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Distributed Difference of Convex Optimization

Vivek Khatana, Murti V. Salapaka

Abstract—1In this article, we focus on solving a class of
distributed optimization problems involving n agents with the
local objective function at every agent 7 given by the difference
of two convex functions f; and g; (difference-of-convex (DC)
form), where f; and g; are potentially nonsmooth. The agents
communicate via a directed graph containing n nodes. We
create smooth approximations of the functions f; and g; and
develop a distributed algorithm utilizing the gradients of the
smooth surrogates and a finite-time approximate consensus
protocol. We term this algorithm as DDC—Consensus. The de-
veloped DDC—-Consensus algorithm allows for non-symmetric
directed graph topologies and can be synthesized distributively.
We establish that the DDC-Consensus algorithm converges
to a stationary point of the nonconvex distributed optimization
problem. The performance of the DDC-Consensus algorithm
is evaluated via a simulation study to solve a nonconvex DC-
regularized distributed least squares problem. The numerical
results corroborate the efficacy of the proposed algorithm.

keywords: Distributed optimization, nonconvex optimization,
difference-of-convex (DC) functions, DC programming, dis-
tributed gradient descent, directed graphs.

I. INTRODUCTION

Due to the increase in size and complexity of modern sys-
tems, solving problems involving many agents via distributed
methods is highly desirable. An effective way towards a
distributed solution is to cast the problems in the framework
of distributed optimization [1], [2]. In this article, we focus
on the following distributed optimization problem,

mi;lei%;ize F(z) =137 (fi(z) — gi(2)), (D

where x € RP is a common decision, and f; : RP —
R U {—00,00} and ¢g; : R? — R are private objective
functions of agent ¢. The agents are connected through a
directed graph, G(V, £), where V and & are the set of vertices
and edges respectively. The terms in the aggregate objective
function in (1) are of a difference-of-convex (DC) form. Due
to the richness of the set of DC functions (see the properties
mentioned in [3]), DC functions can be used to model most
of all practical non-convex optimization problems. Many
applications in statistical learning and estimation [4], power
systems [5], computational biology [6], signal restoration [7],
network optimization [8], combinatorial optimization [9] can
be posed as DC programs.

The initial study of distributed optimization can be traced
back to the seminal works [10], [11]. Since then the special
case with f; being convex and g; = 0 has received significant
development (see [12]-[14] and references therein). As a
relaxation of the convex objective functions most works
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in the literature are restricted to Lipschitz differentiable
not necessarily convex functions f; with g; = 0 (some
examples include [15]-[21]) and do not address the general
problem (1). Article [22] focuses on a special case with
weakly convex objective functions f; and g; = 0. Article
[23] considers a DC form however the functions f; and g; are
assumed to have Lipschitz differentiable gradients, and does
not ensure globally agreed decisions among all the agents.
To the best of the authors’ knowledge, the general distributed
optimization problem (1) with DC functions is not addressed
in prior works.

However, DC programming is studied in the centralized
optimization literature [24]-[30]. Articles [24]-[28] utilize
an affine minorization g;* of the functions g;,7 = 1 and
minimize the resulting convex function f; — ¢/*,i = 1.
The work in [29] provides an accelerated version of the
algorithms proposed in [24]-[28] using adaptive step-sizes
and extrapolation of the algorithm iterates. Article [30]
proposed an alternating direction of multipliers method based
algorithm for solving centralized DC optimization problems
with Lipschitz differentiable functions and a linear equality
constraint. The current article is closest to the centralized
algorithms [31], [32], where a majorization of the objective
functions via the proximal mapping is solved.

In this article, we propose an iterative algorithm
termed Distributed DC-Consensus DDC—-Consensus. The
DDC-Consensus algorithm proceeds in two steps: first,
all the agents in parallel solve a local optimization problem
involving f; — ¢;, then each agent ¢ € )V shares the obtained
solution with its neighbors where the estimates of the global
solution are updated by utilizing an average consensus pro-
tocol (the algorithm is presented in detail in Section II-B).
The main contributions of the current article are as follows:
i) We develop a distributed algorithm, DDC-Consensus,
based on distributed gradient descent to the solve (1) for
non-differentiable weakly convex f; and non-differentiable
convex function g;. These assumptions are weaker than the
existing literature on distributed optimization.

ii) We establish that the DDC-Consensus converges to a
stationary solution of the nonconvex problem (1).

iii) The proposed DDC-Consensus algorithm has desir-
able properties as it (a) is suitable for directed graphs and
non-symmetric communication topologies, and (b) can be
implemented as well as synthesized distributively.

