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Robust Synthesis iy : A Globally Optimal Solution

Mustafa Khammash, Murti V. Salapaka, and Tim Van Voorhis

Abstract—in this paper, a method to synthesize controllers that ~ The robust synthesis problem, however, is significantly more
achieveglobally optimalrobust performance within any prespec- challenging than the analysis problem. The problem of syn-

ified tolerance, against structured norm-bounded time-varying - hagijs of controllers that minimize the SSV function remains
and/or nonlinear uncertainty is developed. The performance

measure considered is the infinity to infinity induced norm of a largely unS.OIVed,' However, controllers can be_des_'gned using
system’s transfer function. The method developed utilizes linear the D — K iterations method (see, e.g., [2]) which find locally
relaxation techniques to solve the infinite dimensional nonconvex optimal solutions. When perturbations are characterized by an
problem via finite dimensional linear programming problems. induced/,., norm bound, ab — K type iteration procedure is
Index Terms—¢ , optimal, robustness, uncertainty. also available [9]. However, as in the case of the SSV, this it-
eration scheme does not guarantee that a global minimum is
achieved. The problem appears to be an inherently nonconvex
one in either norm, and is difficult to solve in general. There
S;(STEM robustness has been studied extensively since #e exceptions in some special cases. For instance, in the full
arly 1980s. The reason this topic has received so muchiaformation and state-feedback cases, the synthesis problem for
tention by many researchers stems from the fact that effectiffe, has been solved for any number of uncertainty blocks [12].
control designs must rely either on very accurate models, or binthe presence of one uncertainty block that is characterized
inherent robustness in the feedback system. Accurate modatsan induced,, norm bound, the robust performance syn-
for the system to be controlled are quite rare and frequentlyesis problem can be solved by using sensitivity analysis of
obtaining accurate models is difficult, time-consuming, and eknear programming [13]. Likewise the nomin&l, with robust
pensive. Even in the cases when accurate models are availafilgerformance for a single uncertainty case can be solved by
inevitable variations in the parameters of such models rend@nsitivity analysis of quadratic programming problems [14].
ineffective any design which lacks robustness. Therefore it §@ecial cases notwithstanding, a general solution to the robust
evident that “robustness” should be a central design goal.  Synthesis problem using any norm requires addressing the un-
Various results analyzing the stability and robustness of p&lerlying nonconvex optimization problem directly. This is the
formance for several types of uncertainty models have emergggproach taken in [15] which provides an algorithm for ap-
in the literature. These results depend on the way uncertaintyoiioximately finding a global solution to the constantly scaled
the model is characterized. For model uncertainty characterizdd, control synthesis problem. Such problem arises, for ex-
by time-invariant norm bounded structured perturbations, tagple, when structured time-varying uncertainty with/aim-
structured singular value (SSV) theory [1], [2] provides a norluced-norm bound is assumed. In [16] controllers achieving
conservative measure for stability. The multivariable robustnegiobally optimal performance in the presence of uncertainty de-
margin [3] provides an equivalent measure. While exact calcuigribed in theH ., setting for process control applications have
tion of these measures have proved difficult in the general cabegn synthesized.
much work has been devoted to the computation of effectiveln this article, we address the output feedback synthesis
bounds that are used to provide robustness estimates (seepfoblem when the signal norm is tig, norm and the pertur-
example, [4]-[6]). For time-varying norm bounded structurebations are structured time-varying and/or nonlinear systems
perturbations, robustness analysis turns out to be surprisinglgh an induced>c-norm bound. Aglobally optimalsolution
easier. In the work of [7]-[9], easily computable exact condio the robust synthesis problem is obtained. It is shown that
tions for robust stability and performance were derived in ttibe solution involves only solving certain linear programming
case when the inducetl, norm is used to characterize allow-problems resulting from relaxations of the original nonconvex
able perturbations and exogenous disturbances. Likewise, wiggpblem. The optimal solution can be obtained to any pre-
the induced-two norm is used instead, [10], [11] provide conscribed accuracy by following a proposed branch and bound
putable conditions as well. scheme. This presents the first instance of a global solution to
the general robust synthesis problem in fheetting.

|I. INTRODUCTION
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Fig. 1.

In the robust performance synthesis problem a contréllethat

A uncertainty is reflected by the perturbation blagkwhich is
restricted to lie in the following set of admissible perturbations:
L] ] é::{A:diag(Al, ceey AR) Ayl — £ IS causal
w 2
= G o
Ai (a9}
and||A] = sup L2 o4 L
u y uz0  |[u]loo
K The perturbation may therefore be nonlinear or time-varying.

The system in Fig. 1 is said to be robustly stable if #jsstable
for all admissible perturbations, i.e., for &l € A. The problem

achieves stability and performance in the presence uncertainty sought. W€ shall address is as follows.
The uncertainty\ is restricted to some prespecified get Problem StatementFind a linear finite-dimensional con-
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troller K such that:

The space of bounded sequences of real numbers1) the system achieves robust stability; .
The norm of an elemeatin £, is given by||z||.c = 2) the system achieves robust performance, i.e.,
supy, |z(k)|. | Tow(E, A)|| <1 VAeA

The Banach space of right sided absolutely sum-

mable real sequences with the norm given by where7_,, is the map fromw to z, and the norm used

]y = ZZO—O (k). above is the induced,, operator norm.

