid power (AP < 0). To
meet this dispatch command, the NLU must curtail load(s)
and/or modify inverter output. Controlling the on/off state of
the Ny 4 deferrable loads in the NLU achieves 224 possible
NLU power responses (Prq1p = {0,100, 300,400} W for this
case). Unless |APY| € Prqrp, a change in inverter output will
be re%ulred for the NLU’s total grid power response, APg =

2iPra; — Pinoa, to meet the dispatch command,
APG, exactly, which is a condition of NLU dispatch problem
feasibility (see Section V-A). For example, if a command of
APE = —125W was given, there are two possible solutions:
(i) loads are curtailed to ¢ 2 Pra; = 1OOW requiring
Pion = 25 W or (i1) loads are curtalled to Z ¢ 2 Pra; =
300 W, requiring P;,,,o = —175 W. Solution (i) requlres both
less curtailment of load and less total change in inverter power,
resulting in a lower cost dispatch solution, but this requires
the solar inverter to increase its power output. However, this
solution would not be feasible if the solar inverter is already
operating at its maximum power (FPjn, = P/, which is a
typical goal of solar inverters) with no headroom available.
Solution (ii) is a higher cost solution, but it does not require
any upward headroom. For this example (APE = —125 W),
having ensured inverter headroom of Pj,,aA up = 25W in
advance of the dispatch event would have allowed solution
(i) to be feasible and the NLU dispatch problem to achieve
the global optimal result. If insufficient inverter headroom
(Pinvaup < 25W) is available in advance, then the NLU
dispatch problem would be forced to use solution (ii), a less
optimal result. This illustrates the needed headroom for a
particular AP The value of AP is not known in advance,
however, and therefore to ensure feasibility for any possible

(anA up + Z PLd 7.) < APG < PMwA dn glVeH to the
NLU, the optimal 1nverter headroom problem must consider
all possible APg. In the simple case illustrated, the global
maximum headroom required occurs for APS = —200W,
where Pj,yA up = 100 W is required.

A. Problem Formulation

The optimal NLU inverter headroom problem objective is
to ensure sufficient headroom, P, A up, such that the optimal
result of the subsequent NLU optimal dispatch problem at
any —(PinvAup + Zi\iﬁd PLd,i) < APL < 0 is feasible

while simultaneously minimizing Pj,yA up t0 minimize the
opportunity cost of operating the solar inverter off of its
maximum power point. This can be accomplished by solving
the following bi-level optimization problem:

o= r&lgg f2 (D
Nra
st — (Ple+ > Prag) < APG <0 )
i=1
Nra
where fo = min ~ AP5 4+ Z ZiPra; Q)
o i=1
st. 7 € {0,1}Vi @)
and then setting Pjn,aup = min(a, P4%). Note that if

a > P/Pe* then the NLU will be unable to meet every

possible given APg, though setting Pipua up = Piio® will
give the NLU the greatest probability of meeting all possible
AP In this bi-level optimization problem, the inner problem
(3)-(4) determines the inverter headroom required at the NLU
dispatch solution for a given APZ when utilizing the closest
possible load combination, and the outer problem (1)—(2)
searches for the maximum inverter headroom result across all
AP possible for the NLU’s capacities. Here, (2) considers an
upper limit of AP < 0 because we focus on underfrequency
events where inverter upward headroom is utilized.

B. Solution

Here, we develop a fast algorithm that solves the optimal
inverter headroom problem (1)-(4) and without requiring a
bi-level optimization solver. A simple recurrence-based imple-
mentation is given in Algorithm 1. A proof that this algorithm
achieves the optimal result is given in Theorem 1.

Theorem 1. Let Pp4s = (Prg, <), where Ppys is an ordered
version of Prq with order given by <. Then, the result, o,
of the optimal inverter headroom problem (1)-(4) can be

obtained as o = max (Prgs; — Zn 1 Prdsn)/2.
1<i<Nrpa ’

Proof: See Appendix A. [ ]

Algorithm 1 Optimal NLU inverter headroom recurrence

max

1: Require Pr g5, P/
2: function maxLD(lds ldSum, n)

3:  if n == (length(lds) — 1) then

4: return lds[n] — ldSum

5:  else

6: return max((Ids[n] — ldSum), maxLD(lds, ldSum +lds[n],n+ 1))
7:  end if

8: end function

9:

10: Begin

11: Pipva,up = min(maxzLD(sorted(Pras),0,0)/2, Pra%)
12: return P;poA up

V. OPTIMAL FAST FREQUENCY RESPONSE FROM A
SINGLE NET-LOAD UNIT

A. Dispatch Problem Formulation

Prior to an FFR dispatch event occurring, a single NLU
has initial conditions of z; = 0 for all ¢ (all participating
deferrable loads are on) and FPj,, = Pipy base With headroom
Pinua up. For simplicity in this single-unit problem, resources
are all considered to have unit cost (more complex cases
with varying cost are considered in Section VI). The NLU is
given a commanded change in grid active power consumption,
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APg, to follow to provide the requested FFR. The objective
of the NLU is to track an active power consumption at its
grid connection of P} = Pg(to) + APg, while minimizing
the amount of deferrable load that must be curtailed and the
change in inverter power required. This objective is given by:

Nra
— mi Prai 5
he L, 2wl ®
Nra
subjectto Y (1= i) Prai + P — Pinvbase ©
1=1
— invA = P&k:
ZDinvA,dn < -PinvA < ]DinvA,up (7)
ZEiE{O,l}ViZI...NLd (8)

Solving this optimization problem yields the solution
(x#, P! A)- Let the feasible set for this optimization problem
be Q" := {(z, Pinya) | (6)—(8) are met}.

B. Solution

The dispatch problem (5)—(8), with its mix of integer (e.g.,
x;) and real-valued (e.g., Pj,,a) decision variables, can be
solved using an MILP. This approach is possibly tractable for
the single NLU dispatch problem with a modest number of
decision variables; however, it is too slow to support dispatch
on FFR timescales for larger problems (e.g., dispatching 1000s
of net-load resources), as shown in Section VI-C2. Instead, we
develop a simpler approach that obtains the same optimization
result for a single NLU (and nearly optimal for the aggregated
case) but with faster performance and better scalability.

The dispatch problem (5)—(8) can be simplified to a binary
programming problem with relaxed constraint (6), followed
by a single variable update, as shown in (13). The advantage
is that it can be solved using a dynamic program, and we
show that it can be solved faster using this method than with
a standard MILP. The simplified approach is formulated as:

Npa
YV = min Z i Pra 9
Nrpa
subject to 1—2)Prq; + Pr — Pinvbase
J ;( )PLa, L b (10)
- -PinvA,up < Pé
Nra
1- 2P z+P _Pinv ase
;( Z’) Ld, L ,b (11)
- Pg: > IDin'uA,dn
z; €{0,1}Vi=1...Npg (12)

Let 2 be the solution to this optimization problem. Finally,
to complete the simplified net-load dispatch, P;,,a is set so
that Pg is met exactly:

Npa

zynvA - Z(l - x;/)PLd,i - Pinv,base - Pé
i=1
Let the feasible set for this optimization problem be ¥ :=

{(z, Pinya) | (10)—(12) are met}. We prove that this simplified
approach yields the same optimal solution as the optimal MILP
approach in Section V-C.

13)

C. Solution Equivalency Proof

Theorem 2. v = pu. That is, the simplified net-load dispatch
problem (9)-(13) yields the same solution as the net-load
dispatch optimization problem (5)-(8).

Proof: See Appendix B. [ ]

VI. OPTIMAL FAST FREQUENCY RESPONSE FROM
MULTI-BUILDING NET-LOAD GROUPS

A. Problem Formulation

Optimal coordination of net-load resources for FFR can
occur for multiple buildings within a single NLGC or, for
globally optimal results, via coordination of all NLGCs across
the distribution system managed by a single DSMC. Here,
we consider the more general problem formulation: a global,
distribution feeder-wide dispatch of N,;; NLGCs for FFR.
The k' NLGC coordinates N, NLUs and the j* NLU
of the k' NLGC has N4y ; deferrable loads, which are
all active at to. The i*" deferrable load and the inverter of
the jth NLU under the k** NLGC have cost crjs > 0 and
Cinv,kj > 0, respectively. The it deferrable load consumes
power Prgpji, and the inverter produces power P,k =
Pino k,jpase + Pinvak,j. The bounds on the change in the
inverter power allowable are constrained by the headroom
given by Pj,yA upk,; as an upper bound and PipyA dn,k,;
as a lower bound. The group of NLGCs, managed by a
single DSMC, is given a commanded change in total active
power, APg,, that the aggregated response of the NLUs
should collectively follow to provide the requested FFR. The
objective of the coordinated NLGs is to track a total grid
active power consumption Ps, = Pgy(tag) + APgg (where
Py = ;V;gg Z] " Pgk,j and Pgy ; is the active power
consumed at the grid connection of the ;" NLU in the k"
NLG) while minimizing the total cost. This objective can be

formalized as:
Nnig Nugk Nrdk,j

Z (Z ( Z xktjlck]lPLd kji

+ Cinw kg |Pznv k,j (t) - ank7j(t0)|))
Nnig Nuk Nrdk,j

Z(Z(Z 1_xkaPLdk:g7,+PLk,]