We demonstrate the performance of the DDC-Consensus
algorithm by solving a DC-regularized least squares prob-
lem. Empirical results from the numerical simulation study
corroborate that the proposed DDC-Consensus algorithm
performs well in practice.

The rest of the article is organized as follows: Some
essential definitions and notations are presented in Sec-
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tion I-A. Section II provides the details of the pro-
posed DDC-Consensus algorithm. Convergence analysis
of DDC—-Consensus is presented in Section III. Section IV
presents the numerical simulation study followed by con-
cluding remarks in Section V.

A. Definitions and Notations

Definition 1. (Directed Graph) A directed graph G is a pair
(V,E) where V is a set of vertices and € is a set of edges,
which are ordered subsets of two distinct elements of V. If an
edge from j €V to i €V exists it is denoted as (i,7) € E.

Definition 2. (Strongly Connected Graph) A directed graph
is strongly connected if for any pair (i,j), i # j, there is a
directed path from node i to node j.

Definition 3. (Diameter of a Graph) The longest shortest
directed path between any two nodes in the graph.

Definition 4. (In-Neighborhood) The set of in-neighbors of
node 1 € V is called the in-neighborhood of node i and is
denoted by N;” = {j | (i,7) € £} not including the node i.

Definition 5. (Column-Stochastic Matrix) A matrix M =
[mi;] € R™*™ is called a column-stochastic matrix if 0 <
mi; <land Y . mi;=1foralll1<i,j<n.

Definition 6. (Lipschitz Continuity and Differentiability) A
function f : RP — R is called Lipschitz continuous with
constant L > 0 and Lipschitz differentiable with constant
Ly > 0 respectively, if the following inequalities hold:

|f(x) = f(y)| < Ll|z —yl|, V z,y € R?
[V f(z) =V Iy < Lillz—yl, Va,yeR.

Definition 7. (Strongly Convex Function) A differentiable
function f is called strongly convex with parameter o, if
there exists o > 0 such that for all x,y in the domain of f:

(Vf(@)=Vf(y),z—y)>olz—y|? Vazyedomf

Definition 8. (Weakly Convex Function) For some my > 0,
we say that function f : RP — R is ms-weakly convex if
[+ 5Ez|? is convex.

Definition 9. (Level-bounded Function) Function [ : RP —
R is called level-bounded if the [3-level-set {x : f(x) < [}
is bounded (possibly empty) for all B € R.

Definition 10. (Lower Semicontinuity) A function f : RP —
RU{—o00, 00} is called lower semi-continuous at a point x
if for every real y < f(xq) there exists a neighborhood U
of xg such that y < f(x) for all x € U. The function f is
lower semicontinuous at every point of its domain, dom(f).

Definition 11. (Proper Function) A function f : RP — RU
{—00, 00} is called proper if f(x) > —oo for every x and
and if there also exists some point xo such that f(xg) < oo.

[|z]l1 and ||z|| denote the 1-norm and 2-norm of the vector
x € RP respectively. The notation [.| denotes the least
integer function or the ceiling function, defined as: given
z € R, [z] = min{m € Z|m > z}, where Z is the set of
integers. dom(f) = {z : f(z) < oc}.

II. PROPOSED METHODOLOGY
The following assumption is satisfied throughout the article,

Assumption 1. I. Functions f; : RP — R U {—o00, 00} are
proper, lower semi-continuous, and m y,-weakly convex.
2. Functions g; : RP — R are convex and finite everywhere.
3. The set of global minimizers of (1), arg minimize, F(x),
is nonempty, and the global minimum value F* is finite.

A vector § € RP is called a stationary point of F' if:
0€0(3 X i) -0 (3 i), @

or equivalently, 9 3" | fi(7) N 9= > | g:(y) # 0. Fur-
thermore, given ¢ > 0, we say y € RP is an e-stationary
point of F' if there exists (£;y) € RP x RP such that

€€d (2, fi(@) = 0 (5 Xy 9i(y)) , and
max {|[£],]lg -yl } <e. 3)

We use Of(x) to denote the general subdifferential of the
function f at x ([33], Definition 8.3).