The Banach space of matrix valued righttcanbeseenthatwhehis taken to be zero, the robust stability
sided real sequences with the norfj|; := condition becomes a condition on nominal stability, while the
maxi <i<m 3 joy ||zi;|lL wherez € £ is the robust performance condition becomes equivalent to a norm re-
matrix (z;,) and each;; is in £;. quirementon the inducetd,, norm o_fthe nom|r.1al.(LTI) system.
On the set o x ¢ matrices we define the orderby It can easily be shown that in this case, this induced norm is
A> BifandonlyifA;; > B, foralli=1, ..., p equal to the&, norm of the |mpglse response for the system map-
andj = 1, ..., ¢ with A;; and B;; denoting the Pingw toz. Therefore, wher is forced to be zero, the problem
ijth element of the matrid and B, respectively. sta_ted here reduces to the s_o-caldgabphmal contr_ol problem

For any matrixA in RP¥4, |A]y := supj,|_—; which has been addressed in the literature. In this sense, we are

| Aw)|., denotes the infinity induced operator norm Seeking to solve the “robuét” synthesis problem, although the
Given a nonnegative intege¥, Py is the trunca- terminology is not accurate since for a given time-varyinghe

tion operator mapping the set of right sided real s@PeratorZ.., (K, A) isin general time-varying, and its induced
quences into itself such that for any sequence foe NOrM is NOt generally equal to thg norm of its impulse
(Pyz)(k) = z(k)whenk < N,and(Pyz)(k) =0 response. Despite this fact, the term is convenient and will be
whenk > N. used.

S is the shift operator which maps the set of right

real sequences into itself such that for any sequence IV. CONDITIONS FORROBUSTNESS

z, (Sz)(k) = z(k—1) whenk > 1, and(Sz)(0) = Before addressing the robu&t synthesis problem stated in

0. the previous section we look at the relevant robust analysis con-
Zis an x n matrix such that all its elements aregitions. The robust performance problem can be converted to
equaltoonethatis;; = 1foralli =1, ..., nand 3 robust stability problem, by adding a fictitious perturbation
Jj=1...n block A, connecting the output into the inputw (see [8]).

D is the set ofn x = diagonal matrices Thus there is no loss of generality if we address the robust sta-
with strictly positive diagonal elements that isjlity problem alone.

D := {diag(ds, ...dn): d; > 0}. The robust stability conditions will be stated with the aid of
Given two vectorsL = (Li, ..., L,) andU = Fjg. 2, whereG and any stabilizing controllek’ have been
(U1, ..., Uy) in R" such thatl; < U, [L, U]  |jumped into one systed. Let ® be the impulse response ma-
denotes the setr € R™: L; < z; < U} trix of the mapM. SinceM is LTI, causal, and stablé, belongs

to /7", Each®,; has a norm which can be computed arbitrarily
accurately. In particulaf®;;||1 = |Ei;| + Y reo |CiA* By,

Ill. PROBLEM STATEMENT where A, B;, C;, E;; are the constant matrices in the state-
space description al{;; [that is the transfer function matrix

Consider the system described in Fig. 1, whergssociated withs;; is C;(sI — A)~'B; + E;;]. We can, there-

G, K, u,w, z, and y are the generalized linear time-infore, compute the following nonnegative matrix:
variant (LTI) plant (given), an LTI controller (to be designed), R @112

the control input, the exogenous disturbance, the regulated .
output, and the measured output respectively. In this article ¢ = : :
we will restrict the study to discrete-time systems. Model 1Prnills v | Prnll
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with unacceptably large gain. Hence, for the remainder of the
work we will focus on problem (2) above.

A. Perturbing the Optimization Problem

In this section, we explore the effect of perturbing the
M problem data associated with the optimization problem (2). In
particular, we are interested in studying how small perturba-
tions in ® affect the optimal solution of the resulting problem.

. - , . .. As we will show below, if the perturbations are introduced in an
Fig. 2. Inthe robust stability analysis problem, a nonconservative condition is

sought to assess the stability of the interconnection of lumped plant-controfdPPropriate way, the resulting optimization problem becomes
systemM and the uncertainti that can lie in a prespecified s&t. easier to solve. In our case, the introduced perturbations will

allow us to reduce the> parameter search space from the
The following robustness conditions will be the basis for thést orthant, an unbounded set, to a compact subset. Such
proposed synthesis method. a reduction in the search space will make it possible to use
Theorem 1 [9]: The system in Fig. 2 achieves robuspowerful relaxation methods that will yield the solution to the
stability if and only if the following condition holds: problem.
infpep [|[D71@D|, < 1 whereD := {diag(dy, ..., d,): We begin by perturbing problem to obtain (2) the following
d; > 0}. problem:
Voot = inf||D~*@ D]y
V. FORMULATION AS AN OPTIMIZATION PROBLEM subject to

<«
The dependence @b on the controllerK can be captured 191l <
through the Youla parameté} which provides a parameteriza- Q= (L +SH)-SUxQxV
tion of all possible®’s that can be obtained with a stabilizing DeD.

controller (see [17]). Hence, the robusinthesigroblem can ) ®3) )
be stated as follows: Note that the problem (3) is the same as problem (2) with

_ _ . H andU replaced byZ + SH andSU respectively wheres
Jnf élclgl D7 @(Q) D1 = v« (1)  represents the shift operator.

