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Abstract—This paper is the first of a two-part series that 
develops and experimentally demonstrates a first-of-its-kind hier-
archical control solution for optimally dispatching thousands of 
deferrable loads and distributed energy resources (DERs) across 
a distribution feeder to provide fast frequency response (FFR) 
within 500 ms to the bulk power system. This approach rapidly 
coordinates resources online after a frequency event occurs, 
allowing fast-changing, behind-the-meter (BTM) resources to 
be incorporated and aggregate FFR power set points to be 
achieved more quickly and accurately than existing approaches. 
We also present a solution for determining the optimal amount of 
headroom to operate solar inverters with to minimize opportunity 
cost while ensuring the FFR response viability of a building 
with the inverter and deferrable loads. In Part I, we develop 
practical algorithms for fast, cost-based optimal dispatch at 
multiple aggregation scales (single building, multiple buildings, 
and full distribution feeder), establish their optimality, and 
demonstrate via simulation that they are faster than state-of-the-
art, coordinated frequency response approaches. In Part II, the 
entire platform is implemented and experimentally verified using 
a unique power hardware-in-the-loop demonstration, including 
more than 100 powered loads and DERs connected to a real-
world distribution network model and over 10,000 net-load 
resources dispatched. 

Index Terms—fast frequency response (FFR), frequency con-
trol, optimal dispatch, flexible load, distributed energy resources 
(DER), demand response, coordinated response 

NOMENCLATURE 

System Variables 

Total active power consumption PGg

FFR response command ΔP ∗ = Gg 
PGg(t) − PGg(t0)

Total net-load groups (NLGs) k = 1 . . . Nnlg

Net-load units per NLGk j = 1 . . . Nu,k

Deferrable loads per NLUk,j i = 1 . . . NLd,k,j
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Grid power consumption PG

FFR response command ΔP ∗ = PG(t) − PG(t0)G 

I. INTRODUCTION 

A. Motivation and Background

RELIABLE operation of a power system depends on 
maintaining its frequency close to its nominal value 

at all times. In many grids worldwide, the displacement of 
conventional, high-inertia, synchronous generation by inverter-
interfaced low-zero-inertia renewable generation has resulted 
in a decrease in total system inertia and a decline in frequency 
response performance from historic values. These trends are 
especially prevalent in isolated grids with high penetrations 
of renewable generation, such as Ireland/Northern Ireland and 
South Australia [1], but also evident in much larger intercon-
nections in Europe [2] and the United States [3]. The outcome 
is that sudden imbalances in grid load and generation result 
in faster rates of change of frequency and larger frequency 
nadirs, making frequency regulation more challenging. 

With continued grid modernization, new approaches to en-
sure sufficient frequency regulation are required. Traditionally, 
mitigation of frequency deviations after a sudden loss of 
generation or load is driven by three primary factors: inertial 
response, primary frequency response (PFR), and secondary 
frequency response (SFR). System operators, such as ERCOT 
in Texas, USA and ENTSO-E in Europe, have conducted 
recent studies (e.g., [2], [4]) to examine the decreasing inertia 
in their systems and propose mitigation measures. ERCOT’s 
study highlights faster responding reserves as a key mitigation 
measure. Frameworks in different regions vary but generally 
include Fast Frequency Response (FFR), a response of the 
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frequency crosses a predefined threshold or a dispatch signal is 
received. FFR is particularly effective because it can increase 
the time to system frequency nadir, allow additional time 
for PFR to deploy, and contribute to reducing the nadir’s 
magnitude [5], [6]. In [5], a study on the ERCOT system found 
that FFR can be up to 2.2 times more effective than PFR, 
depending on the system inertia. As of 2019, many system 
operators have implemented or are finalizing the implemen-
tation of new FFR ancillary service market products that are 
distinct from PFR (e.g., FFR under ERCOT’s NPRR863 or the 
U.K. National Grid’s Enhanced Frequency Response Service). 

Demand-side resources, including DER and deferrable load 
(“net-load” resources), offer a largely untapped opportunity to 
provide valuable FFR services. It has been shown that system 
frequency disturbances propagate through distribution systems 
much faster than transmission systems [7]; thus, a collection 
of devices connected to a distribution system will observe, 
and can respond to, frequency disturbances just as fast (if 
not faster) than a traditional frequency response asset (e.g., 
sync. generator) connected at the same location would. DERs, 
such as solar inverters, have traditionally not contributed to 
frequency response [3], but recent work demonstrated new 
control methods to allow BTM solar inverters [8] and battery 
inverters [9] to rapidly respond (within 75 ms) to changes 
in grid frequency. At the solar power plant scale, the provi-
sion of FFR from multiple +20-MW solar power plants was 
demonstrated in [6]. Note that providing FFR from a solar 
inverter represents an opportunity cost; to provide increased 
active power output in response to a system loss of generation, 
the inverter must nominally operate off of its maximum power 
point (leaving “headroom” to increase the power output), 
forgoing some energy production and the associated revenue. 
Determining the optimal amount of headroom to leave for a 
given solar inverter’s operating conditions is not studied in 
the literature. Here, we propose an approach to determine 
the optimal headroom. Deferrable load is particularly well 
suited to provide FFR services because it does not incur an 
opportunity cost in preparing for FFR provision, and it can 
respond with its full capacity as quickly as a relay can be 
operated or a modern appliance’s power electronic front-end 
can be controlled. In particular, thermostatically controlled 
loads (TCLs) and electric vehicles (EVs) are well-suited 
because of their inherent energy storage properties, which 
allow them to be switched off for a short period (typically 
at least a few minutes) without significantly compromising 
user comfort [10], [11]. TCLs represent a significant portion 
of total system load: more than 48% of residential electricity 
consumption in the U.S. in 2018 [12]. 

A key challenge to leveraging demand-side resources to 
provide FFR in associated ancillary service markets is the 
ability to provide sufficient capacity (historically, ≥1-MW 
capacity is required) and reliable dispatchability to a partic-
ular set point. Recently, regulators are considering actions 
to remove barriers to the participation of DER aggregations 
in ancillary service markets, including reducing minimum 
capacity requirements [13]. Coordinating deferrable load and 
DERs as a virtual power plant (VPP) capable of FFR is 
particularly attractive because it not only allows aggregations 

of resources to meet market capacity participation limits but 
also leverages diversity, manages the variability of load and 
generation to enable dispatchability, and provides a framework 
to incentivize BTM participation and achieve the lowest-cost 
global dispatch solution. Also, by coordinating variable DERs 
and load in the same framework, a better determination of 
optimal DER operating headroom can be made. 
B. Related Work 

Few existing works address the coordination of net-load 
resources to provide FFR given the relatively new definition 
of FFR as a grid ancillary service product. For context, 
we examine related work, including existing PFR response 
approaches, which are often uncoordinated, as well as more 
general frequency response approaches that are coordinated. 

Using deferrable load to contribute to grid services such 
as peak demand reduction and load following was explored 
as early as the late 1970s, though work on controlling loads 
fast enough to provide PFR has occurred only more recently. 
Earlier work includes a simulation study [14] that implemented 
autonomous PFR via temperature-based frequency trip points 
at individual refrigerators; simulation results demonstrated 
how autonomous PFR from 1,000 refrigerators could, in aggre-
gate, provide PFR similar to that of a synchronous generator 
to the bulk power system. In [15], more than 50 electric 
water heaters and 150 clothes dryers were controlled in one 
of the earlier field demonstrations of fast (~400-ms response 
times), autonomous PFR from loads. Later simulation studies 
identified overresponse, frequency oscillation, and loss of load 
diversity as potential issues with uncoordinated load frequency 
response [16]–[19]. Strategies to mitigate potential issues in 
autonomous approaches have been proposed, including using 
uniformly distributed response time delays [11] and imple-
menting random activation and re-activation frequency thresh-
olds [20]. These uncoordinated PFR approaches demonstrate 
meaningful contribution to system PFR, but they are unable 
to provide dispatchability to the operator and will result in 
uncertainty of response and suboptimal dispatch. 

Semicoordinated load PFR approaches (e.g., [17], [21]– 
[24]), in which individual resources respond rapidly via 
autonomous control while having their control parameters 
periodically updated for coordination purposes, provide some 
improvement. Reference [17] proposed a supervised threshold 
determination approach in which electric water heaters are 
given updated frequency thresholds every 15 minutes and a 
given aggregate droop characteristic is achieved. Reference 
[24] demonstrated a similar approach applied to HVAC equip-
ment with room temperature as feedback and updates made ev-
ery minute. Reference [23] developed an hourly optimization-
based approach that accounts for individual resource costs, 
comfort constraints, and global cost. Reference [21] extended 
the approach in [23] by adding load priorities and appliance 
off-time constraints to the optimization problem. Reference 
[22] solved a minimum cost commitment problem to compute 
the lowest cost interruptible load action to take for every given 
frequency deviation with hourly updates. These semicoordi-
nated PRF approaches add increased capabilities to manage 
the penetration level and specific settings of resources partic-
ipating autonomously to achieve a more predictable overall 
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PFR. However, they all assume simplistic, slow-changing, 
aggregated load models and perform coordination updates on 
a minute to hour basis, resulting in significant uncertainty in 
their dispatch when applied to controlling real-world net-load 
resources that change their active power significantly faster. 
Given this uncertainty, it is unlikely that such approaches will 
be able to accurately achieve an aggregate power set point and 
are much more likely to make sub-optimal dispatch decisions. 

Online coordination approaches, in which individual re-
sources are coordinated after a frequency event occurs, often 
have the advantage of optimal dispatch and the ability to 
integrate with automatic generation control (AGC), but they 
are generally too slow to meet PFR or FFR timescales. For 
example, in [25], eight optimization-based coordination frame-
works in the literature are compared, and all have computation 
times of 10 s or greater. Distributed approaches are used to 
solve an optimal load-shedding problem [26] and an optimal 
load-control problem [27] on the +5-s timescale. Reference 
[28] developed a distributed approach for coordinating load
aggregators that integrates with AGC for SFR. Reference
[29] developed a centrally-managed solution where aggregated
loads are controlled autonomously using control parameters
precoordinated based on day-ahead estimates to provide PFR
and a SFR supervisory control can be integrated with AGC.
Reference [30] demonstrated similar combined SFR and PFR
capabilities wherein resources with static droop characteristics
provide PFR but then use a direct load frequency control
approach for secondary control. These combined approaches
have the advantage of fast control followed by achieving a
dispatched set point on a slower timescale, but they still
have significant uncertainty and nonoptimal dispatch because
their governing PFR control parameters are still updated on a
slower timescale that does not compensate for changes in load
and DER occurring on a faster timescale. In addition, these
approaches are not fast enough for FFR. In our previous work
[31], we experimentally demonstrated optimal coordination of
four loads and an inverter within a single building for FFR
within 142 ms.
C. Contribution and Organization

This two-part paper makes the following contributions:
1) We develop a first-of-its-kind control solution that optimally
coordinates tens of thousands of deferrable loads and DERs
across a distribution network to provide bulk power system-
scale FFR that is dispatchable and accurate. Compared to
existing frequency response solutions, the developed control
platform is able to optimally coordinate a much larger number
of net-load resources (up to 40,000 is shown), incorporate
fast-changing BTM resources, and accurately meet a specific
aggregate power set point while also achieving dispatch on a
faster timescale (<500 ms) suitable for FFR.
2) We provide an analytical proof of the atomic control
algorithm’s optimality and then verify near-optimal (within
0.1%) performance of the algorithm as it is scaled to configu-
rations with up to 40,000 net-load resources via Monte Carlo-
style simulation. In all cases, dispatch solutions are achieved
faster than traditional mixed-integer linear program (MILP)
optimization approaches and sufficiently fast to support coor-
dinated FFR within 500 ms.

3) We present a solution for determining the optimal amount
of headroom to operate solar inverters with to minimize
opportunity cost while ensuring the FFR response viability of
a building with the inverter and deferrable loads. A practical
optimal headroom algorithm is given and analytically proven
to match a bi-level optimization-based approach.
4) The entire platform is implemented and experimentally
verified using a unique power hardware-in-the-loop (PHIL)
demonstration including more than 100 powered loads and
DERs connected to a real-world distribution network model
from Colorado, USA. Test cases demonstrate the approach at
multiple scales, including a full-scale demonstration with more
than 10,000 deferrable loads and DERs.

This two-part paper is organized as follows: Part I presents 
an overview of the control platform in Section II, a definition 
of the net-load unit (NLU) building block in Section III, an 
algorithm for determining optimal NLU inverter headroom 
that is developed with analytical guarantees in Section IV, 
algorithms for optimal FFR dispatch from a single NLU in 
Section V, and algorithms for optimal FFR dispatch from 
multiple NLU and net-load groups (NLGs) that are developed 
and validated via simulation results in Section VI. In Part II 
[32], the entire platform is implemented and experimentally 
verified with multiple test cases. 

II. PLATFORM FOR FAST FREQUENCY RESPONSE FROM 
OPTIMALLY-COORDINATED NET-LOAD RESOURCES 

A. Objective and Requirements

The objective of this work is to achieve a platform that can
optimally coordinate tens of thousands of net-load resources 
connected in an electric distribution network as a VPP to 
provide FFR ancillary services to the bulk power system. In 
particular, the platform should: 
• meet general FFR service performance requirements (i.e.,

dispatchable, ≥1-MW capacity, response within 500 ms
[includes all communications delays], and achieve set
point within 1%)

• coordinate the operating power level and on/off status of
tens of thousands of net-load resources to achieve the
lowest global cost, while meeting the prescribed FFR set
point for the VPP and respecting all resource limits

• incorporate fast-changing BTM resources, such as de-
ferrable loads and solar inverters, in its optimal dispatch

• provide online control for participating solar inverters to
operate each inverter with an optimal amount of head-
room to ensure the FFR response viability of a building
with the inverter and deferrable loads, while minimizing
opportunity cost

• allow for real-time user input of resource price and
availability; individual devices can participate at will

• preserve user privacy and allow for a variety of commu-
nication protocols

B. Solution Overview
As shown in Fig. 1(a), the developed platform leverages a

hierarchical structure that is scalable, preserves user privacy, 
enhances reliability, and provides optimal coordination at 
selectable levels. At the lowest level, individual DERs and 
flexible loads are organized into NLUs wherein a net-load unit 
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controller (NLUC) manages participating net-load resources. 
Loads are controlled through plug- or circuit-level load sensing 
and control interfaces (LSCIs), which provide high-speed (half 
ac cycle) power measurement and on/off actuation capabilities 
(see [31] for more details). Each NLUC also implements an 
optimal NLU inverter headroom algorithm (see Section IV) to 
operate constituent solar inverters to minimize opportunity cost 
while ensuring the FFR response viability of the NLU. NLUs, 
typically representing individual buildings, are organized into 
NLGs, which generally represent all the NLUs connected to a 
single distribution transformer and are managed by a net-load 
group controller (NLGC). 

For global coordination, a distribution system master con-
troller (DSMC) can optimally dispatch all NLUs across a 
distribution network according to FFR set points and frequency 
trigger levels provided by the balancing authority or higher-
level aggregator. In this configuration, the computational bur-
den of optimal dispatch calculation is distributed across the 
NLGCs, allowing nearly constant dispatch calculation times 
regardless of how many NLGs are participating. In this hier-
archical structure, user privacy is preserved as controllers can 
communicate only one layer up or down and only minimal 
device information, such as operating power and capacity 
limits, is shared (e.g., NLGs cannot directly address devices 
and do not have knowledge of specific devices). An indepen-
dent communications network is used at each layer, enabling 
specific communications protocols or security measures to be 
implemented at each layer as needed. A communications relay 
is used to interface the NLGCs and the DSMC—this provides 
a flexible, high-performance method to communicate informa-
tion between each NLGC and the DSMC in a redundant, plug-
and-play fashion without the DSMC needing to individually 
address each NLGC. Building owners interact with the NLUC 
by setting unit costs and enabling/disabling dispatch for each 
resource. 
C. Method of Operation 

Optimal net-load resource dispatch can be achieved within 
a single NLU, an NLG with multiple buildings, or across 
the entire distribution network when coordinating NLGCs 
using DSMC. Algorithms and performance evaluations for 
optimal dispatch at each of these three scales are given in the 
following sections. In this section, we describe the method of 
operation for the most interesting case–optimal FFR dispatch 
of a distribution feeder-scale VPP with tens of thousands 
of net-load resources. FFR dispatch within a single NLU 
or individual NLG are subcases that are described in more 
detail in Section V and Section VI, respectively. Explain what 
happens if there is a fault in the communication system. 

1) Pre-event Actions: Before a frequency event occurs, con-
tinuous action within the VPP prepares it for effective FFR re-
sponse. Within each NLU, each device controller continuously 
updates the NLUC with the latest device measurements and 
operating limits. Each NLUC uses local device measurements 
as inputs to the optimal inverter headroom algorithm (see 
Section IV) and continuously updates the operating point of 
its constituent solar inverter. Summary power measurement, 
capacity, and cost information is aggregated at each NLUC 
and NLGC before being sent to the DSMC. The DSMC uses 

this summary information to inform the FFR bids that it places 
with the balancing authority or other higher-level aggregator. 
In response, the balancing authority sends the DSMC the 
FFR set point it is committed to provide and the associated 
frequency trigger levels outside of which this response should 
be activated. 

2) Event Dispatch Actions: The sequence of actions to 
execute a FFR of the full VPP from the instant of a grid 
frequency contingency event is shown in Fig. 1(b). Most 
commonly, frequency is sensed locally within the distribution 
network (e.g., via relay or a DER with high-speed frequency 
reporting capabilities), and used to, when appropriate, send an 
event trigger to the DSMC to begin the dispatch sequence. 
The DSMC can also act upon a direct event trigger from 
the balancing authority. In the first step of the dispatch 
sequence, the DSMC sends a request to all participating 
NLGCs (determined by those that have sent an updated status 
measurement recently) to provide the set of best net-load 
response options within their respective NLGs. The NLGCs 
then calculate all net-load response options within their NLG 
when considering all NLUs (and their constituent devices) 
that have sent updated status information recently using Mthd. 
1 (see Mthd. descriptions in Section VI-B and Fig. 3); ii) 
downselect to the best (highest likelihood of being included in 
the global optimal dispatch solution) net-load response options 
using Mthd. 4; and iii) send these best net-load response 
options back to the DSMC. The DSMC then gathers the best 
net-load response options from all participating NLGCs, runs 
an algorithm (Mthd. 5) to downselect to the net-load response 
options that result in the optimal (lowest cost while meeting 
the given VPP power set point) total dispatch action, and sends 
out the final net-load dispatch actions to each NLGC. Finally, 
commands are routed through each NLGC and NLUC down 
to the individual device controllers which execute them. The 
megawatt-scale FFR of the distribution network-scale VPP can 
then be measured (and likely verified a meter by the balancing 
authority) at the distribution feeder head. 

With this sequence of operations, the computational burden 
of determining the global optimal dispatch actions is shared 
by all NLGCs, which all calculate their response options in 
parallel, and the DSMC. This allows for excellent scalability, 
maintaining fast computation regardless of how many NLGs 
are participating. In centralized solutions, the complexity of 
the dispatch problem grows exponentially with the number 
of participating resources; our solution avoids this curse of 
dimensionality by distributing computation across the NLGCs 
and then running a computationally efficient algorithm for 
final coordination at the DSMC. This distributed solution does 
require communications between each layer in the hierarchical 
control solution. Thus, communications delay times, in addi-
tion to other practical factors such as the actuation times of 
the end devices, must be accounted for in achieving an overall 
FFR dispatch within 500 ms. As shown in Section VI-C2 and 
in the experimental results of Part II [32], we develop the 
hierarchical dispatch algorithm to reliably compute a solution 
within 150-200 ms (see Fig. 6(b)), leaving over 300 ms for 
communications and device actuation. Communications relia-
bility is important, though the hierarchical control solution’s 
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(a) (b)
Fig. 1. Hierarchical optimal net-load coordination for FFR approach. (a) Block diagram showing connections and key data passed between each of the four 
layers. (b) Flow chart indicating the sequence of steps to coordinate all net-loads into a VPP and provide MW-scale FFR in response to an event trigger. 

plug and play design with fast (ms timescale) status updates 
greatly mitigates the potential impacts of any communications 
faults; participating resources are only included in the final 
dispatch calculation if those resources have very recently (ms 
timescale) provided a status update indicating their online 
nature and willingness to participate. In the unlikely event 
that a particular resource’s communications drop offline in the 
150-200 ms between their last status communication and the 
conclusion of the dispatch calculation, the total FFR power set 
point will not be met exactly; however, we aim to meet the 
the FFR power set point within an acceptable 1% tolerance. 

III. NET-LOAD UNIT DEFINITION 

At its most basic level, an NLU (e.g., see the bottom 
of Fig. 2) contains nondeferrable load with aggregate active 
power consumption, PL; NLd deferrable loads with active 
power consumptions, {PLd,i}NLd ; an inverter that outputsi=1 
active power, Pinv; and active power consumption, PG (i.e., 
PG > 0 represents power consumed by the NLU), from 
the NLU’s grid connection. Note that power consumed or 
supplied at each point throughout this problem formulation 
are all time-varying quantities; however, in most cases, the 
time dependence (t) is dropped for ease of notation. All 
PLd,i are deferrable such that their final power consumption is 
P̂Ld,i = x̄ iPLd,i = (1 − xi)PLd,i after being issued an on/off 
command, xi ∈ {0, 1}. That is, xi = 1 denotes that the load 
has been deferred or switched off. The inverter is initially 
operating at power Pinv(t0) = Pinv,base and has operating 

P maxlimits 0 ≤ Pinv ≤ . Upon command, the inverter inv 
can change its output power to Pinv = Pinv,base + PinvΔ, 
where PinvΔ is the inverter’s change in power from Pinv (t0). 
The inverter’s change in power is limited: PinvΔ,dn ≤ 
PinvΔ ≤ PinvΔ,up, where −Pinv,base ≤ PinvΔ,dn ≤ 0 limits 
how much the inverter can decrease its power output, and 

≤ (P max0 ≤ PinvΔ,up inv − Pinv,base) limits how much the 
inverter can increase its power output. Throughout this work, 
we assume PinvΔ,dn = −Pinv,base for simplicity because 
curtailment of inverter output is generally not a significant 
constraint. PinvΔ,up is known as the inverter’s headroom and 
will be determined in real time using the algorithm developed 

in Section IV. By Kirchoff’s laws, the power balance on thePNLdnet-load system is given by: P̂Ld,i + PL − Pinv = PG.i=1 
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Fig. 2. One-line diagram of an example net-load unit. DERs, such as solar 
inverters, and controllable loads can be controlled directly with real-valued 
power set points. Loads can be configured as fast-acting deferrable loads by 
interconnecting them through a load sensing and control interface (LSCI). 
Often, a portion of the NLU’s load cannot be controlled or deferred. 

