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Abstract—Motivated by the needs of resiliency, scalability, and
plug-and-play operation, distributed decision making is becoming
increasingly prevalent. The problem of achieving consensus in a
multi-agent system is at the core of distributed decision making.
In this article, we study the problem of achieving average consen-
sus over a directed multi-agent network when the communication
links are corrupted with noise. We propose an algorithm where
each agent updates its estimates based on the local mixture of
information and adds its weighted noise-free initial information to
its updates during every iteration. We demonstrate that, with ap-
propriately designed weights, the agents achieve consensus despite
additive communication noise. We establish that when the commu-
nication links are noiseless, the proposed algorithm moves towards
consensus at a geometric rate. Under communication noise, we
prove that the agent estimates reach a consensus value almost surely.
We present numerical experiments to corroborate the efficacy of the
proposed algorithm under different noise realizations and various
algorithm parameters.

Index Terms—Almost sure convergence, average consensus,
communication noise, directed graphs, multi-agent networks, push
sum, ratio consensus.

I. INTRODUCTION

ENABLED by a large number of low-cost sensors, dis-
tributed computation, and storage, multi-agent systems

(MAS) are being leveraged across diverse applications in
modern-day systems, including power systems [1], [2], [3],
banking and financial systems [4], control of unmanned aerial
and autonomous underwater vehicles [5], and machine learn-
ing [6], which involve contain multiple decision-makers. Due to
the inherently distributed nature of the available information in
MAS, a distributed form of decision-making is required [7], [8].
Moreover, distributed control applications require estimates of
global quantities to be locally available for designing control
policies of the agents [9], [10]. A consensus algorithm that
enables all agents to agree on the final decision (or state value)
is an efficient way of obtaining global information/decisions
in MAS. The problem of reaching consensus in MAS is a
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critical issue in multi-agent signal processing and control. An
important special case of agreement among the agents is when
the agreed-upon state is the average of all the initial values of the
agents; this is known as average consensus (see [11], [12], [13],
[14], [15], [16], [17], [18], [19], [20] and references therein).

In recent years, there has been a wide interest in achieving
distributed decision making over general directed graph topolo-
gies. In the noiseless case, the article [11] introduced an aver-
age consensus algorithm called the PushSum/Ratio-consensus
algorithm, focusing on achieving average consensus in MAS
with a directed interconnection structure. An important char-
acteristic of the PushSum algorithm is its ability to be syn-
thesized locally by each agent in the MAS without requiring
any global information. The PushSum algorithm is extensively
utilized in the distributed optimization literature for distributed
decision-making over general directed graphs with noiseless
communication (refer to [21], [22], [23], [24], [25], [26] and
references therein).

Articles [12], [13] have explored the convergence of the Push-
Sum algorithm when the underlying communication topology
of the MAS is time-varying. The behavior of the PushSum algo-
rithm under delays in communication channels is investigated
in [14], [15]. Authors in [16], [17], [21] have extended the
PushSum algorithm to higher dimensions, where the decision
variables are vector-valued. Furthermore, finite-time terminati-
criteria for the PushSum algorithm are developed in [13], [15],
[16], [17], [21].

A major challenge in applying consensus protocols in MAS
arises from the presence of noise in wireless communication
channels between the agents. Noisy communication links can
obscure the true states of agents and potentially push their
estimates far from the original consensus value (the average),
or even cause the consensus protocol to diverge. Despite the
extensions of the applicability of the PushSum algorithm under
more flexible graph and communication scenarios in articles
such as [12], [13], [14], [15], [16], [17], [21], the perfor-
mance guarantees of the PushSum algorithm in the presence
of communication noise remains unaddressed. In light of this,
the current work aims to tackle the following open research
questions:

1 Can the celebrated PushSum algorithm, which is widely
utilized in distributed decision making applications over
directed graphs, work under communication noise?

2 If the PushSum algorithm does not perform well under
noisy communication, then design a consensus algorithm
that has guarantees for agents to achieve consensus and

2373-776X © 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: University Of Minnesota Duluth. Downloaded on September 16,2026 at 21:06:44 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0002-4111-3621
https://orcid.org/0000-0002-4595-9683
mailto:khata010@umn.edu
mailto:murtis@umn.edu


KHATANA AND SALAPAKA: NOISE RESILIENT DISTRIBUTED AVERAGE CONSENSUS OVER DIRECTED GRAPHS 771

converge towards the average of their initial values, even in
the presence of communication noise. This new algorithm
should also have all the appealing features of the PushSum
algorithm, including distributed synthesis and implemen-
tation.

Literature on Consensus Problems under noisy communica-
tion: The articles [27], [28], [29], [30], [31], [32], [33], [34],
[35], [36], [37], [38], [39], [40], [41], [42], [43], [44], [45],
[46], [47], [48], [49], [50], [51], [52], [53], [54], [55], [56], [57],
[58], [59], [60] focus on undirected graphs where the agents are
connected via bidirectional edges, and the communication topol-
ogy is symmetric. Moreover, most of the existing algorithms
are synthesized centrally, utilizing global information of the
interconnection structure. Here, a symmetric double stochastic
matrix (with the sum of entries of all rows and columns equal
to one) or a balanced Laplacian matrix is utilized to capture the
communication interconnection among the agents [27], [28],
[29], [30], [31], [32], [33], [34], [35], [36], [37], [38], [39],
[40], [42], [43], [44], [45], [47], [48], [49], [50], [51], [52], [53],
[54], [55], [56], [57], [58], [59], [60], [61], [62]. The consensus
protocols in [41], [63], [64] utilize a row stochastic update (with a
matrix having the sum of entries in each row equal to one). How-
ever, when using row stochastic weight matrices, the estimates
incur a bias away from the average of the initial values of the
agents.

In most schemes that address communication channel noise,
it is assumed that the noise is a zero mean random variable
independent across different agents and time instants [27], [28],
[29], [30], [31], [33], [34], [35], [36], [37], [38], [39], [40],
[41], [42], [46], [47], [48], [49], [50], [51], [52], [53], [54],
[56], [57], [58], [59], [60], [61], [62], [63], [64], [65]. Arti-
cle [30] considers the channel noise to follow a Poisson distri-
bution, while [32] assumes a zero median communication noise.
Additionally, [63] analyzes the algorithm under the assump-
tion of communication noise with bounded p-th moments i.e.,
E|wt|p <∞, p ∈ (1, 2]. In [55], a multiplicative noise model is
considered, where the noise intensities depend on the relative
states of agents and form a martingale. A bounded noise model
is assumed in [43], [44], [45], [48], where the communication
link noise is allowed to randomly vary within upper and lower
bounds.

In terms of convergence guarantees, the existing literature
can be categorized into three categories: (i) the articles [27],
[28], [29], [30], [31], [33], [37], [39], [40], [41], [42], [47],
[50], [51], [52], [53], [54], [55], [57], [58], [59], [60], [63], [64],
provide guarantees about weak consensus, where the agreement
between the agents is reached in the mean square sense; (ii) the
works in [27], [32], [34], [35], [37], [38], [50], [51], [55], [59],
[63], [64], [65], [66] establish a strong consensus guarantee,
ensuring an almost sure agreement between the agent states.
However, no analysis about the proximity of the asymptotic
consensus value to the average of the initial values of the agents
is provided; (iii) under the assumption of bounded unknown
noise, the analyses in [43], [44], [45], [48], [56], [62] offer
an upper bound on the state residuals (differences between the
estimates of different agents) within the MAS; however the agent
estimates not necessarily achieve consensus.

Contributions of the current work: In this article, we tackle
the challenge of designing an algorithm to attain average
consensus within directed multi-agent graphs, even when the
communication links between agents are affected by noise.
Our proposed algorithm entails agents updating their states
through local interactions with their neighbors connected
via a directed link. We establish guarantees about the
agreement between the agents’ states under the pro-
posed scheme. Furthermore, we substantiate the effective-
ness of our developed algorithm through numerical simu-
lations. The paper’s technical contributions are outlined as
follows:

1) The present article establishes that the PushSum algo-
rithm fails to converge under imperfect communication
with additive noise and is not applicable as such in these
scenarios.

2) An important contribution of the current work is the
proposed Noise Resilient PushSum (NR-PushSum) al-
gorithm, which enhances and extends the PushSum al-
gorithm by accommodating practical settings with noisy
communication channels. Notably, this paper is the first to
present such a significant extension.