A. Approach Roadmap and Supporting Results

Note that the objective function has a DC structure. Under
Assumption 1 we do not impose differentiability of the
functions f; and g;. Thus, to develop an algorithm with
desirable convergence properties, we first utilize a smooth
function mapping to obtain a differentiable DC approxi-
mation of the objective function f; — g;. Then we utilize
the differentiable DC approximation to develop first-order
algorithms to solve problem (1). We take the approach in [31]
and utilize separate Moreau envelopes of f; and g; to obtain
a smooth approximation of the function f; — g;. To this end,
we define the Moreau envelops: Given 0 < p; < 1/my,, the
Moreau envelopes, M, r, : R — R, and M4, : RP = R
of functions f; and g; respectively are given by

My, 5,(y) = minimize { f,(2) + gz =9I}, @)

My, (y) = minimize {g,(x) + gz = 9l*}, )
and form the smooth function F; ,, := M, s, — M,,,,, for
all i € {1,...,n}. The corresponding proximal mappings
Ty, f, - RP — RP, and x4, : R? — RP? are defined as,

Zy, 5, (y) := arg minimize {fl(x) + in — yHQ} , (6)
TERP )

Tp,g,(y) == arg minimize {gi(x) + Q%LLHOU - y||2} . (D
T ERP

Define, my = maxi<;<, my,. Given, 0 < p < 1/my, let

Fiu(x) == Myy, (x) — Mg, (z), and

1 — 1
Fu(z) =~ 3 Fiu(a) = = > (Myg,(2) = My, (2)). (8)
i=1 i=1
Next, we summarize the properties of F;,, the Moreau
envelops My, , M4, the mappings .y, Tpg,-

Lemma 1. (/31], Properties of Moreau envelops and proxi-
mal mappings) Let Assumption 1 holds. Let 0 < 1 < 1/my
and My, Mg, , Tpuy,, Tug; be given by definitions (4)-(7)
with parameter p. Then, the following claims hold:

Authorized licensed use limited to: University Of Minnesota Duluth. Downloaded on September 16,2026 at 21:01:26 UTC from IEEE Xplore. Restrictions apply.



1. Ty, Tpug, are Lipschitz continuous with modulus, ﬁ
and 1 respectively.
2. My, M,.q, are differentiable with gradient V.M, ¢, (y) =
1Y = 2p (1), VMg, (y) = 17 (Y — 2pg, ()
3. VMMNVMHQ are Ltpschttz continuous with modulus
L 22U and L, =2 tivel

uriy = imyTmy O = u respectively.
4. F;, is dlﬁerentlable and VFZM( ) = VM, (y) —
VM, (y) = p= (@0, (y)—2 s, (y)) is Lipschitz continuous

with the modulus L,,, := —5.
p—pZmy

Next, we introduce the following optimization problem,

mlilel%}olze Fu(x) = %Z?:1(Mufi (@) = Mg, (%)) (9
Lemma 2. (/31], Relation between (1) and (9)) Let Assump-
tion 1 holds and 0 < (1 < 1/my. Then,

1. The set of global minimizers of (9), arg minimize, F),(x),
is non-empty, and F* = minimize,cgr F,(z).

2. gisa statlonary point of F,, i.e. VFH( ) =0, if and only
=232, = L3, 2 (9) is a stationary
point of F' in the sense of (2).

3. y* € arg minimize F| ( ) if and only if 23", @, (y*)
= LN g (y*) =a* € arg minimize F( ).

The minimization problem (1) is generally challenging due
to the nonconvexity and nonsmoothness of the objective
functions. In contrast, problem (9) with the approximation
F,, provides an attractive surrogate: as VF), is Lipschitz
continuous, which is a desirable property for a wide range
of first-order methods. Moreover, from Lemmas 1 and 2, F),
also largely preserves the geometric structure of F'. Obtaining
a stationary solution of F},, we can recover its counterpart
for I’ via the proximal mappings x,y, and x,4,. Thus, we
focus on solving problem (9).

B. Proposed DDC—-Consensus Algorithm

Problem (9) can be recast by creating local copies y; for
all i € {1,2,...,n}, of the solution y to problem (9) and
imposing the agreement of the solutions of all the agents via
consensus constraint leading to the equivalent problem,

minimize % Z?:l(MHfi (yl) - Mﬂyi (yl))v
Y1,Y25--Yn
subject to y; = y;, for all 4, .