- })inv,k,j,base - PinvA,k,j)) = PGg

min
Tk, i Pinva k,j

(14)

subject to

(15)
Pirva,ank,j < Pinvak < PinoAup,k,j (16)
Vi=1...Numk=1...Nu,
Pinovak,j = Pinv.k,j(t) — Pinw.k,j(to) (17
Vji=1..Nugk=1...Nuy
xyj € {0,1}
Vi=1.. Npgpsj=1...Nep,  (I8)
k=1...Nu,

Here, Pj,,,; is the determined change in inverter power for
the j'" NLU; Py, ; is the aggregate nondeferrable load active
power for the 4t NLU; and Prgq ;i is the active power of the
it" deferrable load in the j** NLU. Solving this optimization
problem yields the solution (z*, P} .).
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LEGEND

B. Solution {{(Prai i)} s Ny (&) Global Dispatch Sequence
{(Pinvasnjs cino.) ¥y \[-=[E] Single NLGC Dispatch Seq.
Similar to the single-NLU dispatch problem, the optimal ( — v ) ([Patj» atjs %) < cntg) Yoy
dispatch problem (14)—(18) can be solved directly using an %%f;?ﬁggﬁgfg?:ﬁ (Patam Crtamlni',
MILP; however, even when using state-of-the-art optimization and retain device type .| 5 Pri: Or o i

solvers, solutions are not always possible for large problems
because of limits on the number of variables or max recursion

([PL.isCrLi»i], < Pry);

Get local min. cost, Cp,,,; ,with
centered moving min. filter

Sort net-loads by unit
cost and then by capacity
v

depth that can be achieved. When solutions are possible, Retain only the N, (r;vir;dog;}eo% Reiaicr} only
: : . WS W i < CLmyi -
solution times are often too slow to support dispatch on FFR lowest-cost net-loads g C’ - ]’ :
N, L,js“L,jstjl5
i i i - Putjy i s Vil < Cnig) N2
timescales, as shown in Section VI-C2. Thus, we develop ([Pargs entjs ] < Caish 520 Select N, — 2000 uniformly
. . . R 3 i
a hierarchical approach t.hat builds on th.e simplified NLU Cale total cost faﬂssgpggérggiv sL’)
dispatch approach of Section V-B and distributes computation Cnij = Carj - Prij —
K and build arrays L[PL_;C. ClLks k) pie
across NLG controllers to calculate dispatch results on a Co. B
R A i o i (Chisl; Asel [Prjli Calc. mean cost
timescale fast enough for FFR while maintaining near-optimal o = tCL.k'/P]lD/,IcF
. . . . . and sort array by “L
dispatch results. This control approach can be applied within —
. .. . l Output combined array ‘ [P CLoms iy ——
a single NLG or for all NLGs across a distribution feeder. P G ] - l VP
. . . \_Pnta,m;> Cnia,mlm=1 s ) nl,ns Cnlonn
Methods for both scales are summarized in Flg 3. Here: Mthd. 1 NLGC: Get all net-load Get binary Get vector of
: . _ 9N, _ response options represent. binary-encoded
Asel is a matrix of length |Asel| =2 (No = 20 was used {(|Prwon.a I‘JP .AP e )}N J?mghih(hn) invertgr locations
herein), where each row is the N,-bit binary representation of ' ’; et | - Jimetoc
. . . On/off status a
that row index; interpld(y, f(x),x) represents a 1-D linear Build array and ofnetloads
. . . . . . . 1 On/off status On/off status
interpolation of function f(x) at point y; 1 indicates a wild sort by unit cost of s

(P2 P ] < ey [ Lmlm [zl

card for the two inputs to that block (i.e., the function with T
should be applied to both inputs independently); -* indicates a

Calg. total costs

Cumulative sum; shift
“=¢;- P,

all rows down by one;

i

set point or optimal point; and AP* is the desired change [P, P, CY, G}l set first row = [0..0]
in global net-load power consumption for the FFR event. Get cumulative sums . bu’”‘”’]’i,’""”"']"’
Optimal dispatch within a single NLGC does not involve :ﬁ‘?ik i o] s )

the DSMC. At the conclusion of a global dispatch, which De;e‘rm;‘];; ol ’

involves NLGCs and the DSMC, each NLGC with id, z,  flexibility range
is sent its [V, . corresponding dis;])\?tch rows of the form PCTM:P’,;HI;&?I; Fo.) | [APLm, ACu1m, APinm im)m
{[APL s APinyms APt m, i, 2) 7 = Bach NLGC then ' aiaics