) . We shall show in Theorem 2 below that the solution to the
where®(Q) = H — U+ Q x V' is the standard parameteriza,y,ove perturbed problem can be made arbitrarily close to that
tion of the closed-loop system using the Youla param@itsee ¢ orohlem (2), provided is sufficiently small. Specifically, we
[18]). For each fixedD = dl_ag(dl, .., dn), problem (1) isa ghow that given any > 0 one can finde > 0 such that the
standard’; norm-minimization problem. |ve Yopt| < 6. Furthermore, the computation efloes not

. . . opt
The formulation of problem (1) does not constrain the size pkqjire knowing the solution of either optimization problem and

the@ which in principle may be arbitrarily large. This does N0t 4, therefore be doreepriori. In establishing this theorem, we
pose any difficulties if an optima} is known to exist. However, neeq tg tilize a matrix perturbation result. Essentially, this re-

when such an optim& does not exist, as may happen when thg s states that the change in the spectral radius of a nonnegative

z-transform oft/ or v has zeros on the unit circle, having an Ungatrix upon perturbation can be bounded by the size of the per-
constrainedy in the optimization problem poses difficulties. In;hation. the norm of the matrix and its size.

thiz caseé)the infimurrr: ig él) may n(;gbe aﬁhieved by;giﬁgle Lemma 1: Let M ande<* be positive numbers. Let
and can be approached by a sequeigevhose norms|Qx||1 . cn

grow without bound. This situation arises even in the nominal A= {A€ R""|A 2 0and|A], < M}.

¢, optimization problem, and is considered in [19]-[21] as onEhen forallA € A and0 < e < ¢*

of main motivations for regularizing the underlying optimiza- p(A+€T) < p(A) + /" f(n, M, €)
tion problem through am priori bound on@. We will adopt
this approach here by introducing a regularizing bound)asf
the form:||Q||1 < «. We define

wheref is independent off ande.
Proof: The proof is a modification of the proof of [22,
Lemma5.6.10]. Note that for any mattik there exists a unitary

Vopt 1= inf |[D~1® . D||; matrix U 4 such thatd = U5 A.41U4 whereA 4 is upper-trian-
subject to gular and has the form
Q[ < « ) A(A) dia(A) diz(4) ... din(A)
¢=H-UxQxV 0 A(A) dw(A) ... don(A)
DecD. Ay = .

0 0
Clearly, if the optimization problem (1) has a solutiGh:, . .
then for anya > ||Q,,]|1 the two problems (1) and (2) are
equivalent. At the same time, if the optimization problem (1) 0 0 0 A(A)
has no solution, it can be shown that the constrained problem (&e [22]). Note thath 4|1 < |Ua|1|Al1|U%]1 € nM where we
always has a solution, and tfeconstraint offers a practical way have used the fact that for amyx » unitary matrixUU, |U|; <
to eliminate suboptimal solutions that result frérparameters +/n. Thereforeld;;(A)| < n for all relevant indices, ;. Let
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t = (nM/e) + 1 and letD, := diag(t, 2, ...t"). It follows Proof: For a nonnegative matrixP, p(P) =
thatDtAADt_1 is given by the matrix: infpep |[D~1PDJ;. Using this fact along with the defi-
nition of the/; norm, it can be easily seen that
)\1(.4) t_ldlg(A) t_leg(A) . t_n+ld1n(A)
0 a(d) () (4 o = it 0 (T4 #(@).
0 0 : _ .
: : : Tort = il ? ((I)(Q))'
0 0 .. 0 An(A) Since(<Z 4+ (Q)) > ®(Q), we have that
Note that inf I+ o — inf é >0. (4
) @l <a 4l @) i@l <a p(2@) 20 @
Z £ di;(A)] < Z tt M < an =€ Let§ > 0 be arbitrary. Thus, there existgawith [|Ql; < «
J>i J>i andp(®(Q)) < vopt + 6. Note that
forall A € A and for alli = 1, ...n. Thus the sum of the . N ] N
absolute values of the off-diagonal termslipA 4 D;* in each Yopt = Yopt SP (d"‘ @ (Q)) - ||Q1|I|11f§a P (‘I’(Q)>
of its row is less tham. Thus|D;A4D; |, < p(A) + « for all . .
Ac A <p(2+8(Q)-r(2(Q)+s

Define| - |.4: "™ — Rby
<M f(n, M, €) +6.
Bla = |(DyUAs)B(DUA) 1.
1Bla = [(D:U) BIDUA) ™ The last inequality follows from Lemma 1. Indeed,
| - |4 is an induced norm o®™*™. This follows from the fact for any @ which satisfies||Q|l; < «, ®(Q) satisfies
that if | - | is a induced norm theh |s: R"*" — R defined by [[®(@)llx < [[H|lx + «|U[1[[V]]1. Thus,&(Q) € {A[A > 0,
|B|r := |T'BT—1| for an invertible matrixZ is also a induced l4ll < M} with M = [|H][y + o||U[[1[|V][. Thus, all the

norm on the set of x » matrices (see [22]). assumptions of Lemma 1 are satisfied. Sihde arbitrary, the
Also result follows. |
In the following theorem, we show that tii&variables in the
|Z|.4 = |(D:UA)Z(DUA) "2 optimization problem of;5,, can be restricted to a compact set,
<Dy [P | UA UL |2 settmg the stage for the use of relaxation methods in the next
1 . section.
< t"; n? =n*t"t Theorem 3: The following identity holds:

Yopt = inf inf  ||D7HeZ + SP(Q))D||;

Thus forallA in A, | - | 4 is a induced norm with the following QI < DEDeas

properties:
o |Z|4 < P twitht = (nM/e) + 1;
* |Als < p(A) + ¢

Consider any in A then it follows that:

whereDjeqs = {D € D: |D|1 < 1,d; > ¢/(||H||1 +en —€)
for all 5}.
Proof: From the definition in (3), we know that

Yopt = inf inf ||D" YT +SP(Q)D|;.