(10)

We develop a distributed gradient descent-based algorithm to
solve problem (10) called the DDC-Consensus algorithm.
The algorithm proceeds in the following manner:

At any iteration k of the algorithm, each agent i maintains
two estimates, an optimization variable yfk) € RP, and a
local update variable z( ) € RP. Every iteration k involves
two updates: first, each agent ¢ updates sz) via local
gradient descent based on the mapping F; ,,, with the gradient

kfl); next, the optimization variable y(k) is

evaluated at yf i

updated to an estimate which is 7;-close to the average value
1 k) . k .

zk) = L5 28 e, [y — 20| < p®), using the

distributed 7n-consensus protocol (described in detail in the

next section), initialized with zi(k) as the initial condition for

the agent ¢ and tolerance 7);. The above algorithm updates

at any agent ¢ in are summarized in the next equations:
(k+1) (k)

2D — W) _oviE L (y™) (11)
K o
=y — 2V(Myp, 1Y) — Mg, (™))
k ap~ !
=y = 2 (g, () = 20, (), (12)
yikﬂ) = wgt"‘“), where (13)
||w§tk+1) /\(kJrl ||<nk+l) A(kJrl Z (k+1) (14)

where, wgt‘“’) is the output of the n-consensus protocol and is

an approximate estimate of the average (%), t;, denotes the
number of communication steps utilized by the n-consensus
protocol at iteration k£ of the DDC-Consensus algorithm.
We summarize DDC-Consensus in Algorithm 1.

Algorithm 1: DDC-Consensus

Input:

0 < p<1/my; step-size: 0 < a <1/L,r;
consensus tolerances {7 };>0

Initialize:

‘ For each agent i € V, y§0> =29 e R?;
Repeat for £k =0,1,2,...

for i =1,2,3,...,n, (In parallel) do

/* gradient descent iteration: */

2D =y — 2, () — 2ar )
/% consensus iterations: */
yF D D _consensus(zF T i e V)

end

until a stopping criterion is met

The finite-time 7-consensus protocol is described next.

C. Finite-time n-consensus Protocol

The finite-time 7n-consensus protocol and its variants are
proposed in earlier articles [34], [35] by the authors un-
der various practical scenarios. The finite-time 7-consensus
protocol aims to design a distributed protocol so that the
agents can compute an approximate estimate of the average,
i o= 25" W, of their initial states w\” in finite-
time. This approximate estimate is parameterized by a small
tolerance 7 chosen apriori to make the estimate precise. In
the n -consensus protocol, the agents maintain state variables

(k eRPv *) € R and update them as:
““) = pi T+ Y pp T (19)
N pivy 4 e T 16)
wit = L5ul, (17)

where, w'” = u{” () = 1 for all i € V and N~ denotes
the set of 1n-nelghb0rs of agent i. The updates (15)-(17)
are based on the push-sum (or ratio consensus) updates (see
[36]). The following assumption on the graph G(V, ) and
weight matrix P := [p;;] is made:

Assumption 2. The directed graph G(V,&) is strongly
connected and the weight matrix P is column-stochastic.

Note that P being a column stochastic matrix allows for
a distributed synthesis of the n-consensus protocol. The
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variable wfk) € RP is an estimate of the average u with
each agent 7 at any iteration k. The estimates wl(k) converge

to the average u asymptotically.

Theorem 1. (/36],[37]) Let Assumption 2 hold. Let
{wgk)}kzo be generated by (17). Then wgk) asymptotically
converges to U = % Z?Zl ugo) foralli €V, ie.,

limy oo wik) =iy, ugo)) forallicV.

Every agent ¢ € )V maintains an additional scalar value r;
to determine when the state wgk) are 7)-close to each other
and hence from Theorem 1, 7-close to u. The radius variable
w; is designed to track the radlus of the minimal ball that
can enclose all the states w (more details can be found in
[34], [35]). The radius wf ), for all ¢ € V, is updated as:

9 e

0, if k=mD,m=20,1,2,...

wgkq)” + rﬁ-k*l)}, otherwise, (18)

max {||wfk)

JEN,
where D is an upper bound on the diameter of the directed
graph G. Denote, B(wgk), rl(k)) as the p-dimensional ball of
radius rgk) centered at wgk). It is established in [34] that
under Assumptlon 2, after D iterations of update (18), the
ball B(w HD),rEHD)) encloses the states wgk) of all the
agents ¢ € V. Further, it is also established that radius update
sequences {rgk)}kzo converge to zero as m — oo.
Theorem 2. ([34], [35]) Let updates (15)-(17) hold. Let
{rgk)}kzo be the sequences generated by (18). Under As-
sumption 2,