J

- - 4.1 Get net-load diffs
Mthd. 2 NLGC: Get inv. flex. profile | (diff. between consecutive

compares these dispatch rows with the array of net-load (Prtem, Cotom] Azl | Tows in n-l options array) y

. . o tams Crlam]mt ]

options it stored at the event’s initiation and executes the [Pd,, P, Cd Co ) (Poe, P), AP Append NLGC id 2
A R . . - - t [APL s APy ms AChims tms Zlm
appropriate load curtailments and inverter set point changes. [PL,i7CL.i]4 v

Optimal FFR dispatch of a single NLG is accomplished o p-SClectrows where | s oo etload

. .. Li< T > y ; Ny \Nuig
using Mthd. 1-3. In Mthd. 1, the net-load response capacities and {IAPLm APy ACutm iy 2l 25

. . . . AP* — P4 < Pp; < AP*
(change in load if deferred or total possible change in inverter [P Gl J P O Concatonate all NLGC ‘
. . . . . . nls,iv Ynls,ili nls,ir “nls,ili B 5 B
power) and their associated unit participation costs from all B et S options into single array
. L . Calculate cost of inv. flex. to
devices within all NLUs in the NLG are used to calculate achieve A P* for each using 1-D Calc. mean diff. cost
N . . interpolation of inv. flex. profile APpri = APp i + APy i
|Aser| = 2" possible net-load response options from the Cl,, = interpld(AP*, P, P) A = ACpi/ APy
. : - - Aénri .
N, lowest-cost net-loads. For single NLG dispatch, global [CTr and sort by Acw,

L . . AP s, APin iy APt iy At i, 2
optimality of the final dispatch solution can be guaranteed (O )™ . an o A
if Nprg = Y. Npa; < N,. However, as demonstrated in (s Calc. cumulative sum

X J J . Find min. total cost APry ;=31 AP
Section VI-C2 and the experimental results of Part IT [32], Cs = min([Crois.il;) AP AP A AC
. anc - . M1 and associated load [APL inv,gs APrntj, ACn 5,15, 2]
near optimal (within <0.2%) dispatch performance can still be power Pri, = Puisy- . i ¥ .
. . . " - elect rows where
achieved for N, < Nrrq < 2N,. The next step in single NLG Ul APry; < AP
. . . s A — d one additional
dispatch is to employ Mthd. 2 to get the total inverter flexibility Retrieve ?rfg{l[%fl n an Z“P O“EZP, . “’Zac row "
& Ak Lok APiny iy Tnl ks ks Uy 2k 2
profile. In short, Mthd. 2 takes the set of downward headroom, Gomin v =
. . . - LetAp = AP* — APy, -
upward headroom, and unit cost for all inverters in the NLG to Egsgrctfrﬁ?ﬁ?éi?s Modify rows with A P
build a single array representing every possible total inverter T = Avotlimm (Sltaarrgtg;ﬂv:th)laagé rg}\;\{
. . A S nl B
response (upward and downward) and the associated total cost | ;Ot;“:‘" flex. Esf;lll Whileap > 0: 0Pt~ Ap)
. . . . * mu s inv,k = MINY, inv,k — 2P,
for each response. As shown in Fig. 4(a), this essentially adds Pais 1Pie Update Ap
. . . . . T .
up the linear capacity vs. cost characteristics of each inverter Assign individual [APL ki AP ey APt ks ik, 24
. . . . . . inverter set points
to represent a single large inverter with a piecewise-linear using greedy alg. ’Divide dispatch command
inverter capacity vs. total cost characteristic. Finally, Mthd. 3 P B o o g unit rows by NLGCId”
: : ot me APL s APiuns APrutms ims 2]
determines the optimal combination of net-load response (from Ch 4 Lowt = 21 [P 1 {18PLm, APusns APty 05}
. ey eqe . 5 . mul,g fj=
Mthd. 1) and inverter flexibility (from Mthd. 2) to determine Mthd.sNLGCiIDetermine Mthd.tls1 DSMC: Determine global
. . . L timal dispatch of all NL' i f ion of all
the optimal dispatch decisions to send to individual net-loads O et Toeal NLGC dispatch | {,‘;’;g‘;‘:ﬁg{fgiﬁ;‘:{(‘,gsa
within the NLG. As shown in Fig. 4(b), this method Fig. 3. Hierarchical optimal net-load dispatch algorithms
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considers all net-load response options within the total
inverter flexibility range of the FFR setpoint (APg in Fig.
4(b)) and then determines which discrete net-load response
combined with inverter flexibility profile achieves the FFR
setpoint at the lowest total cost. This follows the same
methodology as the proven solution in Section V—first select
individual net-load resource responses (here, both load and
full inverter capacities are considered) using binary variables
to obtain solutions close to the FFR set point, and then use
the inverter (here, the total inverter flexibility profile made of
up many individual inverters) to obtain the optimal solution.