3) The developed NR-PushSum algorithm possesses the
following features:
a) In contrast to the existing algorithms in the literature

that focus on achieving average consensus under noisy
communication, the proposed NR-PushSum algo-
rithm achieves average consensus over general directed
graph topologies. Importantly, it doesn’t necessitate
restrictive assumptions regarding the symmetry and/or
weight-balance of the communication graph.

b) The NR-PushSum algorithm can be synthesized in a
distributed manner. Notably,NR-PushSum can be de-
signed (rather than solely implemented distributively)
using decentralized information. This noteworthy ad-
vantage facilitates the seamless integration of new
agents into the network.

c) The NR-PushSum algorithm attains average con-
sensus at a geometric rate when communication is
noiseless. In the presence of communication noise, the
agents’ estimates under the NR-PushSum algorithm
achieve consensus (perfect agreement) almost surely.
Additionally, the algorithm parameters can be adjusted
to ensure the consensus value is in close proximity to
the average of the agents’ initial states.

The structure of the remaining article is as follows. In Sec-
tion I-A, we present some preliminary definitions and notations
employed throughout the article. Section II introduces the prob-
lem statement and outlines the performance of the PushSum
algorithm in the presence of communication noise. Section III
delves into the comprehensive presentation of the proposed
NR-PushSum algorithm. Convergence analysis of the NR-
PushSum algorithm is provided in Section IV, encompassing
both scenarios: perfect and noisy communication. To demon-
strate the efficacy of the NR-PushSum algorithm, numerical
simulations are presented in Section V. Finally, Section VI offers
concluding remarks.
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A. Definitions and Notations

First, we present some definitions that will be useful for the
rest of the development. A detailed description of most of these
notions is available in [67] and [68].

Definition 1: (Directed Graph) A directed graph G is a pair
(V, E) where V is a set of vertices (or nodes) and E is a set
of edges, which are ordered subsets of two distinct elements of
V . If an edge from j ∈ V to i ∈ V exists then it is denoted as
(i, j) ∈ E .

Definition 2: (Path) In a directed graph, a directed path from
node i to j exists if there is a sequence of distinct directed edges
of G of the form (k1, i), (k2, k1), . . ., (j, km).

Definition 3: (Strongly Connected Graph) A directed graph
is strongly connected if it has a directed path between each pair
of distinct nodes i and j.

Definition 4: (In-neighborhood) The set of in-neighbors of
node i ∈ V is denoted by N I

i = {j : (i, j) ∈ E}. The number
of agents |N I

i | in the in-neighborhood of an agent i is called the
in-degree of agent i.

Definition 5: (Out-neighborhood) The set of out-neighbors of
node i ∈ V is denoted by NO

i = {j : (j, i) ∈ E}. The number
of agents |NO

i | in the out-neighborhood of an agent i is called
the out-degree of agent i.

Definition 6: (Column Stochastic Matrix) A real n× n ma-
trix A = [aij ] is called a column-stochastic matrix if 0 ≤ aij ≤
1 and

∑n
i=1 aij = 1 for 1 ≤ i, j ≤ n.

Definition 7: (Irreducible Matrix) An n× n matrix A is
reducible if we may partition {1, . . . , n} into two non-empty
subsets E, F such that Aij = 0 if i ∈ E, j ∈ F . Matrix A is
called irreducible if it is not reducible.

Definition 8: (Aperiodic Matrix) Let A be a n× n matrix.
Let G(V, E) be a directed graph induced by the zero/non-zero
structure of A. The matrix A is aperiodic if G(V, E) is strongly
connected with at least one node that has a self-loop.

Define [n] := {1, 2, . . . , n}. We denote by Aij the entry in
ith ∈ [m] row and jth ∈ [n] column of the matrix A ∈ Rm×n.
1denotes a vector of appropriate dimension with all entries equal
to one. Iq ∈ Rq×q denotes the identity matrix of dimension q.
For a vector b ∈ Rq, we denote diag(b), to be a q × q square
diagonal matrix with the elements of vector b on the main
diagonal.

We denote the Hadamard (or element-wise/entry-wise) prod-
uct and division of matrices by � and � respectively. O(.)
and o(.) denote the standard Big-O and Little-o notations re-
spectively. We use the term almost surely to state that an event
happens with probability 1. We use the words node and agent
interchangeably in the text.

II. CONSENSUS PROBLEM AND PUSHSUM ALGORITHM

BEHAVIOR IN THE PRESENCE OF COMMUNICATION NOISE

Consider a set of n agents connected through a directed graph
G(V, E). The agents communicate via uni-directional commu-
nication links in G(V, E). The communication link between any
agent i and its neighbor j is corrupted by noise. Each agent
i ∈ V has an initial state ui ∈ Rp. The objective is to design an
algorithm that allows each agent to distributively compute the

average,

u :=
1

n

n∑
i=1

ui, (1)

by interacting only with its neighboring agents in G(V, E) under
the communication constraints: uni-directional communication
links with additive noise.

A. PushSum With Noisy Communication

Under the PushSum algorithm, at any discrete time-instant k
each agent i maintains three estimates xi(k) ∈ Rp, yi(k) ∈ R
and zi(k) ∈ Rp. Due to noise in communication channels in
G(V, E) the agent i receives a noisy version of the information
sent by the agent j. Node i updates its estimates at (k + 1)th
discrete time-instant, by performing a weighted combination of
the (noisy) information received from its in-neighbors and its
own information (available without any additive noise at the
agent i) as follows:

xi(k + 1) = piixi(k) +
∑
j∈N I

i

(pijxj(k) + ηxij
(k)), (2)

yi(k + 1) = piiyi(k) +
∑
j∈N I

i

(pijyj(k) + ηyij (k)), (3)

where, xi(0) = ui, and yi(0) = 1 for all i ∈ [n] and the terms
ηxij

(k) and, ηyij (k) are the additive noise realizations in the
estimates of agent j sent to agent i at any instant k. The variable
zi(k) is the estimate of the average umaintained by agent i ∈ V
at time-instant k which is updated as,

zi(k + 1) =
1

yi(k + 1)
xi(k + 1). (4)

Let P be weight matrix corresponding to (2) and (3) with Pij ∈
[0, 1] and,

Pij =

{
pij �= 0, if i = j or (i, j) ∈ E ,
0, otherwise.

(5)

The following assumption is typically made to study the Push-
Sum algorithm:

Assumption 1: The directed graph G(V, E) is strongly con-
nected, and the associated weight matrixP is column stochastic.

One choice of weights that satisfy Assumption 1 is the out-
degree based equal neighbor weights rule: Here,

pij =

{
1

1+|NO
j | , if i ∈ NO

j , ∀j,
0, if i /∈ NO

j , ∀j.
(6)

Define for all i ∈ [n],

ηxi
(k) :=

∑
j∈N I

i

ηxij
(k), ηyi(k) :=

∑
j∈N I

i

ηyij (k). (7)

We stack the agents’ estimates in a column vector form and
define the following quantities:

X(k) := [x1(k); . . . ;xn(k)] ∈ Rn×p, (8)

y(k) := [y1(k); . . . ; yn(k)] ∈ Rn, (9)
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Fig. 1. Performance of the PushSum algorithm under the perfect communi-
cation (a) and with communication noise (b).

ηx(k) := [ηx1
(k); . . . ; ηxn

(k)] ∈ Rn×p, and (10)

ηy(k) := [ηy1(k); . . . ; ηyn(k)] ∈ Rn. (11)

Thus, updates (2) and (3) can be written as:

X(k + 1) = PX(k) + ηx(k),y(k + 1) = Py(k) + ηy(k),

where, ηx(k) and ηy(k) are the additive noise. Left multiplying
by 1	 on both sides of the above equations, we have

1	X(k + 1) = 1	X(k) + 1	ηx(k), and

1	y(k + 1) = 1	y(k) + 1	ηy(k).

Thus, the sum of estimates X(k) and y(k) integrate the com-
munication noise and thus is equivalent to a random walk with
unbounded variance. Note that in the case when the commu-
nication links are noiseless the sum of the estimates X(k)
and y(k) are conserved during the iterations [2] that plays a
crucial role in the convergence of the PushSum algorithm to
the average of the initial values. The random walk behavior of
the sums implies that the estimates X(k) and y(k) and hence,
Z(k) = [z1(k), . . . , zn(k)] ∈ Rn×p do not converge to a mean-
ingful value. This is clear from the trajectories of the agent states
Zi(k) under the PushSum algorithm for a 10 node directed graph
with noisy communication shown in Fig. 1. Here, the initial
values of the agents are chosen to be [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]
(with the average being 5.5). The communication links have an
additive noise modeled as a normal random variable, N (0, 0.1).
These observations suggest that the PushSum algorithm does
not perform adequately under communication noise.