p("T+ A) <|"T+ Ala QI <o Iglflz)l
<e"|Z]a+ 1Al Note that an upper bound afj,,, is given by||H||; + en which
WM n—1 is obtained by evaluating the objective with= 0 andD = I.
<en? <— + 1) + p(A) + ¢ Thus, if we define
€
<p(A) +e(n*(nM + )4 1) D':={DeD:|D =1,|D7ID|, < ||H]| +en}

where the first inequality follows from the fact that the spectr}ﬁ]en we have

radius of a matrix is less than or equal to any induced norm of the Yo = inf inf |ID7H(eZ + SP(Q)D||1.

matrix (see [22]). The second inequality follows becausk IRl <o DED’

is a induced norm. This proves the lemma. [ | Let D € D'. As D is diagonal andD|, = 1, we
We now relate the solution of problem (3) to that of the peknow that there exists an index such thatd;, = 1. Also,

turbed problem (2). |ID'ID); = max; Y ;_,(d;/d;) and, therefore, the
Theorem 2:Let e* be any positive number. For afy< ¢ < condition ¢|D~'ZD|; < ||H||; + en implies that for all

¢, relevanti, ¢ 37 (d;/d;) < ||H|l. + en. Thus for alli,

) n ) e(du/d:) < ||H|[x + en — ¢ from which it follows that for alk,
[Yopt = Yopt| < 77 f(n, M, €7) d; > ¢/(|H|lL + en — ¢). Thus

whereM = [|H||, + o||U]|]|[V 1. D' C Deqs-
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SinceD’ C Dyeqs C D, we have definitions in (7) and (8) can be stated as finite dimensional
. . _ linear programming problems (see [19]). Using the above defi-
I L S " .
Yopt ||Ql|ﬂf§a Dcllr)lfeas ID™ (T + SS(@) D1 nitions, we further define

This completes the proof. [ | .

In the discussion above we have demonstrated that associated Topt = De%ffm ¥(D), ©)
with the robust performance problem (2) we can define a per- N . N
turbed problem (3) which attains an optimal value within any Vopt = Dclgff (D), (10)
prespecified tolerance of the original problem’s optimal value. . .
Note that the perturbed problem (3) is a special case of the ro- Y = _inf  AN(D). (11)

. . —opt D€Djeas —
bust performance problem (2) witd andU in (2) replaced by

€Z +SH andSU respectively. The main advantage of working e following results can be established.

with the perturbed problem (3) is that one can restrict the search ayyma 2: For anyD € Djeqs, We have

for the optimalD to a compact set. With this in mind, in the

subsequent discussion we shall focus solely on the optimization FN(D)\ (D) and +¥(D) / ~(D),asN — oc.
problem -

Yopt = inf | D@D, Proof: See [19] and [20]. [ |
subject to While the previous lemma relates the finite dimensional
1Rl < o (5) upper and lower bounds tg(D) for any fixed D, the next
d=H-UxQxV lemma relates the infimum over all feasible scales of the
finite dimensional upper and lower bounds:tg,; .
D e Dfeas .—N N
] ] Theorem 4:5,,; \ Yopt @Ndy" 7 Yops BSN — 0.
where D¢, will be redefined more generally to denote the i . —opt N
Proof: Due to the continuity of the/; norm, ™ (D),
compact sel) seq; := [La, Ual, WhereLq = (La,, .-+, La.)  —n( )y “ande(D) are all continuous functions @ on ihe com-
andl/y = (Uy,, ..., Uy,) are vectors inkR™ satisfyingL,; < 7 (D), (D)

pact setD;.,s. Furthermore, from Lemma 2V (D) \, v(D)
andy™ (D) /" v(D) for eachD € Dy.,.. It follows (see [23,

B. Converging Upper and Lower Bounds Th.7.13]) thatyV (D) — ~(D) andy™ (D) — ~(D) uniformly

The optimization problem (5) which we seek to solve igndpf?s' Hencfj’\PlEDED-fmf % @) 7 ngEDK;”«S ¥(D)
an infinite-dimensional problem, having in general an infinit%n_ infpep,.,, 7" (D) \ infpep,.,,, ¥(D) @SN — oo.
his completes the proof. [ ]

number of variables arising frop and . The approach we Th ) I ts that if frect luti
take in arriving at a solution consists of solving sequences of € previous lemma suggests that itan efiective solution pro-

finite dimensional problems whose optimal solutions yielaedqre exists to solve f@r(]’\rt andli\pt then we can obtain con-
converging upper and lower bounds fgg,;. This is not unlike VEr9ing upper and lower bounds4g,,. The rest of the devel-
the approach taken in solving the nomiraloptimal control °Pmentwill be focused on deriving a meth](\)rd to obea, for
problem. Of course the main difference between the two is tHY 9iveniV. The methodology for finding, /. can be identi-
here the finite dimensional problems that result are nonconve!y developed.

owing to theD scales, whereas they are convex (and in fact

Uy.