(a) Mthd. 2 Summary (b) Mthd. 3 Summary (c) Mthd. 4 Summary

Z I Z S
S Ny © >% 2
2 glar I S
3 Inv; 8 2
= c Total Inverter o
£ o Flexibility Range =
|/ o Single o 3
g inverter 5 Load binati o
oad combinations
S Inv, 6 %)
{
Total Cost Total Cost

| Total Cost

Fig. 4. Summary and intuition of Mthds. 2-4 from Fig. 3: (a) the linear cost
vs. capacity characteristics of many smaller inverters can be summed up to
represent a single large inverter with piecewise-linear characteristics; (b) the
global optimal dispatch solution is obtained by considering all discrete net-
load response options around the FFR capacity and then using total inverter
flexibility; and (c) the “best” net-load response options are the lowest-cost
options across the full range of net-load response capacities.

Optimal FFR dispatch of the full VPP, including multiple
NLGs and their constituent NLUs and devices, is accom-
plished using the sequence of steps shown in Fig. 1(b). As
part of this sequence, each participating NLGC calculates
all its net-load response options using Mthd. 1 and then, as
illustrated in Fig. 1(c), downselects this set of options to the
“best” options, representing the lowest-cost options across all
net-load response capacities possible from the NLG, using a
moving minimum filter. The exact quantity of best options
can be set by the user—in practice, we found N, = 2000
to work well. These best options are then sorted by lowest
mean cost and then differences (“net-load diffs” in Fig. 3;
includes difference in net power and inverter power) between
consecutive options are calculated so that only unique net-
load actions (e.g., one net-load response option could be a
superset of another, in that all net-load actions are the same,
except for one additional net-load action is present in the first)
are considered and this final set sent back to the DSMC.
The mapping of absolute net-load actions to the differences
provided to the DSMC are stored at each NLGC so that the
appropriate load curtailments and inverter set point changes
can be determined after receiving a list of final selected
net-load options (based on differences) from the DSMC. To
determine the final optimal dispatch solution, the DSMC,
uses Mthd. 5 to combine the best net-load options from all
participating NLGs (output of Mthd. 4) together, sort by lowest
mean cost, and then uses a greedy algorithm to select the
lowest-cost discrete net-load response options that are part of
the optimal dispatch solution. Finally, the lowest-cost inverter
flexibility from the not-selected net-load options is assigned
until the FFR set point is achieved.

C. Performance Verification

The hierarchical approach developed employs a heuris-
tic method that can be executed significantly faster than
optimization-based approaches, trading complete optimality
for speed. Thus, it isn’t tractable to analytically prove that the
hierarchical approach will achieve the optimal dispatch result
100% of the time. Instead, we evaluate performance using
Monte Carlo-style simulation and determine distributions of
probability vs. percent optimality (measured via solution cost)
and probability vs. solution time. To do so, all simulation runs
solve a multi-NLU dispatch problem twice—once using the
hierarchical approach implemented in Python and again using
an MILP solution deployed on a state-of-the-art, commercial
(Gurobi) mixed integer program solver. The MILP solution
provides the reference global optimal solution cost and the
solution times of both approaches are compared. Both sim-
ulation types use the same scenario inputs and are executed
on the same computer with a six-core 2.9 GHz Intel Core i9
processor. The hierarchical approach is designed to use only
one processor core (to allow for greater portability to a variety
of embedded platforms) and is implemented as such, whereas
the MILP solution is allowed to use all six processor cores.

1) Single Net-load Group Case: Simulations were per-
formed for optimal FFR dispatch of a single NLG with
N, = 10 NLUs; each had 4 loads and 1 inverter, for a
total of 50 time-varying net-load resources to be dispatched.
More than 2 million simulation runs with deferrable load
capacities uniformly distributed in the interval Prq;; €
[100,6000] W; inverters with uniformly distributed capac-
ity P € [2000,5000] W and headroom Pinya jup €
[0,2000] W; uniformly distributed NLU costs ¢j; € [2,10];
and an assigned NLG participation factor (the percentage of
the NLG’s total net grid power consumption that is dispatched)
1 € (0,45]% were run. Solution optimality results in Table I
confirm that, on average, the hierarchical approach achieves
an optimal dispatch decision with a solution cost very close
(within 0.00034%) to the optimal, that solution cost is optimal
99.761% of the time, that the hierarchical approach has a
mean solution time of 52.2 ms, and that there is a 99.992%
probability of achieving a solution within 120 ms.