III. PROPOSED APPROACH FOR ACHIEVING AVERAGE

CONSENSUS IN NOISY DIRECTED NETWORKS

In this section, we propose a distributed algorithm that al-
lows all the agents to determine the initial average u (defined
in (1)) under noisy communication. We call it theNR-PushSum
algorithm as it is based on the PushSum algorithm, similar to
which here each agent i, at any discrete time-instant k, maintains
three estimates xi(k) ∈ Rp, yi(k) ∈ R and zi(k) ∈ Rp. We uti-
lize two strategies to design the NR-PushSum algorithm that
counter the effect of the communication noise:

1) The estimates xi(k), yi(k) are updated via a local mixing
across the neighborhood of the agent i ∈ V . Every agent
i, weighs the information sent by its neighbors (agent j ∈

Fig. 2. Estimate updates of the NR-PushSum algorithm: (a) agent i receives
noisy information from neighbors j and l, (b) agent i updates its estimates using
the received information, its own current estimate and its initial values.

N I
i ) and its own information to appropriately control the

amount of the noise to be added to its updated estimates.
2) Each agent i, utilizes its initial values xi(0) and yi(0) to

update its estimates. The initial values xi(0) and yi(0)
are deterministic and known to the agent i. Utilizing the
noise-free initial values provides a tether to the agents’
estimates in tracking the initial average in presence of the
communication noise.

Incorporating these two strategies together, the estimates in
the NR-PushSum algorithm are updated as follows, for i ∈ V:

xi(k + 1) = αi(k)piixi(k) + β(k)
∑
j∈N I

i

(pijxj(k)

+ ηxij
(k)) + θ(k)xi(0), (12)

yi(k + 1) = αi(k)piiyi(k) + β(k)
∑
j∈N I

i

(pijyj(k)

+ ηyij (k)) + θ(k)yi(0), (13)

respectively, where, xi(0) = ui, and yi(0) = 1 for all i ∈ [n].
αi(k) ∈ [0, 1], ∀i ∈ [n], k, and β(k) ∈ [0, 1], ∀k are the relative
weights that agent i utilize to control the information mixing, and
θ(k) ∈ R, ∀k, is utilized to control the influence of the noise-
free initial values on the estimate updates. The variable zi(k)
maintained by agent i ∈ V at time-instant k is updated as in the
PushSum algorithm described by

zi(k + 1) =
1

yi(k + 1)
xi(k + 1). (14)
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Fig. 2 shows the estimate updates for an agent i ∈ V at any
discrete-time instant k. Fig. 2(a) shows the communication path
where agent i receives information from its in-neighbors j and
l. Fig. 2(b) shows the computation step where agent i updates
its estimates based on the information from the neighbors j and
l, its own current state values (xi(k), yi(k)) and the noise-free
initial values (xi(0), yi(0)). Define P̂ such that

P̂ij =

{
Pij , if i �= j

0, if i = j.
(15)

Note that due to Assumption 1 the matrix P̂ defined in (15) is a
column sub-stochastic matrix, i.e.,

∑n
i=1 P̂ij < 1 for all j ∈ [n].

The parameter αi(k), i ∈ [n] is set as:

αi(k) =
1− β(k)(1− pii)

pii
. (16)

Let A(k) := (diag(αi(k))�P) and B(k) := β(k)P̂. Using
the defined notations in (7)–(11), updates (12)–(14) can be
written as:

X(k + 1) = A(k)X(k) +B(k)X(k) + θ(k)X(0)

+ β(k)ηx(k), (17)

y(k + 1) = A(k)y(k) +B(k)y(k) + θ(k)y(0)

+ β(k)ηy(k), (18)

Z(k + 1) = X(k + 1)� y(k + 1). (19)

The initial values of the agents in updates (12)–(14) help preserve
the true information of the agents and reduce the effect of the
communication noise. Moreover, the agents vary the weights
β(k) and θ(k) dynamically which allows the agents’ estimates
xi(k) and yi(k) to reach a steady state. Specifically, the weights
β(k) and θ(k) satisfy the following assumptions:

Assumption 2: The sequence {β(k)}k≥0 is such that:
i) β(k) ∈ [0, 1), for all k,

ii) there exists a Kβ ≥ 1 such that

ak−q ≤ β(k) ≤ bk−q, (20)

for all k ≥ Kβ , where q > 1 and 0 ≤ a ≤ b <∞.
Note that the requirement (20) with a suitableKβ , allows more

flexibility in choosing β(k) as larger values of a and b can be
chosen while maintaining β(k) ∈ [0, 1], k ≥ Kβ . In the sequel,
the parameters a, b and q will be treated as fixed constants.

Assumption 3: The sequence {θ(k)}k≥0 satisfies:

θ(k) ∈ [0,∞), for all k, and
∞∑
k=0

θ(k) <∞. (21)

Note that one can appropriately choose a Kθ > 0 with large
values of θ(k) chosen early on, i.e. when k < Kθ, to give more
importance to the initial values of the agents and then θ(k)
be gradually reduced, i.e. θ(k) ∈ [0, 1] for k > Kθ to satisfy
Assumption 3. In Section V, we demonstrate the performance of
the proposed NR-PushSum algorithm under different choices
of the β(k) and θ(k) sequences.

Remark 1: The proposed NR-PushSum algorithm in-
herits nice properties of the PushSum algorithm, i.e. the

NR-PushSum algorithm is applicable on general directed
graph topologies and can be both implemented and synthe-
sized/designed distributively. Recall Fig. 2(a), every agent j ∈ V
decides the weights pij for sending its information over the
out-going links to the neighbor agent i, independent of the other
agents. The agent i ∈ V upon receiving the information from
its in-neighbors adds up its own estimate and the initial value
with the received information after weighing them by weights
αi(k), θ(k) and β(k) respectively. Note that the agents do not
need to have any centralized information for weights β(k) and
θ(k). Each agent can dynamically update the weights β(k) and
θ(k) based on Assumptions 2 and 3.

IV. CONVERGENCE ANALYSIS

The proposed NR-PushSum algorithm being a new algo-
rithm, we start by examining its convergence properties in the
noiseless case. Following that, our analysis expands to investi-
gate the almost sure convergence of the proposedNR-PushSum
algorithm to a consensus value, even in the presence of additive
noise affecting communication channels.

We believe that as the proposed NR-PushSum algorithm
itself is new, its properties in the noiseless case have to be estab-
lished. This examination helps establish that the proposed NR-
PushSum algorithm doesn’t compromise convergence proper-
ties in the absence of noise, all while attaining favorable guar-
antees in the presence of noise. Furthermore, the exploration of
the noise-free scenario provides a solid mathematical foundation
that can be extended to establish guarantees for our method in
situations where communication is affected by additive noise.

A. Analysis Under Noiseless Communication Channels

Here, we will analyze a special case of the scheme (12)–(14)
where the communication channels are assumed to be noiseless.
In particular, ηxij

(k) = 0 = ηyij (k) for all i, j ∈ [n] at all time-
instants k ≥ 0. Let M(k) := A(k) +B(k) for all k ≥ 0 and
define the following operation,∏̂l

r=s
M(r) :=

{∏l
r=sM(r), if l ≥ s

In, otherwise.
(22)

Further define,

W (l, k) :=
∏̂k

r=l
M(r). (23)

We begin by establishing that the following relation holds.
Lemma 1:

∑n
j=1Wij(l, k) > wk−l+1

o , for all k ≥ l ≥ 1,
where, wo > 0 is a constant.

Proof: For M(l), l ≥ 1 note that,

n∑
j=1

Mij(l) = 1− β(l)(1− pii) + β(l)

n∑
j �=i

pij

= 1− β(l) + β(l)

n∑
j=1

pij

> 1− β(l) > 1−max
l
β(l) = wo > 0. (24)
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We use an argument based on induction on the matrices of
the form W (l, l + t). Let T = k − l. For t = 1, note that
W (l, l + 1) = M(l)M(l + 1) and the i-jth entry of the ma-
trixW (l, l + 1) is given byWij(i,+1) = [M(l)M(l + 1)]ij =∑n
s=1 Mis(l)Msj(l + 1). Taking the sum over j we have,

n∑
j=1

Wij(l, l + 1) =
n∑
j=1

n∑
s=1

Mis(l)Msj(l + 1)

=

n∑
s=1

⎡⎣Mis(l)

n∑
j=1

Msj(l + 1)

⎤⎦
>

n∑
s=1

Mis(l)wo

> w2
o,

where, we used (24) in the last two inequalities. Assume, for
t = T = k − l, that

∑n
j=1Wij(l, l + T ) =

∑n
j=1Wij(l, k) >

wk−l+1
o . For t = T + 1,

n∑
j=1

Wij(l, l + T + 1)=
n∑
j=1

n∑
s=1

Wis(l, l+T )Msj(l + T + 1)

=

n∑
s=1

⎡⎣Wis(l, l+T )

n∑
j=1

Msj(l+T+1)

⎤⎦
>

n∑
s=1

Wis(l, l + T )wo

> wk−l+1
o wo = wk−l+2

o ,

where, we used (24) and the induction hypothesis in the last
inequality. Therefore, induction holds. Thus,

n∑
j=1

Wij(l, k) > wk−l+1
o , (25)

for all k ≥ l ≥ 1. �
Lemma 2: Let Assumption 1 hold. Assume that the commu-

nication channels in G(V, E) are noiseless. Let the sequences
{β(k)}k≥0 and {θ(k)}k≥0 satisfy Assumptions 2 and 3 respec-
tively. Under the initialization yi(0) = 1 for all i ∈ [n], there
exist yo > 0 such that we have yi(k) > yo for all k ≥ 1, i ∈ [n].
As a consequence the states zi(k) are well-defined for all
k ≥ 1, i ∈ [n].