The NLU owner determines in advance of the frequency 
contingency event which loads are deferrable vs. nondeferrable 
and also assigns a participation unit cost, ci, for each de-
ferrable load as well as the inverter (cinv ) such that thePNLdowner will be compensated a total of ctot = xi(t) · i=1 
ci · PLd,i(t0) + cinv |Pinv(t) − Pinv (t0)| after providing FFR. 
These determinations are updated by the building manager 
in real time so that any frequency event response considers 
the owner’s latest preferences. This simplistic compensation 
scheme is meant to replicate key aspects of market participa-
tion, including users determining if they want to participate 
and at what price, determining total cost for an aggregated 
response action, and compensating users. Each NLU periodi-
cally (and again immediately after receiving an event response 
trigger) sends its measured PG, {P̂  

Ld,i}NLd 
i=1 , Pinv , PinvΔ,dn, 

and PinvΔ,up to the NLGC. The NLGC uses this information 
∗to determine an optimal ΔP = PG(t)−PG(t0) for each NLU G 

shortly after an FFR event is triggered and subsequently verify 
the response performance of each NLU. The NLGC will en-

∗ sure that NLU’s are provided with ΔP set points within their G PNLd ˆoperating capability; that is, −(PinvΔ,up + PLd,i) ≤i=1 
ΔP ∗ 

G ≤ PinvΔ,dn. 
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IV. OPTIMAL NLU INVERTER HEADROOM 

Here, we consider the problem of determining the optimal 
amount of headroom, PinvΔ,up, that a solar inverter within 
an NLU should maintain prior to an FFR underfrequency 
response dispatch event. This issue is important in the context 
of the overall NLU optimal dispatch problem (see Section 
V-A) because the inverter headroom is set in advance of 
a dispatch event and determines what values of dispatch 

∗command ΔP can be achieved by the NLU. Insufficient G 
inverter headroom can make the single NLU optimal dispatch 
problem infeasible or result in a sub-optimal dispatch solution. 

To illustrate the need for headroom, consider the simple 
case where an NLU has NLd = 2 deferrable loads, PLd(t0) = 
[100, 300]W , which are both initially on (x(t0) = [0, 0]), and 
one solar inverter. A grid underfrequency event occurs and 

∗shortly later the NLU is given a dispatch command, ΔP = G 
∗PG(t) − PG(t0), to consume less grid power (ΔPG < 0). To 

meet this dispatch command, the NLU must curtail load(s) 
and/or modify inverter output. Controlling the on/off state of 
the NLd deferrable loads in the NLU achieves 2NLd possible 
NLU power responses (PLdT p = {0, 100, 300, 400}W for this 
case). Unless |ΔP ∗ | ∈ PLdT p, a change in inverter output will G 
be required for the NLU’s total grid power response, ΔPG = PNLd− xiPLd,i − PinvΔ, to meet the dispatch command,i=1 
ΔPG 

∗ , exactly, which is a condition of NLU dispatch problem 
feasibility (see Section V-A). For example, if a command of 
ΔP ∗ = −125 W was given, there are two possible solutions: G PNLd(i) loads are curtailed to xiPLd,i = 100 W , requiringi=1 PNLdPinvΔ = 25 W ; or (ii) loads are curtailed to i=1 xiPLd,i = 
300 W , requiring PinvΔ = −175 W . Solution (i) requires both 
less curtailment of load and less total change in inverter power, 
resulting in a lower cost dispatch solution, but this requires 
the solar inverter to increase its power output. However, this 
solution would not be feasible if the solar inverter is already 

P maxoperating at its maximum power (Pinv = , which is ainv 
typical goal of solar inverters) with no headroom available. 
Solution (ii) is a higher cost solution, but it does not require 
any upward headroom. For this example (ΔP ∗ = −125 W ),G 
having ensured inverter headroom of PinvΔ,up ≥ 25 W in 
advance of the dispatch event would have allowed solution 
(i) to be feasible and the NLU dispatch problem to achieve 
the global optimal result. If insufficient inverter headroom 
(PinvΔ,up < 25 W ) is available in advance, then the NLU 
dispatch problem would be forced to use solution (ii), a less 
optimal result. This illustrates the needed headroom for a 

∗ ∗particular ΔPG. The value of ΔP is not known in advance, G 
however, and therefore to ensure feasibility for any possiblePNLd−(PinvΔ,up + P̂Ld,i) ≤ ΔP ∗ ≤ PinvΔ,dn given to thei=1 G 
NLU, the optimal inverter headroom problem must consider 
all possible ΔPG 

∗ . In the simple case illustrated, the global 
∗maximum headroom required occurs for ΔP = −200 W ,G 

where PinvΔ,up = 100 W is required. 

A. Problem Formulation 
The optimal NLU inverter headroom problem objective is 

to ensure sufficient headroom, PinvΔ,up, such that the optimal 
result of the subsequent NLU optimal dispatch problem atPNLd ˆ ∗ any −(PinvΔ,up + PLd,i) ≤ ΔP ≤ 0 is feasiblei=1 G 

while simultaneously minimizing PinvΔ,up to minimize the 
opportunity cost of operating the solar inverter off of its 
maximum power point. This can be accomplished by solving 
the following bi-level optimization problem: 

α = max f2 (1)
ΔP ∗ 

G 

NLdX 
− (P max s.t. inv + PLd,i) ≤ ΔPG 

∗ ≤ 0 (2) 
i=1 

NLdX ∗ where f2 = min ΔPG + xeiPLd,i (3) 
xei 

i=1 

s.t. xei ∈ {0, 1} ∀ i (4) 
and then setting PinvΔ,up = min(α, P max). Note that ifinv 

P maxα > , then the NLU will be unable to meet every inv 
∗ P maxpossible given ΔPG, though setting PinvΔ,up = willinv 

give the NLU the greatest probability of meeting all possible 
ΔPG 

∗ . In this bi-level optimization problem, the inner problem 
(3)–(4) determines the inverter headroom required at the NLU 

∗dispatch solution for a given ΔP when utilizing the closestG 
possible load combination, and the outer problem (1)–(2) 
searches for the maximum inverter headroom result across all 
ΔP ∗ possible for the NLU’s capacities. Here, (2) considers anG 
upper limit of ΔP ∗ ≤ 0 because we focus on underfrequency G 
events where inverter upward headroom is utilized. 

B. Solution 
Here, we develop a fast algorithm that solves the optimal 

inverter headroom problem (1)–(4) and without requiring a 
bi-level optimization solver. A simple recurrence-based imple-
mentation is given in Algorithm 1. A proof that this algorithm 
achieves the optimal result is given in Theorem 1. 

Theorem 1. Let PLds = hPLd, ≤i, where PLds is an ordered 
version of PLd with order given by ≤. Then, the result, α, 
of the optimal inverter headroom problem (1)–(4) can bePi−1obtained as α = max (PLds,i − n=1 PLds,n)/2. 

1≤i≤NLd 

Proof: See Appendix A. 

Algorithm 1 Optimal NLU inverter headroom recurrence 
1: Require PLds, P max 

inv 
2: function maxLD(lds, ldSum, n) 
3: if n == (length(lds) − 1) then 
4: return lds[n] − ldSum 
5: else 
6: return max((lds[n] − ldSum), maxLD(lds, ldSum + lds[n], n + 1)) 
7: end if 
8: end function 
9: 

10: Begin 
11: PinvΔ,up = min(maxLD(sorted(PLds), 0, 0)/2, P max )inv 
12: return PinvΔ,up 

V. OPTIMAL FAST FREQUENCY RESPONSE FROM A 
SINGLE NET-LOAD UNIT 

A. Dispatch Problem Formulation 

Prior to an FFR dispatch event occurring, a single NLU 
has initial conditions of xi = 0 for all i (all participating 
deferrable loads are on) and Pinv = Pinv,base with headroom 
PinvΔ,up. For simplicity in this single-unit problem, resources 
are all considered to have unit cost (more complex cases 
with varying cost are considered in Section VI). The NLU is 
given a commanded change in grid active power consumption, 
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ΔPG, to follow to provide the requested FFR. The objective 
of the NLU is to track an active power consumption at its 

∗grid connection of P = PG(t0) + ΔPG, while minimizingG 
the amount of deferrable load that must be curtailed and the 
change in inverter power required. This objective is given by: 

NLdX 
µ = min xiPLd,i (5) 

x,PinvΔ 
i=1 

NLdX 
subject to (1 − xi)PLd,i + PL − Pinv,base 

i=1 
(6) 

∗ − PinvΔ = PG 

PinvΔ,dn ≤ PinvΔ ≤ PinvΔ,up (7) 
xi ∈ {0, 1} ∀ i = 1 . . . NLd (8) 

Solving this optimization problem yields the solution 
(xµ, P µ ). Let the feasible set for this optimization problem invΔ 
be Ωµ := {(x, PinvΔ) | (6)–(8) are met}. 

B. Solution 

The dispatch problem (5)–(8), with its mix of integer (e.g., 
xi) and real-valued (e.g., PinvΔ) decision variables, can be 
solved using an MILP. This approach is possibly tractable for 
the single NLU dispatch problem with a modest number of 
decision variables; however, it is too slow to support dispatch 
on FFR timescales for larger problems (e.g., dispatching 1000s 
of net-load resources), as shown in Section VI-C2. Instead, we 
develop a simpler approach that obtains the same optimization 
result for a single NLU (and nearly optimal for the aggregated 
case) but with faster performance and better scalability. 

The dispatch problem (5)–(8) can be simplified to a binary 
programming problem with relaxed constraint (6), followed 
by a single variable update, as shown in (13). The advantage 
is that it can be solved using a dynamic program, and we 
show that it can be solved faster using this method than with 
a standard MILP. The simplified approach is formulated as: 

NLdX 
ν = min xiPLd,i (9) 

x 
i=1 

NLdX 
subject to (1 − xi)PLd,i + PL − Pinv,base (10)

i=1 
∗ − PinvΔ,up ≤ PG 

NLdX 
(1 − xi)PLd,i + PL − Pinv,base (11)

i=1 
∗ − PG ≥ PinvΔ,dn 

xi ∈ {0, 1} ∀ i = 1 . . . NLd (12) 
Let xν be the solution to this optimization problem. Finally, 
to complete the simplified net-load dispatch, PinvΔ is set so 

∗that P is met exactly: G 
NLdX 

νP ν 
invΔ := (1 − xi )PLd,i − Pinv,base − PG 

∗ . (13) 
i=1 

Let the feasible set for this optimization problem be Ων := 
{(x, PinvΔ) | (10)–(12) are met}. We prove that this simplified 
approach yields the same optimal solution as the optimal MILP 
approach in Section V-C. 

C. Solution Equivalency Proof 

Theorem 2. ν = µ. That is, the simplified net-load dispatch 
problem (9)-(13) yields the same solution as the net-load 
dispatch optimization problem (5)-(8). 

Proof: See Appendix B. 

VI. OPTIMAL FAST FREQUENCY RESPONSE FROM 
MULTI-BUILDING NET-LOAD GROUPS 

A. Problem Formulation 

Optimal coordination of net-load resources for FFR can 
occur for multiple buildings within a single NLGC or, for 
globally optimal results, via coordination of all NLGCs across 
the distribution system managed by a single DSMC. Here, 
we consider the more general problem formulation: a global, 
distribution feeder-wide dispatch of Nnlg NLGCs for FFR. 
The kth NLGC coordinates Nu,k NLUs and the jth NLU 
of the kth NLGC has NLd,k,j deferrable loads, which are 
all active at t0. The ith deferrable load and the inverter of 
the jth NLU under the kth NLGC have cost ckji > 0 and 
cinv,kj > 0, respectively. The ith deferrable load consumes 
power PLd,kji, and the inverter produces power Pinv,k,j = 
Pinv,k,j,base + PinvΔ,k,j . The bounds on the change in the 
inverter power allowable are constrained by the headroom 
given by PinvΔ,up,k,j as an upper bound and PinvΔ,dn,k,j 

as a lower bound. The group of NLGCs, managed by a 
single DSMC, is given a commanded change in total active 
power, ΔPGg , that the aggregated response of the NLUs 
should collectively follow to provide the requested FFR. The 
objective of the coordinated NLGs is to track a total grid 
active power consumption P ∗ = (whereGg PGg (tdg) + ΔPGgPNnlg 

PNu,kPGg = PG,k,j and PG,k,j is the active power k=1 j=1 

consumed at the grid connection of the jth NLU in the kth 

NLG) while minimizing the total cost. This objective can be 
formalized as: 

Nnlg �Nu,k �NLd,k,j X X X 
min xkjickjiPLd,kji 

xk,j ,PinvΔ,k,j 
k=1 j=1 i=1 (14)�� 
+ cinv,k,j |Pinv,k,j (t) − Pinv,k,j (t0)| 
Nnlg �Nu,k �NLd,k,j X X X 

subject to (1 − xkji)PLd,kji + PL,k,j 

k=1 j=1 i=1 �� 
= P ∗ − Pinv,k,j,base − PinvΔ,k,j Gg 

(15) 
PinvΔ,dn,k,j ≤ PinvΔ,k,j ≤ PinvΔ,up,k,j 

(16)∀ j = 1 . . . Nu,k, k = 1 . . . Nnlg 

PinvΔ,k,j = Pinv,k,j (t) − Pinv,k,j (t0) 
(17)∀ j = 1 . . . Nu,k, k = 1 . . . Nnlg 

xkji ∈ {0, 1} 
∀ i = 1 . . . NLd,k,j , j = 1 . . . Nu,k, (18) 
k = 1 . . . Nnlg 

Here, PinvΔ,j is the determined change in inverter power for 
the jth NLU; PL,j is the aggregate nondeferrable load active 
power for the jth NLU; and PLd,ji is the active power of the 
ith deferrable load in the jth NLU. Solving this optimization 

ρproblem yields the solution (xρ, P ).invΔ 
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B. Solution 

Similar to the single-NLU dispatch problem, the optimal 
dispatch problem (14)–(18) can be solved directly using an 
MILP; however, even when using state-of-the-art optimization 
solvers, solutions are not always possible for large problems 
because of limits on the number of variables or max recursion 
depth that can be achieved. When solutions are possible, 
solution times are often too slow to support dispatch on FFR 
timescales, as shown in Section VI-C2. Thus, we develop 
a hierarchical approach that builds on the simplified NLU 
dispatch approach of Section V-B and distributes computation 
across NLG controllers to calculate dispatch results on a 
timescale fast enough for FFR while maintaining near-optimal 
dispatch results. This control approach can be applied within 
a single NLG or for all NLGs across a distribution feeder. 

Methods for both scales are summarized in Fig. 3. Here, 
Asel is a matrix of length |Asel| = 2No (No = 20 was used 
herein), where each row is the No-bit binary representation of 
that row index; interp1d(y, f(x), x) represents a 1-D linear 
interpolation of function f(x) at point y; † indicates a wild 
card for the two inputs to that block (i.e., the function with † 

∗should be applied to both inputs independently); · indicates a 
set point or optimal point; and ΔP ∗ is the desired change 
in global net-load power consumption for the FFR event. 
Optimal dispatch within a single NLGC does not involve 
the DSMC. At the conclusion of a global dispatch, which 
involves NLGCs and the DSMC, each NLGC with id, z, 
is sent its Nr,z corresponding dispatch rows of the form 

Nr,z {[ΔPL,m, ΔPinv,m, ΔPT nl,m, im, z]m=1}z . Each NLGC then 
compares these dispatch rows with the array of net-load 
options it stored at the event’s initiation and executes the 
appropriate load curtailments and inverter set point changes. 

Optimal FFR dispatch of a single NLG is accomplished 
using Mthd. 1-3. In Mthd. 1, the net-load response capacities 
(change in load if deferred or total possible change in inverter 
power) and their associated unit participation costs from all 
devices within all NLUs in the NLG are used to calculate 
|Asel| = 2No possible net-load response options from the 
No lowest-cost net-loads. For single NLG dispatch, global 
optimality ofPthe final dispatch solution can be guaranteed 
if NT Ld = j NLd,j ≤ No. However, as demonstrated in 
Section VI-C2 and the experimental results of Part II [32], 
near optimal (within <0.2%) dispatch performance can still be 
achieved for No < NT Ld ≤ 2No. The next step in single NLG 
dispatch is to employ Mthd. 2 to get the total inverter flexibility 
profile. In short, Mthd. 2 takes the set of downward headroom, 
upward headroom, and unit cost for all inverters in the NLG to 
build a single array representing every possible total inverter 
response (upward and downward) and the associated total cost 
for each response. As shown in Fig. 4(a), this essentially adds 
up the linear capacity vs. cost characteristics of each inverter 
to represent a single large inverter with a piecewise-linear 
inverter capacity vs. total cost characteristic. Finally, Mthd. 3 
determines the optimal combination of net-load response (from 
Mthd. 1) and inverter flexibility (from Mthd. 2) to determine 
the optimal dispatch decisions to send to individual net-loads 
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⇥
<latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit>

{{(PLd,ji, cji)}NLd,j

i=1 }Nu
j=1

<latexit sha1_base64="JExIgdz5spO/Jp6xM0XiSNYSfuU=">AAACI3icbZDLSgMxFIYz9VbrrerSzWARKpQyI4IiCAU3LkQq2At0xiGTSdu0mQtJRigh7+LGV3HjQiluXPguZtoK2nog5Of7zyE5v59QwoVlfRq5peWV1bX8emFjc2t7p7i71+RxyhBuoJjGrO1DjimJcEMQQXE7YRiGPsUtf3iV+a1HzDiJo3sxSrAbwl5EugRBoZFXvHCkI8t1T94ElQFRFeRJfR07ypPk0lYP8nZqKZWhwQ9KlSp4xZJVtSZlLgp7JkpgVnWvOHaCGKUhjgSikPOObSXClZAJgihWBSflOIFoCHu4o2UEQ8xdOdlRmUeaBGY3ZvpEwpzQ3xMShpyPQl93hlD0+byXwf+8Tiq6564kUZIKHKHpQ92UmiI2s8DMgDCMBB1pAREj+q8m6kMGkdCxZiHY8ysviuZJ1baq9t1pqWbN4siDA3AIysAGZ6AGrkEdNAACT+AFvIF349l4NcbGx7Q1Z8xm9sGfMr6+AXHEpLU=</latexit><latexit sha1_base64="JExIgdz5spO/Jp6xM0XiSNYSfuU=">AAACI3icbZDLSgMxFIYz9VbrrerSzWARKpQyI4IiCAU3LkQq2At0xiGTSdu0mQtJRigh7+LGV3HjQiluXPguZtoK2nog5Of7zyE5v59QwoVlfRq5peWV1bX8emFjc2t7p7i71+RxyhBuoJjGrO1DjimJcEMQQXE7YRiGPsUtf3iV+a1HzDiJo3sxSrAbwl5EugRBoZFXvHCkI8t1T94ElQFRFeRJfR07ypPk0lYP8nZqKZWhwQ9KlSp4xZJVtSZlLgp7JkpgVnWvOHaCGKUhjgSikPOObSXClZAJgihWBSflOIFoCHu4o2UEQ8xdOdlRmUeaBGY3ZvpEwpzQ3xMShpyPQl93hlD0+byXwf+8Tiq6564kUZIKHKHpQ92UmiI2s8DMgDCMBB1pAREj+q8m6kMGkdCxZiHY8ysviuZJ1baq9t1pqWbN4siDA3AIysAGZ6AGrkEdNAACT+AFvIF349l4NcbGx7Q1Z8xm9sGfMr6+AXHEpLU=</latexit><latexit sha1_base64="JExIgdz5spO/Jp6xM0XiSNYSfuU=">AAACI3icbZDLSgMxFIYz9VbrrerSzWARKpQyI4IiCAU3LkQq2At0xiGTSdu0mQtJRigh7+LGV3HjQiluXPguZtoK2nog5Of7zyE5v59QwoVlfRq5peWV1bX8emFjc2t7p7i71+RxyhBuoJjGrO1DjimJcEMQQXE7YRiGPsUtf3iV+a1HzDiJo3sxSrAbwl5EugRBoZFXvHCkI8t1T94ElQFRFeRJfR07ypPk0lYP8nZqKZWhwQ9KlSp4xZJVtSZlLgp7JkpgVnWvOHaCGKUhjgSikPOObSXClZAJgihWBSflOIFoCHu4o2UEQ8xdOdlRmUeaBGY3ZvpEwpzQ3xMShpyPQl93hlD0+byXwf+8Tiq6564kUZIKHKHpQ92UmiI2s8DMgDCMBB1pAREj+q8m6kMGkdCxZiHY8ysviuZJ1baq9t1pqWbN4siDA3AIysAGZ6AGrkEdNAACT+AFvIF349l4NcbGx7Q1Z8xm9sGfMr6+AXHEpLU=</latexit><latexit sha1_base64="JExIgdz5spO/Jp6xM0XiSNYSfuU=">AAACI3icbZDLSgMxFIYz9VbrrerSzWARKpQyI4IiCAU3LkQq2At0xiGTSdu0mQtJRigh7+LGV3HjQiluXPguZtoK2nog5Of7zyE5v59QwoVlfRq5peWV1bX8emFjc2t7p7i71+RxyhBuoJjGrO1DjimJcEMQQXE7YRiGPsUtf3iV+a1HzDiJo3sxSrAbwl5EugRBoZFXvHCkI8t1T94ElQFRFeRJfR07ypPk0lYP8nZqKZWhwQ9KlSp4xZJVtSZlLgp7JkpgVnWvOHaCGKUhjgSikPOObSXClZAJgihWBSflOIFoCHu4o2UEQ8xdOdlRmUeaBGY3ZvpEwpzQ3xMShpyPQl93hlD0+byXwf+8Tiq6564kUZIKHKHpQ92UmiI2s8DMgDCMBB1pAREj+q8m6kMGkdCxZiHY8ysviuZJ1baq9t1pqWbN4siDA3AIysAGZ6AGrkEdNAACT+AFvIF349l4NcbGx7Q1Z8xm9sGfMr6+AXHEpLU=</latexit>