TABLE 1.

SINGLE NLG CASE: SUMMARY SIMULATION RESULTS
Number of simulation runs 2,007,890
Mean % difference in solution cost, HA vs. MILP 0.00034%
Probability of HA solution cost within 1% of optimal 99.997%
Probability of HA solution cost within 0.1% of optimal 99.912%
Probability of HA solution cost within 0.01% of optimal 99.842%
Mean solution time, HA 52.2 ms
Mean solution time, MILP 107.1 ms
Probability of HA solution time < 120 ms 99.992%
Probability of HA solution time < 100 ms 99.962%
Probability of HA solution time < 80 ms 98.935%

2) Full Feeder Case: The optimal FFR dispatch problem
for a full-scale electric distribution system feeder with a
varying number of participating NLGs was simulated in 9,920
simulation runs to evaluate the performance of the proposed
hierarchical approach versus the MILP solution and determine
how their performances scaled as the number of participating
net-load resources and the total feeder participation factor
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varied. In the simulation, each NLG included N, = 10
NLUs, each with 4 loads and 1 inverter participating, con-
nected to a single distribution transformer and coordinated
by an NLGC. The simulations included 155 runs at each
of 64 possible combinations of the number of NLGs par-
ticipating, Nyrc = [100,200, 300,400, 500, 600, 700, 800],
and the total feeder dispatch participation factor, n =
[10,15, 20, 25, 30, 35, 40, 45]%. Each simulation run utilized
deferrable load capacities uniformly distributed in the in-
terval Prgy;: € [100,6000] W3 inverters with uniformly
distributed capacity P . € [2000,5000] W and headroom
Pinvakjup € [0,2000] W; and uniformly distributed NLU
costs cy;i € [2,10].

Results shown in Fig. 5 demonstrate that the hierarchical
approach for optimal FFR dispatch can achieve the same
optimal dispatch result with very similar (<0.5% difference
for n = [15,20, 25, 30, 35,40,45|% and <1% for all cases)
dispatch cost as the optimal MILP solution for each run.
Critically, the hierarchical approach can achieve these very
nearly optimal dispatch results at a much faster timescale: Fig.
6 shows that the hierarchical approach can be consistently
solved within ~150 ms with low variance regardless of the
problem size, compared to the MILP solution’s up to 4-s
solution time for the largest problem size (800 transformers or
40,000 total net-load resources). Clearly, the MILP solution’s
550-4000+ ms solution time is not fast enough to support FFR
dispatch within 500 ms, whereas the designed hierarchical
approach provides consistently fast performance to support
such FFR dispatch.

VII. CONCLUSIONS

In Part I of this two-part paper, we developed a first-
of-its-kind hierarchical control solution that can optimally
coordinate tens of thousands of heterogeneous, fast-changing
DERs and flexible loads across an electric distribution network
to provide FFR to the bulk power system that meets the
general FFR service performance requirements. A method for
operating solar inverters with the optimal amount of headroom
to minimize opportunity cost while ensuring FFR viability of
an NLU was also presented. Practical algorithms for achieving
optimal FFR dispatch at multiple scales were developed, their
optimality proven, and their speed shown to be faster than
state-of-the-art approaches. These simulation results provide
preliminary validation that coordination of BTM resources in
distribution networks can be achieved rapidly enough and on
a sufficiently large scale to provide valuable FFR services to
the bulk power system. In Part II [32], the entire platform
is implemented and experimentally verified on a large-scale
PHIL platform with a real-world distribution system model
and more than 100 at-power DERs.
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APPENDIX A: PROOF (THEOREM 1)

Proof: The net-load system’s actual change in grid power
consumption is APg = — fszldxiPLdyi — P;un. To ensure
problem feasibility, the following must be achieved: AP =
AP& with Pin'uA,dn < Pipoa < Pin'uA,up for0 < Pin'uA,up <

(P_max - Pinv,base) and 0 S Pinv,base S prar

Consider all possible —(vaA,up—&—Zf.V:Lf PLd7i) <APE <
Pinoa,dn for this problem. If AP < — Z].\ff‘ Prq., a trivial
solution of z; = 1V ¢ and Pipon = — > ;% Pra; — AP
is used. Similarly, it AP% > 0, z; = 0Vi and Pipoa = APE.
We then consider the remaining cases where — Zf\;ﬁd Prq; <
AP} < 0. For convenience, let AP* = —AP and consider
the remaining cases where 0 < AP* < Z?;Lf Pra:

Let Prg. = (PLdC,i)i]\LLfC be the ordered set of all Np4. =
2NLa possible load combinations from the elements of Pj 4
in sequential binary order with Pr,q; 1, the smallest load, being
associated with the least significant bit. That is, Prg.; =