=0, forallie V.

limk_mo ’I“Z(k)

Theorem 2 gives a criterion for termination of the consen-
sus iterations (15)-(17) by utilizing the radius updates at
each agent ¢ € V given by (18). Using the value of the
(k) ,k =0,1,2... each agent can ascertain the deviation
from the consensus among the agents. As a method to
detect n-consensus, at every iteration of the form mD, for

m = 1,2,..., rme) is compared to the tolerance 7, if
r™P) < ) then all the agent states w!"™ ") were n-

close to @ (from Theorem 1) and the iterations (15)-(17) are
terminated. Proposition 1 establishes that the n-consensus
protocol converges in a finite number of iterations.

Proposition 1. Under the Assumption 2, n-consensus is
achieved in a finite number of iterations k, at each agent
i € V. Moreover, k, satisfies

log(1 log(C ||u'® §
by > [ L8 sl ], (19)
where, u® .= [u§0)7 u%o)] € R" P and C,061,09 €

(0,1) are constants related to the matrix P and graph G.

Proof. Note, rgk) — 0 as k — oo. Thus, given n > 0,7 € V
there exists finite k; ,, such that for £ > k; rF) < n, for all

2,10 g
1 € V. Choosing k, := max;<;<n k; 5 establishes the claim.

Further, (19) is proved rigorously in [14], Lemma 3.1. [

To have a global detection, each agent generates a one-bit
“converged flag” indicating its detection. The flag signal can
be combined using distributed one-bit consensus updates (see
[34]) allowing the agents to achieve global n-consensus.

ITI. CONVERGENCE ANALYSIS FOR DDC-CONSENSUS

Let the average of the optlmlzatlon variables at iteration k
be denoted as gk =1 Zz 1 yl ") Denote the gradient of
the function 1 Zz 1 FZ . evaluated at individual optimiza-
tion variables of all the agents and the average (%) as:

vk)), and

B = 15 TF, ,(y!
Ak = L5 TE L (GW)

respectively. A consequence of the 7)-consensus protocol is
that the difference between A(®) and h(*) is bounded.

(20)
2n

Lemma 3. Let n'%) denote the consensus tolerance in the
DDC-Consensus algorithm at iteration k, then
k
1R =R ™| < 2L,mn®),
where L, is the constant as defined in Lemma 1.

Proof. Note that,

Hh(k) ,;Al(k)H — ZVF#L k) ZVFW
=%(zuvmmm> ol wx”n
(Zz 1VMqu ) Zz 1 ugz( k))) H

1

un

(20t (200, ) = 2s, 0 )

~ (S (00, ) = 20s, G9)) |
(S (20, @) = 20 0)) )

+ (2 (20 ) = 200 ) |

k k
=T - g

1

un

IN

nu(l— p,mf) Zz 1 ”y

2—um
= n(,hluzrzf) >ict ||y1 - A(k)”
2—pum n
= s S ) = g 4 20— 20
L, n k m
< Lem S [yt — 20| 4 Lem S 2 — g8

IN

L n
ZE ™ 4 n™) <2L,p

2— /,LTVIf

™,

where, L, r = = as defined in Lemma 1 and the last
step follows from (13) and (14). O]

Recall (11), 2y 200 — 150 0 _(vF, (")

(k)—ah(’?) Therefore, we have 21 — k) _qp(k) 4
A(k+1) g+

= G =5 —ah® oD, (22)

with ak+1) = G+ _ 3D gkt < pGD)

the centralized settlng, the 1nf0rmat10n about the gradi-
ent of the function 350 | Fi ., ie. Vo3 Fu(y) =
LN VFu(y) = hy is known to the solver. Here, an
iteration of the (centralized) gradient descent is of the form:
Yy = y — ahy, where, i denotes the updated estimate of
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the solution. Due to Lemma 3, update (22) can be viewed
as an “inexact” centralized gradient descent update on the
gradient %Z?zl VF; ,, evaluated at the average of all the

agents’ optimization variables for the function + 37" | F; ,,
gED = 5*) — qh® 4 e®) | with (23)

e® = q(h® — ) 4 g*+1) (24)

le®|| < 2aL,pn™® + nt+D), (25)

Therefore, the proposed DDC-Consensus algorithm up-
dates are equivalent to an (approximate) centralized gradient
descent update to minimize the function F,.