Mthd. 1 NLGC: Get all net-load 
response options

Build array and 
sort by unit cost

Calc. total costs

Determine total 
flexibility range

{(Pinv�,dn,j , cinv,j)}Nu
j=1

<latexit sha1_base64="J8fsv9HGMiBCFaAV9M6qW1inTWk=">AAACGnicbVDLSsNAFJ34rPUVdekmWIQKpSQi6EYo6MKVVLAPaGKYTKbttJNJmJkUSsh3uPFX3LhQxJ248W+cpFlo64GBwzn3cuccL6JESNP81paWV1bX1ksb5c2t7Z1dfW+/LcKYI9xCIQ1514MCU8JwSxJJcTfiGAYexR1vfJX5nQnmgoTsXk4j7ARwwEifICiV5OqWnVSbbkLYxL7GVMKaz2qjtIZySbETO3WT0aWVPiS3bhKnadnVK2bdzGEsEqsgFVCg6eqfth+iOMBMIgqF6FlmJJ0EckkQxWnZjgWOIBrDAe4pymCAhZPk0VLjWCm+0Q+5ekwaufp7I4GBENPAU5MBlEMx72Xif14vlv0LR4WMYokZmh3qx9SQoZH1ZPiEYyTpVBGIOFF/NdAQcoikajMrwZqPvEjap3XLrFt3Z5WGWdRRAofgCFSBBc5BA9yAJmgBBB7BM3gFb9qT9qK9ax+z0SWt2DkAf6B9/QD7TqDE</latexit><latexit sha1_base64="J8fsv9HGMiBCFaAV9M6qW1inTWk=">AAACGnicbVDLSsNAFJ34rPUVdekmWIQKpSQi6EYo6MKVVLAPaGKYTKbttJNJmJkUSsh3uPFX3LhQxJ248W+cpFlo64GBwzn3cuccL6JESNP81paWV1bX1ksb5c2t7Z1dfW+/LcKYI9xCIQ1514MCU8JwSxJJcTfiGAYexR1vfJX5nQnmgoTsXk4j7ARwwEifICiV5OqWnVSbbkLYxL7GVMKaz2qjtIZySbETO3WT0aWVPiS3bhKnadnVK2bdzGEsEqsgFVCg6eqfth+iOMBMIgqF6FlmJJ0EckkQxWnZjgWOIBrDAe4pymCAhZPk0VLjWCm+0Q+5ekwaufp7I4GBENPAU5MBlEMx72Xif14vlv0LR4WMYokZmh3qx9SQoZH1ZPiEYyTpVBGIOFF/NdAQcoikajMrwZqPvEjap3XLrFt3Z5WGWdRRAofgCFSBBc5BA9yAJmgBBB7BM3gFb9qT9qK9ax+z0SWt2DkAf6B9/QD7TqDE</latexit><latexit sha1_base64="J8fsv9HGMiBCFaAV9M6qW1inTWk=">AAACGnicbVDLSsNAFJ34rPUVdekmWIQKpSQi6EYo6MKVVLAPaGKYTKbttJNJmJkUSsh3uPFX3LhQxJ248W+cpFlo64GBwzn3cuccL6JESNP81paWV1bX1ksb5c2t7Z1dfW+/LcKYI9xCIQ1514MCU8JwSxJJcTfiGAYexR1vfJX5nQnmgoTsXk4j7ARwwEifICiV5OqWnVSbbkLYxL7GVMKaz2qjtIZySbETO3WT0aWVPiS3bhKnadnVK2bdzGEsEqsgFVCg6eqfth+iOMBMIgqF6FlmJJ0EckkQxWnZjgWOIBrDAe4pymCAhZPk0VLjWCm+0Q+5ekwaufp7I4GBENPAU5MBlEMx72Xif14vlv0LR4WMYokZmh3qx9SQoZH1ZPiEYyTpVBGIOFF/NdAQcoikajMrwZqPvEjap3XLrFt3Z5WGWdRRAofgCFSBBc5BA9yAJmgBBB7BM3gFb9qT9qK9ax+z0SWt2DkAf6B9/QD7TqDE</latexit><latexit sha1_base64="J8fsv9HGMiBCFaAV9M6qW1inTWk=">AAACGnicbVDLSsNAFJ34rPUVdekmWIQKpSQi6EYo6MKVVLAPaGKYTKbttJNJmJkUSsh3uPFX3LhQxJ248W+cpFlo64GBwzn3cuccL6JESNP81paWV1bX1ksb5c2t7Z1dfW+/LcKYI9xCIQ1514MCU8JwSxJJcTfiGAYexR1vfJX5nQnmgoTsXk4j7ARwwEifICiV5OqWnVSbbkLYxL7GVMKaz2qjtIZySbETO3WT0aWVPiS3bhKnadnVK2bdzGEsEqsgFVCg6eqfth+iOMBMIgqF6FlmJJ0EckkQxWnZjgWOIBrDAe4pymCAhZPk0VLjWCm+0Q+5ekwaufp7I4GBENPAU5MBlEMx72Xif14vlv0LR4WMYokZmh3qx9SQoZH1ZPiEYyTpVBGIOFF/NdAQcoikajMrwZqPvEjap3XLrFt3Z5WGWdRRAofgCFSBBc5BA9yAJmgBBB7BM3gFb9qT9qK9ax+z0SWt2DkAf6B9/QD7TqDE</latexit>

Get cumulative sums

⌦
[P d

i , Pu
i , ci], ci

↵Nu

i=1
<latexit sha1_base64="fTrkiq64gDbrGkigO6I2b/q0zJQ="></latexit><latexit sha1_base64="fTrkiq64gDbrGkigO6I2b/q0zJQ="></latexit><latexit sha1_base64="fTrkiq64gDbrGkigO6I2b/q0zJQ="></latexit><latexit sha1_base64="fTrkiq64gDbrGkigO6I2b/q0zJQ="></latexit>

[P d
i , Pu

i , Cd
i , Cu

i ]i
<latexit sha1_base64="97Y+/a64yoDGsMjgw9ylCv9qLVI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXJSSiKDLQjcuK9gLpDFMJpN26GQSZiZCCXkLN76KGxeKuNWdb+OkjaKtPwx8/OcczpzfTxiVyrI+jcrK6tr6RnWztrW9s7tn7h/0ZJwKTLo4ZrEY+EgSRjnpKqoYGSSCoMhnpO9P2kW9f0eEpDG/UdOEuBEacRpSjJS2PLPpdLyM5rdZkDdKSvNG+8drf3tuATXPrFtNaya4DHYJdVCq45kfwyDGaUS4wgxJ6dhWotwMCUUxI3ltmEqSIDxBI+Jo5Cgi0s1md+XwRDsBDGOhH1dw5v6eyFAk5TTydWeE1Fgu1grzv5qTqvDSzShPUkU4ni8KUwZVDIuQYEAFwYpNNSAsqP4rxGMkEFY6yiIEe/HkZeidNW2raV+f11tWGUcVHIFjcApscAFa4Ap0QBdgcA8ewTN4MR6MJ+PVeJu3Voxy5hD8kfH+BWF1oJs=</latexit><latexit sha1_base64="97Y+/a64yoDGsMjgw9ylCv9qLVI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXJSSiKDLQjcuK9gLpDFMJpN26GQSZiZCCXkLN76KGxeKuNWdb+OkjaKtPwx8/OcczpzfTxiVyrI+jcrK6tr6RnWztrW9s7tn7h/0ZJwKTLo4ZrEY+EgSRjnpKqoYGSSCoMhnpO9P2kW9f0eEpDG/UdOEuBEacRpSjJS2PLPpdLyM5rdZkDdKSvNG+8drf3tuATXPrFtNaya4DHYJdVCq45kfwyDGaUS4wgxJ6dhWotwMCUUxI3ltmEqSIDxBI+Jo5Cgi0s1md+XwRDsBDGOhH1dw5v6eyFAk5TTydWeE1Fgu1grzv5qTqvDSzShPUkU4ni8KUwZVDIuQYEAFwYpNNSAsqP4rxGMkEFY6yiIEe/HkZeidNW2raV+f11tWGUcVHIFjcApscAFa4Ap0QBdgcA8ewTN4MR6MJ+PVeJu3Voxy5hD8kfH+BWF1oJs=</latexit><latexit sha1_base64="97Y+/a64yoDGsMjgw9ylCv9qLVI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXJSSiKDLQjcuK9gLpDFMJpN26GQSZiZCCXkLN76KGxeKuNWdb+OkjaKtPwx8/OcczpzfTxiVyrI+jcrK6tr6RnWztrW9s7tn7h/0ZJwKTLo4ZrEY+EgSRjnpKqoYGSSCoMhnpO9P2kW9f0eEpDG/UdOEuBEacRpSjJS2PLPpdLyM5rdZkDdKSvNG+8drf3tuATXPrFtNaya4DHYJdVCq45kfwyDGaUS4wgxJ6dhWotwMCUUxI3ltmEqSIDxBI+Jo5Cgi0s1md+XwRDsBDGOhH1dw5v6eyFAk5TTydWeE1Fgu1grzv5qTqvDSzShPUkU4ni8KUwZVDIuQYEAFwYpNNSAsqP4rxGMkEFY6yiIEe/HkZeidNW2raV+f11tWGUcVHIFjcApscAFa4Ap0QBdgcA8ewTN4MR6MJ+PVeJu3Voxy5hD8kfH+BWF1oJs=</latexit><latexit sha1_base64="97Y+/a64yoDGsMjgw9ylCv9qLVI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXJSSiKDLQjcuK9gLpDFMJpN26GQSZiZCCXkLN76KGxeKuNWdb+OkjaKtPwx8/OcczpzfTxiVyrI+jcrK6tr6RnWztrW9s7tn7h/0ZJwKTLo4ZrEY+EgSRjnpKqoYGSSCoMhnpO9P2kW9f0eEpDG/UdOEuBEacRpSjJS2PLPpdLyM5rdZkDdKSvNG+8drf3tuATXPrFtNaya4DHYJdVCq45kfwyDGaUS4wgxJ6dhWotwMCUUxI3ltmEqSIDxBI+Jo5Cgi0s1md+XwRDsBDGOhH1dw5v6eyFAk5TTydWeE1Fgu1grzv5qTqvDSzShPUkU4ni8KUwZVDIuQYEAFwYpNNSAsqP4rxGMkEFY6yiIEe/HkZeidNW2raV+f11tWGUcVHIFjcApscAFa4Ap0QBdgcA8ewTN4MR6MJ+PVeJu3Voxy5hD8kfH+BWF1oJs=</latexit>

xc,i =
Pi

k=1 xk
<latexit sha1_base64="HqcAXB5oiERtf03lfGXXG/dZ/9s=">AAACBXicbVBNS8NAEJ34WetXtEc9BIvgQUqiB70UCl48VrAf0Maw2W7apbtJ2N2IJeQiiH/DoxcPinj1P3jz37hpe9DWBwOP92aYmefHjEpl29/GwuLS8spqYa24vrG5tW3u7DZllAhMGjhikWj7SBJGQ9JQVDHSjgVB3Gek5Q8vcr91S4SkUXitRjFxOeqHNKAYKS155v6dl+JjmlW7MuFeOqw62U1KM60Os6Jnlu2KPYY1T5wpKddKD6dPAFD3zK9uL8IJJ6HCDEnZcexYuSkSimJGsmI3kSRGeIj6pKNpiDiRbjr+IrMOtdKzgkjoCpU1Vn9PpIhLOeK+7uRIDeSsl4v/eZ1EBeduSsM4USTEk0VBwiwVWXkkVo8KghUbaYKwoPpWCw+QQFjp4PIQnNmX50nzpOLYFefKKddsmKAAe3AAR+DAGdTgEurQAAz38Ayv8GY8Gi/Gu/ExaV0wpjMl+APj8wfnfZpB</latexit><latexit sha1_base64="9hUaUQGNiyMC7EsjKMUqH5bK/Yw=">AAACBXicbVDLSsNAFJ3UR2t9RbvUxWARXEhJdKGbQsGNywr2AW0Mk+mkHTKThJmJWEI2gvgrblxUxK3/4M6/cdJ2oa0HLhzOuZd77/FiRqWyrG+jsLK6tl4sbZQ3t7Z3ds29/baMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vOAq9zv3REgahbdqHBOHo2FIfYqR0pJrHj64KT6lWb0vE+6mQd3O7lKaaTXIyq5ZtWrWFHCZ2HNSbVSezidFRZuu+dUfRDjhJFSYISl7thUrJ0VCUcxIVu4nksQIB2hIepqGiBPppNMvMnislQH0I6ErVHCq/p5IEZdyzD3dyZEayUUvF//zeonyL52UhnGiSIhni/yEQRXBPBI4oIJgxcaaICyovhXiERIIKx1cHoK9+PIyaZ/VbKtm39jVhgVmKIEDcAROgA0uQANcgyZoAQwewQuYgDfj2Xg13o2PWWvBmM9UwB8Ynz8uqZs2</latexit><latexit sha1_base64="9hUaUQGNiyMC7EsjKMUqH5bK/Yw=">AAACBXicbVDLSsNAFJ3UR2t9RbvUxWARXEhJdKGbQsGNywr2AW0Mk+mkHTKThJmJWEI2gvgrblxUxK3/4M6/cdJ2oa0HLhzOuZd77/FiRqWyrG+jsLK6tl4sbZQ3t7Z3ds29/baMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vOAq9zv3REgahbdqHBOHo2FIfYqR0pJrHj64KT6lWb0vE+6mQd3O7lKaaTXIyq5ZtWrWFHCZ2HNSbVSezidFRZuu+dUfRDjhJFSYISl7thUrJ0VCUcxIVu4nksQIB2hIepqGiBPppNMvMnislQH0I6ErVHCq/p5IEZdyzD3dyZEayUUvF//zeonyL52UhnGiSIhni/yEQRXBPBI4oIJgxcaaICyovhXiERIIKx1cHoK9+PIyaZ/VbKtm39jVhgVmKIEDcAROgA0uQANcgyZoAQwewQuYgDfj2Xg13o2PWWvBmM9UwB8Ynz8uqZs2</latexit><latexit sha1_base64="/MxO90bFNkUEVBwpBDgD8vhqTaE=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4kJK40U2h4MZlBfuANobJdNIOmZmEmYlYQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57goRRpR3n21paXlldW69sVDe3tnd27b39jopTiUkbxyyWvQApwqggbU01I71EEsQDRrpBdFX43XsiFY3FrZ4kxONoJGhIMdJG8u2jBz/DZzRvDFTK/SxquPldRnOjRnnVt2tO3ZkCLhK3JDVQouXbX4NhjFNOhMYMKdV3nUR7GZKaYkby6iBVJEE4QiPSN1QgTpSXTb/I4YlRhjCMpSmh4VT9PZEhrtSEB6aTIz1W814h/uf1Ux1eehkVSaqJwLNFYcqgjmERCRxSSbBmE0MQltTcCvEYSYS1Ca4IwZ1/eZF0zuuuU3dv3FrTKeOogENwDE6BCy5AE1yDFmgDDB7BM3gFb9aT9WK9Wx+z1iWrnDkAf2B9/gCnIZiW</latexit>

[P d
c,i, P

u
c,i, C

d
c,i, C

u
c,i]i

<latexit sha1_base64="Y245FKSZLzCwonp621X0rjP+ksk=">AAACH3icbZDLSsNAFIYn9VZbL1HBjZvBIrgIJVFQl4VuXFawF0hjmEwm7dDJhZmJUEPexI0v4QO4ceEFcdeH8B1M2qK19YeBj/+cw5nzOxGjQur6SCksLa+srhXXS+WNza1tdWe3JcKYY9LEIQt5x0GCMBqQpqSSkU7ECfIdRtrOoJ7X27eECxoG13IYEctHvYB6FCOZWbZ6ZjbsBGs0vUncVPvhONXqM37917fshKYlW63oVX0suAjGFCq1/bv4rfz41bDVz64b4tgngcQMCWEaeiStBHFJMSNpqRsLEiE8QD1iZhggnwgrGd+XwqPMcaEX8uwFEo7d2YkE+UIMfSfr9JHsi/labv5XM2PpXVgJDaJYkgBPFnkxgzKEeVjQpZxgyYYZIMxp9leI+4gjLLNI8xCM+ZMXoXVSNU6rxpVRqWlgoiI4AIfgGBjgHNTAJWiAJsDgHjyBF/CqPCjPyrvyMWktKNOZPfBHyugbd5qm4w==</latexit>

{(|Pinv�,dn,j | , Pinv�,up,j , cinv,j)}Nu
j=1

<latexit sha1_base64="0h6FgjpO/Q4QdtsB3Sj8pbezkok="></latexit><latexit sha1_base64="IZxftQLvUeyle7vH+P2BPglXuaI="></latexit><latexit sha1_base64="IZxftQLvUeyle7vH+P2BPglXuaI="></latexit><latexit sha1_base64="CeLAYzdRjsTTQ4QuggHbml+G2Zs="></latexit>

(P d
cT , Pu

cT )
<latexit sha1_base64="VvkZlFynZTrw37EH+gvc60gkOuo=">AAACAXicbZDLSsNAFIZP6q3WW6obwU2wCBWkJG50WXDjskJv0MY4mUzaoZMLMxOhhLjxRVy4caGIW9/Cna/hEzhpK2jrDwMf/zmHM+d3Y0aFNM1PrbC0vLK6VlwvbWxube/o5d22iBKOSQtHLOJdFwnCaEhakkpGujEnKHAZ6biji7zeuSVc0ChsynFM7AANQupTjKSyHH2/2nBS3MyuUy87+cEkOy45esWsmRMZi2DNoFIvfz3cAEDD0T/6XoSTgIQSMyREzzJjaaeIS4oZyUr9RJAY4REakJ7CEAVE2Onkgsw4Uo5n+BFXL5TGxP09kaJAiHHgqs4AyaGYr+Xmf7VeIv1zO6VhnEgS4ukiP2GGjIw8DsOjnGDJxgoQ5lT91cBDxBGWKrQ8BGv+5EVon9Yss2ZdWZW6CVMV4QAOoQoWnEEdLqEBLcBwB4/wDC/avfakvWpv09aCNpvZgz/S3r8Bub6YkQ==</latexit><latexit sha1_base64="Lkyk8C1ltoFJVjpK9AgmnEX1x/A=">AAACAXicbZDLSsNAFIYnXmu9pboR3AwWoYKUxI0uXBTcuKzQG7QxTCaTduhkEmYmQglx44u4cONCEbe+hTtfw60bJ20Fbf1h4OM/53Dm/F7MqFSW9WEsLC4tr6wW1orrG5tb22ZppyWjRGDSxBGLRMdDkjDKSVNRxUgnFgSFHiNtb3iR19s3REga8YYaxcQJUZ/TgGKktOWae5W6m+JGdp362fEPJtlR0TXLVtUaC86DPYVyrfR5H5yrr7prvvf8CCch4QozJGXXtmLlpEgoihnJir1EkhjhIeqTrkaOQiKddHxBBg+148MgEvpxBcfu74kUhVKOQk93hkgN5GwtN/+rdRMVnDkp5XGiCMeTRUHCoIpgHgf0qSBYsZEGhAXVf4V4gATCSoeWh2DPnjwPrZOqbVXtK7tcs8BEBbAPDkAF2OAU1MAlqIMmwOAWPIAn8GzcGY/Gi/E6aV0wpjO74I+Mt2/7n5pC</latexit><latexit sha1_base64="Lkyk8C1ltoFJVjpK9AgmnEX1x/A=">AAACAXicbZDLSsNAFIYnXmu9pboR3AwWoYKUxI0uXBTcuKzQG7QxTCaTduhkEmYmQglx44u4cONCEbe+hTtfw60bJ20Fbf1h4OM/53Dm/F7MqFSW9WEsLC4tr6wW1orrG5tb22ZppyWjRGDSxBGLRMdDkjDKSVNRxUgnFgSFHiNtb3iR19s3REga8YYaxcQJUZ/TgGKktOWae5W6m+JGdp362fEPJtlR0TXLVtUaC86DPYVyrfR5H5yrr7prvvf8CCch4QozJGXXtmLlpEgoihnJir1EkhjhIeqTrkaOQiKddHxBBg+148MgEvpxBcfu74kUhVKOQk93hkgN5GwtN/+rdRMVnDkp5XGiCMeTRUHCoIpgHgf0qSBYsZEGhAXVf4V4gATCSoeWh2DPnjwPrZOqbVXtK7tcs8BEBbAPDkAF2OAU1MAlqIMmwOAWPIAn8GzcGY/Gi/E6aV0wpjO74I+Mt2/7n5pC</latexit><latexit sha1_base64="1BjVjbRZkykKoK4Df9Ns+6aMVWE=">AAACAXicbZDLSsNAFIZP6q3WW9SN4CZYhApSEje6LLhxWaE3aGuYTCbt0MkkzEyEEuLGV3HjQhG3voU738ZJG0Fbfxj4+M85nDm/FzMqlW1/GaWV1bX1jfJmZWt7Z3fP3D/oyCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNebXOf17j0Rkka8paYxGYZoxGlAMVLacs2jWtNNcSu7S/3s/AeT7KzimlW7bs9kLYNTQBUKNV3zc+BHOAkJV5ghKfuOHathioSimJGsMkgkiRGeoBHpa+QoJHKYzi7IrFPt+FYQCf24smbu74kUhVJOQ093hkiN5WItN/+r9RMVXA1TyuNEEY7ni4KEWSqy8jgsnwqCFZtqQFhQ/VcLj5FAWOnQ8hCcxZOXoXNRd+y6c+tUG3YRRxmO4QRq4MAlNOAGmtAGDA/wBC/wajwaz8ab8T5vLRnFzCH8kfHxDavSlk4=</latexit>

Mthd. 2 NLGC: Get inv. flex. profile

Select rows where

and

Calculate cost of inv. flex. to 
achieve          for each using 1-D 
interpolation of inv. flex. profile 

Cx
i = ci · Pi

<latexit sha1_base64="Vnyv/bw/ZihatTRNB7oXu8zxvBI=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KooBeh0IvHCvYD2hg2m027dJMNuxuxhIJ/xYsHRbz6O7z5b9y2OWjrg4HHezPMzAtSzpR2nG9raXlldW29tFHe3Nre2bX39ltKZJLQJhFcyE6AFeUsoU3NNKedVFIcB5y2g2F94rcfqFRMJHd6lFIvxv2ERYxgbSTfPqz77P4RXSPiM9QjodCo4TPfrjhVZwq0SNyCVKBAw7e/eqEgWUwTTThWqus6qfZyLDUjnI7LvUzRFJMh7tOuoQmOqfLy6fljdGKUEEVCmko0mqq/J3IcKzWKA9MZYz1Q895E/M/rZjq68nKWpJmmCZktijKOtECTLFDIJCWajwzBRDJzKyIDLDHRJrGyCcGdf3mRtM6q7nnVvb2o1JwijhIcwTGcgguXUIMbaEATCOTwDK/wZj1ZL9a79TFrXbKKmQP4A+vzB0INlFU=</latexit>