linear) in the case of the nomin&l optimal control. V1. PROBLEM SOLUTION
To define the subproblems of interest, we start by defining for os mentioned earlier, the optimization associated with (7) can
anyD € Dyeas be castinto a finite dimensional linear program. More explicitly,
(D) := inf ||D~1®D||; we can write
subject to : .
. < 6) FV(D)i= ity
QI < o .
subject to
P=H-UxQxV N
. (Pt - .
FN(D) := inf | D-1®D||, ZZ d; (25(k) + @5;(k)) < diy
subject to k=1
ol =« ) S (@50 + 05 0) <
P=H-UxQx*xV j k=1 ! ’
Q(k) =0forall k > N AN(QF - Q) =0T — ¢
N ) =) 2t >0,27>0,Q" >0,Q7 >0,7>0.
(D) = inf | D~*(Py®)D|1 (12)
subject to
IQll: < « ® . "
- This can be seen by standard arguments where positive
O=H-UxQ=*V. variablesz andz~ are used to replace the variabte The
We will assume that, I/, andV have finite impulse responseconstraint®t — &~ = AM(QT — Q™) results from the

sequences. Note that the optimization problems arising in tbendition thatd = H — U x @ = V whereas the constraint
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> fo:l (QE(k) + Q) (k) < « results from the condition the nonlinear constrait; d;p;; < d;~ are satisfied. With this
1€l < a. notation, we have

The problem to be solved for obtaining converging upper

bounds is given by (10). Thus, the corresponding finite-dimen- plla, ua) := infy

sional optimization problem has the following structure: subject to
> dipi < diy (15)
= inf~ J
. D)e Q.
subject to O p, D) €
zdﬁp“ < diy A. A Relaxation Result
! 7 In solving the subproblem stated above, a relaxation scheme
. Z ot o (k) (see [24]) will be employed. The following is a key result used
o g 4 (13) for that purpose.
N Lemma 3 [24]: If the variables:; € R satisfy the conditions
SN (QF (k) + Q5 (R) < a % < @ < uy andty; = wiz; then
7 k=1
Lij 2 U5 + wiT; — uity 16
AN (QF = Q) = o+ — o~ g Z UL T ULy Uity (16)
B B ti; < KJ.IZ + u;x; — U,ZEJ (17)
2+ >0,07>0,Qt>0,Q~ >0
Li; <pij SUij, La, < dj S Uy,. tiy Sujwi +Lliwg — Ly (18)
ti; 2 KJ.QL + gﬂ?] - £7£J (29)
Note that the upper and lower bounds n can be obtained Furthermore if variables;; € R satisfy (16)—(19) and;, sat-
J
from the one norm bound on the@ parameter. isfy £, < 2% < wuy then
Next, we consider problem (13) posed on a smaller grid on » » »
the feasible region for thé variables, i.e., Ity — wiwj| < (s — ) (u; — £5). (20)

. Proof: (=) Follows immediately from the conditions:
p(fa, ug) = infy

subject to (ui — x;)(u; —x;) 20
> dipi; < diy (u; — z3)(z; — £;) 20
J
N (zi — L) (uj —x;) 20
pij = y_ (k) + (k) (w; — £:)(xj — £;) >0
k=1 (14)
N (<:) Let tij = X%y, Where& <z < uy andﬁj < Z; < Usj.
S (QER) +Q5(k) < @ Let S a subset ofz3 be the bounded region defined by inequali-
j k=1 ties (16)—(19). The absolute differeneg —z; ;| < (1/4)(w;—

.AN (Q+ _ Qi) — ot — o fz)(uj —fj) for all (tij, T, .Tj) € Sifand only ifmaxs {|tij —

x|} = max{maxg {t;; — x;x;}, maxgs {x;x; — t;;}} <
+ > - + > - > J J J J J
vr20.97 2007200720 (1/4) (s — €)= £5).

Lij < Dij < Ub’, gdj < dj < Ud; Here we ShOWthahaXS {tij—a:ia:j} = (1/4)(u7—£7)(uj—
£;). To do this, we utilize the Karush—Kuhn—Tucker necessary
conditions for optimality: Letz be a feasible solution to the

Whereﬁd = (Edl, N -gdn), Ug = (U,dl, cey U/dn)- For our minimization problem
purposes the s@t;, u,] is a subset of the set;, U,]. Note that
since the variables in the statemeng©f,, u4) are confined to min f(z), subjecttog;(z) <0,i=1,...,m (21)

a smaller region than in, the above problem is being solved for

a subproblem on a grid of thévariables’ feasible region. We and let/ = {i: g;(z) = 0}. If functions f andg; are dif-

will also assume that an upper boubd and a lower bound ferentiable,Vg;(z) for « € I are linearly independent, and
L., are available for the variable. Note that any upper andif z is a local solution to (21), then there exist scaléys>
Iower bounds onu(£y, uq) yield particular values of., and 0,4 =1, ..., m such thafo(f) + >, 6;Vg(z) = 0and

U/,. For notational convenience we ugéo denote the vector §,g;(z) = 0, = 1, m (see [25]).

formed by stacking the variables,. We define the sei to be Assuming that/; ;é uZ and?; # wuy, it is not difficult to

the set of three-tuple’sy, p, D) € R x R™ x D such that the verify that the gradients of the active constraints are linearly
constraintL., < v < U, and all the constraints of (14) exceptindependent for ang ¢ S. Thus, any local solution must
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satisfy the optimality conditions. Transforming the problem Using the above notation, consider the linear programming
maxs {t;; — x;x; } into the form of (21) allows the optimality problem
conditionV f(z) + > 1", 6;Vg;(x) = 0to be expressed as

pr(La; wa) = infy
subject to

—1—-6014+6:+60;—-0,=0 (22)
szj < w;
z; + uj91 — fjeg — u]ﬂg +£j94 =0 (23) ; (25)
x; + U,iel — U,ieg — &93 + &94 =0 (24) (pij, dj, w“) c WZJ

(v, di, wi) € W;
whered,, ..., 84 are the scalars corresponding to constraints (v, p, D) € Q.
(16)—(19), respectively. Sinée> 0, (22) implies that, +63 >
1 > 0. Constraints (17) and (18) are symmetric, so, without lo§3ne of the reasons behind the usefulness of this linear opti-
of generality, we can assume tifiat> 0. Given this assumption, mization problem is thatir(4a, ua) offers lower bound for
the complementary slackness condititg;(z) = 0 implies #(a, ua). Indeed, we have the following.
that any local solution must satisfy (17) at equality. Lemma 4:1f the problem pgr(q, uq) is infeasible then

To complete the proof, we consider three possible cases. SO 1S the problemyu(ly, uq). If pr(fy; ua) is feasible then

Ly, ug) < wlly, ug).