Theorem 3. Let assumptions 1 and 2 hold, o < 1/L,p,
and the tolerance sequence in DDC-Consensus is n*) =
1/k1+9 for all k, wzth a positive constant 6. Suppose

{yl( T (yz( )) Tpg, (?/1 )}k:>01ev be the sequences gen-
1 (k) Ak) —
n Zi:l i ’ T

erated by Algorithm 1. Let §*) :=
w1 i Tags (1’/?:)) — i1 T, (%{(k))), and 6(’“) =
G g () = 0 r, (). Then, for any
positive integer K, there exists 0 < k < K — 1 such that
£W e 8l P 1fi(xufl(’{k ) — 9+ Zz 191(=Tug7(A( ),
max{[|E |, | S50 2, 3F) = L 50 2, @)}

& 1/2
< maX{LM_l}( - ( e +Zk =0 kHe)) .

Therefore, given € > 0, in no more than

FmaX{l-,ul}zu (F.@)—F"+ X kuew .

K< (%)

iterations, §<k> is an e-stationary point in_the sense of (3),
and Algorithm 1 estimate £€*) is LMFn(k)—close to an e-
stationary point in the sense of (3).

Moreover, if F is level—bounded and dom(f;) = RP for

all i, then sequences {yl } stay bounded and for every limit

point y>° of yz( for all i, we have, L3 w0 (y>°) =
S @, (y>°) and L3 g (y °°) satisfies the exact
stationary condition (2)

Proof. For any k € Z+, let
g(k) =p! (% Sy Tpg, (GH) — %Z?:l Tpfs @(k)))
=p ! (?/J\(k) — & Yiet Tug, @(k)))
A R DR A TAL)
From the optimality of the proximal mapping, z,,s,(§*)),
0 € {filwus, @) + % (s, GP) — 5*))}
= u ' G® - x#fi(/\(k ) € 8fi(xus, (G™)).
Thus,
(A(k) — s i s @) € 05 30, 8f1(xufz ™))
- aﬁ >ict fi(xll’fz( M)). (28)
Similarly, from the optimality of x,,,, (7*))

(26)

27)

S = 1Y g, (G)) € 01 T 9wy (1)) 29)

i=1

Therefore, from (26), (28) and (29),

—0— Zgz Tpg, (Y

n k
LS 2 ).
(k
<1 Zz lxltgz(yz )) -

W e 9= Z filaps, (7 . (30)

Let (%) = Hil(% Z\:?:l Tpg; (y(k))
Consider, ¢#) — ¢k =

n ~ _ n k n
LS g GV)) — 1(%21 v ) = 30,
z,.5,(§™*))). Therefore,

L R
l€®) — €W < L S laug, (557)) — g, G|

-1 n k
2 S g, (™) = 2, )
—1 k
Hn (Zz 1 ”y( ) Zl\(k)”
k)~
ey S ™ = 59

< B ™ = L™, (1)

where we used Lipschitz continuity properties of the proxi-

mal mappings listed in Lemma 1.
Since, F; ,, is L, p-Lipschitz differentiable. It can be seen

IN

that F, = 13" F;, is Lipschitz differentiable with
constant 2> | L,p = L,p. With @ <1/L,p and (23),
~(k+1)
Fu (™)
< Fu@®) + (b0, 50 — 00) 4 Ly gth) — g0 2
- F @(k)) — ;(A(k+1) — k) — k) glk+1) _ (k)
+ B2 ||kt — g2
L#
= F,g") + (755 = ) It =2
+ L{elh) Ot ik,
This implies,
(£ = B2)llgt P
< Fu @) = Fu @) + Lle® gt — g®)|
< Fu(@®) = E.@* ) + Ll |[le® — ah®)]
< Fu (@) = Fu@™ ) + Lle®| + [le®]| ")
< E,(g™) — F, (g% 4+ C1(n™)2 4 Cyn®),
< F@") = Fu@*) + O™
where Oy := L (2aL,r +1)2, Cy := supy, [[h®)]|(2aL,r +

1), C := Cy + C3, and we used (23)-(25). Therefore,

(A(k)) (A<k+1)) + Cn®)
> (- L= gttt — gt 2
> o[y — gR) 12 > g B2 — 11 (n™*)2.
Thus,
Fu(@™) = Fu(@* ) + 3 n““ > &|[h(k)|?