[Pnla,m, Cnla,m]
|Asel|
m=1 ,

<latexit sha1_base64="/Ggcx5HQIY0eibB3Ol73WgMGq4Q=">AAACHXicbZDNSsNAFIUn/lv/oi7dBIvgopREBd0IihuXFawV0hgm00k7dGYSZm6EEvMibnwVNy4UceFGfBunbQStHhj4OPde7twTpZxpcN1Pa2p6ZnZufmGxsrS8srpmr29c6SRThDZJwhN1HWFNOZO0CQw4vU4VxSLitBX1z4b11i1VmiXyEgYpDQTuShYzgsFYoX3gN8JcclwTRe3sm4IwF8decZO3OY3h7jTMzYKirVi3B3dFrRLaVbfujuT8Ba+EKirVCO33dichmaASCMda+56bQpBjBYxwWlTamaYpJn3cpb5BiQXVQT66rnB2jNNx4kSZJ8EZuT8nciy0HojIdAoMPT1ZG5r/1fwM4qMgZzLNgEoyXhRn3IHEGUbldJiiBPjAACaKmb86pIcVJmACHYbgTZ78F6726t5+3bs4qJ7UyjgW0BbaRrvIQ4foBJ2jBmoigu7RI3pGL9aD9WS9Wm/j1imrnNlEv2R9fAEjmqKA</latexit>

[Pnla,m, Cnla,m]
|Asel|
m=1 ,

<latexit sha1_base64="/Ggcx5HQIY0eibB3Ol73WgMGq4Q=">AAACHXicbZDNSsNAFIUn/lv/oi7dBIvgopREBd0IihuXFawV0hgm00k7dGYSZm6EEvMibnwVNy4UceFGfBunbQStHhj4OPde7twTpZxpcN1Pa2p6ZnZufmGxsrS8srpmr29c6SRThDZJwhN1HWFNOZO0CQw4vU4VxSLitBX1z4b11i1VmiXyEgYpDQTuShYzgsFYoX3gN8JcclwTRe3sm4IwF8decZO3OY3h7jTMzYKirVi3B3dFrRLaVbfujuT8Ba+EKirVCO33dichmaASCMda+56bQpBjBYxwWlTamaYpJn3cpb5BiQXVQT66rnB2jNNx4kSZJ8EZuT8nciy0HojIdAoMPT1ZG5r/1fwM4qMgZzLNgEoyXhRn3IHEGUbldJiiBPjAACaKmb86pIcVJmACHYbgTZ78F6726t5+3bs4qJ7UyjgW0BbaRrvIQ4foBJ2jBmoigu7RI3pGL9aD9WS9Wm/j1imrnNlEv2R9fAEjmqKA</latexit>

Sort by capacity

[Pu
nls,i, C

u
nls,i]i

<latexit sha1_base64="LkAXAYDMvjkDIvs3+R8Q79lB6UE=">AAACDHicbVDLSsNAFL2pr1pfVZdugkVwUUqigi4L3bisYB+QxjCZTtqhk0mYmQgl5APc+CtuXCji1g9w5984abOorQcGzpxzLjP3+DGjUlnWj1FaW9/Y3CpvV3Z29/YPqodHXRklApMOjlgk+j6ShFFOOooqRvqxICj0Gen5k1bu9x6JkDTi92oaEzdEI04DipHSkletOW0v5UzWafaQJlm9tXhzvZRmlYpOWQ1rBnOV2AWpQYG2V/0eDCOchIQrzJCUjm3Fyk2RUBQzklUGiSQxwhM0Io6mHIVEuulsmcw808rQDCKhD1fmTF2cSFEo5TT0dTJEaiyXvVz8z3MSFdy4KeVxogjH84eChJkqMvNmzCEVBCs21QRhQfVfTTxGAmGl+8tLsJdXXiXdi4Z92bDvrmpNq6ijDCdwCudgwzU04Rba0AEMT/ACb/BuPBuvxofxOY+WjGLmGP7A+PoFrSObTQ==</latexit>

[P d
nls,i, C

d
nls,i]i

<latexit sha1_base64="UT1qa00PjKnskI06WytYI0tEB+c=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclJKooMtCNy4r2AekMUwmk3boZBJmJkIJ2bvxV9y4UMStP+DOv3HSZlFbD1w4c869zL3HTxiVyrJ+jLX1jc2t7cpOdXdv/+DQPDruyTgVmHRxzGIx8JEkjHLSVVQxMkgEQZHPSN+ftAu//0iEpDG/V9OEuBEacRpSjJSWPLPmdLyMM9mg+UMW5I324sv1MppXPbNuNa0Z4CqxS1IHJTqe+T0MYpxGhCvMkJSObSXKzZBQFDOSV4epJAnCEzQijqYcRUS62eyWHJ5pJYBhLHRxBWfq4kSGIimnka87I6TGctkrxP88J1XhjZtRnqSKcDz/KEwZVDEsgoEBFQQrNtUEYUH1rhCPkUBY6fiKEOzlk1dJ76JpXzbtu6t6yyrjqIBTUAPnwAbXoAVuQQd0AQZP4AW8gXfj2Xg1PozPeeuaUc6cgD8wvn4BNgmbFw==</latexit>

�P ⇤ < PL,i  �P ⇤ + Pu
cT

<latexit sha1_base64="PZhLG/R8cdCUGfeG31Pxb4aeg24=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0UQlZKooAsXBV24cBGhL2jSMpnetkMnD2cmQgn5DTf+ihsXirjUlX9j0nZRWw9cOJxzL/fe44acSWUYP1puYXFpeSW/Wlhb39jc0rd3ajKIBIUqDXggGi6RwJkPVcUUh0YogHguh7o7uM78+iMIyQK/ooYhOB7p+azLKFGp1NYN+wa4IthqHeErbLXjuxOWYJvDA55yjjOHVpJWVGjrRaNkjIDniTkhRTSB1da/7E5AIw98RTmRsmkaoXJiIhSjHJKCHUkICR2QHjRT6hMPpBOPPkvwQap0cDcQafkKj9TpiZh4Ug49N+30iOrLWS8T//OakepeOjHzw0iBT8eLuhHHKsBZTLjDBFDFhykhVLD0Vkz7RBCq0jCzEMzZl+dJ7bRknpXM+/Ni2ZjEkUd7aB8dIhNdoDK6RRaqIoqe0At6Q+/as/aqfWif49acNpnZRX+gff8CmtOdgA==</latexit>

�P ⇤
<latexit sha1_base64="jJ2dlwTugNA21EsxRb8R4L7tMKc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBPJREBT0W9OCxgv2AJpbNdtsu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxMpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2yE1XArFGyhQ8naiOY1CyVvh6Gbqt564NiJWDzhOeBDRgRJ9wShayfdvuURK6o/Z2aRbrrhVdwayTLycVCBHvVv+8nsxSyOukElqTMdzEwwyqlEwySclPzU8oWxEB7xjqaIRN0E2u3lCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3mdFPvXQSZUkiJXbL6on0qCMZkGQHpCc4ZybAllWthbCRtSTRnamEo2BG/x5WXSPK96F1Xv/rJSc/M4inAEx3AKHlxBDe6gDg1gkMAzvMKbkzovzrvzMW8tOPnMIfyB8/kDO4qRGQ==</latexit>

+
<latexit sha1_base64="oSvrzqwD7PnNw53xetMqP+VUkqQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqigh4LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVu6p6jetKzc3jKMIJnMI5eHADNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPbReMoA==</latexit>

(P d
cT , Pu

cT )
<latexit sha1_base64="VvkZlFynZTrw37EH+gvc60gkOuo=">AAACAXicbZDLSsNAFIZP6q3WW6obwU2wCBWkJG50WXDjskJv0MY4mUzaoZMLMxOhhLjxRVy4caGIW9/Cna/hEzhpK2jrDwMf/zmHM+d3Y0aFNM1PrbC0vLK6VlwvbWxube/o5d22iBKOSQtHLOJdFwnCaEhakkpGujEnKHAZ6biji7zeuSVc0ChsynFM7AANQupTjKSyHH2/2nBS3MyuUy87+cEkOy45esWsmRMZi2DNoFIvfz3cAEDD0T/6XoSTgIQSMyREzzJjaaeIS4oZyUr9RJAY4REakJ7CEAVE2Onkgsw4Uo5n+BFXL5TGxP09kaJAiHHgqs4AyaGYr+Xmf7VeIv1zO6VhnEgS4ukiP2GGjIw8DsOjnGDJxgoQ5lT91cBDxBGWKrQ8BGv+5EVon9Yss2ZdWZW6CVMV4QAOoQoWnEEdLqEBLcBwB4/wDC/avfakvWpv09aCNpvZgz/S3r8Bub6YkQ==</latexit><latexit sha1_base64="Lkyk8C1ltoFJVjpK9AgmnEX1x/A=">AAACAXicbZDLSsNAFIYnXmu9pboR3AwWoYKUxI0uXBTcuKzQG7QxTCaTduhkEmYmQglx44u4cONCEbe+hTtfw60bJ20Fbf1h4OM/53Dm/F7MqFSW9WEsLC4tr6wW1orrG5tb22ZppyWjRGDSxBGLRMdDkjDKSVNRxUgnFgSFHiNtb3iR19s3REga8YYaxcQJUZ/TgGKktOWae5W6m+JGdp362fEPJtlR0TXLVtUaC86DPYVyrfR5H5yrr7prvvf8CCch4QozJGXXtmLlpEgoihnJir1EkhjhIeqTrkaOQiKddHxBBg+148MgEvpxBcfu74kUhVKOQk93hkgN5GwtN/+rdRMVnDkp5XGiCMeTRUHCoIpgHgf0qSBYsZEGhAXVf4V4gATCSoeWh2DPnjwPrZOqbVXtK7tcs8BEBbAPDkAF2OAU1MAlqIMmwOAWPIAn8GzcGY/Gi/E6aV0wpjO74I+Mt2/7n5pC</latexit><latexit sha1_base64="Lkyk8C1ltoFJVjpK9AgmnEX1x/A=">AAACAXicbZDLSsNAFIYnXmu9pboR3AwWoYKUxI0uXBTcuKzQG7QxTCaTduhkEmYmQglx44u4cONCEbe+hTtfw60bJ20Fbf1h4OM/53Dm/F7MqFSW9WEsLC4tr6wW1orrG5tb22ZppyWjRGDSxBGLRMdDkjDKSVNRxUgnFgSFHiNtb3iR19s3REga8YYaxcQJUZ/TgGKktOWae5W6m+JGdp362fEPJtlR0TXLVtUaC86DPYVyrfR5H5yrr7prvvf8CCch4QozJGXXtmLlpEgoihnJir1EkhjhIeqTrkaOQiKddHxBBg+148MgEvpxBcfu74kUhVKOQk93hkgN5GwtN/+rdRMVnDkp5XGiCMeTRUHCoIpgHgf0qSBYsZEGhAXVf4V4gATCSoeWh2DPnjwPrZOqbVXtK7tcs8BEBbAPDkAF2OAU1MAlqIMmwOAWPIAn8GzcGY/Gi/E6aV0wpjO74I+Mt2/7n5pC</latexit><latexit sha1_base64="1BjVjbRZkykKoK4Df9Ns+6aMVWE=">AAACAXicbZDLSsNAFIZP6q3WW9SN4CZYhApSEje6LLhxWaE3aGuYTCbt0MkkzEyEEuLGV3HjQhG3voU738ZJG0Fbfxj4+M85nDm/FzMqlW1/GaWV1bX1jfJmZWt7Z3fP3D/oyCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNebXOf17j0Rkka8paYxGYZoxGlAMVLacs2jWtNNcSu7S/3s/AeT7KzimlW7bs9kLYNTQBUKNV3zc+BHOAkJV5ghKfuOHathioSimJGsMkgkiRGeoBHpa+QoJHKYzi7IrFPt+FYQCf24smbu74kUhVJOQ093hkiN5WItN/+r9RMVXA1TyuNEEY7ni4KEWSqy8jgsnwqCFZtqQFhQ/VcLj5FAWOnQ8hCcxZOXoXNRd+y6c+tUG3YRRxmO4QRq4MAlNOAGmtAGDA/wBC/wajwaz8ab8T5vLRnFzCH8kfHxDavSlk4=</latexit>

[P d
c,i, P

u
c,i, C

d
c,i, C

u
c,i]i

<latexit sha1_base64="Y245FKSZLzCwonp621X0rjP+ksk=">AAACH3icbZDLSsNAFIYn9VZbL1HBjZvBIrgIJVFQl4VuXFawF0hjmEwm7dDJhZmJUEPexI0v4QO4ceEFcdeH8B1M2qK19YeBj/+cw5nzOxGjQur6SCksLa+srhXXS+WNza1tdWe3JcKYY9LEIQt5x0GCMBqQpqSSkU7ECfIdRtrOoJ7X27eECxoG13IYEctHvYB6FCOZWbZ6ZjbsBGs0vUncVPvhONXqM37917fshKYlW63oVX0suAjGFCq1/bv4rfz41bDVz64b4tgngcQMCWEaeiStBHFJMSNpqRsLEiE8QD1iZhggnwgrGd+XwqPMcaEX8uwFEo7d2YkE+UIMfSfr9JHsi/labv5XM2PpXVgJDaJYkgBPFnkxgzKEeVjQpZxgyYYZIMxp9leI+4gjLLNI8xCM+ZMXoXVSNU6rxpVRqWlgoiI4AIfgGBjgHNTAJWiAJsDgHjyBF/CqPCjPyrvyMWktKNOZPfBHyugbd5qm4w==</latexit>

Retrieve location in 
original

icmin
<latexit sha1_base64="CDr1zhaoT+jXXS+MxAhK5y5bVAo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF48RzAOSJcxOJsmQmdl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZwaxhsslrFpR9RyKTRvoEDJ24nhVEWSt6Lx7cxvPXFjRawfcJLwUNGhFgPBKDqpLXoZU0JPe+WKX/XnIKskyEkFctR75a9uP2ap4hqZpNZ2Aj/BMKMGBZN8WuqmlieUjemQdxzVVHEbZvN7p+TMKX0yiI0rjWSu/p7IqLJ2oiLXqSiO7LI3E//zOikObsJM6CRFrtli0SCVBGMye570heEM5cQRyoxwtxI2ooYydBGVXAjB8surpHlRDS6rwf1VpebncRThBE7hHAK4hhrcQR0awEDCM7zCm/fovXjv3seiteDlM8fwB97nD2JakCI=</latexit>

Report associated:
Load curtailments

Tot. inv. flex. used

Find min. total cost
 

and associated load 
power                          .              P ⇤

nls = Pnls,i⇤
<latexit sha1_base64="k36+lIG8y61AUnMqoJR5LeaPMb8=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCFKkJCroRii4cVnBXqBNw2Q6bYdOJmFmIpSQja/ixoUibn0Md76N0zYLbf1h4OM/53Dm/EHMmdKO820tLa+srq0XNoqbW9s7u/befkNFiSS0TiIeyVaAFeVM0LpmmtNWLCkOA06bweh2Um8+UqlYJB70OKZeiAeC9RnB2li+fVjzU8FV1k3L2c2Mz1i3nPl2yak4U6FFcHMoQa6ab391ehFJQio04ViptuvE2kux1IxwmhU7iaIxJiM8oG2DAodUeen0gAydGKeH+pE0T2g0dX9PpDhUahwGpjPEeqjmaxPzv1o70f1rL2UiTjQVZLaon3CkIzRJA/WYpETzsQFMJDN/RWSIJSbaZFY0IbjzJy9C47ziXlTc+8tS1cnjKMARHMMpuHAFVbiDGtSBQAbP8Apv1pP1Yr1bH7PWJSufOYA/sj5/AHxDlkQ=</latexit>

[PL,i, CL,i]i
<latexit sha1_base64="eBJBje4JIzL5oc6V8CwKJwSP8+U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KCVRQZeFbly4qGAf0IYwmU7aoZNJmJkIIdRfceNCEbd+iDv/xmmbhbYeuNzDOfcyd06QcKa043xba+sbm1vbpZ3y7t7+waF9dNxRcSoJbZOYx7IXYEU5E7Stmea0l0iKo4DTbjBpzvzuI5WKxeJBZwn1IjwSLGQEayP5dqXf8vO7GpvWmovu+cy3q07dmQOtErcgVSjQ8u2vwTAmaUSFJhwr1XedRHs5lpoRTqflQapogskEj2jfUIEjqrx8fvwUnRlliMJYmhIazdXfGzmOlMqiwExGWI/VsjcT//P6qQ5vvJyJJNVUkMVDYcqRjtEsCTRkkhLNM0MwkczcisgYS0y0yatsQnCXv7xKOhd197Lu3l9VG04RRwlO4BTOwYVraMAttKANBDJ4hld4s56sF+vd+liMrlnFTgX+wPr8AZoflAk=</latexit>

[CL,i]i
<latexit sha1_base64="khXC7b9RGNY3zQio6d3Biew9Y2w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBg5REBT0WevHgoYL9gDSEzXbTLt3sht2JUEJ/hhcPinj113jz37htc9DWBwOP92aYmRelghtw3W+ntLa+sblV3q7s7O7tH1QPjzpGZZqyNlVC6V5EDBNcsjZwEKyXakaSSLBuNG7O/O4T04Yr+QiTlAUJGUoec0rASr7fDPP7Cz4NQh5Wa27dnQOvEq8gNVSgFVa/+gNFs4RJoIIY43tuCkFONHAq2LTSzwxLCR2TIfMtlSRhJsjnJ0/xmVUGOFbalgQ8V39P5CQxZpJEtjMhMDLL3kz8z/MziG+DnMs0AybpYlGcCQwKz/7HA64ZBTGxhFDN7a2YjogmFGxKFRuCt/zyKulc1r2ruvdwXWu4RRxldIJO0Tny0A1qoDvUQm1EkULP6BW9OeC8OO/Ox6K15BQzx+gPnM8fuRiQ1A==</latexit>

C⇤
nls

<latexit sha1_base64="Pb3MHU4b3e66vqQtCQjBHELu3n8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBT0WevFYwX5AGstmu2mXbnbD7kYoIT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvhpDnzu09UaSbFg5kmNIjxSLCIEWys5DcHmeA6f8wu8kG15tbdOdAq8QpSgwKtQfWrP5QkjakwhGOtfc9NTJBhZRjhNK/0U00TTCZ4RH1LBY6pDrL5yTk6s8oQRVLZEgbN1d8TGY61nsah7YyxGetlbyb+5/mpiW6DjIkkNVSQxaIo5chINPsfDZmixPCpJZgoZm9FZIwVJsamVLEheMsvr5LOZd27qnv317WGW8RRhhM4hXPw4AYacActaAMBCc/wCm+OcV6cd+dj0Vpyiplj+APn8wdfhZFA</latexit>

Lsel = Asel[icmin]
<latexit sha1_base64="dCxR1cK71l3+PQt6LZNVTLQgfek=">AAACA3icbVDNS8MwHE39nPOr6k0vwSF4Gq0KehEmXjx4mOA+oCslzdItLElLkgqjFLz4r3jxoIhX/wlv/jemWw+6+SDk8d7vkfxemDCqtON8WwuLS8srq5W16vrG5ta2vbPbVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXRd+54FIRWNxr8cJ8TkaCBpRjLSRAnv/NshMOr+8mt4eDTLMqcj9amDXnLozAZwnbklqoEQzsL96/RinnAiNGVLKc51E+xmSmmJG8movVSRBeIQGxDNUIE6Un012yOGRUfowiqU5QsOJ+juRIa7UmIdmkiM9VLNeIf7neamOLvyMiiTVRODpQ1HKoI5hUQjsU0mwZmNDEJbU/BXiIZIIa1NbUYI7u/I8aZ/U3dO6e3dWazhlHRVwAA7BMXDBOWiAG9AELYDBI3gGr+DNerJerHfrYzq6YJWZPfAH1ucPKgqXyQ==</latexit>

P ⇤
invF = �P ⇤ � P ⇤

nls
<latexit sha1_base64="ylhPMMpPquC8GS9Aa8k7lHQRQKg=">AAACD3icbVDNS8MwHE3n15xfVY9egkMRwdGqoBdhoIjHCu4DtlrSLNvC0rQk6WCU/gde/Fe8eFDEq1dv/jemXQ86fRB4ee/3I3nPjxiVyrK+jNLc/MLiUnm5srK6tr5hbm41ZRgLTBo4ZKFo+0gSRjlpKKoYaUeCoMBnpOWPLjO/NSZC0pDfqUlE3AANOO1TjJSWPHPf8RLKx9fpfXKYXnSvCFMIOtnlSDucydyoeGbVqlk54F9iF6QKCjie+dnthTgOCFeYISk7thUpN0FCUcxIWunGkkQIj9CAdDTlKCDSTfI8KdzTSg/2Q6EPVzBXf24kKJByEvh6MkBqKGe9TPzP68Sqf+7qvFGsCMfTh/oxgyqEWTmwRwXBik00QVhQ/VeIh0ggrHSFWQn2bOS/pHlcs09q9u1ptW4VdZTBDtgFB8AGZ6AOboADGgCDB/AEXsCr8Wg8G2/G+3S0ZBQ72+AXjI9vAyqb8A==</latexit>

P ⇤
nls

<latexit sha1_base64="ROhWz0MMuwg+J12pRi2UR2vgiNI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSKIh5KooMeCF48V7Ae0sWy203bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZeEAuujet+Oyura+sbm6Wt8vbO7t5+5eCwpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJbe63n1BpHskHM43RD+lI8iFn1Fip1+inUujsMT3Pyv1K1a25M5Bl4hWkCgUa/cpXbxCxJERpmKBadz03Nn5KleFMYFbuJRpjyiZ0hF1LJQ1R++ns5oycWmVAhpGyJQ2Zqb8nUhpqPQ0D2xlSM9aLXi7+53UTM7zxUy7jxKBk80XDRBATkTwAMuAKmRFTSyhT3N5K2JgqyoyNKQ/BW3x5mbQuat5lzbu/qtbdIo4SHMMJnIEH11CHO2hAExjE8Ayv8OYkzovz7nzMW1ecYuYI/sD5/AGsT5Fh</latexit>

Assign individual 
inverter set points 
using greedy alg. 

based on lowest unit 
cost to meet            .