NLd . . y 1—1

1 if(¢—1)mod2’ > 27
Z Yij Prds,; and y;; = ( ,) - .
= 0 otherwise
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Claim 1: For any given 0 < AP* < Zf\;ﬁd Prq, there exists
at least one 1 < j < (Npg4c — 1), such that Prg.; < AP* <
Pde,j+1
Thus, we can consider all cases 0 < AP* < Z ! Prq,; by
examining every discrete interval Prg.; < AP* g Pracj+1
for 1 < j < (Npge — 1) and considering problem feasibility
and inverter headroom requirements for any AP* in that
interval.
Claim 2: Within every discrete interval Prq.; < AP* <
Prgc j+1, the net-load dispatch problem remains feasible as
10Hg as PznvA,up > w
Proof: Let AP* = Ppg.; + ‘rteatl=Prics \yithin this
interval, there are two possible resulting load curtailment
outcomes:
Case 1: Z ‘' ; Praji.i= Prac,; and so

PznvA = AP* — Z-TiPLd,i = Pde,j + Pde’j+127PLdC'j —

i=1
Prac J+1—Pde j

Pdeg =
Case 2: ta PLMM— Prgcj+1 and so
Prac,j+1—Prdc,j
Pinya = AP* — > %iPra; = Prac,; + —85—0 —
=1
Pra. i1 = _ (Prde,j+1—Prde,j)
P 2
(Prdc,j+1—Prdc,j) (Prdec,j+1—Prac,j)
Therefore, —~—=dest —Ldedl < PooA < S z

2
Pracii1—PrLac.
and PinvA,up > Ld YJJAQ et

We then show that increasing or decreasing AP* = Prg. ; +
PL"’C*J'“;PL‘“” will not extend these bounds:
Case 1 (decrease): AP* = Prqc ;+ w —¢. Here,

'xiPrq; = Prac,; because this will minimize PjppA up-
Therefore, Pjoan = AP* — 1 ‘v Prai = Prdac; +

Pracj+1—Prde,j € — Prgei = PLdv 7+1*Pde1 _
c,] —

_(Pde,j+127Pde,j) <

Pracj+1—Prde,j
2 € =

, so the bounds on P;,,A are not extended

Clearly,

(Prdc,j+1—Prdc,j)
2

for this case.
. PLacjt1—Prac.
Case 2 (increase): AP* = Prg.; + —Fdeii—tded 4 ¢

N . .
Here, > . "2 Prq; = Prdc,j+1 because this will minimize
Pim)A,up-

Therefore, Pj,,An = AP* —

Prac J+1 Prayc,j +e—

1szLdz = Pde +

PLac,j4+1—PLdec

( Ld J+12 Ld J)Jre
Prac.;) < _(Pde,j+12*Pde,j) +e <
, so the bounds on P;,,A are not extended

Pracjy1 = —
(Prdec,j+1—
Clearly, 5

(Prde,j+1—PrLdec,j)
2
for this case.

Therefore, increasing or decreasing AP* does not extend the

PrLae. 41— Prde.; .
bounds on Pj,,a, 50 Pippaup > —-*H5—+91 remains.

Next, we show that the bounds 7(PL"’°’”217PL‘“J) < P,

invA S
Praej+1—PrLac.
%2“” on Pj,,a cannot be made narrower (e.g.,
—(Prdcj+1—Prdec.j)

P} + € S vaA S (PLdC'j-HgiPLdC'j) - 6)
without causing problem infeasibility. To show this, choose
AP* = Py + Praeati=Prici - A pefore, there are then
two possible cases:

Case 1: Z HaiPra; = PLde and so
Piroa = AP* — 271 szLd % = Pde,j +
Prac,j+1—Prdc,; P o _ Pracjt1— PLa. g
P} — L'Lde,j — 2

Prac,j+1—Prdc,j (Prdc,j+1—Prdc,j)

However, 5
and therefore the problem is
—(Prde, J+1—PLdLJ) +e< Poya <

€

2
infeasible with bounds
(Prdc,j+1—Prdc,j)
2

— €.