)+
= ozl it g, (GN) — 5 0 wun )2
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Summing the above inequality over k =0,1,..., K —
some positive integer K — 1, gives,

Z || : Zz 1 Lpg:i\Y (A(k)) - %Z?:l Lpf; @(k))||2
/\ K— .
2 (F,(50) ~ Bu) + 3 SIS 0

2

S%( &) F*+“Zk )

1, for

I /\

2

< 2 (F§O) - P+ 30 2%) - (32)
Let k := arg minimize ’%21;1 T GH) — L0
, k=0,1,...K
Ty @(k))H . Therefore, from (32),
% D e Tug; @(k)) - % D i1 Tu @(k))H
7 1/2
(e RN,

Thus, from (26), (30), and (33) with the claimed upper on
bound K in Theorem 3 we get,

maxc{|€P[, 13 320 g @) = & 0 2 @)1}

02 , (0)y_ p* o0 2C 1/2
Smax{l,ﬂl}< A ( ) (xlj 20 kHe))

Since F is level-bounded and dom(f;) = RP for all
1, then from [31], Proposition 5, F), is level-bounded.
As {F,(y* ))}keN is monotonically non-increasing, the se-
quence, {§*)},cn is bounded and therefore, has at least
one limit point ﬂoo. Let {y*1)};cn denote the subse-
quence converging to §>°. Since, x,f, and x,4, are continu-
ous, (32) implies 72 L@, () = 2300 @, (T).
As g; are continuous, lim;_,o £ 30 | g; (2., (7)) =
LS 1 9i(24g,(°°)); in addition,

LS Filog, (7)) < iminf 350 fila, (509)

< lim SUP; 00 % E:‘L:l fi(xufi (g(kj)))
< limjs oo 5 200y fil@pg, (5°°))
+ i g, @) — 5|2
= g i I (@) — 52
= 5 Zict fil@usn (7)),

where the first inequality is due to the lower-semicontinuity
of %2?21 fi and the last inequality is due to the optimal-
ity of z,¢, (y>) in each Moreau envelope evaluation, and
therefore we also have lim;_,o + LS Sl (@ gki))) =
limj oo = 307 fi(zus,(¥>°)). Due to n-consensus there
exists y> such that lim;_, yz(k") y>® for all i =
1,...,n. Further for all 4, quf,(yz( )) — Ty (A(k'))H <
et I — AN < ). Thus, 2, () -
xpup,(y>°) for all ¢ = 1 2 ,m. Since, g; are con-
tinuous, limjﬁoogi(xugt(yz( ))) = gi(xpug, (¥>°)) for all
. n k;

i = 1 2,...,n. Thus, lim; o L 31 | gi(xwi(yf ))) =
LS~ 1gl(xug1 (y*°)). Finally, taking the limit on (30)

and (31) along the appropriate subsequences gives & sat-

isfy (2) in the limit. O]

<e.

IV. NUMERICAL SIMULATIONS

This section presents a simulation study for the proposed
DDC-Consensus algorithm. We consider a network of 10
agents with the underlying communication network gener-
ated using the Erdos-Renyi model [38] with a connectivity
probability of 0.2. We consider a /1 _5 regularized distributed
least squares problem [28]:

minimize & 10, 414w = b2 + pllalls — pllale.
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Fig. 1: Stationarity residual comparison: proposed DDC-Consensus and
DDC-Consensus—Inexact-q

The problem data is generated as follows: first, we create
the data matrices A; € R™*P  for all 7, with entries
generated from the standard Gaussian distribution. Then the
columns of the matrices are normalized to the unit norm.
We generate z* € RP such that z* is a sparse vector
with s non-zero entries. The non-zero entries of x* are
drawn from the standard Gaussian distribution. Finally, the
vectors b; € R™ are determined as b; = A;x* + 0.01¢;,
where, (; € R™ has standard Gaussian entries. F* :=
L5200 " Ayt — by + plla* |1 — plla*||o. The parameters
used during the simulations are: m = 720,p = 2560,p =
0.1, = 0.01, 4 = 1/Anax (A A;), where Apax (M) is the
maximum eigenvalue of matrix M. We choose 1(¥) = 1/k*!
as the tolerance sequence in Algorithm 1.
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Q
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Fig. 2: Objective residual comparison: proposed DDC-Consensus and
DDC-Consensus—Inexact-q