P ⇤
invF

<latexit sha1_base64="qbLOyAKv8W9xAXlTBy7XJph4YL4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBT0WBPEYwX5AG8tmu2mXbjZxd1MoIb/DiwdFvPpjvPlv3LQ5aOuDgcd7M8zM82POlLbtb6u0srq2vlHerGxt7+zuVfcPWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xze5355QqVgkHvQ0pl6Ih4IFjGBtJM/tp0xMbrPH9Cyr9Ks1u27PgJaJU5AaFHD71a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjo7OkMnRhmgIJKmhEYz9fdEikOlpqFvOkOsR2rRy8X/vG6ig2vPvBUnmgoyXxQkHOkI5QmgAZOUaD41BBPJzK2IjLDERJuc8hCcxZeXSeu87lzUnfvLWsMu4ijDERzDKThwBQ24AxeaQOAJnuEV3qyJ9WK9Wx/z1pJVzBzCH1ifPz+DkbE=</latexit>

{Pinv�,j}Nu
j=1

<latexit sha1_base64="YDAL7u5bm6XBNkgo8+gEIDyVLzU=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkqigm6Egi5cSQX7gCaGyXTaTjuZhJlJoYTs3fgrblwo4tYfcOffOGmz0NYDA4dz7uXOOX7EqFSW9W0UlpZXVteK66WNza3tHXN3rynDWGDSwCELRdtHkjDKSUNRxUg7EgQFPiMtf3SV+a0xEZKG/F5NIuIGqM9pj2KktOSZZSepewnlY+eaMIWOh6mTesnw0k4fklsvidO05JkVq2pNAReJnZMKyFH3zC+nG+I4IFxhhqTs2Fak3AQJRTEjacmJJYkQHqE+6WjKUUCkm0yzpPBQK13YC4V+XMGp+nsjQYGUk8DXkwFSAznvZeJ/XidWvQtXJ41iRTieHerFDKoQZsXALhUEKzbRBGFB9V8hHiCBsNL1ZSXY85EXSfOkap9W7buzSs3K6yiCA1AGR8AG56AGbkAdNAAGj+AZvII348l4Md6Nj9lowch39sEfGJ8/OyabGQ==</latexit>

P ⇤
invF

<latexit sha1_base64="qbLOyAKv8W9xAXlTBy7XJph4YL4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBT0WBPEYwX5AG8tmu2mXbjZxd1MoIb/DiwdFvPpjvPlv3LQ5aOuDgcd7M8zM82POlLbtb6u0srq2vlHerGxt7+zuVfcPWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xze5355QqVgkHvQ0pl6Ih4IFjGBtJM/tp0xMbrPH9Cyr9Ks1u27PgJaJU5AaFHD71a/eICJJSIUmHCvVdexYeymWmhFOs0ovUTTGZIyHtGuowCFVXjo7OkMnRhmgIJKmhEYz9fdEikOlpqFvOkOsR2rRy8X/vG6ig2vPvBUnmgoyXxQkHOkI5QmgAZOUaD41BBPJzK2IjLDERJuc8hCcxZeXSeu87lzUnfvLWsMu4ijDERzDKThwBQ24AxeaQOAJnuEV3qyJ9WK9Wx/z1pJVzBzCH1ifPz+DkbE=</latexit>

P ⇤
nls

<latexit sha1_base64="ROhWz0MMuwg+J12pRi2UR2vgiNI=">AAAB83icbVBNS8NAEJ34WetX1aOXxSKIh5KooMeCF48V7Ae0sWy203bpZhN2N0IJ+RtePCji1T/jzX/jps1BWx8MPN6bYWZeEAuujet+Oyura+sbm6Wt8vbO7t5+5eCwpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJbe63n1BpHskHM43RD+lI8iFn1Fip1+inUujsMT3Pyv1K1a25M5Bl4hWkCgUa/cpXbxCxJERpmKBadz03Nn5KleFMYFbuJRpjyiZ0hF1LJQ1R++ns5oycWmVAhpGyJQ2Zqb8nUhpqPQ0D2xlSM9aLXi7+53UTM7zxUy7jxKBk80XDRBATkTwAMuAKmRFTSyhT3N5K2JgqyoyNKQ/BW3x5mbQuat5lzbu/qtbdIo4SHMMJnIEH11CHO2hAExjE8Ayv8OYkzovz7nzMW1ecYuYI/sD5/AGsT5Fh</latexit>

C⇤
T = min([CTnls,i]i)

<latexit sha1_base64="mUo5iCjlV4KdG2ISmxe0slTmEI0=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoIiVRQTdCoRuXFfqCNIbJdNoOnUzCzEQoIWs3/oobF4q49Qvc+TdO2iy09cCFM+fcy9x7/IhRqSzr2ygsLa+srhXXSxubW9s75u5eW4axwKSFQxaKro8kYZSTlqKKkW4kCAp8Rjr+uJ75nQciJA15U00i4gZoyOmAYqS05JmHdS9ppvfJaXrTCyivONmbM3lGU9dLaHpS8syyVbWmgIvEzkkZ5Gh45levH+I4IFxhhqR0bCtSboKEopiRtNSLJYkQHqMhcTTlKCDSTaanpPBYK304CIUuruBU/T2RoEDKSeDrzgCpkZz3MvE/z4nV4NpNKI9iRTiefTSIGVQhzHKBfSoIVmyiCcKC6l0hHiGBsNLpZSHY8ycvkvZ51b6o2neX5ZqVx1EEB+AIVIANrkAN3IIGaAEMHsEzeAVvxpPxYrwbH7PWgpHP7IM/MD5/AB8rmdQ=</latexit>

C⇤
T

<latexit sha1_base64="SNgMAkTWXRTZ7ltrmUxRp6mUqls=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdFfRY6MVjhX5Ju5Zsmm1Dk+ySZIWy7K/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvBpD7zO09UaRbJppnG1Bd4JFnICDZWeqgP0mb2mF5kg3LFrbpzoFXi5aQCORqD8ld/GJFEUGkIx1r3PDc2foqVYYTTrNRPNI0xmeAR7VkqsaDaT+cHZ+jMKkMURsqWNGiu/p5IsdB6KgLbKbAZ62VvJv7n9RIT3vopk3FiqCSLRWHCkYnQ7Hs0ZIoSw6eWYKKYvRWRMVaYGJtRyYbgLb+8StqXVe+q6t1fV2puHkcRTuAUzsGDG6jBHTSgBQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5O6kDM=</latexit>

Mthd. 3 NLGC: Determine 
optimal dispatch of all NL’s 

connected to local NLGC

P †
cT = min(�P ⇤, P †

c,Nu
)

<latexit sha1_base64="Lg0Gkby/4xSvjVTS3E3E8YiWp3k=">AAACI3icbVDLSsNAFJ34rPVVdelmsAhVpCQqKIJQ0IUrqdBWoUnDZHLbDp1MwsxEKCH/4sZfceNCKW5c+C8mbRf1cWDgcM653LnHizhT2jQ/jbn5hcWl5cJKcXVtfWOztLXdUmEsKTRpyEP54BEFnAloaqY5PEQSSOBxuPcGV7l//whSsVA09DACJyA9wbqMEp1Jbumi7ia0kXYS2ye9Hsj00g6YqNjXwDXB9U5ymB7lkaNbN4nTmdxB0S2Vzao5Bv5LrCkpoynqbmlk+yGNAxCacqJU2zIj7SREakY5pEU7VhAROiA9aGdUkACUk4xvTPF+pvi4G8rsCY3H6uxEQgKlhoGXJQOi++q3l4v/ee1Yd8+dhIko1iDoZFE35liHOC8M+0wC1XyYEUIly/6KaZ9IQnVWa16C9fvkv6R1XLVOqtbdablmTusooF20hyrIQmeohm5QHTURRU/oBb2hd+PZeDVGxsckOmdMZ3bQDxhf3/PBpGA=</latexit>

�P ⇤ � P d
cT  PL,i  �P ⇤

<latexit sha1_base64="eBZC39YTgsKVK4tPh01NzZAsgzk=">AAACHXicbVDLSgMxFM3UV62vqks3wSKIaJnRgi4LunDhYoS+oNOWTHrbhmYeJhmhDPMjbvwVNy4UceFG/BvTaRe19UDg5JxzSe5xQ86kMs0fI7O0vLK6ll3PbWxube/kd/dqMogEhSoNeCAaLpHAmQ9VxRSHRiiAeC6Huju8Hvv1RxCSBX5FjUJoeaTvsx6jRGmpky85N8AVwXY7PknO7E5MK0k77iYOhwesr3enLOWzsVwnXzCLZgq8SKwpKaAp7E7+y+kGNPLAV5QTKZuWGapWTIRilEOScyIJIaFD0oempj7xQLbidLsEH2mli3uB0MdXOFVnJ2LiSTnyXJ30iBrIeW8s/uc1I9W7asXMDyMFPp081Is4VgEeV4W7TABVfKQJoYLpv2I6IIJQpQsdl2DNr7xIaudF66Jo3ZcKZXNaRxYdoEN0jCx0icroFtmoiih6Qi/oDb0bz8ar8WF8TqIZYzqzj/7A+P4FKAOhQw==</latexit>

[C†
IF,i]i

<latexit sha1_base64="ZLn8Y7N62qNvti3HGs1+Ul0ojNc=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgQkqigi4LBdFdBfuANIbJZJIOnUzCzEQoIbjxV9y4UMStX+HOv3HSdqGtBy4czrmXe+/xU0alsqxvY2FxaXlltbJWXd/Y3No2d3Y7MskEJm2csET0fCQJo5y0FVWM9FJBUOwz0vWHzdLvPhAhacLv1CglbowiTkOKkdKSZ+47TS+/uTqhxX3eD1AUEVG4Xk6LqmfWrLo1Bpwn9pTUwBQtz/zqBwnOYsIVZkhKx7ZS5eZIKIoZKar9TJIU4SGKiKMpRzGRbj5+oYBHWglgmAhdXMGx+nsiR7GUo9jXnTFSAznrleJ/npOp8NLNKU8zRTieLAozBlUCyzxgQAXBio00QVhQfSvEAyQQVjq1MgR79uV50jmt22d1+/a81rCmcVTAATgEx8AGF6ABrkELtAEGj+AZvII348l4Md6Nj0nrgjGd2QN/YHz+ALsalvI=</latexit>

[C†
nls,i]i

<latexit sha1_base64="QM7xsFAOT1vXODg1Z77IKFdkznw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKooMtCNy4r2AekMUwmk3ToZBJmJkIJATf+ihsXirj1J9z5N07aLLT1wIXDOfdy7z1+yqhUlvVtLC2vrK6t1zbqm1vbO7vm3n5PJpnApIsTloiBjyRhlJOuooqRQSoIin1G+v64Xfr9ByIkTfidmqTEjVHEaUgxUlryzEOn7eWcyTNa3OfDAEUREYXr5bSoe2bDalpTwEViV6QBKnQ882sYJDiLCVeYISkd20qVmyOhKGakqA8zSVKExygijqYcxUS6+fSHAp5oJYBhInRxBafq74kcxVJOYl93xkiN5LxXiv95TqbCazenPM0U4Xi2KMwYVAksA4EBFQQrNtEEYUH1rRCPkEBY6djKEOz5lxdJ77xpXzTt28tGy6riqIEjcAxOgQ2uQAvcgA7oAgwewTN4BW/Gk/FivBsfs9Ylo5o5AH9gfP4AEPSXug==</latexit>

[C†
Tnls,i]i

<latexit sha1_base64="SzRkpZ2aK68GUsK0FhVU6Dp/K+Y=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgQkqigi4L3bis0BekMUwmk3boZBJmJkIJWbjxV9y4UMStH+HOv3HSZqGtBy4czrmXe+/xE0alsqxvo7K2vrG5Vd2u7ezu7R+Yh0d9GacCkx6OWSyGPpKEUU56iipGhokgKPIZGfjTduEPHoiQNOZdNUuIG6ExpyHFSGnJM+tO28u6nMlzmt9nowCNx0TkrpfRvOaZDatpzQFXiV2SBijR8cyvURDjNCJcYYakdGwrUW6GhKKYkbw2SiVJEJ6iMXE05Sgi0s3mT+TwVCsBDGOhiys4V39PZCiSchb5ujNCaiKXvUL8z3NSFd64GeVJqgjHi0VhyqCKYZEIDKggWLGZJggLqm+FeIIEwkrnVoRgL7+8SvoXTfuyad9dNVpWGUcV1MEJOAM2uAYtcAs6oAcweATP4BW8GU/Gi/FufCxaK0Y5cwz+wPj8Ab4pmBg=</latexit>

C†
IF,i = interp1d(�P ⇤,P †

nls, P
†
c )

<latexit sha1_base64="MDm7lW9DCic0wxEiNg7TNGd2/bc="></latexit>

Lsel = xL,i
<latexit sha1_base64="atqDKhzFKHcKusy8WahYXkTKIdU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJKooBuh4MZFFxXsA9oQJtNpO3QyCTMTtcR8ihsXirj1S9z5N07bLLT1wMDhnHu4d04Qc6a043xbS8srq2vrhY3i5tb2zq5d2muqKJGENkjEI9kOsKKcCdrQTHPajiXFYcBpKxhdT/zWPZWKReJOj2PqhXggWJ8RrI3k26Wan5p0hq7Qo5/WTljm22Wn4kyBFombkzLkqPv2V7cXkSSkQhOOleq4Tqy9FEvNCKdZsZsoGmMywgPaMVTgkCovnZ6eoSOj9FA/kuYJjabq70SKQ6XGYWAmQ6yHat6biP95nUT3L72UiTjRVJDZon7CkY7QpAfUY5ISzceGYCKZuRWRIZaYaNNW0ZTgzn95kTRPK+5Zxb09L1edvI4CHMAhHIMLF1CFG6hDAwg8wDO8wpv1ZL1Y79bHbHTJyjP78AfW5w9bWpNa</latexit>

,�P ⇤
<latexit sha1_base64="Uut3DP3iAhVPkJwuW+LXIsmQmIo=">AAAB8nicbVBNS8NAEN34WetX1aOXxSKISElU0GNBDx4r2A9Ia9lsJ+3STTbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YVSqOdS5kkq3AmZAihjqKFBCK9HAokBCMxjeTPzmE2gjVPyAowQ6EevHIhScoZX8s/YtSGS09njaLZXdijsFXSReTsokR61b+mr3FE8jiJFLZozvuQl2MqZRcAnjYjs1kDA+ZH3wLY1ZBKaTTU8e02Or9GiotK0Y6VT9PZGxyJhRFNjOiOHAzHsT8T/PTzG87mQiTlKEmM8WhamkqOjkf9oTGjjKkSWMa2FvpXzANONoUyraELz5lxdJ47ziXVS8+8ty1c3jKJBDckROiEeuSJXckRqpE04UeSav5M1B58V5dz5mrUtOPnNA/sD5/AHbtJBD</latexit>

[Pnla,m, Cnla,m]
|Asel|
m=1 ,

<latexit sha1_base64="/Ggcx5HQIY0eibB3Ol73WgMGq4Q=">AAACHXicbZDNSsNAFIUn/lv/oi7dBIvgopREBd0IihuXFawV0hgm00k7dGYSZm6EEvMibnwVNy4UceFGfBunbQStHhj4OPde7twTpZxpcN1Pa2p6ZnZufmGxsrS8srpmr29c6SRThDZJwhN1HWFNOZO0CQw4vU4VxSLitBX1z4b11i1VmiXyEgYpDQTuShYzgsFYoX3gN8JcclwTRe3sm4IwF8decZO3OY3h7jTMzYKirVi3B3dFrRLaVbfujuT8Ba+EKirVCO33dichmaASCMda+56bQpBjBYxwWlTamaYpJn3cpb5BiQXVQT66rnB2jNNx4kSZJ8EZuT8nciy0HojIdAoMPT1ZG5r/1fwM4qMgZzLNgEoyXhRn3IHEGUbldJiiBPjAACaKmb86pIcVJmACHYbgTZ78F6726t5+3bs4qJ7UyjgW0BbaRrvIQ4foBJ2jBmoigu7RI3pGL9aD9WS9Wm/j1imrnNlEv2R9fAEjmqKA</latexit>

Get local min. cost,             ,with 
centered moving min. filter 
(window=100). Retain only 
rows where                          .

h[PL,i, CL,i, i], PL,iii
<latexit sha1_base64="MjDYlo/5Hin9Eh3tWFokTl7ufQA=">AAACKXicbVDLSgMxFM34tr6qLt0Ei+CilBkVdFnoxoWLClaFzjBk0jttMJMZkztCGfo7bvwVNwqKuvVHTNtZ+DoQcjjnXJJ7okwKg6777szMzs0vLC4tV1ZW19Y3qptblybNNYcOT2WqryNmQAoFHRQo4TrTwJJIwlV00xr7V3egjUjVBQ4zCBLWVyIWnKGVwmrTlxCjL5nqS6Dddlic1cWo3ipvEdRt4JaWuq9Ff4C+nqbDQowqYbXmNtwJ6F/ilaRGSrTD6rPfS3megEIumTFdz80wKJhGwSWMKn5uIGP8hvWha6liCZigmGw6ontW6dE41fYopBP1+0TBEmOGSWSTCcOB+e2Nxf+8bo7xSVAIleUIik8finNJMaXj2mhPaOAoh5YwroX9K+UDphlHW+64BO/3yn/J5UHDO2x450e1plvWsUR2yC7ZJx45Jk1yStqkQzi5J4/khbw6D86T8+Z8TKMzTjmzTX7A+fwCsDumOQ==</latexit>

[PL,i, CL,i, i]i
<latexit sha1_base64="V9aaCPhBlmyLSuqrATxOL3lxkDg=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCglUUGXhW5cuKhgH9CGMJlO2qGTBzMToYS48VfcuFDErX/hzr9x0mahrQcu93DOvczc48WcSWVZ30ZpZXVtfaO8Wdna3tndM/cPOjJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTZq5332gQrIovFfTmDoBHoXMZwQrLbnmUb/lprc1ltWaRWeOm7Ks4ppVq27NgJaJXZAqFGi55tdgGJEkoKEiHEvZt61YOSkWihFOs8ogkTTGZIJHtK9piAMqnXR2QYZOtTJEfiR0hQrN1N8bKQ6knAaengywGstFLxf/8/qJ8q+dlIVxomhI5g/5CUcqQnkcaMgEJYpPNcFEMP1XRMZYYKJ0aHkI9uLJy6RzXrcv6vbdZbVhFXGU4RhO4AxsuIIG3EAL2kDgEZ7hFd6MJ+PFeDc+5qMlo9g5hD8wPn8A4U+V0g==</latexit>

CLm,i
<latexit sha1_base64="bXWTWZBDXVyYcZrjsca1fcPha4Y=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgIeHOCFoG0lhYRDAfkhxhb7OXLNndO3b3hHDkV9hYKGLrz7Hz37iXXKGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0wamd95okqzSD6YaUx9gUeShYxgY6XHxiC9ExdsVhqUK27VnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fvAMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeGNnzIZJ4ZKslgUJhyZCGXfoyFTlBg+tQQTxeytiIyxwsTYjLIQvOWXV0n7surVqt79VaXu5nEU4QRO4Rw8uIY63EITWkBAwDO8wpujnBfn3flYtBacfOYY/sD5/AHW7I+3</latexit>

CL,i  CLm,i
<latexit sha1_base64="/Ty6lBYJgPbR81Pv/0kzM1K+Z1o=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSqKDLQjcuXFSwD2hDmEyn7dCZJM5MhBK78FfcuFDErb/hzr9x0mahrQcGzj3nXu6dE8ScKe0431ZhaXllda24XtrY3NresXf3mipKJKENEvFItgOsKGchbWimOW3HkmIRcNoKRrXMbz1QqVgU3ulxTD2BByHrM4K1kXz7oOanN6dsgrqc3qOsEKYq+XbZqThToEXi5qQMOeq+/dXtRSQRNNSEY6U6rhNrL8VSM8LppNRNFI0xGeEB7RgaYkGVl07vn6Bjo/RQP5LmhRpN1d8TKRZKjUVgOgXWQzXvZeJ/XifR/SsvZWGcaBqS2aJ+wpGOUBYG6jFJieZjQzCRzNyKyBBLTLSJLAvBnf/yImmeVdzzint7Ua46eRxFOIQjOAEXLqEK11CHBhB4hGd4hTfryXqx3q2PWWvBymf24Q+szx8JhJTD</latexit>

Select                    uniformly 
random (across        ) 

sampled rows 

Np = 2000
<latexit sha1_base64="g6TWCNHSXf60nBwOJ/SzxRghnc0=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lWwV9CIUvHiSCvYD26Vk02wbms0uSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZFyRSGEvIN1pZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFG1ZYyduJ5jQKJG8Fo5up33ri2ohYPdhxwv2IDpQIBaPWSY93vSyZXFcJIb1SmVTIDHiZeDkpQ456r/TV7ccsjbiyTFJjOh5JrJ9RbQWTfFLspoYnlI3ogHccVTTixs9mF0/wqVP6OIy1K2XxTP09kdHImHEUuM6I2qFZ9Kbif14nteGVnwmVpJYrNl8UphLbGE/fx32hObNy7AhlWrhbMRtSTZl1IRVdCN7iy8ukWa145xXv/qJcI3kcBTiGEzgDDy6hBrdQhwYwUPAMr/CGDHpB7+hj3rqC8pkj+AP0+QMzH4/j</latexit>

PL,i
<latexit sha1_base64="3ygeZLxY2vYfFDnpx5mmpsvEH+Q=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeHOCFoGbCwsIpgPSI6wt9lLluztHbtzQjjyI2wsFLH199j5b9wkV2jig4HHezPMzAsSKQy67rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5rxJotlrDsBNVwKxZsoUPJOojmNAsnbwfh25refuDYiVo84Sbgf0aESoWAUrdRu9LP7CzHtlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj93Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ8JlaTIFVssClNJMCaz38lAaM5QTiyhTAt7K2EjqilDm1DJhuAtv7xKWpdVr1b1Hq4qdTePowgncArn4ME11OEOGtAEBmN4hld4cxLnxXl3PhatBSefOYY/cD5/AOcJjzk=</latexit>

Calc. mean cost

and sort array by    .             c̄L
<latexit sha1_base64="6loQMQmmldNRBQQesLMHVJ6ssXU=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJgY2ERwcRIcoS5zSZZsrt37O4J4civsLFQxNafY+e/cZNcoYkPBh7vzTAzL0oEN9b3v73Cyura+kZxs7S1vbO7V94/aJo41ZQ1aCxi3YrQMMEVa1huBWslmqGMBHuIRtdT/+GJacNjdW/HCQslDhTvc4rWSY+dCHVGJ93bbrniV/0ZyDIJclKBHPVu+avTi2kqmbJUoDHtwE9smKG2nAo2KXVSwxKkIxywtqMKJTNhNjt4Qk6c0iP9WLtSlszU3xMZSmPGMnKdEu3QLHpT8T+vndr+VZhxlaSWKTpf1E8FsTGZfk96XDNqxdgRpJq7WwkdokZqXUYlF0Kw+PIyaZ5Vg/NqcHdRqfl5HEU4gmM4hQAuoQY3UIcGUJDwDK/w5mnvxXv3PuatBS+fOYQ/8D5/ANL1kFw=</latexit>

c̄L = CL,k/PL,k
<latexit sha1_base64="tV6HRnIK6iPRJVHveKBpDbBrqMI=">AAACBnicbZC7SgNBFIbPxluMt1VLEQaDYCFxVwVthEAaixQRzAWSZZmdzCZDZi/MzAph2crGV7GxUMTWZ7DzbZwkW2jiDwMf/zmHM+f3Ys6ksqxvo7C0vLK6VlwvbWxube+Yu3stGSWC0CaJeCQ6HpaUs5A2FVOcdmJBceBx2vZGtUm9/UCFZFF4r8YxdQI8CJnPCFbacs3DnodFSjK3jm5QzU3rp6MMnaHGjFyzbFWsqdAi2DmUIVfDNb96/YgkAQ0V4VjKrm3FykmxUIxwmpV6iaQxJiM8oF2NIQ6odNLpGRk61k4f+ZHQL1Ro6v6eSHEg5TjwdGeA1VDO1ybmf7VuovxrJ2VhnCgaktkiP+FIRWiSCeozQYniYw2YCKb/isgQC0yUTq6kQ7DnT16E1nnFvqjYd5flqpXHUYQDOIITsOEKqnALDWgCgUd4hld4M56MF+Pd+Ji1Fox8Zh/+yPj8AbE1l0g=</latexit>