Proof: For ηy(k) = 0, with M(k) := A(k) +B(k) the up-
date y(k) in the iteration (18) becomes:

y(k + 1) = M(k)y(k) + θ(k)y(0). (26)

Recursive application of (26) using the notation in (22) gives,

y(k + 1) =
∏̂k

r=0
M(r)y(0) +

k∑
s=0

∏̂k

r=s+1
M(r)θ(s)y(0).

(27)

From the definition of matrices A(k) and B(k) under As-
sumption 1 it is easy to check that the matrix M(k) is column-
stochastic for all k ≥ 0 (see Appendix A, [69]). Further, note
thatW (l, k) for all k, l ≥ 0 is a column-Stochastic, Irreducible,
and Aperiodic (cSIA) matrix (see Appendix A, [69]). Column
stochasticity follows by induction and the column stochasticity
of M(k). From the expression forW (l, k) in (23), the zero/non-
zero structure ofW (l, k) corresponds to a graph of n nodes that
includes all the edges in G(V, E) and since the original graph
G(V, E) is strongly connected, W (l, k) corresponds to a graph
that is strongly connected and hence is irreducible [70]. Since
the graph corresponding to W (l, k) is strongly connected and
the diagonal entries of W (l, k) are positive, therefore, W (l, k)
is aperiodic. We utilize the following result from [71] on the
product of column stochastic matrices:

Theorem 1: Let M := {M(1),M(2), . . . } be a collection of
n× n column stochastic matrices. Define a word inM of length
� as the product of �matrices from the collection M (repetitions
permitted). Let M be such that any word in M is cSIA. Then
given ε > 0 there exists an integer �ε such that any word N ∈
Rn×n in M of length � ≥ �ε satisfies maxj maxi1,i2 |Nj,i1 −
Nj,i2 | < ε.

Theorem 1 implies that any sufficiently long word in the
M has all its columns such that the difference in the columns
element-wise can be made arbitrarily small. Thus, given ε > 0,
there exists a �ε > 0 such thatW (l, k) (a word inM that is cSIA)
is equal to v(k)1	 + E(k), for all k > l + �ε, where v(k) is an
appropriate vector with positive entries, and E(k) is an error
matrix such that the absolute value of its elements is smaller
than ε/2 i.e., |Eij(k)| < ε/2 for all i, j ∈ [n].

Further, recall M(k) := A(k) +B(k). Based on the defini-
tion of A(k) and B(k), we can re-write M(k) as

M(k) := In + β(k)P̃, (28)

where, P̃ = diag(pii − 1) + P̂.
Given any ε > 0 for k > �ε, note that W (0, k) = v(k)1	 +

E(k), with |Eij(k)| < ε/2 for all i, j.

W (0, k) =W (0, �ε)

k∏
r=�ε+1

M(r)

= [v(�ε)1
	 + E(�ε)]

k∏
r=�ε+1

M(r)

= [v(�ε)1
	 + E(�ε)]

k∏
r=�ε+1

(In + β(r)P̃)

= v(�ε)1
	

k∏
r=�ε+1

(In + β(r)P̃)

+ E(�ε)

k∏
r=�ε+1

(In + β(r)P̃)

= v(�ε)1
	 + E(�ε)W (�ε + 1, k), (29)

where, we used the fact that v(�ε)1	P̃ = 0n×n.
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From (27), (23) (28), (29), and initialization yj(0) = 1 for all
j we have for k > �ε,

yi(k + 1) =
n∑
j=1

Wij(0, k) +
n∑
j=1

k∑
s=0

θ(s)Wij(s+ 1, k)

>

n∑
j=1

Wij(0, k)

=

n∑
j=1

[
v(�ε)1

	 + E(�ε)W (�ε + 1, k)
]
ij

>
n∑
j=1

[
v(�ε)1

	 − ε

2
11	W (�ε + 1, k)

]
ij

>

n∑
j=1

[
v(�ε)1

	 − ε

2
11	

]
ij

= nvi(�ε)− n
ε

2

> n min
1≤i≤n

vi(�ε)− ε
n

2
> 0,

where, we used the fact thatW (l, k) is column stochastic for all
k, l ≥ 0 in the third last inequality. For k ≤ �ε, from Lemma 1
we have,

yi(k) > wk−1
o +

k−1∑
s=0

θ(s)wk−s−1
o

> wk−1
o + θ(0)wk−1

o ≥ (1 + θ(0))w�εo > 0.

Therefore, yi(k) > yo := min{nmin1≤i≤n vi(�ε), (1 +
θ(0))w�εo }, for all k ≥ 1. Thus, zi(k) = 1

yi(k)
xi(k) is well

defined for all i ∈ [n], k ≥ 0. �
Theorem 2: Let Assumption 1 hold. Assume the edges in

G(V, E) are not corrupted by additive noise in communication
channels. Let {zi(k)}i∈[n]k≥0 be the sequences generated by the
iteration (14). Let the sequence {θ(k)}k≥0 satisfy Assumption 3.
Then, the estimates zi(k) converges to the average u, i.e.,
limk→∞ zi(k) = u, for all i ∈ [n].

Proof: Similar to (26) the update X(k) in the iteration (17)
when ηx(k) = 0 becomes:

X(k + 1) = M(k)X(k) + θ(k)X(0). (30)

Recursive application of (30) with the notation (23) gives,

X(k + 1) =W (0, k)X(0)︸ ︷︷ ︸
first

+
∑k

s=0
θ(s)W (s+ 1, k)X(0)︸ ︷︷ ︸

second

.

(31)

Note that as W (l, k) is column stochastic for all k, l ≥ 1,
‖W (l, k)‖ ≤ w <∞ for all k, l.

Under Assumption 3 and from Theorem 1, given ε > 0.
Define ε̂ := ε/

∑∞
s=0 θ(s)

max{‖X(0)‖,n} . There exists k̃ and v(k) ∈ Rn such

that
∑∞
s=k̃ θ(s) ≤ ε̂

2w and W (l, k) = v(k)1	 + E(k), for all
k > k̃ + l, where, |Eij(k)| ≤ ε̂

2 for all i, j ∈ [n].

Thus, for all k > k̃, the first term in (31) becomes,

W (0, k)X(0) = [v(k)1	 + E(k)]X(0) (32)

where, |Eij(k)| < ε̂/2 for all i, j ∈ [n]. Consider the second
term in (31),

k∑
s=0

θ(s)W (s+ 1, k)X(0) =
∑k̃

s=0
θ(s)W (s+ 1, k)︸ ︷︷ ︸
:=ψ1(k)

X(0)

+
∑k

s=k̃+1
θ(s)W (s+ 1, k)︸ ︷︷ ︸
:=ψ2(k)

X(0). (33)

Note, k > k̃ + s+ 1 for all the terms in ψ1(k). Substituting
W (s+ 1, k) := v(k)1	 + Ê(k), with |Êij(k)| < ε̂/2 for all
i, j ∈ [n] we get,

ψ1(k)X(0) =
k̃∑
s=0

θ(s)[v(k)1	 + Ê(k)]X(0). (34)

Consider ψ2(k),

ψ2(k) =
k∑

s=k̃+1

W (s+ 1, k)θ(s)

= θ(k) +M(k)θ(k − 1) +W (k − 1, k)θ(k − 2) + . . .

+W (k̃ + 2, k)θ(k̃ + 1).