1) If 61 = 85 = 62 = 0, then (22)~(24) imply thaf, = pn I(-f”rogf): Tt]f(L)(Ilg\;vs(f‘Zom Lemma 3 that:
1,7, = w; andz; = {;. Solving (17) fort;; yields
t;; = w;¢; = T;x;. Thus, the only point that satisfies
optimality conditions yields an objective function value
of E“ —ZiT; = 0.

2) If 8; + 64 > 0, then either (16) or (19) (or both) must
hold at equality. If (16) holds at equality along with (17),
thenujfi — U = &57 — Uq‘[j, orx; = u;. This |mp||es
thatt;; = w=; = z,;z;. Similarly, if both (19) and (17)

plla; ug) = infy
subject to

wij = djpij, wp = diy

Z wiy < w; (26)
J

are tight,fj = Kj and E“ = KJEZ = T;Ty. Thus, if
6. + 64 > 0, any point that satisfies optimality conditions
yields an objective function value of zero.

(pij, dj, wij) € Wi
(v, di, w;) € W;
(v, p, D) € Q.

3) If 6, = 84 = 0 andfs > 0, then optimality conditions
require that the values @b, 63, #;;, T; andz; must sat- Note that in the above equation all the constraints are linear
isfy (22)—(24) and must satisfy (17) and (18) at equalitgxcept for the constraints;; = p;;d; andw; = ~d,. Both
It is easily verified that the solution to this system ofssertions in the statement of the lemma follow from the fact
equations ist; = (4 + u;)/2, T; = (£ + u;)/2, that the optimization problem (25) isralaxationof the above
ti; = (1/2)(4;4; + wiu,), andf, = 65 = 1/2. The ob- problem, i.e., the constraints in (26) contain all the constraints
jective function value associated with this pointjs— in (25). u
xixy = (1/2)(ily +uiuy) — (1/4)(u; — £i)(u; — £;) = In addition to providing a lower bound (4, 4) [problem
(1/)(lily + iy — Ly —uily) = (1/4)(u; — £:)(u; —  (14)] as seen above, the solution to the optimization problem in
£;). Thus, this point maximizet;; — x;z; over.S and (4, u,) also offers an upper bound to[problem (13)]. We
maxs {t;; — ziz;} = (1/4)(u; — &) (u; — £;). establish the following result, which relates the upper and lower
The proof thatnaxs {zz; —ti;} = (1/4)(w; — £)(uj — £;) bounds foru and sets the stage for the global algorithm in the

is analogous to the preceding proof and is left to the reader. N€Xt subsection. _
Theorem 5: Consideru(4y, uq) defined by problem (14).

Let nr(£4, uq) be the optimal objective of the relaxed problem

B. Solving the Relaxed Problem as defined by (25). Suppose

We now setup the relaxed problems that will utilize the key

* * £ 4% —% 4 —% * *
. . . . . Y api"ad/'aq) a(1> aQ aQ , W w;
result in the previous subsection. First define ( Y )

150 Wi

is the optimal solution of the relaxed problem (25) with =
Wij o= {(pij, dj, wij) € R®| (16), (17), (18), (19) are  #r(fa; wa). Then
satisfied witht,;, «;, z;, u;, £, u;, £; replaced
by wij, pij, dj, Uiy, Lij, ua;, La; respectively
Wi :={(v, d;, w;) € R%| (16), (17), (18), (19) are
satisfied witht,;, «;, z;, u;, £, u;, £; replaced
by w, v, di, Uy, Ly, ua;, £a;, respectively.

(l’LFa p;kja dja (I>+*a (P_*a Q+*a Q_*)

where

pr = pr(la, ua) = max > (pyd;) /s (27)
J
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is feasible foru(¢y4, uq) [as defined by (14)]. Furthermore with

NR(Edv U’d) < N(Edv U’d) < /JF(Edv U'd) (28) % Z miax{(Uij - L“)} + % (U,y - L,y)
and O S
B L
pr(fa, ua) — pr(fa, ug) < Clug — £aloo drm
where The proof of the last assertion follows from the fact that

1) max{(Uy — Lip} + § (Uy = L)
c=—"

Lqg

whereLy, = minj<;<, Lg,. Moreover

m

DeD | 1<isn £ d;

j=

n ot
F(ly, ug) = inf { max LJ} > . (30)

Proof: It can be easily established that

(//LFv p;v dj? (I)+*7 (I)_*v Q+*7 Q_*)

is feasible for problem (14). This together with Lemma 4 show¥
that g (£, 1g) is an upper bound op(4y, u4). This proves

are feasible for (13). This completes the proof. [

C. A Branch and Bound Algorithm

From the development in the previous section, it may be seen
thatpu g (44, ug) is a lower bound tQu(4y, u,) andur(by, wa)
is an upper bound tp(¢4, u4), thatis

pr(la, wa) < p(la, ug) < pp(la, uq).