Append NLGC id             

[PL,j , CL,j , ij ]j
<latexit sha1_base64="G7yaEsTTl4QhjkX0rUKPz0oZ2+U=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJoaoSQIKxUhcGhiLRh5RGkeM6rVvHiWwHqYqysPArLAwgxMo/sPE3OG0GaDmSfY/OuVf2PX7MqFSW9W2UVlbX1jfKm5Wt7Z3dPXP/oCOjRGDSxhGLRM9HkjDKSVtRxUgvFgSFPiNdf9LM/e4DEZJG/F5NY+KGaMhpQDFSWvLMY6flpbe1cVZrFpV66Thz86vimVWrbs0Al4ldkCoo0PLMr/4gwklIuMIMSenYVqzcFAlFMSNZpZ9IEiM8QUPiaMpRSKSbzrbI4KlWBjCIhD5cwZn6eyJFoZTT0NedIVIjuejl4n+ek6jg2k0pjxNFOJ4/FCQMqgjmkcABFQQrNtUEYUH1XyEeIYGw0sHlIdiLKy+Tznndvqjbd5fVhlXEUQZH4AScARtcgQa4AS3QBhg8gmfwCt6MJ+PFeDc+5q0lo5g5BH9gfP4ASQ6Xvg==</latexit>

[PL,k, CL,k, ik]
Np

k=1
<latexit sha1_base64="8AwzTtlz5t7ITQ6dHaNh6ezt04c=">AAACDXicbVBNS8MwGE79nPOr6tFLcAoexmhV0Isw2MWDyAT3AV0taZZtoWlaklQYpX/Ai3/FiwdFvHr35r8x3XrQzQeS9+F53pfkffyYUaks69tYWFxaXlktrZXXNza3ts2d3baMEoFJC0csEl0fScIoJy1FFSPdWBAU+ox0/KCR+50HIiSN+J0ax8QN0ZDTAcVIackzD52ml15Xg6zaKCr10iBz9XVpZ/fpjRdnZc+sWDVrAjhP7IJUQIGmZ371+hFOQsIVZkhKx7Zi5aZIKIoZycq9RJIY4QANiaMpRyGRbjrZJoNHWunDQST04QpO1N8TKQqlHIe+7gyRGslZLxf/85xEDS7clPI4UYTj6UODhEEVwTwa2KeCYMXGmiAsqP4rxCMkEFY6wDwEe3bledI+qdmnNfv2rFK3ijhKYB8cgGNgg3NQB1egCVoAg0fwDF7Bm/FkvBjvxse0dcEoZvbAHxifPzHHmvM=</latexit>

Get binary 
represent.

Get vector of 
binary-encoded 

inverter locations

z
<latexit sha1_base64="3qrMqkrrEVCc3MbHRol507lWMEw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6l1WvcVWpuXkcRTiBUzgHD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5NOM7w==</latexit>

xm = bin(im)
<latexit sha1_base64="E5d5UWPjCh+l0QrzgI5ckNM9fSM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJVNCNUHDjsoJ9QBvCZDpph85MwsxELCFu/BU3LhRx61+482+ctFlo9cCFwzn3cu89Qcyo0o7zZZUWFpeWV8qrlbX1jc0te3unraJEYtLCEYtkN0CKMCpIS1PNSDeWBPGAkU4wvsr9zh2RikbiVk9i4nE0FDSkGGkj+fbevc8v+xzpkeRpQEUto37Ks6OKb1edujMF/EvcglRBgaZvf/YHEU44ERozpFTPdWLtpUhqihnJKv1EkRjhMRqSnqECcaK8dPpBBg+NMoBhJE0JDafqz4kUcaUmPDCd+a1q3svF/7xeosMLL6UiTjQReLYoTBjUEczjgAMqCdZsYgjCkppbIR4hibA2oeUhuPMv/yXtk7p7WndvzqqN4yKOMtgHB6AGXHAOGuAaNEELYPAAnsALeLUerWfrzXqftZasYmYX/IL18Q03+pan</latexit>

a         b>
<latexit sha1_base64="6c4ZIddpQ0U6PvIWh2N0gYd7HzE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT1JwYvHKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdP2oK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9vcbz1xbUSsHnGccD+iAyVCwSha6eGm1CtX3Ko7BVkm3pxUYI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPppRNyYpU+CWNtSyGZqr8nMhoZM44C2xlRHJpFLxf/8zophtd+JlSSIldstihMJcGY5G+TvtCcoRxbQpkW9lbChlRThjacPARv8eVl0jyvehdV7/6yUjubx1GEIziGU/DgCmpwB3VoAIMQnuEV3pyR8+K8Ox+z1oIznzmEP3A+fwC8+YzD</latexit>

[xnl,m]m
<latexit sha1_base64="0W7f3AbF46hcHrULenb7zQB/DI8=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCi1ISFXRZcOOygn1AGsJkOmmHzkzCzESsIV/ixoUibv0Ud/6NkzYLbT1w4XDOvdx7T5gwqrTjfFuVtfWNza3qdm1nd2+/bh8c9lScSky6OGaxHIRIEUYF6WqqGRkkkiAeMtIPpzeF338gUtFY3OtZQnyOxoJGFCNtpMCue49BJliT536Q8bwW2A2n5cwBV4lbkgYo0Qnsr+EoxiknQmOGlPJcJ9F+hqSmmJG8NkwVSRCeojHxDBWIE+Vn88NzeGqUEYxiaUpoOFd/T2SIKzXjoenkSE/UsleI/3leqqNrP6MiSTUReLEoShnUMSxSgCMqCdZsZgjCkppbIZ4gibA2WRUhuMsvr5Leecu9aLl3l412s4yjCo7BCTgDLrgCbXALOqALMEjBM3gFb9aT9WK9Wx+L1opVzhyBP7A+fwCVpJL2</latexit>

xinvloc<latexit sha1_base64="fZGS6a5yqm+AzcGIUx1ClH+PudY=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDKjgi4LblxWsA+YDiWTZtrQTDIkd4pl6Ge4caGIW7/GnX9jpp2Fth4IHM65l9xzwkRwA6777ZTW1jc2t8rblZ3dvf2D6uFR26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHd7nfmTBtuJKPME1YEJOh5BGnBKzkP/UzLidC0VmlX625dXcOvEq8gtRQgWa/+tUbKJrGTAIVxBjfcxMIMqKBU8FmlV5qWELomAyZb6kkMTNBNj95hs+sMsCR0vZJwHP190ZGYmOmcWgnYwIjs+zl4n+en0J0G9hQSQpM0sVHUSowKJznxwOuGQUxtYRQze2tmI6IJhRsS3kJ3nLkVdK+rHtXde/huta4KOoooxN0is6Rh25QA92jJmohihR6Rq/ozQHnxXl3PhajJafYOUZ/4Hz+AFvhkTk=</latexit>

[xL,m]m
<latexit sha1_base64="qOKTWtQENeaFJ/bo9zwqpq2g5yY=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KCVRQY8FLx48VLAfkMaw2W7bpbtJ2N2oJeR/ePGgiFf/izf/jZs2B219MPB4b4aZeUHMmdK2/W0tLa+srq2XNsqbW9s7u5W9/baKEkloi0Q8kt0AK8pZSFuaaU67saRYBJx2gvFV7nceqFQsCu/0JKaewMOQDRjB2kj37pOf3tRE5vmpyMp+pWrX7SnQInEKUoUCTb/y1etHJBE01IRjpVzHjrWXYqkZ4TQr9xJFY0zGeEhdQ0MsqPLS6dUZOjZKHw0iaSrUaKr+nkixUGoiAtMpsB6peS8X//PcRA8uvZSFcaJpSGaLBglHOkJ5BKjPJCWaTwzBRDJzKyIjLDHRJqg8BGf+5UXSPq07Z3Xn9rzaqBVxlOAQjuAEHLiABlxDE1pAQMIzvMKb9Wi9WO/Wx6x1ySpmDuAPrM8fGpGSLQ==</latexit>

AND

Cumulative sum; shift 
all rows down by one; 

set first row = [0..0]

a
b ab

OR

[xinv,m]m
<latexit sha1_base64="nmssppYVChZqW6htAyyQr1vq4v0=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8lJKooMeCF48V7Ae0IWy2m3bp7ibsbool5J948aCIV/+JN/+NmzYHbX0w8Hhvhpl5YcKo0q77ba2tb2xubVd2qrt7+weH9tFxR8WpxKSNYxbLXogUYVSQtqaakV4iCeIhI91wclf43SmRisbiUc8S4nM0EjSiGGkjBbbdfwoyKqZ1nvtBxvNqYNfchjuHs0q8ktSgRCuwvwbDGKecCI0ZUqrvuYn2MyQ1xYzk1UGqSILwBI1I31CBOFF+Nr88d86NMnSiWJoS2pmrvycyxJWa8dB0cqTHatkrxP+8fqqjW988lqSaCLxYFKXM0bFTxOAMqSRYs5khCEtqbnXwGEmEtQmrCMFbfnmVdC4b3lXDe7iuNetlHBU4hTO4AA9uoAn30II2YJjCM7zCm5VZL9a79bFoXbPKmRP4A+vzB2+ok3M=</latexit>

[xinvT,m]m
<latexit sha1_base64="WccEQNckcGa9J2RLCtjh9G580jI=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclJKooMuCG5cV+oI0hMl00g6dmYSZSbXEfIobF4q49Uvc+TdO2yy09cCFwzn3cu89YcKo0o7zba2tb2xubZd2yrt7+weHduWoo+JUYtLGMYtlL0SKMCpIW1PNSC+RBPGQkW44vp353QmRisaipacJ8TkaChpRjLSRArviPQYZFZNWjed+kPG8HNhVp+7MAVeJW5AqKNAM7K/+IMYpJ0JjhpTyXCfRfoakppiRvNxPFUkQHqMh8QwViBPlZ/PTc3hmlAGMYmlKaDhXf09kiCs15aHp5EiP1LI3E//zvFRHN775LEk1EXixKEoZ1DGc5QAHVBKs2dQQhCU1t0I8QhJhbdKaheAuv7xKOhd197Lu3l9VG7UijhI4AafgHLjgGjTAHWiCNsDgATyDV/BmPVkv1rv1sWhds4qZY/AH1ucPGhaT0Q==</latexit>

[xLT,m]m
<latexit sha1_base64="gZEUwAyYt6eZl7aft7xQx8Ujoxg=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCi1ISFXRZcOPCRYW+oA1hMp20Q2cmYWYi1pAvceNCEbd+ijv/xkmbhbYeuHA4517uvSeIGVXacb6t0tr6xuZWebuys7u3X7UPDrsqSiQmHRyxSPYDpAijgnQ01Yz0Y0kQDxjpBdOb3O89EKloJNp6FhOPo7GgIcVIG8m3q4NHP71r13nm+SnPKr5dcxrOHHCVuAWpgQIt3/4ajiKccCI0ZkipgevE2kuR1BQzklWGiSIxwlM0JgNDBeJEeen88AyeGmUEw0iaEhrO1d8TKeJKzXhgOjnSE7Xs5eJ/3iDR4bWXUhEnmgi8WBQmDOoI5inAEZUEazYzBGFJza0QT5BEWJus8hDc5ZdXSfe84V403PvLWrNexFEGx+AEnAEXXIEmuAUt0AEYJOAZvII368l6sd6tj0VrySpmjsAfWJ8/O5CSvA==</latexit>

⇥
<latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit>⇥

<latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit>

a         b>
<latexit sha1_base64="6c4ZIddpQ0U6PvIWh2N0gYd7HzE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT1JwYvHKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdP2oK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9vcbz1xbUSsHnGccD+iAyVCwSha6eGm1CtX3Ko7BVkm3pxUYI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPppRNyYpU+CWNtSyGZqr8nMhoZM44C2xlRHJpFLxf/8zophtd+JlSSIldstihMJcGY5G+TvtCcoRxbQpkW9lbChlRThjacPARv8eVl0jyvehdV7/6yUjubx1GEIziGU/DgCmpwB3VoAIMQnuEV3pyR8+K8Ox+z1oIznzmEP3A+fwC8+YzD</latexit>

a         b>
<latexit sha1_base64="6c4ZIddpQ0U6PvIWh2N0gYd7HzE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT1JwYvHKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdP2oK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9vcbz1xbUSsHnGccD+iAyVCwSha6eGm1CtX3Ko7BVkm3pxUYI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPppRNyYpU+CWNtSyGZqr8nMhoZM44C2xlRHJpFLxf/8zophtd+JlSSIldstihMJcGY5G+TvtCcoRxbQpkW9lbChlRThjacPARv8eVl0jyvehdV7/6yUjubx1GEIziGU/DgCmpwB3VoAIMQnuEV3pyR8+K8Ox+z1oIznzmEP3A+fwC8+YzD</latexit>

⇥
<latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit><latexit sha1_base64="zlMXQKMQ0ot5sjwM+cx574krCsY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9VAk3PbLFb/qL0DWSZCTCuRo9MtfvYFmWcIVMkmt7QZ+iuGUGhRM8lmpl1meUjamQ951VFG3JJwurp2RC6cMSKyNK4Vkof6emNLE2kkSuc6E4siuenPxP6+bYVwLp0KlGXLFloviTBLUZP46GQjDGcqJI5QZ4W4lbEQNZegCKrkQgtWX10nrqhr41eD+ulKv5XEU4QzO4RICuIE63EEDmsDgEZ7hFd487b14797HsrXg5TOn8Afe5w+zKY8q</latexit>

[�x†,m]m
<latexit sha1_base64="FCSngd0njYHK5LwbSgqRMruaSXg=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FBKooIeC3rwWMF+QBPCZjttl+4mYXcjllAv/hUvHhTx6r/w5r9x2+agrQ8GHu/NMDMvTDhT2nG+rcLS8srqWnG9tLG5tb1j7+41VZxKCg0a81i2Q6KAswgammkO7UQCESGHVji8mvite5CKxdGdHiXgC9KPWI9Roo0U2Acd7xq4JvghyLwu6fdBVsTYD0Rgl52qMwVeJG5OyihHPbC/vG5MUwGRppwo1XGdRPsZkZpRDuOSlypICB2SPnQMjYgA5WfTD8b42Chd3IulqUjjqfp7IiNCqZEITacgeqDmvYn4n9dJde/Sz1iUpBoiOlvUSznWMZ7EgbtMAtV8ZAihkplbMR0QSag2oZVMCO78y4ukeVp1z6ru7Xm5VsnjKKJDdIROkIsuUA3doDpqIIoe0TN6RW/Wk/VivVsfs9aClc/soz+wPn8AJdaWoA==</latexit>

Calc. cumulative sum

�Pnl,i = �PL,i + �Pinv,i
<latexit sha1_base64="Qz08BcD5R5zHsqI7dJYyv89OlVc=">AAACGXicbVDLSgMxFL1TX7W+Rl26CRZBsJQZFXQjFHThwkUF+4B2KJk0bUMzmSHJFErpb7jxV9y4UMSlrvwbM+1AtfVC4Nxz7uXmHD/iTGnH+bYyS8srq2vZ9dzG5tb2jr27V1VhLAmtkJCHsu5jRTkTtKKZ5rQeSYoDn9Oa379O9NqASsVC8aCHEfUC3BWswwjWhmrZTvOGco1RuTUSvMDGV7P+zrQns5aJgSFyLTvvFJ1JoUXgpiAPaZVb9mezHZI4oEITjpVquE6kvRGWmhFOx7lmrGiESR93acNAgQOqvNHE2RgdGaaNOqE0T2g0YX9vjHCg1DDwzWSAdU/Nawn5n9aIdefSM56iWFNBpoc6MUc6RElMqM0kJZoPDcBEMvNXRHpYYqJNmEkI7rzlRVA9LbpnRff+PF8qpHFk4QAO4RhcuIAS3EIZKkDgEZ7hFd6sJ+vFerc+pqMZK93Zhz9lff0AeKmfQw==</latexit>

�c̄nl,i = �Cnl,i/�Pnl,i
<latexit sha1_base64="xOnd/uPAVVDr1A4RAZqJPtNO8HM=">AAACH3icbVDLSsNAFJ3UV42vqEs3g0VwUWqiom6EQl24rGAf0IQwmU7boZNJmJkIJeRP3PgrblwoIu76N07aLLT1wsB53Mude4KYUalse2qUVlbX1jfKm+bW9s7unrV/0JZRIjBp4YhFohsgSRjlpKWoYqQbC4LCgJFOMG7kfueJCEkj/qgmMfFCNOR0QDFSWvKtK/eOMIXcAIkUZ37KWZVmt3MRNgp+VvBmwU3Ttyp2zZ4VXAZOASqgqKZvfbv9CCch4QozJGXPsWPlpUgoihnJTDeRJEZ4jIakpyFHIZFeOrsvgyda6cNBJPTjCs7U3xMpCqWchIHuDJEayUUvF//zeoka3Hgp5XGiCMfzRYOEQRXBPCzYp4JgxSYaICyo/ivEIyQQVjrSPARn8eRl0D6vORc15+GyUq8WcZTBETgGp8AB16AO7kETtAAGz+AVvIMP48V4Mz6Nr3lryShmDsGfMqY/1MuiFw==</latexit>

�c̄nl,i
<latexit sha1_base64="QjI8aKXzmF6FlHU4B7Ew1CePSPI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJS7AIHkpJVNBjQQ8eK9gPaELYbDft0s0m7E6EEgL+FS8eFPHq7/Dmv3HT5qCtDwYe780wMy9IOFNg299GZWV1bX2julnb2t7Z3TP3D7oqTiWhHRLzWPYDrChngnaAAaf9RFIcBZz2gslN4fceqVQsFg8wTagX4ZFgISMYtOSbR+4t5YDdAMuM5H4meIPlNd+s2017BmuZOCWpoxJt3/xyhzFJIyqAcKzUwLET8DIsgRFO85qbKppgMsEjOtBU4IgqL5udn1unWhlaYSx1CbBm6u+JDEdKTaNAd0YYxmrRK8T/vEEK4bWXMZGkQAWZLwpTbkFsFVlYQyYpAT7VBBPJ9K0WGWOJCejEihCcxZeXSfe86Vw0nfvLeqtRxlFFx+gEnSEHXaEWukNt1EEEZegZvaI348l4Md6Nj3lrxShnDtEfGJ8//JWVbA==</latexit>

Select rows where

and one additional row 

Divide dispatch command 
rows by NLGC id, 

Let                                    .               
Modify rows with                  .

Starting with last row 
(largest         ) and up:

While            :
   
   Update 

z
<latexit sha1_base64="/wNojSuWFh7qc8/LfG6N2z+fviw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cqthbaUDbbTbt0swm7E6GG/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwjG17n/8Mi1EbG6x0nC/YgOlQgFo2ilu6dKv1pz6+4MZJl4BalBgWa/+tUbxCyNuEImqTFdz03Qz6hGwSSfVnqp4QllYzrkXUsVjbjxs9mlU3JilQEJY21LIZmpvycyGhkziQLbGVEcmUUvF//zuimGV34mVJIiV2y+KEwlwZjkb5OB0JyhnFhCmRb2VsJGVFOGNpw8BG/x5WXSPqt753Xv9qLWcIs4ynAEx3AKHlxCA26gCS1gEMIzvMKbM3ZenHfnY95acoqZQ/gD5/MHGWiNAw==</latexit>

�PTnl,j =
Pj

i=1�Pnl,i
<latexit sha1_base64="+iKLS3ofhZdtqRud5pzf6hEY3mE=">AAACJXicbVDLSsNAFJ34tr6qLt0MFsFFKYkKulAQdOGyQquFpobJ9FZHJ5MwcyOWkJ9x46+4cWERwZW/4rQGfB4YOJxzLnfuCRMpDLrumzM2PjE5NT0zW5qbX1hcKi+vnJk41RyaPJaxboXMgBQKmihQQivRwKJQwnl4czT0z29BGxGrBvYT6ETsUome4AytFJT3/WOQyGg9yBpKVq/zg8xHuEODfQnUN2kUZOLAyy+y6zz/ytqoyEtBueLW3BHoX+IVpEIK1IPywO/GPI1AIZfMmLbnJtjJmEbBJeQlPzWQMH7DLqFtqWIRmE42ujKnG1bp0l6s7VNIR+r3iYxFxvSj0CYjhlfmtzcU//PaKfb2OplQSYqg+OeiXiopxnRYGe0KDRxl3xLGtbB/pfyKacbRFjsswft98l9ytlXztmve6U7lsFrUMUPWyDrZJB7ZJYfkhNRJk3ByTx7JMxk4D86T8+K8fkbHnGJmlfyA8/4BHx+ljQ==</latexit>

�PTnl,j  �P ⇤
<latexit sha1_base64="QCuz6WuxPlTlKqNvgEntJmLorFY=">AAACCXicbVDLSgNBEJyNrxhfqx69DAZBJIRdFfQY0IPHCHlBEpfZSW8yZnZ2nZkVwpKrF3/FiwdFvPoH3vwbJw9EEwsaiqpuurv8mDOlHefLyiwsLi2vZFdza+sbm1v29k5NRYmkUKURj2TDJwo4E1DVTHNoxBJI6HOo+/2LkV+/B6lYJCp6EEM7JF3BAkaJNpJn49YlcE1w2Usrghduh7jF4e5HvTny7LxTdMbA88SdkjyaouzZn61ORJMQhKacKNV0nVi3UyI1oxyGuVaiICa0T7rQNFSQEFQ7HX8yxAdG6eAgkqaExmP190RKQqUGoW86Q6J7atYbif95zUQH5+2UiTjRIOhkUZBwrCM8igV3mASq+cAQQiUzt2LaI5JQbcLLmRDc2ZfnSe246J4U3evTfKkwjSOL9tA+OkQuOkMldIXKqIooekBP6AW9Wo/Ws/VmvU9aM9Z0Zhf9gfXxDV7fmMU=</latexit>