We compare the performance of the proposed algorithm
DDC-Consensus with its following two relaxations: (i)
DDC-Consensus—Inexact-q, where we solve the min-
imization problems (4) and (5) inexactly via a gradient
descent method for ¢ iterations, (ii) DDC-Mixing, where
the n-consensus is replaced with one step mixing (applying
one iteration of the updates (15)-(17) to y; estimates of the
optimization algorithms). To demonstrate the performance of
the proposed algorithm we present utilize the following resid-
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ual metrics: Solution Residual(k): & 512, Iy™ —a* |5, Sta-

tionarity Residual(k): 55 =12, I17ug, (91") = s, (011

Objective Residual(k): F(yfk)) — F*, Consensus Resid-
n n k k

wal(k): 55 iy S5 i = 5"l

1
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Fig. 3: Solution residual comparison: proposed DDC-Consensus and
DDC-Consensus—Inexact-q

A. Comparison with DDC-Consensus—-Inexact-q

Figs. 1-3 demonstrate the performance comparisons
between the proposed DDC-Consensus algorithm and
two instances of DDC-Consensus-Inexact-q that
are denoted as DDC-Consensus-Inexact-10 and
DDC-Consensus—Inexact-100 respectively. This com-
parison aims to determine a trade-off between the accuracy
and computational burden of the proximal minimization in
the proposed DDC-Consensus algorithm. As expected the
DDC-Consensus algorithm performs the best with respect
to all the performance metrics. Fig. 1 shows the stationarity
metric that gives an estimate of the rate of convergence in
the sense of Theorem 3.
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Fig. 4: Stationarity residual: DDC-Consensus and DDC-Mixing

Figs. 2 and 3 show that gradient descent with a low
computational footprint can perform relatively well com-
pared to the exact minimization in the DDC-Consensus
algorithm. However, it is also established that if the
proximal minimization is not performed with good accu-
racy the algorithm iterates to diverge as in the case of
DDC-Consensus—Inexact-10.

B. Comparison with DDC-Mixing

Figs. 4-7 present comparison plots showing the different
metrics for both the DDC-Consensus and DDC-Mixing
algorithms. The simulation study in this section aims to
study the effect of the agreement quality between the agent
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Fig. 5: Objective residual: DDC-Consensus and DDC-Mixing

estimates in the DDC—-Consensus algorithm on its perfor-
mance. The DDC-Mixing algorithm uses only one infor-
mation exchange step among the agents and is theoretically
the lower bound on information aggregation. Note, that both
DDC-Consensus and DDC-Mixing algorithms perform
exact proximal minimization steps.
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Fig. 6: Solution residual comparison: proposed DDC-Consensus and
DDC-Mixing

Figs. 4-6 show that the n-consensus protocol allows for
a higher degree of agreement between the agent estimates
during the algorithm iterations lead to better convergence
properties of the proposed DDC-Consensus algorithm
compared to the DDC-Mixing algorithm. Furthermore, the
n-consensus protocol adaptively controls the agent mismatch
and leads to the consensus constraint satisfaction at every
iterate as seen in Fig. 7.
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Fig. 7: Consensus residual: DDC-Consensus and DDC-Mixing

V. CONCLUSION

We focused on a distributed DC optimization problem with
local objective functions given by the difference between a
nonsmooth weakly convex function and a nonsmooth convex
function. Based on the gradient of the smooth approxi-
mations of the weakly convex and convex functions we
developed the distributed DDC-Consensus algorithm. In
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the DDC—-Consensus algorithm each agent performs a local
gradient descent step and updates its estimates using a finite-
time 7-consensus protocol. The agent estimates are shared
over a directed graph and updated via a column stochastic
matrix; giving DDC-Consensus the desirable properties of
allowing for non-symmetric communication and distributed
synthesis. We established that the DDC-Consensus algo-
rithm converges to a stationary point of the nonconvex dis-
tributed optimization problem. The numerical performance
of the DDC-Consensus algorithm is presented in a simu-
lation study solving the DC-regularized least squares prob-
lem. Results showing the behavior of DDC-Consensus
and its relaxations DDC-Consensus—-Inexact-¢ and
DDC-Mixing concerning the residual metrics demonstrate
the efficacy of the proposed DDC-Consensus algorithm.
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