Therefore,

‖ψ2(k)‖ ≤ θ(k) + wθ(k − 1) + · · ·+ wθ(k̃ + 1)

≤ w

∞∑
s=k̃

θ(s) ≤ ε̂

2
. (35)

Using (31)–(35) we have for all k > k̃,

X(k + 1) ≤
(
1 +

∑k̃

s=0
θ(s)

)
v(k)1	︸ ︷︷ ︸

:=χ1(k)

X(0) + ε1n1
	
p ,

(36)

X(k + 1) ≥
⎛⎝1 +

k̃∑
s=0

θ(s)

⎞⎠v(k)1	X(0)− ε1n1
	
p , (37)

where, 1n and 1p are the vectors of dimensions n and p with
all entries equal to 1. We drop the subscript when the dimension
of the vector is clear from the context. Following the similar
procedure for (26) we get, for k ≥ k̃,

y(k + 1) ≤ χ1(k)y(0) + ε1, and, (38)

y(k + 1) ≥ χ1(k)y(0)− ε1. (39)

From (19), and (36)–(39), for any i ∈ [n],

[χ1(k)X(0)−ε1n1	
p ]i

[χ1(k)y(0)+ε1]i
≤zi(k + 1) ≤ [χ1(k)X(0)+ε1n1

	
p ]i

[χ1(k)y(0)−ε1]i ,

(40)
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where, [.]i denote the ith row (ith entry) of the corresponding

matrices (vectors). Denote θ := 1 +
∑k̃
s=0 θ(s), and vi(k) as

the ith entry of v(k).
For k > k̃, for any i ∈ [n], from (40)

zi(k + 1) ≤ [χ1(k)X(0) + ε1n1
	
p ]i

[χ1(k)y(0)− ε1]i

=
θvi(k)1

	X(0) + ε1	

θvi(k)1	y(0)− ε

=

1	X(0)
n + ε

nvi(k)θ
1	

1− ε
nvi(k)θ

=
1	X(0)

n
+

(
1	X(0)

n
+ 1	

)( ε
nvi(k)θ

1− ε
nvi(k)θ

)

Similarly, for k > k̃, for any i ∈ [n],

zi(k + 1) ≥ [χ1(k)X(0)− ε1n1
	
p ]i

[χ1(k)y(0) + ε1]i

=
θvi(k)1

	X(0)− ε1	

θvi(k)1	y(0) + ε

=

1	X(0)
n − ε

nvi(k)θ
1	

1 + ε
nvi(k)θ

=
1	X(0)

n
−
(
1	X(0)

n
+ 1	

)( ε
nvi(k)θ

1 + ε
nvi(k)θ

)

Let ε be such that, ε ≤ ε
(1+ε) (nθvi(k)). Therefore, for allk > k̃,

and for all i ∈ [n],

−
(
1	X(0)

n
+1	

)
ε ≤ zi(k)− 1	X(0)

n
≤
(
1	X(0)

n
+1	

)
ε,

where, 1	X(0)
n = u. Note that ε can be made arbitrarily small.

Thus, we have the desired result. �
Theorem 3: Let Assumption 1 hold. Assume the edges in

G(V, E) are not corrupted by additive noise in communication
channels. Let {xi(k), yi(k), zi(k)}i∈[n]k≥0 be the sequences gener-
ated by iterations (12)–(14). Let the sequence {θ(k)}k≥0 satisfy
Assumption 3. Then, for all j ∈ [n] and k ≥ 0,∥∥∥zj(k)− u

∥∥∥ ≤ C1

[
λk +

k−1∑
s=0

θ(s)λk−s−1 +
1

C
θ(k)

]
,

where, C,C1 and λ ∈ (0, 1) are some positive constants.
Proof: Recall (27) and (31),

y(k + 1) =W (0, k)y(0) +

k∑
s=0

θ(s)W (s+ 1, k)y(0),

X(k + 1) =W (0, k)X(0) +

k∑
s=0

θ(s)W (s+ 1, k)X(0).

Since, W (l, k), k ≥ l ≥ 0 is column stochastic we have,

1	X(k + 1) = 1	W (0, k)X(0)

+

k∑
s=0

θ(s)1	W (s+ 1, k)X(0)

= 1	X(0) +

k∑
s=0

θ(s)1	X(0). (41)

From [25] Corollary 2, there exists stochastic vectorsv(k) ∈ Rn

and constants C, λ ∈ (0, 1) such that for any given i, for all
j = 1, . . . , n,

|Wij(l, k)− vi(k)| ≤ Cλk−l, for all k ≥ l ≥ 0. (42)

MultiplyingM(k + 1)on both sides to (31) andv(k + 1) to (41)
and subtracting we get,

(M(k + 1)− v(k + 1)1	)X(k + 1)

= (W (0, k + 1)− v(k + 1)1	)X(0)

+

k∑
s=0

θ(s)(W (s+ 1, k + 1)− v(k + 1)1	)X(0)

⇒ M(k + 1)X(k + 1) = v(k + 1)1	X(k + 1)

+ (W (0, k + 1)− v(k + 1)1	)X(0)

+
k∑
s=0

(W (s+ 1, k + 1)− v(k + 1)1	)X(0)θ(s). (43)

Define D(l, k) :=W (l, k)− v(k)1	. Replacing k + 1 by k
in (43) and adding θ(k)X(0) on both sides. Comparing with (30)
we get,

X(k + 1) = M(k)X(k) + θ(k)X(0)

= v(k)1	X(k) +D(0, k)X(0)

+
k−1∑
s=0

D(s+ 1, k)X(0)θ(s) + θ(k)X(0). (44)

Similarly, for (27)

y(k + 1) = M(k)y(k) + θ(k)y(0)

= v(k)1	y(k) +D(0, k)y(0)

+

k−1∑
s=0

D(s+ 1, k)y(0)θ(s) + θ(k)y(0). (45)

Using (19), (44), and (45) for any agent i and k ≥ 0, unnum-
ber eqn. shown at the bottom of the next page, where, [.]i
denote the ith row of the corresponding matrix and in the last

equality we used the fact nvi(k)1
	X(k)

nyi(k)
− vi(k)1

	y(k)1	X(0)
nyi(k)

=

0. Note ‖nX(0)− y(0)1	X(0)‖ ≤ ‖nIn − 11	‖‖X(0)‖ ≤
2n2‖X(0)‖. From Lemma 2, there exists yo > 0 such that
yi(k) > yo for all i and k ≥ 0. Therefore,∥∥∥∥zi(k)− 1	X(0)

n

∥∥∥∥
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≤ ‖Di(0, k)‖‖nX(0)− y(0)1	X(0)‖
n‖yi(k)‖

+
θ(k)‖nXi(0)− yi(0)1

	X(0)‖
n‖yi(k)‖

+

∑k−1
s=0 θ(s)‖Di(s+ 1, k)‖‖nX(0)− y(0)1	X(0)‖

n‖yi(k)‖ ,

≤ 2n3‖X(0)‖Cλk

nyo
+

2n3‖X(0)‖θ(k)
nyo

+
2n3‖X(0)‖C∑k−1

s=0 θ(s)λ
k−s−1

nyo

=
2n2‖X(0)‖C

yo

[
λk +

k−1∑
s=0

θ(s)λk−s−1 +
1

C
θ(k)

]
.

�
Corollary 3.1: Let Assumption 1 hold. Assume the edges in

G(V, E) are not corrupted by additive noise in communication
channels. Let {xi(k), yi(k), zi(k)}i∈[n]k≥0 be the sequences gen-
erated by the iterations (12)–(14). Let θ(k) = ρk, for all k ≥ 1
such that ρ ∈ (0, 1/α), where α > 1. Then, for all j ∈ [n] and
k ≥ 1,

‖zj(k)− u‖ ≤ Υ�k,

where, Υ and � ∈ (0, 1) are positive constants.
Proof: Let � := max{λ, αρ}. From Theorem 3,

∥∥zj(k)− u
∥∥ ≤ C1

[
λk +

k−1∑
s=0

θ(s)λk−s−1 +
1

C
θ(k)

]

≤ C1

[
λk +

k−1∑
s=0

λk−s−1ρs +
1

C
ρk

]

≤ C1

[
λk +

k−1∑
s=0

�k−s−1ρs +
1

C
ρk

]

≤ C1

[
�k +

�k

�

k−1∑
s=0

(
ρ

�

)s
+

1

C
�k

]

≤ C1

[
1 +

1

�

∞∑
s=0

(
ρ

�

)s
+

1

C

]
�k

= C1

[
1 +

1

�− ρ
+

1

C

]
�k = Υ�k,

where, Υ := C1

[
1 + 1

�−ρ +
1
C

]
. �

B. Convergence Under Noisy Communication Channels

Here, we analyze the performance of the proposed NR-
PushSum algorithm under the communication noise. We first
introduce conditions on the additive noise in the communication
links. In particular, we make the following assumption:

Assumption 4: The noise in communication channels in
G(V, E) is bounded, i.e. there exists δi,j such that |ηxij

(k)| ≤
δi,j , |ηyij (k)| ≤ δi,j for i, j ∈ [n] and k ≥ 1.

Consider a familyΘ of sequences with any element θ(k) ∈ Θ
such that,

θ(k) =

{
d1nδβ(k) ∈ R, k ≤ Kθ,
d2nbδ
kq ∈ [0, 1], k > Kθ,

(46)

where, 1 ≤ d1 <∞ and 1 ≤ d2 ≤ Kq
θ/nbδ and Kθ ≥

max{Kβ , (nδb)
1/q}, where Kβ is the time index in Assump-

tion 2, such that ak−q ≤ β(k) ≤ bk−q for all k ≥ Kβ , with
q > 1 and 0 ≤ a ≤ b <∞. Different choices of d1 and d2 lead
to different sequences inΘ. Note that every sequence θ(k) in the
family Θ satisfies Assumption 3. We have the following result
for any sequence θ(k) ∈ Θ.