�Pinv,k > 0
<latexit sha1_base64="FtxuTbJHGWrPOaiJnajNkRypO6o=">AAAB/XicbVBNS8NAEN3Ur1q/4sfNy2IRPJSSqKAnKejBYwXbCm0Im+2mXbrZhN1JoYbiX/HiQRGv/g9v/hu3bQ7a+mDg8d4MM/OCRHANjvNtFZaWV1bXiuuljc2t7R17d6+p41RR1qCxiNVDQDQTXLIGcBDsIVGMRIFgrWBwPfFbQ6Y0j+U9jBLmRaQnecgpASP59kHnhgkguO5nXA4rgzG+wo5vl52qMwVeJG5OyihH3be/Ot2YphGTQAXRuu06CXgZUcCpYONSJ9UsIXRAeqxtqCQR0142vX6Mj43SxWGsTEnAU/X3REYirUdRYDojAn09703E/7x2CuGlZ95KUmCSzhaFqcAQ40kUuMsVoyBGhhCquLkV0z5RhIIJrGRCcOdfXiTN06p7VnXvzsu1Sh5HER2iI3SCXHSBaugW1VEDUfSIntErerOerBfr3fqYtRasfGYf/YH1+QOu4JP/</latexit>

�c̄nl<latexit sha1_base64="4hwIe6wSIc1i7HEiPAN6ef4vPY4=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwICVRQY8FPXisYD+gCWGy3bRLN5uwuxFCiH/FiwdFvPpDvPlvTNoctPXBwOO9GWbm+TFnSlvWt7Gyura+sVnbqm/v7O7tmweHPRUlktAuiXgkBz4oypmgXc00p4NYUgh9Tvv+9Kb0+49UKhaJB53G1A1hLFjACOhC8syGc0u5BscHmZHcywTP657ZtFrWDHiZ2BVpogodz/xyRhFJQio04aDU0LZi7WYgNSOc5nUnUTQGMoUxHRZUQEiVm82Oz/FJoYxwEMmihMYz9fdEBqFSaegXnSHoiVr0SvE/b5jo4NrNmIgTTQWZLwoSjnWEyyTwiElKNE8LAkSy4lZMJiCB6CKvMgR78eVl0jtv2Rct+/6y2T6r4qihI3SMTpGNrlAb3aEO6iKCUvSMXtGb8WS8GO/Gx7x1xahmGugPjM8fwUCUww==</latexit>

[�PL,i,�Pinv,i,�Pnl,i,�Cnl,i, ii, zi]i
<latexit sha1_base64="yram64cPvqqBfCr0g5vsGGsdoSI=">AAACNnicbVDLSsNAFJ34rPUVdelmsAguQklU0GWhLlwoVLAPSEOYTKft0MkkzEwKNeSr3Pgd7rpxoYhbP8HpQ+zDAwPnnnsvd84JYkalsu2hsbK6tr6xmdvKb+/s7u2bB4c1GSUCkyqOWCQaAZKEUU6qiipGGrEgKAwYqQe98qhf7xMhacQf1SAmXog6nLYpRkpLvnnvNm8IUwhW/PTOopn1V1Lenxc4m6nLvzXVk5n15FPPp75ZsIv2GHCZOFNSAFNUfPO12YpwEhKuMENSuo4dKy9FQlHMSJZvJpLECPdQh7iachQS6aVj2xk81UoLtiOhH1dwrM5upCiUchAGejJEqisXeyPxv56bqPa1p/3HiSIcTw61EwZVBEcZwhYVBCs20ARhQfVfIe4igbDSSed1CM6i5WVSOy86F0Xn4bJQsqZx5MAxOAFnwAFXoARuQQVUAQbPYAjewYfxYrwZn8bXZHTFmO4cgTkY3z+B2Ksp</latexit>

�p > 0
<latexit sha1_base64="EariYhNlFnmGZLwkL4ViIiyDhik=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT1JQQ8eK9gPaELZbKft0k2y7G6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvFAKro3rfjuFldW19Y3iZmlre2d3r7x/0NRJqhg2WCIS1Q6pRsFjbBhuBLalQhqFAlvh6Hbqt55QaZ7Ej2YsMYjoIOZ9zqixku/foTCUSHJD3G654lbdGcgy8XJSgRz1bvnL7yUsjTA2TFCtO54rTZBRZTgTOCn5qUZJ2YgOsGNpTCPUQTa7eUJOrNIj/UTZig2Zqb8nMhppPY5C2xlRM9SL3lT8z+ukpn8dZDyWqcGYzRf1U0FMQqYBkB5XyIwYW0KZ4vZWwoZUUWZsTCUbgrf48jJpnle9i6r3cFmpneVxFOEIjuEUPLiCGtxDHRrAQMIzvMKbkzovzrvzMW8tOPnMIfyB8/kDK8GQYw==</latexit>

�Pinv,k = min(0,�Pinv,k ��p)
<latexit sha1_base64="3b/mkDsNYb22Jnzc+zepgugVKn8=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WoUEtiBd0IBV24rGAf0IQwmU7aoZNJmJkUSuiHuPFX3LhQxI0Lwb9x0mahrQcGDufcy51z/JhRqSzr2yisrK6tbxQ3S1vbO7t75v5BW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr+6CbzO2MiJI34g5rExA3RgNOAYqS05Jl155YwhWDTSykfV0fTayekvGJVF/WzXIhPS55ZtmrWDHCZ2DkpgxxNz/x0+hFOQsIVZkjKnm3Fyk2RUBQzMi05iSQxwiM0ID1NOQqJdNNZuCk80UofBpHQjys4U39vpCiUchL6ejJEaigXvUz8z+slKrhydbo4UYTj+aEgYVBFMGsK9qkgWLGJJggLqv8K8RAJhJXuMyvBXoy8TNrnNbtes+8vyo1qXkcRHIFjUAE2uAQNcAeaoAUweATP4BW8GU/Gi/FufMxHC0a+cwj+wPj6ASUXoA8=</latexit>

�p
<latexit sha1_base64="m0q1Czv17smBvgDAnl0TxYY0/vk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0W9OCxgv2QNpTNdtou3WzC7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMC2LBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpKFMMGi0Sk2gHVKLjEhuFGYDtWSMNAYCsY32R+6wmV5pF8MJMY/ZAOJR9wRo2VHru3KAwlcalXrrhVdwayTLycVCBHvVf+6vYjloQoDRNU647nxsZPqTKcCZyWuonGmLIxHWLHUklD1H46O3hKTqzSJ4NI2ZKGzNTfEykNtZ6Ege0MqRnpRS8T//M6iRlc+ymXcWJQsvmiQSKIiUj2PelzhcyIiSWUKW5vJWxEFWXGZpSF4C2+vEya51XvourdX1ZqZ3kcRTiCYzgFD66gBndQhwYwCOEZXuHNUc6L8+58zFsLTj5zCH/gfP4AurOPoQ==</latexit>

�p = �P ⇤ ��PTnl,Nr
<latexit sha1_base64="kLMQ3NNLy415WeG5s9owz2hFV6w=">AAACFHicbZBNS8MwGMfT+TbnW9Wjl+AQROdoVdCLMNCDJ5mwN9hqSbN0C0vTkqTCKPsQXvwqXjwo4tWDN7+N6VZEN/8Q+OX/PA/J8/ciRqWyrC8jNze/sLiUXy6srK6tb5ibWw0ZxgKTOg5ZKFoekoRRTuqKKkZakSAo8BhpeoPLtN68J0LSkNfUMCJOgHqc+hQjpS3XPOxcEaYQjOAFzLB6dwCPfi5uUuOsdOOKUcE1i1bZGgvOgp1BEWSquuZnpxviOCBcYYakbNtWpJwECUUxI6NCJ5YkQniAeqStkaOASCcZLzWCe9rpQj8U+nAFx+7viQQFUg4DT3cGSPXldC01/6u1Y+WfOwnlUawIx5OH/JhBFcI0IdilgmDFhhoQFlT/FeI+EggrnWMagj298iw0jsv2Sdm+PS1WSlkcebADdsE+sMEZqIBrUAV1gMEDeAIv4NV4NJ6NN+N90pozsplt8EfGxzdgb5vU</latexit>

a
b

On/off status
of net-loads

On/off status
of loads

On/off status
of inverters

[�PL,j ,�Pinv,j ,�PTnl,j ,�Cnl,j , ij , zj ]j
<latexit sha1_base64="3NK9Yocbo6POOFTN1HedIABUixc=">AAACN3icbVDLSgMxFM3UV62vUZdugkVwUcqMCros1IULkQp9wXQYMmnaps1khiRTqEP/yo2/4U43LhRx6x+YtgPa1gMJ555zL8k9fsSoVJb1YmRWVtfWN7Kbua3tnd09c/+gLsNYYFLDIQtF00eSMMpJTVHFSDMSBAU+Iw1/UJ74jSERkoa8qkYRcQPU5bRDMVJa8sw7p3VNmEKw4iW3hf648FtSPpwXqpz9EcpeMqupl+j7weu7Xt8z81bRmgIuEzsleZCi4pnPrXaI44BwhRmS0rGtSLkJEopiRsa5VixJhPAAdYmjKUcBkW4y3XsMT7TShp1Q6MMVnKp/JxIUSDkKfN0ZINWTi95E/M9zYtW5cnUAUawIx7OHOjGDKoSTEGGbCoIVG2mCsKD6rxD3kEBY6ahzOgR7ceVlUj8r2udF+/4iXyqkcWTBETgGp8AGl6AEbkAF1AAGj+AVvIMP48l4Mz6Nr1lrxkhnDsEcjO8fTFyrjg==</latexit>

[�PL,k,�Pinv,k,�PTnl,k,�Cnl,k, ik, zk]Nr

k=1
<latexit sha1_base64="sHAvhfNGrL/WxDIiq5mZNX+BVu0="></latexit>

[�PL,k,�Pinv,k,�PTnl,k, ik, zk]k
<latexit sha1_base64="9tgfY2vUcQXq3rPAeNvvI2coh5c=">AAACJ3icbVBNS8MwGE79nPOr6tFLcAgexmhV0JMM9ODBw4R9wVZKmqVbaJqWJB3Msn/jxb/iRVARPfpPTLeCbvOFhCfP8768eR4vZlQqy/oylpZXVtfWCxvFza3tnV1zb78po0Rg0sARi0TbQ5IwyklDUcVIOxYEhR4jLS+4zvTWkAhJI15Xo5g4Iepz6lOMlKZc86rTvSFMIVhz07tyMC7/PikfzhJ1zjKCuqm+H9zAcQPXLFkVa1JwEdg5KIG8aq752u1FOAkJV5ghKTu2FSsnRUJRzMi42E0kiREOUJ90NOQoJNJJJz7H8FgzPehHQh+u4IT9O5GiUMpR6OnOEKmBnNcy8j+tkyj/0tGG40QRjqeL/IRBFcEsNNijgmDFRhogLKj+K8QDJBBWOtqiDsGet7wImqcV+6xi35+XquU8jgI4BEfgBNjgAlTBLaiBBsDgETyDN/BuPBkvxofxOW1dMvKZAzBTxvcP9TilWA==</latexit>

n
[�PL,m,�Pinv,m,�PTnl,m, im, z]

Nr,z

m=1

o
z

<latexit sha1_base64="kpE3yjg66yAt1fbNRqeQJU/SaMA="></latexit>

[PL,m, CL,m, im]
Np

m=1
<latexit sha1_base64="qGFXmOcFGgrd3rvESc53LQH2JZ4=">AAACD3icbVBNS8MwGE79nPOr6tFLcCgexmhV0Isw2MWDyAT3AV0taZZuYUlbklQYpf/Ai3/FiwdFvHr15r8x3XrQzQeS9+F53pfkffyYUaks69tYWFxaXlktrZXXNza3ts2d3baMEoFJC0csEl0fScJoSFqKKka6sSCI+4x0/FEj9zsPREgahXdqHBOXo0FIA4qR0pJnHjlNL72u8qzaKCr1Up65+rq0s/v0xkvjLCt7ZsWqWRPAeWIXpAIKND3zq9ePcMJJqDBDUjq2FSs3RUJRzEhW7iWSxAiP0IA4moaIE+mmk30yeKiVPgwioU+o4ET9PZEiLuWY+7qTIzWUs14u/uc5iQou3JSGcaJIiKcPBQmDKoJ5OLBPBcGKjTVBWFD9V4iHSCCsdIR5CPbsyvOkfVKzT2v27VmlbhVxlMA+OADHwAbnoA6uQBO0AAaP4Bm8gjfjyXgx3o2PaeuCUczsgT8wPn8AHGWcBw==</latexit>

[Pnl,i, cnl,i, �i]
NT nl
i=1

<latexit sha1_base64="DOZhKfQm7at4ilt2mTaWHvewESk=">AAACFXicbZDLSgMxFIYz9VbrbdSlm8EiuChlRgXdCAU3rqRCbzAdh0yatqFJZkgyQgnzEm58FTcuFHEruPNtTNsRtPWHwMd/zuHk/FFCiVSu+2UVlpZXVteK66WNza3tHXt3ryXjVCDcRDGNRSeCElPCcVMRRXEnERiyiOJ2NLqa1Nv3WEgS84YaJzhgcMBJnyCojBXaFb8eak4rJKugH+gOIGMwJEGoyaWX3embUDc4zbLQLrtVdypnEbwcyiBXPbQ/u70YpQxzhSiU0vfcRAUaCkUQxVmpm0qcQDSCA+wb5JBhGejpVZlzZJye04+FeVw5U/f3hIZMyjGLTCeDaijnaxPzv5qfqv5FoAlPUoU5mi3qp9RRsTOJyOkRgZGiYwMQCWL+6qAhFBApE2TJhODNn7wIrZOqd1r1bs/KNTePowgOwCE4Bh44BzVwDeqgCRB4AE/gBbxaj9az9Wa9z1oLVj6zD/7I+vgGugGfIQ==</latexit>

h[Pnl,j , cnl,j , �j ], cnl,jiNo
j=1

<latexit sha1_base64="PXJC0H4lCsZ6cv7YO26yy2P22Vc="></latexit>

Cnl,j = cnl,j · Pnl,j
<latexit sha1_base64="YcWT0EAW6r+3oNpIM6v1oENLDOo=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcCFlRgXdCIVuXFawF2iHIZNJ29hMZkjOCGXo0o2v4saFIm59BHe+jWk7C239IfDlP+eQnD9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngkjWAg2DtRDESBYK1gmFtUm89MKV5LO9glDAvIn3Je5wSMJZvH9b8TIrT+/E1zaFLwxhwPb/5dtmpOFPhRXBzKKNcdd/+6oYxTSMmgQqidcd1EvAyooBTwcalbqpZQuiQ9FnHoCQR0142XWSMj40T4l6szJGAp+7viYxEWo+iwHRGBAZ6vjYx/6t1UuhdeRmXSQpM0tlDvVRgiPEkFRxyxSiIkQFCFTd/xXRAFKFgsiuZENz5lReheVZxzyvu7UW56uRxFNEBOkInyEWXqIpuUB01EEWP6Bm9ojfryXqx3q2PWWvBymf20R9Znz9fDJmA</latexit>

[Cnl,j ]j
<latexit sha1_base64="zly8u7cy0vSIYNWRu5U1H2a0/bg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WevFYwdZCGsJmu2m33eyG3Y1QQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4edbTMFKFtIrlU3QhrypmgbcMMp91UUZxEnD5G4+bMf3yiSjMpHswkpUGCB4LFjGBjpZ7fDHPBL0bTIByF1Zpbd+dAq8QrSA0KtMLqV68vSZZQYQjHWvuem5ogx8owwum00ss0TTEZ4wH1LRU4oTrI5zdP0ZlV+iiWypYwaK7+nshxovUkiWxngs1QL3sz8T/Pz0x8G+RMpJmhgiwWxRlHRqJZAKjPFCWGTyzBRDF7KyJDrDAxNqaKDcFbfnmVdC7r3lXdu7+uNdwijjKcwCmcgwc30IA7aEEbCKTwDK/w5mTOi/PufCxaS04xcwx/4Hz+AL2dkW4=</latexit>

[Pnl,j ]j
<latexit sha1_base64="sy5qjwO4zZ//IbKnNlVQwPH+2nM=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkqigi4LblxWsA9IQ5hMJ+20k0mYh1BCf8ONC0Xc+jPu/BunbRbaeuDC4Zx7ufeeKONMadf9dkpr6xubW+Xtys7u3v5B9fCorVIjCW2RlKeyG2FFORO0pZnmtJtJipOI0040vpv5nScqFUvFo55kNEjwQLCYEayt1PObYS74xWgahKOwWnPr7hxolXgFqUGBZlj96vVTYhIqNOFYKd9zMx3kWGpGOJ1WekbRDJMxHlDfUoETqoJ8fvMUnVmlj+JU2hIazdXfEzlOlJokke1MsB6qZW8m/uf5Rse3Qc5EZjQVZLEoNhzpFM0CQH0mKdF8YgkmktlbERliiYm2MVVsCN7yy6ukfVn3rurew3Wt4RZxlOEETuEcPLiBBtxDE1pAIINneIU3xzgvzrvzsWgtOcXMMfyB8/kD0dORew==</latexit>

h[Pnl,j , cnl,j , �j ], cnl,jiNo
j=1

<latexit sha1_base64="PXJC0H4lCsZ6cv7YO26yy2P22Vc="></latexit>

[�PL,m,�Cnl,m,�Pinv,m, im]m
<latexit sha1_base64="dp1GPMF03LVuP63D3DvCsHRn+Lc=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwUcqMCnVZqAsXLirYB0yHIZNm2tAkMySZQhn6KW78FTcuFNGdfo1pOwttPRA495x7ubknTBhV2nG+rMLa+sbmVnG7tLO7t39gHx61VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0glHjZnfGROpaCwe9CQhPkcDQSOKkTZSYNe83g1hGsFmkN1V+LSSl40gE+xXbWwqxjOBBtwPeGCXnaozB1wlbk7KIEczsD97/RinnAiNGVLKc51E+xmSmmJGpqVeqkiC8AgNiGeoQJwoP5sfOIVnRunDKJbmCQ3n6u+JDHGlJjw0nRzpoVr2ZuJ/npfq6No3lyWpJgIvFkUpgzqGs7Rgn0qCNZsYgrCk5q8QD5FEWJtMSyYEd/nkVdK+qLqXVff+qlx38jiK4AScgnPgghqog1vQBC2AwSN4Bq/gzXqyXqx362PRWrDymWPwB9b3DzLHolc=</latexit>

[Pnl,n, cnl,n]n
<latexit sha1_base64="23USUa6cdN5sytmApf082K6ogJM=">AAAB/nicbZDLSgMxFIbPeK31VhVXboJFcFHKjAq6LLhxWcFeYDoMmTTThiaZIckIZSj4Km5cKOLW53Dn25i2s9DWHwIf/zmHc/JHKWfauO63s7K6tr6xWdoqb+/s7u1XDg7bOskUoS2S8ER1I6wpZ5K2DDOcdlNFsYg47USj22m980iVZol8MOOUBgIPJIsZwcZaYeXYb4a55DU5qZECgtD6VbfuzoSWwSugCoWaYeWr109IJqg0hGOtfc9NTZBjZRjhdFLuZZqmmIzwgPoWJRZUB/ns/Ak6s04fxYmyTxo0c39P5FhoPRaR7RTYDPVibWr+V/MzE98EOZNpZqgk80VxxpFJ0DQL1GeKEsPHFjBRzN6KyBArTIxNrGxD8Ba/vAzti7p3Wffur6oNt4ijBCdwCufgwTU04A6a0AICOTzDK7w5T86L8+58zFtXnGLmCP7I+fwB7gGVaA==</latexit>

[Pnl,n]n
<latexit sha1_base64="L2/L8KjGpnS/ROMDoFgGLN4cCCE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KCVRQY8FLx4r2A9oQ9hsN+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O2vrG5tb26Wd8u7e/sFh5ei4bZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc3838zhPXRiTqEScp92M6VCISjKKV+r1mkCtZU1M/UEGl6tbdOcgq8QpShQLNoPLVHyQsi7lCJqkxPc9N0c+pRsEkn5b7meEpZWM65D1LFY258fP5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG79XKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1FNGdqYyjYEb/nlVdK+rHtXde/hutqoFXGU4BTO4AI8uIEG3EMTWsAghWd4hTcnc16cd+dj0brmFDMn8AfO5w/cz5F/</latexit>

[Pnl,n]n
<latexit sha1_base64="L2/L8KjGpnS/ROMDoFgGLN4cCCE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KCVRQY8FLx4r2A9oQ9hsN+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+O2vrG5tb26Wd8u7e/sFh5ei4bZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc3838zhPXRiTqEScp92M6VCISjKKV+r1mkCtZU1M/UEGl6tbdOcgq8QpShQLNoPLVHyQsi7lCJqkxPc9N0c+pRsEkn5b7meEpZWM65D1LFY258fP5zVNybpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+5/UyjG79XKg0Q67YYlGUSYIJmQVABkJzhnJiCWVa2FsJG1FNGdqYyjYEb/nlVdK+rHtXde/hutqoFXGU4BTO4AI8uIEG3EMTWsAghWd4hTcnc16cd+dj0brmFDMn8AfO5w/cz5F/</latexit>

[Cnl,n]n
<latexit sha1_base64="kz9D3SYgeJd/Lu/XSo5mISw2atk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBQymJCnos9OKxgv2ANITNdtMu3WyW3Y1QQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF0nOtHHdb6e0sbm1vVPereztHxweVY9PujrNFKEdkvJU9SOsKWeCdgwznPalojiJOO1Fk9bc7z1RpVkqHs1U0iDBI8FiRrCx0sBvhbngdTELQhFWa27DXQCtE68gNSjQDqtfg2FKsoQKQzjW2vdcaYIcK8MIp7PKINNUYjLBI+pbKnBCdZAvbp6hC6sMUZwqW8Kghfp7IseJ1tMksp0JNmO96s3F/zw/M/FdkDMhM0MFWS6KM45MiuYBoCFTlBg+tQQTxeytiIyxwsTYmCo2BG/15XXSvWp41w3v4abWrBdxlOEMzuESPLiFJtxDGzpAQMIzvMKbkzkvzrvzsWwtOcXMKfyB8/kDyJmRcg==</latexit>

[�PL,m,�Pinv,m,�Cnl,m, im, z]m
<latexit sha1_base64="C5zPLWV/0xB+ys1drvXiEN4YKMw=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4KGVGBV24KNSFCxcV7AOmw5BJM21okhmSTKEO/Rk3/oobFxYRXPkrZtqC2noh4dxz7iU5J4gZVdq2P63cyura+kZ+s7C1vbO7V9w/aKookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDGqZ3hoSqWgkHvQoJh5HPUFDipE2lF+8djs3hGkE6356V+bj8k9LxfAXUfNTwbKe+qm5Hz2fF/xiya7Y04LLwJmDEphX3S9OOt0IJ5wIjRlSynXsWHspkppiRsaFTqJIjPAA9YhroECcKC+duhzDE8N0YRhJc4SGU/b3Roq4UiMemEmOdF8tahn5n+YmOrzyjN040UTg2UNhwqCOYBYZ7FJJsGYjAxCW1PwV4j6SCGsTbBaCs2h5GTTPKs55xbm/KFXteRx5cASOwSlwwCWogltQBw2AwRN4AW9gYj1br9a79TEbzVnznUPwp6yvb9mWpDE=</latexit>

Mthd. 4 NLGC: Get best net-load 
response options

Mthd. 5 DSMC: Determine global 
dispatch from concatenation of all 

NLGC best net-load options

4.1 Get net-load diffs 
(diff. between consecutive 
rows in n-l options array)

1

{[�PL,m,�Pinv,m,�Cnl,m, im, z]
Np

m=1}
Nnlg

n=1
<latexit sha1_base64="maTXW6kbF9CpCZr91xhhEUYzcFY="></latexit>

Concatenate all NLGC 
options into single array

1

2

3

2

3

1
1 3

3
Single NLGC Dispatch Seq.
Global Dispatch Sequence

LEGEND

within the NLG. As shown in Fig. 4(b), this method Fig. 3. Hierarchical optimal net-load dispatch algorithms 
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=> Single 
inverter

…

considers all net-load response options within the total 
∗inverter flexibility range of the FFR setpoint (ΔP in Fig.G 

4(b)) and then determines which discrete net-load response 
combined with inverter flexibility profile achieves the FFR 
setpoint at the lowest total cost. This follows the same 
methodology as the proven solution in Section V—first select 
individual net-load resource responses (here, both load and 
full inverter capacities are considered) using binary variables 
to obtain solutions close to the FFR set point, and then use 
the inverter (here, the total inverter flexibility profile made of 
up many individual inverters) to obtain the optimal solution. 