Theorem 5 gives an estimate on how good an approximation
is given bypp (£y, uq) andur(€y, ug). Note that for any op-
timization on a smaller grid the optimal valyéé,, u,) is an

per bound om [because the optimization feris on the en-

tire d variable space whereas it is only on a portion of the vari-

(28). Now, we will establish (29). Lat, be an index such that 2P SPace for(£y, uq)]. Thus, the upper bound obtained on

J

pr(la, wa) = max Y (phd5)/df = _(vh,;d5)/dj, -
i

From Lemma 3 it follows that:

lwi; —pi;di| < 3 (Uij — Lig) g — Lalco,
and

|w —~*df| < % (Uy — L) |ttg — Laoo-
Thus, we have that

pr(Lay wa)di, — " d},
= Z pjojd;k' - ’y*djo
;

= (Z pjojd; o Z wjoj)
J J
+ (Z wi ;= wa> + (wi, — 7" d;,)
J

< (i > (Uigj = Lig;) |ua — £d|oo>

i
+ (5 (Uy = Ly) Jua — Laloo) -
This implies that
1> Wigs = Lig) [ua = Laloo
J

d;

#*

IA

pr(La, uq) —y

0

Jj (Uy — L) [ug — Laloo

dig
Asd; > Lg, andy* = pgr(fa, ug) it follows that:

pr(a, wa) — pr(la, wa) < |[tg — £y]ocC

(g, ug) is indeed an upper bound @n

Theorem 6: Let & andw® (enumerated by in some finite
setA) be vectors ink™ such that® < u%, [uk — ¢| ., < ¢, and
Urcallh uk] = [La, Ug]. Letk = arg{mingea (25, ub)}
wherepu (44, uq) is defined in (13). Then

pr () Sn < (Bhoul) 40 @D
where
N max {(Ui; — Lij)} + 3 (Uy = L)
C=—2 o
Proof: It is clear thaty, = u(ﬁg, ug)._lf HR(EE, ug)

denotes the relaxation associated witiié%, v%), and if

uF(Eg, ug) denotes the upper bound as obtained in Theorem 5,
then it follows that:

HR (Eg, Ug) S pp (Egv Ug) .
Also, it follows from Theorem 5 that:
HF (Zg, ug) — iR (ZE, ug) < eC.

This completes the proof. [ |

Thus to obtain a value with aa tolerance the number of
problems to be solved is no larger than the ordet af* (Typ-
ical performance is much better). Also for any regjén 4],
if nr(£4, wg) is greater than any upper bound on any other
region then[4,, u,4] can be removed from the list of regions
where an optimatl may lie. This can be used as the basis for
a branch and bound algorithm whereby branches corresponding
to regions in thel-parameter space can be pruned as soon as
the lower bound obtained from solving the relaxed problem
for these regions becomes larger than the best available global
upper bound for the problem. If this does not happen, further
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gridding on that region is performed, and hence new branches
are formed. The process continues until all the branches which
have not been pruned have lower bounds equal to (or up to a
given tolerance of) the best available upper bound, which also
will be the global optimal value. Note that when considering
a given regior¢,, ug4] for elimination from further considera-
tion having a good upper bound is desirable. Cleaily,;, w.)

is one such upper bound. However, a considerably better upper
bound is provided bs(£,, u4). In fact given any set of regions
{[¢, uy1}iz1,.., v Over which the relaxed problem has beepig 3 Example system.
solved then a global upper bound is given by

¥:= min 7((57', u(’}?) Step 4
=L N Go to Step 1.
We now present an algorithm to solve (13) described by
(13). In the algorithm each node corresponds to a subproblem VIl. ROBUST CONTROL EXAMPLE

posed on a smaller grid [see Problem (14)]. Each node hasconsider the system in Fig. 3 where
the fields: 44, v4, and lowerBound which are indicated by
node £y, node.ug andnode.lowerBound. z+2

P =
22(z —0.5)(z 4+ 0.5)

Algorithm to Solve (13)

and
« Initialize GU B to any available global upper bound. 0.022% — 0.042 + 0.02
* Initialize ActiveNodeList to have a node with its fields set W= 22 +1.562 4+ 0.64
aslowerBound = 0, {4 = Ly andug = Uy. Initialize
bestD € R*to (1, ..., 1). The objective is to design (if possible) a controller that makes
the worst-case norm of the mapping framto z less than one.
Step 1 This can posed as a robust stability problem by connecting
If ActiveNodeList is empty stop. to w through a fictitious perturbation whose norm is allowed to
be less than or equal to one, and then designing (if possible) a
Step 2 controller that makes the resulting system with three perturba-

tion blocks robustly stable. The synthesis problem that must be

For each active node ifode.lowerBound > GUB — € re- ; .
solved to achieve that is:

move the node from ActiveNodeList.

. . —1 .
Step 3 Dllclg) érelgl HD (I)(Q)DH1 = (32)
Identify the active node with the least lowerBound as the