Lemma 3: Let {θ(k)}k≥0 ∈ Θ, then for all k ≥ 0, (θ(k)y(0)
+β(k)ηy(k)) > 0.

Proof: Let k ≤ Kθ,

θ(k)y(0) + β(k)ηy(k) = d1nδβ(k)y(0) + β(k)ηy(k)

≥ d1nδβ(k)1
	 − δβ(k)1	 = (d1n− 1)δβ(k)1	 > 0.

zi(k + 1)− 1	X(0)

n
=

[v(k)1	X(k) +D(0, k)X(0)]i +
∑k−1
s=0[D(s+ 1, k)X(0)θ(s)]i + θ(k)Xi(0)

yi(k)
− 1	X(0)

n

=
vi(k)1

	X(k) +Di(0, k)X(0) +
∑k−1
s=0 θ(s)Di(s+ 1, k)X(0) + θ(k)Xi(0)

yi(k)
− 1	X(0)

n

=
n(vi(k)1

	X(k) +Di(0, k)X(0) +
∑k−1
s=0 θ(s)Di(s+ 1, k)X(0) + θ(k)Xi(0))

nyi(k)

− (vi(k)1
	y(k) +Di(0, k)y(0) +

∑k−1
s=0 θ(s)Di(s+ 1, k)y(0))1	X(0)

nyi(k)
− θ(k)yi(0)1

	X(0)

nyi(k)

=
Di(0, k)(nX(0)− y(0)1	X(0))

nyi(k)
+
θ(k)(nXi(0)− yi(0)1

	X(0))

nyi(k)

+

∑k−1
s=0 θ(s)Di(s+ 1, k)(nX(0)− y(0)1	X(0))

nyi(k)
,
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For k > Kθ,

θ(k)y(0) + β(k)ηy(k) =
d2nbδ

kq
y(0) + β(k)ηy(k)

≥ d2nbδ

kq
1	 − bδ

kq
1	 = (d2n− 1)

bδ

kq
1	 > 0.

This completes the proof. �
Lemma 4: Let Assumption 1 hold. Let sequence {β(k)}k≥0

satisfy Assumption 2. Assume that the channel noise satisfies
Assumption 4. Let {θ(k)}k≥0 ∈ Θ (defined in (46)), then there
exist ỹo > 0 such that yi(k) > ỹo for all k ≥ 1 and i ∈ [n], i.e.,
the estimate yi(k) remain positive at all time-instants and the
states zi(k) are well-defined for all k, i ∈ [n].

Proof: Let δ := maxi,j δij . Using (18) and proceeding as
in (27) we have,

y(k + 1) =W (0, k)y(0) +
k∑
s=0

θ(s)W (s+ 1, k)y(0)

+

k∑
s=0

β(s)W (s+ 1, k)ηy(s) =W (0, k)y(0)

+

k∑
s=0

W (s+ 1, k)(θ(s)y(0) + β(s)ηy(s)).

(47)

Let the sequence θ(k) ∈ Θ as defined in (46). We follow the
same steps in the proof of Lemma 2. Given, ε > 0, for any i ∈ [n]
and k > �ε,

yi(k + 1) =

n∑
j=1

Wij(0, k)yj(0)

+

n∑
j=1

k∑
s=0

Wij(s+1, k)(θ(s)yj(0) + β(s)ηyj (s))

>

n∑
j=1

Wij(0, k)

=
n∑
j=1

[
v(�ε)1

	 + E(�ε)W (�ε + 1, k)
]
ij

>

n∑
j=1

[
v(�ε)1

	 − ε

2
11	W (�ε + 1, k)

]
ij

>

n∑
j=1

[
v(�ε)1

	 − ε

2
11	

]
ij

= nvi(�ε)− n
ε

2

> n min
1≤i≤n

vi(�ε)− ε
n

2
> 0,

where, we used (25), the result of Lemma 3 and the fact that
W (l, k) is column stochastic for all k, l ≥ 0.

For k ≤ �ε, from (25) and Lemma 3 we have,

yi(k) > wk−1
o > θ(0)w�εo > 0.

Therefore, yi(k) > ỹo := min{nmin1≤i≤n vi(�ε), θ(0)w�εo }
for all k ≥ 1 with any θ(k) ∈ Θ and β(k) satisfying
Assumption 2. �

Theorem 4: Let Assumption 1 hold. Let sequence {β(k)}k≥0

satisfy Assumption 2. Assume that the channel noise satisfies
Assumption 4. Let {zi(k)}i∈[n]k≥0 be the sequences generated by
iteration (14). Given μ > 0, let {θ(k)}k≥0 ∈ Θ (defined in (46))
with θ(0) := nδ

∑∞
s=0 β(s)/μ, where, δ = maxi,j δij . Then,

for all i ∈ [n], almost surely, zi(k) converge to the same vector
z∞. In particular,

u− μ

1 + μ
≤ lim
k→∞

zi(k) ≤ u+ μ

1− μ
.

Proof: Recall (17) and proceed as in (31),

X(k + 1) = W (0, k)X(0)︸ ︷︷ ︸
first

+
∑k

s=0
θ(s)W (s+ 1, k)X(0)︸ ︷︷ ︸

second

+
∑k

s=0
β(s)W (s+ 1, k)ηx(s)︸ ︷︷ ︸

third

(48)

Note that as W (l, k) is column stochastic for all k, l ≥ 1,
‖W (l, k)‖ ≤ w <∞ for all k, l.

Under Assumption 3 and from Theorem 1, given ε > 0.
Define ε̂ :=

ε/
∑∞

s=0 θ(s)
max{‖X(0)‖,n} . There exists k̃ and v(k) ∈ Rn

such that
∑∞
s=k̃ θ(s) <

ε̂
3w ,

∑∞
s=k̃ β(s) ≤ ε̂

3nδw andW (l, k) =

v(k)1	 + E(k), for all k > k̃ + l, where, |Eij(k)| ≤ ε̂
3 for all

i, j ∈ [n].
Thus first and second terms in (48) can be re-formulated in

the same manner as (32)–(35). Consider, the third term in (48),

k∑
s=0

β(s)W (s+ 1, k)ηx(s) =
∑k̃

s=0
β(s)W (s+ 1, k)ηx(s)︸ ︷︷ ︸

:=ζ1(k)

+
∑k

s=k̃+1
β(s)W (s+ 1, k)ηx(s)︸ ︷︷ ︸

:=ζx(k)

(49)

Note, k > k̃ + s+ 1 for all the terms in ζ1(k). Substituting
W (s+ 1, k) := v(k)1	 + Ẽ(k), with |Ẽij(k)| < ε̂/3 for all
i, j ∈ [n] we get,

ζ1(k) =

k̃∑
s=0

β(s)[v(k)1	 + Ẽ(k)]ηx(s). (50)

Now consider ζx(k),

ζx(k) =

k∑
s=k̃+1

β(s)W (s+ 1, k)ηx(s)

= β(k)ηx(k) + β(k − 1)M(k)ηx(k − 1) + . . .

+ β(k̃ + 1)W (k̃ + 2, k)ηx(k̃ + 1).

Therefore,

‖ζx(k)‖ ≤ nδβ(k) + nδwβ(k − 1) · · ·+ nδwβ(k̃ + 1)
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≤ nδw

∞∑
s=k̃

β(s) ≤ ε̂

3
. (51)

Using (48), (32)–(35), and (49)–(51), for all k > k̃,

X(k + 1)

≤ v(k)1	(X(0) +
∑k̃

s=0
θ(s)X(0) +Nx(k̃)︸ ︷︷ ︸

:=χx(k)

) + ε1n1
	
p

(52)

X(k + 1)

≥ v(k)1	(X(0) +

k̃∑
s=0

θ(s)X(0) +Nx(k̃))− ε1n1
	
p (53)

where, Nx(k̃) :=
∑k̃
s=0 β(s)ηx(s), Ny(k̃) :=∑k̃

s=0 β(s)ηy(s) and 1n and 1p are the vectors of dimensions
n and p with all entries equal to 1. We drop the subscript when
the dimension of the vector is clear from the context. Following
the similar procedure for (47) we get, for k ≥ 1,

y(k + 1) ≤ v(k)1	χy(k) + ε1, (54)

y(k + 1) ≥ v(k)1	χy(k)− ε1. (55)

From (19), and (52)–(55),

[v(k)1	χx(k)− ε1n1
	
p ]i

[v(k)1	χy(k) + ε1]i
≤ zi(k + 1)