Ld .
Case 2: Z 12 Pra; = PLdc,j+1, SO:
NLd
Piroa = AP* — (1 mzPLd % = PLdC,j +
Prae.jii—P " Pra..,
Ldc,j+1—Prac,j PdeJ-'rl _ Prac,j+1—Prac.j)

_ (Prde, J+1_PLdC i) _ (Prde,j+1—Prdc,j) +

However,

€ and therefore the problem is infeasible with bounds
—(Prdec,j+1—Prdec,j) +e< Ppon < (PLde, ]+12—Pde b)) e

2
Thus, we have shown that the bounds of at Ileast
7(Pde,j+12_Pde,j) < Poun < (Pde,j+12_Pde,j) on Piua

are required to maintain problem feasibility, and therefore
Pipon up > Pde,]Jrl—Pde,j_

Claim 3: The maximum P, A up,j > %_P“” across
all discrete intervals Prq.; < AP* < Prgejy1 for all
1 < j < (Npge — 1), and therefore for any 0 < AP* <
ZN“ Prq., can be obtained using the simplified expression:

Prasi — Sy P
k== max i 2 Pl
subjectto 1 <7< Npg4
Proof: P]'°X .~ can be obtained by simply examining the

cji1—Prac, . . .
PinvAup,; > —Hiedi—Lded gt each discrete interval j =

.Nrge — 1 and taking the maximum. That is:

max max PLdC7j+1 — PLdCJ

invAup — 2
subjectto 1 <j < Npg4.—1
Note that each w can be evaluated by considering
the constituent loads Prq,; for all ¢ = 1... Ny, that change
state (i.e., yij # Yi(j+1)) between Prgc; and Prgcjii.
Because Pprg. is in sequential binary order and Prgs is in
sequential order, the sequence of loads changing as j increases

(20)

j=1...Npg. — 1 follows a binary pattern wherein:
foreachi in i=1...Npq:
(Prdck+1 — Prdckr) = Pras,
where k=2".m—2"1
for all m=1... 2Nl

This repeating pattern has the consequence that the only
unique (Pde’jH — Pde,j) differences not already considered
in earlier intervals (Prgc j+1—e — Prdc,j—e) (Where € € Z,
€ =1...(j — 1)) occur at the intervals (Prgc,(2i—2i-141) —

PLdC’(zi,Qi—l)) Vi=1... NLd where:
(Pde,(qu, =PLas ,i Zn 1PLds n

Vi=1...Npg

2i-141) = PLdc (20 —2i-1))

Therefore:

mazx _ PLdC»j"rl — PLdej
invAup max 2

acrossallj =1...(Npge — 1)

max _ (Pde,(2’772i—1+1) - Pde,(gq‘,,
= invA,up — MaxX B)

..Nrg

Lds K

2i—1))

acrossalls = 1.
Zn 1PLds n

max
invA,up

= o= = max

acrossall i = 1...NLd
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APPENDIX B: PROOF (THEOREM 2)
Proof: When solving the optimization problem (5)—(8),
a final optimal solution (z*,P! ) is obtained. Note that
(at, Pl A) € . When solving the optimization problem
(9)-(12), z¥ is obtained, and then P, . is set as given

in (13). This yields a final solution (z” va A)- Note that
(‘TV? znvA) e Q.

First, we show p < v:

We will compare (z¥, P}, ) € Q" of the v problem and
the feasible set 2* of the p problem. To begin, consider the
result of (13):

il;wA = Zﬁ\;ﬁd(l x?)PLd,i - Pinv,base - Pg;

By (10), S1451 (1= ) Prai = Pinvpase = Pés < Pinwas up

so:

F)znvA < ]DinvA ,up

Equation (11) guarantees P}, » > PinvA, dn, and therefore:

PinvA,dn < PanA S PinvA ,up
This and (13) satisfy (6)—(7), therefore P}
constraints of * placed on Py, A.
By (12), ¥ € {0,1}, which satisfies (8), so 2 meets all
constraints of 2* placed on x. Therefore:

A Meets all

(z7,PY \) € Q¥ @1
As: Wi
o= min Z xiPLd,i
subject to (:c" Pl o \) € QF

Because (z, P, o) € ", there exists:
Nia
=1 Z‘ PLJ/\C; i
and because y is the minimum » ;% ! x;Prq; for any x €
QF, therefore:

V=

u<v (22)
We now show v <

Examining (z*, P ) € Q" and comparing Q" to the
constraint set {2” defined by (10)—(12):

Combining (6) with Piua < Pipya up yields:

ZNLd(l - Iz)PLd i Ijinv,base - ]DinvA,up < PE
which matches (10). Rearranging (6) yields:
ZNLd(l - xz)PLd i Pinv,base — Pipon = Pé

which satisfies (11). Finally, (8) satisfies (12) directly. All
constraints of ¥ are satisfied, therefore, (z!', P!\ \) € Q.

Then, from (9)—(13): Niu '

i E i Pra
x .

vV = 1min
subject to (m ,Phoa) € QY
Because (z#, P\ 1) € Q” there exists:

Zw Pra,

and because v is the minimum
v<p

Zj\il x; Prq; for any x € Q":
(23)
Finally, by (22) and (23):

w=v
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