parentNode Solve the relaxed problemg(parentNode £y, where® is the impulse response matrix of the system “seen” by
parentNode.uy) for the above identified node. Also obtainthe three uncertainty blocks.
¥(parentNode.Ly, parentNode.ug) as constructed in (27). If  Since bothD and D! appear in the objective, one of the
¥(parentNode Ly, parentNode.uq)) < GUB then update components of) may be fixed to one, and the search in fhe
parameter space becomes a two dimensional search. In this case
GUB — min(GU B, ¥(parentNode Ly, parentNode.ua))  we usedD = diag(dy, da, 1). The lower and upper bounds for
the variables/; andd, were taken to bd.; = (0.01, 0.01)
andbestD corresponding to the solution gfabove. Update  andt/, = (100, 100) respectively. It was determined that finite
dimensional approximations correspondingo= 25 were
parentNode.lowerBound sufficiently close to the infinite dimensional optimal. Next, we
— pr(parentNode £y, parentNode.wy). presentthe results for solving Problem (12) with= 25 using
our proposed algorithm for finding the global optimal solution.
Check ifparentNode.lowerBound > GUB — . Ifitis remove When using a tolerance af = 0.01, the globally optimal
parentNoderom ActiveNodeList. value of the objective function was found after 71 iterations. Its
Otherwise, if parentNode.lowerBound < GUB — ¢ value was found to be between 2.9370 ane370 — ¢, with
let parentNodehave two children nodes which inherit theD = diag(1.0, 0.37, 1.0) achieving 2.9370. After only four
lowerBound of theparentNode Assign the/; and thewy iterations aD scale that achieves an objective value of 2.939
values to the children node so that the union of regiomgas obtained. After 24 iterations/a scale achieving a value
specified by the children; andu, values equal the region of 2.9372 was obtained. Clearly, either of these solutions would
[parentNode £y, purentNode.uy). Add the two children nodes be considered close to the global optimal. Additional iterations
to the ActiveNodeList and remove tiEarentNodefrom the (up to a total of 71) were needed only to verify that 2.9370 was
ActiveNodelList. indeed withine away from the true global optimal value.
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TABLE |
PROGRESS OF THEALGORITHM FOR THEFIRST 35 ITERATIONS
1.5
It. &y U wr(ly,uq) ¥ Prune

1 | (0.010, 0.010) | (100.9, 100.0) 0.9353 | 8.3380 !

2 | (0.010, 1.000) | (100.0, 100.0) 1.5892 | 8.3380
3 | (0.010, 0.010) | (100.0, 1.000) | 0.9353 | 8.3380 08
4 | (1.000, 0.010) | (100.0, 1.000) 2.5500 | 2.9390 g .

5 | (0.010, 0.010) | (1.000, 1.000) 0.9354 | 2.9390 3
6 | (0.100, 0.010) | (1.000, 1.000) 1.3291 | 2.9390 05
7 | (0.010, 0.010) | (0.100, 1.000) 9.3534 | 2.9390 |
8 | (6.100, 0.100) | (1.000, 1.000) 1.3978 | 2.9390 -1
9 | (0.100, 0.010) | (1.000, 0.100) 8.0749 | 2.9390 | /

10 | {0.100, 0.316) | (1.000, 1.000) 1.5566 2.9390 'S
11 | (0.100, 0.100) | (1.000, 0.316) 2.6425 2.9390
12 | (0.316, 0.316) | (1.000, 1.000) 1.9985 | 2.9390 =2 -15 -1 I T 1 15 2
13 | (0.100, 0.316) | (0.316, 1.000) 4.9223 | 29390 |
14 | (1.000, 1.000) | (100.0, 100.0) 3.5647 2.9390 v Fig.4. Pruned regions (gray color) in td@arameter space after 35 iterations.
15 | (0.010, 1.000) | (1.000, 100.0) 1.5893 | 2.9390
16 | (0100, 2.000) | (1.000,100.0) | 20416 | 2.9590 are eliminated from further consideration. These are shown in
17 | (0.010, 1.000) | (0.100, 100.0) | 15.8922 | 2.9390 | / A X . .

gray in Fig. 4. Further branching on the white region allows us
18 | (0.562, 0.316) | (1.000, 1.000) 2.3673 2.9390 . .

y to prune the entire search space. At that point Bhecales cor-

19 | (0.316, 0.316) | (0.562, 1.000) 3.5539 | 2.9390 | / . . . ;

responding tay yield ac-optimal global solution.
20 | (0.316, 1.000) | (1.000, 100.0) 2.5646 | 2.9390
21 | (0.100, 1.000) | (0.316, 100.0) 6.4538 2.9390 v
22 | (0.750, 0.316) | (1.000, 1.000) 2.5963 | 2.9390 VIil. ConCLUSION
23 | (0.562, 0.316) | (0.750, 1.000) 3.1568 2.9390 v In this paper, we have proposed a solution to sheobust
24 | (1.000, 0.100) | (100.0, 1.000) | 2.6452 | 2.9372 synthesis probleniThe solution to this nonconvex infinite di-
25 | (1.000, 0.010) | (100.0, 0.100) | 10.8202 | 2.9372 v mensional problem is obtained via relaxed problems which are
26 | (0.562, 1.000) | (1.000, 100.0) 2.9784 2.9372 v linear programs.

7 | (0.316, 1.000) | (0.562, 100.0) 4.5606 | 2.9372 | / Using the proposed solution, it is now possible to synthesize
28 | (0.866, 0.316) | (1.000, 1.000) 27289 | 2.9372 controllers that achieve global optimal performance against un-
29 | (0.750, 0.316) | (0.866, 1.000) 2.9982 | 2.9372 v certainty which has prespecified structure, is uniformly norm-
30 | (0.316, 0.200) | (1.000, 0.316) 3.0447 | 2.9372 v bounded and is time-varying and/or nonlinear. The performance
31 | (0.100, 0.100) | (0.316, 0.316) 4.4200 2.9372 v measure considered is the infinity to infinity induced norm of a
32 | (1.000, 0.316) | (100.0,1.000) | 2.8728 | 2.9372 system transfer function.

33 | (1.000, 0.100) | (100.0, 0.316) 3.4345 | 29372 |
34 | (0.931,0.316) | (1.000, 1.000) 2.7989 | 2.9372 REFERENCES
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