≤ [v(k)1	χx(k) + ε1n1
	
p ]i

[v(k)1	χy(k)− ε1]i
, (56)

where, [.]i denote the ith row (ith entry) of the corresponding

matrices (vectors). Denote θ := 1 +
∑k̃
s=0 θ(s), and vi(k) as

the ith entry of v(k).
For k > k̃, for any i ∈ [n], from (56),

zi(k + 1) ≤ [v(k)1	χx(k) + ε1n1
	
p ]i

[v(k)1	χy(k)− ε1]i

≤ vi(k)1
	X(0) + θvi(k)1

	X(0) + vi(k)1
	Nx(k̃) + ε1	

vi(k)1	y(0) + θvi(k)1	y(0) + vi(k)1	Ny(k̃)− ε

≤
1	X(0)
n + θ1	X(0)

n + 1	Nx(k̃)
n + ε1	

1 + θ +
1	Ny(k̃)

n − ε

≤
1	X(0)
n

(
1 + θ

)
+ 1	Nx(k̃)

n + ε1	

1 + θ +
1	Ny(k̃)

n − ε

≤
1	X(0)
n + 1	Nx(k̃)

n(1+θ)
+ ε

(1+θ)
1	

1 +
1	Ny(k̃)

n(1+θ)
− ε

(1+θ)

≤ a

b
+
(a
b
+ 1	

)( ε
b(1+θ)

1 + ε
b(1+θ)

)
.

where, a := 1	X(0)
n + 1	Nx(k̃)

n(1+θ)
, b := 1 +

1	Ny(k̃)

n(1+θ)
Similarly, for

k > k̃, for any i ∈ [n],

zi(k + 1) ≥ a

b
−
(a
b
+ 1	

)( ε
b(1+θ)

1− ε
b(1+θ)

)

Let ε be such that, ε ≤ ε
b(1+ε) (1 + θ). Therefore, for all k > k̃,

and for all i ∈ [n],

−
(a
b
+ 1	

)
ε ≤ zi(k)−

1	X(0)
n + 1	Nx(k̃)

n(1+θ)

1 +
1	Ny(k̃)

n(1+θ)

≤
(a
b
+ 1	

)
ε.

Note that ε can be made arbitrarily small. Thus, for all i ∈ [n],

lim
k→∞

zi(k) =

1	X(0)
n + 1	Nx(k̃)

n(1+θ)

1 +
1	Ny(k̃)

n(1+θ)

:= z∞.

Moreover, under Assumptions 2–4,

u− nδ
∑∞

s=0 β(s)
(1+

∑∞
s=0 θ(s))

1	

1 +
δ
∑∞

s=0 β(s)
(1+

∑∞
s=0 θ(s))

≤ z∞ ≤
u+

nδ
∑∞

s=0 β(s)
(1+

∑∞
s=0 θ(s))

1	

1− δ
∑∞

s=0 β(s)
(1+

∑∞
s=0 θ(s))

,

where, we used 1	X(0)
n = u. Note that if given μ > 0, if θ(0) :=

nδ
∑∞
s=0 β(s)/μ, we have

u− μ

1 + μ
≤ z∞ ≤ u+ μ

1− μ
.

�
Remark 2: The upper and lower bounds on z∞ in Theo-

rem 4 can be made very close to the average u by appropri-
ately choosing the sequences θ(k) and β(k). In particular, if∑∞
s=0 θ(s) >>

∑∞
s=0 β(s) then z∞ is very close to the actual

average u. This can be achieved via suitable choices of Kθ

and the starting values of the sequence θ(k), k < Kθ in (46).
We demonstrate this using numerical simulation studies with
different noise realizations in Section V.

Remark 3: Unlike the state-of-the-art in [35], [41], [44], [50],
[53], the NR-PushSum algorithm remains applicable even for
noise distributions that are not necessarily zero-mean and inde-
pendent. Furthermore, it achieves almost sure average consensus
as shown in Theorem 4 and substantiated through simulation
results in Section V-C.

Moreover, the articles [35], [44], [50], [53] are confined
to undirected graphs with agents connected via bidirectional
edges, in a symmetric communication topology. Additionally,
these articles follow a centralized synthesis approach, utilizing
global information of the interconnection structure. In contrast,
the NR-PushSum algorithm operates differently. Notably, the
consensus protocol presented in [41] diverges from the average
of the initial values of the agents, setting it apart from the
NR-PushSum algorithm.
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The next result establishes the existence of the moments of
the estimates zi(k) generated by the NR-PushSum algorithm.

Theorem 5: Let Assumption 1 hold. Let sequence {β(k)}k≥0

satisfy Assumption 2. Assume that the channel noise satis-
fies Assumption 4. Let {θ(k)}k≥0 ∈ Θ (defined in (46)). Let
{xi(k), yi(k), zi(k)}i∈[n]k≥0 be the sequences generated by the iter-
ations (12)–(14). Then, for anym non-negative, E(|zij(k)|m) <
∞, for all i ∈ [n], j = 1, . . . , p and k ≥ 0.

Proof: From (48) and (52), under Assumptions 2–4
there exists xup <∞ such that |Xij(k)| ≤ xup for all
i ∈ [n], j = 1, . . . , p and k ≥ 0. Thus, for any m non-
negative, E(|Xij(k)|m) = xmup <∞. From Lemma 4, there
exists ỹo such that we have for all i ∈ [n] and k ≥ 0,
Probability(|yi(k)| < ỹo) = 0. Using Hölder’s inequality for
(Xij(k))

m and (yi(k))
−m. Since, Probability((ỹo)

−m <
(yi(k))

−m < (ỹo)
−m) = 1, we have

E(|zij(k)|m) ≤ ỹ−mo E(|Xij(k)|m) = ỹ−mo xmup <∞, (57)

for all k, for any i ∈ [n] and j = 1, . . . , p. �
Remark 4: As a consequence of Theorem 5, it follows that

the varianceVar(zi(k)) of the estimates zi(k), Var(zi(k)) =
E(|zi(k)|2)− (E(zi(k)))

2 ≤ 2
√
nỹ−2

o x2up <∞ is bounded.

V. SIMULATION STUDY

In this section, we demonstrate the performance of the pro-
posed NR-PushSum algorithm. A network of 10 agents gen-
erated using the Erdos-Renyi model [72] with a connectivity
probability of 0.35 is considered for demonstration. The ini-
tial values of the agents chosen for the numerical study are
u = [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] with the average value being
u = 5.5. The examples in the numerical study are implemented
in MATLAB and run on a desktop computer with 16 GB RAM
and an Intel Core i7 processor running at 1.90 GHz. The noise
realizations are obtained by simulating random variables that
are drawn independently from a probability distribution at each
iteration of the algorithm under study. We present the plots of the
evolution of agents’ estimates against the algorithm iterations.

First, we present the performance of the proposed NR-
PushSum algorithm under perfect communication. Then we
present the performance under imperfect communication via
the following case studies: (i) performance of NR-PushSum al-
gorithm under different algorithm parameters, (ii) performance
under different magnitudes of the additive noise, and (iii) ro-
bustness of the NR-PushSum algorithm under the violation
of the upper bound in Assumption 4 during the run-time of
the algorithm. Lastly, we present a comparison between the
proposed NR-PushSum algorithm and other existing algo-
rithms in the literature. Consensus error for the NR-PushSum
algorithm at any iteration k is defined as,

∑n
i=1(zi(k)− u)2 =∑

i=1(zi(k)− 5.5)2.

A. Performance Under Perfect Communication

Fig. 3 presents the agent state trajectories for the NR-
PushSum algorithm when the communication links are noise-
less. The algorithm parameters are: θ(k) = 0.7k for all k ≥ 1
and Kβ = 200 such that β(k) = 0.35, ∀k < 200 and β(k) =

Fig. 3. Performance of the NR-PushSum algorithm under the noiseless case:
(a) the sequence of states xi(k), (b) yi(k) sequences, (c) ratio states of the 10
agents achieve consensus, (d) geometric decay of the consensus error.

TABLE I
EXAMPLE SEQUENCES FOR NR-PushSum

100/k1.1, ∀k ≥ 200. Fig. 3(a) and (b) show the estimates xi(k)
and yi(k) (called the numerator and denominator states re-
spectively) for all the agents. The numerator and denominator
states reach a steady state. The agent states zi(k) are plotted
in Fig. 3(c); it can be seen that the agents’ states zi(k) achieve
consensus to the average value of 5.5. Fig. 3(d) shows the decay
of consensus error with respect to the number of iterations of
the NR-PushSum algorithm.

B. Performance Under Communication Noise

In this section, we present the performance of the proposed
NR-PushSum algorithm under noisy communication links.