Fig. 4. Summary and intuition of Mthds. 2-4 from Fig. 3: (a) the linear cost 
vs. capacity characteristics of many smaller inverters can be summed up to 
represent a single large inverter with piecewise-linear characteristics; (b) the 
global optimal dispatch solution is obtained by considering all discrete net-
load response options around the FFR capacity and then using total inverter 
flexibility; and (c) the “best” net-load response options are the lowest-cost 
options across the full range of net-load response capacities. 

Optimal FFR dispatch of the full VPP, including multiple 
NLGs and their constituent NLUs and devices, is accom-
plished using the sequence of steps shown in Fig. 1(b). As 
part of this sequence, each participating NLGC calculates 
all its net-load response options using Mthd. 1 and then, as 
illustrated in Fig. 1(c), downselects this set of options to the 
“best” options, representing the lowest-cost options across all 
net-load response capacities possible from the NLG, using a 
moving minimum filter. The exact quantity of best options 
can be set by the user—in practice, we found Np = 2000 
to work well. These best options are then sorted by lowest 
mean cost and then differences (“net-load diffs” in Fig. 3; 
includes difference in net power and inverter power) between 
consecutive options are calculated so that only unique net-
load actions (e.g., one net-load response option could be a 
superset of another, in that all net-load actions are the same, 
except for one additional net-load action is present in the first) 
are considered and this final set sent back to the DSMC. 
The mapping of absolute net-load actions to the differences 
provided to the DSMC are stored at each NLGC so that the 
appropriate load curtailments and inverter set point changes 
can be determined after receiving a list of final selected 
net-load options (based on differences) from the DSMC. To 
determine the final optimal dispatch solution, the DSMC, 
uses Mthd. 5 to combine the best net-load options from all 
participating NLGs (output of Mthd. 4) together, sort by lowest 
mean cost, and then uses a greedy algorithm to select the 
lowest-cost discrete net-load response options that are part of 
the optimal dispatch solution. Finally, the lowest-cost inverter 
flexibility from the not-selected net-load options is assigned 
until the FFR set point is achieved. 

C. Performance Verification 

The hierarchical approach developed employs a heuris-
tic method that can be executed significantly faster than 
optimization-based approaches, trading complete optimality 
for speed. Thus, it isn’t tractable to analytically prove that the 
hierarchical approach will achieve the optimal dispatch result 
100% of the time. Instead, we evaluate performance using 
Monte Carlo-style simulation and determine distributions of 
probability vs. percent optimality (measured via solution cost) 
and probability vs. solution time. To do so, all simulation runs 
solve a multi-NLU dispatch problem twice—once using the 
hierarchical approach implemented in Python and again using 
an MILP solution deployed on a state-of-the-art, commercial 
(Gurobi) mixed integer program solver. The MILP solution 
provides the reference global optimal solution cost and the 
solution times of both approaches are compared. Both sim-
ulation types use the same scenario inputs and are executed 
on the same computer with a six-core 2.9 GHz Intel Core i9 
processor. The hierarchical approach is designed to use only 
one processor core (to allow for greater portability to a variety 
of embedded platforms) and is implemented as such, whereas 
the MILP solution is allowed to use all six processor cores. 

1) Single Net-load Group Case: Simulations were per-
formed for optimal FFR dispatch of a single NLG with 
Nu = 10 NLUs; each had 4 loads and 1 inverter, for a 
total of 50 time-varying net-load resources to be dispatched. 
More than 2 million simulation runs with deferrable load 
capacities uniformly distributed in the interval PLd,j,i ∈ 
[100, 6000] W ; inverters with uniformly distributed capac-
ity P max 

inv,j ∈ [2000, 5000] W and headroom PinvΔ,j,up ∈ 
[0, 2000] W ; uniformly distributed NLU costs cji ∈ [2, 10]; 
and an assigned NLG participation factor (the percentage of 
the NLG’s total net grid power consumption that is dispatched) 
η ∈ (0, 45]% were run. Solution optimality results in Table I 
confirm that, on average, the hierarchical approach achieves 
an optimal dispatch decision with a solution cost very close 
(within 0.00034%) to the optimal, that solution cost is optimal 
99.761% of the time, that the hierarchical approach has a 
mean solution time of 52.2 ms, and that there is a 99.992% 
probability of achieving a solution within 120 ms. 

TABLE I. 
SINGLE NLG CASE: SUMMARY SIMULATION RESULTS 

Number of simulation runs 2,007,890 
Mean % difference in solution cost, HA vs. MILP 0.00034% 
Probability of HA solution cost within 1% of optimal 99.997% 
Probability of HA solution cost within 0.1% of optimal 99.912% 
Probability of HA solution cost within 0.01% of optimal 99.842% 
Mean solution time, HA 52.2 ms 
Mean solution time, MILP 107.1 ms 
Probability of HA solution time < 120 ms 99.992% 
Probability of HA solution time < 100 ms 99.962% 
Probability of HA solution time < 80 ms 98.935% 

2) Full Feeder Case: The optimal FFR dispatch problem 
for a full-scale electric distribution system feeder with a 
varying number of participating NLGs was simulated in 9,920 
simulation runs to evaluate the performance of the proposed 
hierarchical approach versus the MILP solution and determine 
how their performances scaled as the number of participating 
net-load resources and the total feeder participation factor 
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varied. In the simulation, each NLG included Nu = 10 
NLUs, each with 4 loads and 1 inverter participating, con-
nected to a single distribution transformer and coordinated 
by an NLGC. The simulations included 155 runs at each 
of 64 possible combinations of the number of NLGs par-
ticipating, NNLG = [100, 200, 300, 400, 500, 600, 700, 800], 
and the total feeder dispatch participation factor, η = 
[10, 15, 20, 25, 30, 35, 40, 45]%. Each simulation run utilized 
deferrable load capacities uniformly distributed in the in-
terval PLd,k,j,i ∈ [100, 6000] W ; inverters with uniformly 
distributed capacity P max ∈ [2000, 5000] W and headroominv,k,j 
PinvΔ,k,j,up ∈ [0, 2000] W ; and uniformly distributed NLU 
costs ckji ∈ [2, 10]. 

Results shown in Fig. 5 demonstrate that the hierarchical 
approach for optimal FFR dispatch can achieve the same 
optimal dispatch result with very similar (<0.5% difference 
for η = [15, 20, 25, 30, 35, 40, 45]% and <1% for all cases) 
dispatch cost as the optimal MILP solution for each run. 
Critically, the hierarchical approach can achieve these very 
nearly optimal dispatch results at a much faster timescale: Fig. 
6 shows that the hierarchical approach can be consistently 
solved within ~150 ms with low variance regardless of the 
problem size, compared to the MILP solution’s up to 4-s 
solution time for the largest problem size (800 transformers or 
40,000 total net-load resources). Clearly, the MILP solution’s 
550–4000+ ms solution time is not fast enough to support FFR 
dispatch within 500 ms, whereas the designed hierarchical 
approach provides consistently fast performance to support 
such FFR dispatch. 

VII. CONCLUSIONS 

In Part I of this two-part paper, we developed a first-
of-its-kind hierarchical control solution that can optimally 
coordinate tens of thousands of heterogeneous, fast-changing 
DERs and flexible loads across an electric distribution network 
to provide FFR to the bulk power system that meets the 
general FFR service performance requirements. A method for 
operating solar inverters with the optimal amount of headroom 
to minimize opportunity cost while ensuring FFR viability of 
an NLU was also presented. Practical algorithms for achieving 
optimal FFR dispatch at multiple scales were developed, their 
optimality proven, and their speed shown to be faster than 
state-of-the-art approaches. These simulation results provide 
preliminary validation that coordination of BTM resources in 
distribution networks can be achieved rapidly enough and on 
a sufficiently large scale to provide valuable FFR services to 
the bulk power system. In Part II [32], the entire platform 
is implemented and experimentally verified on a large-scale 
PHIL platform with a real-world distribution system model 
and more than 100 at-power DERs. 
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APPENDIX A: PROOF (THEOREM 1) 

Proof: The net-load system’s actual change in grid power PNLdconsumption is ΔPG = − i=1 xiPLd,i − PinvΔ. To ensure 
problem feasibility, the following must be achieved: ΔPG = 
ΔP ∗ with PinvΔ,dn ≤ PinvΔ ≤ PinvΔ,up for 0 ≤ PinvΔ,up ≤G 
(P max − Pinv,base) and 0 ≤ Pinv,base ≤ P max .inv invPNLdConsider all possible −(PinvΔ,up + P̂Ld,i) ≤ ΔP ∗ ≤i=1 GPNLdPinvΔ,dn for this problem. If ΔP ∗ ≤ − PLd,i, a trivial G i=1PNLdsolution of xi = 1 ∀ i and PinvΔ = − i=1 xiPLd,i − ΔP ∗ 

G 
∗is used. Similarly, if ΔP ≥ 0, xi = 0 ∀ i and PinvΔ = ΔPG 

∗ .G PNLdWe then consider the remaining cases where − PLd,i <i=1 ∗ΔPG 
∗ < 0. For convenience, let ΔP = −ΔP ∗ and considerG 

∗ PNLdthe remaining cases where 0 < ΔP < PLd,i:i=1 

Let PLdc = (PLdc,i)
NLdc be the ordered set of all NLdc = i=1 

2NLd possible load combinations from the elements of PLds 
[32] B. Lundstrom, S. Patel, and M. V. Salapaka, “Distribution Feeder- in sequential binary order with PLds,1, the smallest load, being 

Scale Fast Frequency Response via Optimal Coordination of Net-load associated with the least significant bit. That is, PLdc,i = Resources–Part II: Large-scale Demonstration,” IEEE Transactions on (
NLdSmart Grid. X 1 if (i − 1) mod 2j ≥ 2j−1 

yij PLds,j and yij = . 
0 otherwise 

j=1 
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PNLdClaim 1: For any given 0 < ΔP ∗ < PLd,i, there exists i=1 ∗at least one 1 ≤ j ≤ (NLdc − 1), such that PLdc,j ≤ ΔP ≤ 
PLdc,j+1. PNLdThus, we can consider all cases 0 < ΔP ∗ < PLd,i byi=1 ∗examining every discrete interval PLdc,j ≤ ΔP ≤ PLdc,j+1 

for 1 ≤ j ≤ (NLdc − 1) and considering problem feasibility 
and inverter headroom requirements for any ΔP ∗ in that 
interval. 

∗Claim 2: Within every discrete interval PLdc,j ≤ ΔP ≤ 
PLdc,j+1, the net-load dispatch problem remains feasible as 

PLdc,j+1−PLdc,jlong as PinvΔ,up ≥ .2 
∗ PLdc,j+1−PLdc,jProof: Let ΔP = PLdc,j + . Within this2 

interval, there are two possible resulting load curtailment 
outcomes:PNLdCase 1: i=1 xiPLd,iNLd = PLdc,j and soX 

PLdc,j+1−PLdc,jPinvΔ = ΔP ∗ − xiPLd,i = PLdc,j + −2 
i=1 

PLdc,j+1−PLdc,jPLdc,j = 2PNLdCase 2: i=1 xiPLd,i = PLdc,j+1 and soNLdX 
PLdc,j+1−PLdc,jPinvΔ = ΔP ∗ − xiPLd,i = PLdc,j + 2 − 

i=1 
(PLdc,j+1 −PLdc,j )PLdc,j+1 = − 2 
(PLdc,j+1−PLdc,j ) (PLdc,j+1−PLdc,j )Therefore, − ≤ PinvΔ ≤2 2 

PLdc,j+1−PLdc,jand PinvΔ,up ≥ .2 

We then show that increasing or decreasing ΔP ∗ = PLdc,j + 
PLdc,j+1 −PLdc,j 

2 will not extend these bounds: 
∗ PLdc,j+1 −PLdc,jCase 1 (decrease): ΔP = PLdc,j + − �. Here,2PNLd 

i=1 xiPLd,i = PLdc,j because this will minimize PinvΔ,up. PNLdTherefore, PinvΔ = ΔP ∗ − i=1 xiPLd,i = PLdc,j + 
PLdc,j+1 −PLdc,j PLdc,j+1−PLdc,j− � − PLdc,j = − �2 2 

(PLdc,j+1−PLdc,j ) PLdc,j+1−PLdc,jClearly, − ≤ − � ≤2 2 
(PLdc,j+1−PLdc,j ) , so the bounds on PinvΔ are not extended 2 
for this case. 

PLdc,j+1−PLdc,jCase 2 (increase): ΔP ∗ = PLdc,j + + �.2 

PNLdHere, i=1 xiPLd,i = PLdc,j+1 because this will minimize 
PinvΔ,up. PNLdTherefore, PinvΔ = ΔP ∗ − i=1 xiPLd,i = PLdc,j + 
PLdc,j+1 −PLdc,j (PLdc,j+1−PLdc,j )+ � − PLdc,j+1 = − + �2 2 

(PLdc,j+1 −PLdc,j ) (PLdc,j+1−PLdc,j )Clearly, − ≤ − + � ≤2 2 
(PLdc,j+1−PLdc,j ) , so the bounds on PinvΔ are not extended 2 
for this case. 
Therefore, increasing or decreasing ΔP ∗ does not extend the 

PLdc,j+1−PLdc,jbounds on PinvΔ, so PinvΔ,up ≥ remains.2 

Next, we show that the bounds −(PLdc,j+1 −PLdc,j ) ≤ PinvΔ ≤2 
(PLdc,j+1−PLdc,j ) on PinvΔ cannot be made narrower (e.g.,2 −(PLdc,j+1−PLdc,j ) (PLdc,j+1−PLdc,j )+ � ≤ PinvΔ ≤ − �)2 2 
without causing problem infeasibility. To show this, choose 

PLdc,j+1 −PLdc,jΔP ∗ = PLdc,j + . As before, there are then2 
two possible cases:PNLdCase 1: i=1 xiPLd,i = PLdc,j and so 

∗ PNLdPinvΔ = ΔP − i=1 xiPLd,i = PLdc,j + 
PLdc,j+1 −PLdc,j PLdc,j+1−PLdc,j− PLdc,j = 2 2 

PLdc,j+1−PLdc,j (PLdc,j+1−PLdc,j )However, � − �2 2 
and therefore the problem is infeasible with bounds 
−(PLdc,j+1−PLdc,j ) (PLdc,j+1−PLdc,j ) 

2 + � ≤ PinvΔ ≤ − � .2PNLdCase 2: i=1 xiPLd,i = PLdc,j+1, so: PNLdΔP ∗PinvΔ = − i=1 xiPLd,i = PLdc,j + 
PLdc,j+1−PLdc,j (PLdc,j+1−PLdc,j )− PLdc,j+1 = − 

(PLdc,j+1−PLdc,j ) (PLdc,j+1−PLdc,j ) 
2 2 

However, − � − +2 2 
� and therefore the problem is infeasible with bounds 
−(PLdc,j+1−PLdc,j ) (PLdc,j+1−PLdc,j ) 

2 + � ≤ PinvΔ ≤ 2 − � . 
Thus, we have shown that the bounds of at least 
(PLdc,j+1−PLdc,j ) (PLdc,j+1−PLdc,j )− 2 ≤ PinvΔ ≤ on PinvΔ2 

are required to maintain problem feasibility, and therefore 
PLdc,j+1−PLdc,jPinvΔ,up ≥ .2 

PLdc,j+1−PLdc,jClaim 3: The maximum PinvΔ,up,j ≥ across2 ∗all discrete intervals PLdc,j ≤ ΔP ≤ PLdc,j+1 for all 
∗1 ≤ j ≤ (NLdc − 1), and therefore for any 0 < ΔP <PNLd PLd,i, can be obtained using the simplified expression: i=1 Pi−1 

P max PLds,i − n=1 PLds,n 
invΔ,up = α = max (19)

2 
subject to 1 ≤ i ≤ NLd 

Proof: P max can be obtained by simply examining theinvΔ,up 
PLdc,j+1−PLdc,jPinvΔ,up,j ≥ at each discrete interval j = 2 

1 . . . NLdc − 1 and taking the maximum. That is: 

P max PLdc,j+1 − PLdc,j
= max (20)invΔ,up 2 

subject to 1 ≤ j ≤ NLdc − 1 
Note that each PLdc,j+1−PLdc,j can be evaluated by considering 2 
the constituent loads PLds,i for all i = 1 . . . NLd that change 
state (i.e., yij 6= yi(j+1)) between PLdc,j and PLdc,j+1. 
Because PLdc is in sequential binary order and PLds is in 
sequential order, the sequence of loads changing as j increases 
j = 1 . . . NLdc − 1 follows a binary pattern wherein: 

for each i in i = 1 . . . NLd : 

(PLdc,k+1 − PLdc,k) = PLds,i 

where k = 2i · m − 2i−1 

m = 1 . . . 2NLd−1for all 
This repeating pattern has the consequence that the only 
unique (PLdc,j+1 − PLdc,j ) differences not already considered 
in earlier intervals (PLdc,j+1−� − PLdc,j−�) (where � ∈ Z, 
� = 1 . . . (j − 1)) occur at the intervals (PLdc,(2i−2i−1+1) − 
PLdc,(2i−2i−1)) ∀ i = 1 . . . NLd where: Pi−1
(PLdc,(2i−2i−1+1) − PLdc,(2i−2i−1)) =PLds,i − PLds,nn=1 

∀ i = 1 . . . NLd 

Therefore: 

P max PLdc,j+1 − PLdc,j
= maxinvΔ,up 2 
across all j = 1 . . . (NLdc − 1) 

⇒ P max (PLdc,(2i−2i−1+1) − PLdc,(2i−2i−1)) 
= maxinvΔ,up 2 
across all i = 1 . . . NLd Pi−1 

⇒ α = P max PLds,i − n=1PLds,n 
= maxinvΔ,up 2 
across all i = 1 . . . NLd 
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APPENDIX B: PROOF (THEOREM 2) 
Proof: When solving the optimization problem (5)–(8), 

a final optimal solution (xµ, P µ ) is obtained. Note thatinvΔ 
(xµ, P µ ) ∈ Ωµ. When solving the optimization problem invΔ 

ν(9)–(12), x is obtained, and then P ν is set as given invΔ 
in (13). This yields a final solution (xν , P ν ). Note thatinvΔ 
(xν , P ν ) ∈ Ων .invΔ 

First, we show µ ≤ ν: 
We will compare (xν , P ν ) ∈ Ων of the ν problem andinvΔ 

the feasible set Ωµ of the µ problem. To begin, consider the 
result of (13): PNLd νP ν = (1 − xi )PLd,i − Pinv,base − P ∗ 

invΔ i=1 GPNLd ∗By (10), i=1 (1 − xi)PLd,i − Pinv,base − PG ≤ PinvΔ,up 

so: 
P ν 
invΔ ≤ PinvΔ,up 

Equation (11) guarantees P ν ≥ PinvΔ,dn, and therefore: invΔ 

PinvΔ,dn ≤ P ν 
invΔ ≤ PinvΔ,up 

This and (13) satisfy (6)–(7), therefore P ν meets allinvΔ 
constraints of Ωµ placed on PinvΔ. 

ν νBy (12), x ∈ {0, 1}, which satisfies (8), so x meets all 
constraints of Ωµ placed on x. Therefore: 

(x ν , P ν (21)invΔ) ∈ Ωµ 

NLdXAs: 
µ = min xiPLd,i 

x 
i=1 

subject to (xµ, P µ ) ∈ Ωµ 
invΔ 

Because (xν , P ν ) ∈ Ωµ, there exists: invΔ PNLd νν = i=1 xi PLd,iPNLdand because µ is the minimum xiPLd,i for any x ∈i=1 
Ωµ, therefore: 

µ ≤ ν (22) 
We now show ν ≤ µ: 

Examining (xµ, P µ ) ∈ Ωµ and comparing Ωµ to theinvΔ 
constraint set Ων defined by (10)–(12): 

Combining (6) with PinvΔ ≤ PinvΔ,up yields:
PNLd ∗ 

i=1 (1 − xi)PLd,i − Pinv,base − PinvΔ,up ≤ PG 
which matches (10). Rearranging (6) yields:PNLd = P ∗ 

i=1 (1 − xi)PLd,i − Pinv,base − PinvΔ G 
which satisfies (11). Finally, (8) satisfies (12) directly. All 

µconstraints of Ων are satisfied, therefore, (x , P µ ) ∈ Ων .i invΔ

Then, from (9)–(13): 
NLdX 

ν = min xiPLd,i 
x 

i=1 

subject to (x ν , P ν 
invΔ) ∈ Ων 

Because (xµ, P µ ) ∈ Ων , there exists: invΔ NLdX 
µ = xi

µPLd,i 

i=1 PNLdand because ν is the minimum i=1 xiPLd,i for any x ∈ Ων : 
ν ≤ µ (23) 

Finally, by (22) and (23): 
µ = ν 
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