1) Different Choices of Algorithm Parameters: Here, we
demonstrate that the NR-PushSum algorithm achieves average
consensus under the additive noise. The noise in communication
links is realized from a uniform distribution U(−1, 1). We
employ two different choices ofβ(k) sequences and accordingly
choose the θ(k) sequences from the family of sequences in (46).
The choices are summarized in Table I. Fig. 4(a) and (b) present
the agent state trajectories for the NR-PushSum algorithm re-
alizations with sequences in Table I rows (i) and (ii) respectively
under the additive noise. The inset in Fig. 4(a) and (b) show that
the proposed NR-PushSum algorithm has strong performance
leading to consensus among the agents under additive noise.
Moreover, the final consensus value of the agents is close to the
initial average of 5.5. Fig. 4(c) and (d) show the consensus error
with the parameters in Table I for rows (i) and (ii), respectively.
The sequence θ(k) belongs to the family of sequences given
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Fig. 4. Performance of the NR-PushSum algorithm under noisy communi-
cation with different choices of algorithm parameters: (a) Row (i) of Table I,
(b) Row (ii) of Table I, (c) Consensus error for parameters in Row (i) of Table I,
(d) Consensus error for parameters in Row (ii) of Table I.

by (46). Here, theNR-PushSum algorithm achieves a sub-linear
decay of consensus error, analogous to Theorem 3.

2) Different Magnitudes of the Additive Noise: The effect
of the magnitude of the communication noise relative to the
initial values of the agents is presented here. The noise is
realized as a uniform random variable. For the numerical ex-
periment, the magnitude of the noise realizations is scaled
to (i) 5 times the original value, i.e. U(−5, 5) and (ii) 10
times the original value i.e. U(−10, 10). We choose the se-
quence β(k) = 0.35, ∀k < 200, β(k) = 1/k1.2, ∀k ≥ 200. The
sequence θ(k) is modified according to the noise upper bound.
For the two cases, the following θ(k) sequences are chosen in
accordance to the family (46) for the NR-PushSum algorithm:
(i) θ(k) = 100, ∀k < 200, θ(k) = 50/k1.2, ∀k ≥ 200 and (ii)
θ(k) = 100, ∀k < 200, θ(k) = 100/k1.2, ∀k ≥ 200. Fig. 5(a)
and (b) provide the state trajectories of different agents under the
NR-PushSum algorithm for cases (i) and (ii) respectively. It can
be seen that the agent states achieve consensus close to the initial
average value of 5.5. Fig. 5(c) and (d) plot the consensus error
decay under the noise realizations viaU(−5, 5) andU(−10, 10),
respectively.

3) Robustness to Noise With Extreme Magnitudes: The pa-
rameters of the proposed NR-PushSum algorithm depend on
an upper bound on the communication noise (see (46)). To test
the applicability of the NR-PushSum algorithm in extreme
scenarios, here we test the robustness of the NR-PushSum
algorithm under situations when the communication noise vi-
olates the upper bound in Assumption 4. In particular, we
design the algorithm parameters assuming that the communi-
cation noise is a uniform random variable U(−1, 1). We test
the following two scenarios: (i) communication noise in the
worst case becomes 400 times at every 50 iterations, i.e. noise
is realized as U(−400, 400) at every iteration of the form 50i,

Fig. 5. Performance of the NR-PushSum algorithm under the variation of the
magnitude of additive communication noise: (a) noise realized via U(−5, 5),
(b) noise realized via U(−10, 10). In both cases, the state estimates under
NR-PushSum with appropriate algorithmic parameters converge to the ini-
tial average, (c) Consensus error under the noise realization via U(−5, 5),
(d) Consensus error under the noise realization via U(−10, 10).

Fig. 6. Performance of the NR-PushSum algorithm under scenarios with the
noise realizations violating the upper bound utilized to the algorithms parame-
ters. Fig. 6(a) and (b) demonstrate the robustness of the proposedNR-PushSum
algorithm under extreme violation scenarios, Fig. 6(c) and (d) present the
consensus error decay during the iterations of the NR-PushSum algorithm.

where, i = 1, 2, . . . , (ii) communication noise in the worst case
becomes 400 times at every 10 iterations, i.e. noise is realized
as U(−400, 400) at every iteration of the form 10i, where,
i = 1, 2, . . . . The two situations are designed to test the effect of
the number of violations of the bound in Assumption 4 during
run-time on the convergence of the NR-PushSum algorithm.
Fig. 6(a) and (b) show the agent states for the two test situations.
The frequency of the event when the noise value is greater
than the original upper bound affects the final converged value
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Fig. 7. Performance comparison of theNR-PushSum algorithm with existing
algorithms in the literature: (a) performance under bounded noise with zero mean
and (b) performance under bounded communication noise with non-zero mean.

of the algorithm. In case (i) (Fig. 6(a)) with less number of
violations the NR-PushSum algorithm converges closer to the
initial average value of 5.5, while the estimates in situation
(ii) have a larger deviation from the original average value of
5.5 (Fig. 6(b)). However, we emphasize that the proposed NR-
PushSum algorithm performs well and remains stable under
the extreme violations of the design assumptions as shown by
the state trajectories in Fig. 6(a) and (b). The consensus error
decay for the two test situations is presented in Fig. 6(c) and (d),
respectively. Note that the extreme noise magnitudes do affect
the consensus error. However, the NR-PushSum algorithm is
still able to achieve a very small consensus error in both test
scenarios.

C. Comparison With Other Algorithms

In this section, we present a performance comparison between
the proposed NR-PushSum algorithm and existing algorithms
in the literature. Here, we refer to the existing algorithms via
the initial of the authors’ names. We compare with the follow-
ing algorithms: WE algorithm of [53], HM algorithm in [41],
TN algorithm in [50], HZCSC algorithm in [44], and the KM
algorithm in [35]. To obtain the consensus error for any other
algorithm we replace the zi(k) estimates with the corresponding
estimates in the chosen algorithm. We compare the results under
two different noise realizations: (i) we first consider the commu-
nication noise realized as a uniform random variable U(−1, 1).
(ii) Next, we compare the performance of all the algorithms
when the communication noise has a non-zero mean. In par-
ticular, we consider the noise realizations to be generated as a
non-zero mean uniform random variable U(0, 1). In both cases
we choose the following sequences for the NR-PushSum al-
gorithm: β(k) = 0.2, ∀k < 500, β(k) = 1/k1.5, ∀k ≥ 500 and
θ(k) = 100, ∀k < 500, θ(k) = 10/k1.5, ∀k ≥ 500. To present
the performance comparison, we plot the consensus error for
all the algorithms with respect to the iteration count under
the zero mean and non-zero mean cases in Fig. 7(a) and (b)
respectively. It can be seen that the proposed NR-PushSum
algorithm performs the best in both cases. The NR-PushSum
algorithm has a consensus error that decays faster compared to
the other algorithms when the communication noise has zero
mean (see Fig. 7(a)). When the communication noise has a
non-zero mean, it can be seen that the consensus error for

the existing algorithms in the literature is greater than 1 and
increases with the iteration count of the algorithm. In this case,
too the proposed NR-PushSum algorithm performs well. The
consensus error for the NR-PushSum algorithm is less than
10−2 for all the iterations.

Summarizing, the simulation results indicate that the pro-
posed NR-PushSum algorithm has a good performance under
communication noise and shows robustness to uncertain changes
in the communication noise. Compared to the existing state-
of-the-art algorithms the NR-PushSum algorithm has superior
performance with respect to the ability to achieve consensus to
the initial average under communication noise.

VI. CONCLUSION

In this article, we address the challenge of designing an
average consensus algorithm for directed graphs when commu-
nication links are impacted by noise. Initially, we demonstrate
that the widely used PushSum algorithm, often employed for
distributed decision-making schemes over directed graphs, does
not perform well in the presence of communication noise. Sub-
sequently, we introduce the NR-PushSum algorithm, which
involves each agent utilizing its own noise-free weighted initial
value for updating estimates during each iteration. Furthermore,
each agent governs the amount of noise permissible in its state
updates by appropriately weighing the information received
from its neighbors through noisy communication links. These
chosen weights enable agents to counteract the effects of noisy
estimates from neighbors and steer towards consensus. We
establish that the proposed NR-PushSum algorithm achieves
consensus at a geometric rate when communication is noiseless.
Under additive noise, we prove that agents’ estimates following
the NR-PushSum algorithm converge to a consensus value
almost surely. We validate the effectiveness of the proposed al-
gorithm through numerical case studies encompassing different
noise scenarios and varying algorithm parameters. Simulation
results highlight the superior performance of the NR-PushSum
algorithm compared to existing state-of-the-art methods. A po-
tential future research direction for the authors is the utilization
of the proposed NR-PushSum algorithm to design distributed
optimization algorithms for directed graphs in the presence of
communication noise.
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