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GradConsensus: Linearly Convergent Algorithm
for Reducing Disagreement in Multi-Agent
Optimization

Vivek Khatana

Abstract—TIn this article, we propose a new approach, optimize
then agree for minimizing a sum of convex functions, over a directed
graph. The optimize then agree approach decouples the optimiza-
tion step and the consensus step in a multi-agent distributed opti-
mization framework. The key motivation for optimize then agree is
to guarantee that the disagreement between the agents’ estimates at
every iteration of the distributed optimization algorithm remains
under any apriori specified tolerance; existing algorithms do not
provide such a guarantee which is required in many practical
scenarios. In the proposed algorithm, each agent utilizes its locally
available function information along with a finite-time approximate
consensus protocol to move toward the optimal solution. We estab-
lish a global R-linear rate of convergence if the aggregate function
is strongly convex and Lipschitz differentiable. We show that under
the relaxed assumption of convex and Lipschitz differentiable func-
tions, a Q-linear rate is achieved until reaching a neighborhood of
the optimal, that can be managed using the tolerance value specified
on the finite-time approximate consensus protocol; no existing
method in the literature has such strong convergence guarantees
for not necessarily strongly convex functions. The communication
overhead for these improved guarantees of our algorithm is within a
log k, (at the kth iteration of the algorithm) factor of the traditional
algorithms. Further, we numerically demonstrate the efficacy of
the proposed algorithm in solving a distributed logistic regression
problem.

Index Terms—Directed graphs, distributed control, distributed
optimization, finite-time consensus, linear convergence, multi-
agent networks.

I. INTRODUCTION

N THIS article, we consider a group of n agents connected as
a directed graph, with the objective of solving the following
distributed optimization problem:

minimize f(z) = Z fi(x), (1

reRP
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where, x € RP? is a global optimization variable, and each func-
tion f; : R? — R is a convex function known only to agent 4.
Due to the underlying directed interconnection structure, agents
can only send (receive) information to (from) their neighboring
nodes connected via a unidirectional link in the directed com-
munication structure.

An initial study of the distributed optimization problem was
presented in the seminal works [1], [2]. Since then numerous
algorithms to minimize the sum of convex functions in a dis-
tributed manner are devised [3], [4], [5]. Most of the existing
first-order methods for solving (1) include the Distributed Gradi-
ent Descent (DGD) method [3], [6] and its modifications [7], [8],
[9], [10], [11]. The authors in [8] proposed an exact first-order
method that converges to the optimal solution while using a
fixed step-size in the gradient updates. The works in [10],
[11] have developed algorithms based on proximal-gradient to
tackle (1). However, most existing works including, [1], [2],
[3]1, [4], [51, [6], [7], [8], [9], [10], [11], impose restrictive
conditions such as the requirement of doubly-stochastic weight
matrices and need of balanced undirected graphs. The first work
to propose a distributed optimization method for directed graphs
appeared in [12]. Subsequently, the authors in [13] incorporated
the push-sum protocol [14] with the earlier DGD method [3]
to propose the subgradient-push algorithm for time-varying
directed graphs. Recent works [15] and [16] proposed distributed
optimization schemes for directed networks that make use of
both row and column stochastic matrices in one iteration of the
algorithm.

While there is proliferating literature on developing dis-
tributed optimization methods for (1), the current methods in
the literature suffer from the mismatch between the agents’ esti-
mates at any finite-time termination of the algorithm. Consider,
an equivalent reformulation of problem (1):

n
minimize Z fi(z)
zl,...xn =1

subject to z = 27, foralli,j € {1,2,...,n},  (2)

where, 2%, 27 € RP are local estimates (of the optimal solution)
of agent ¢ and j respectively and the equality constraints enforce
agreement between the local estimates of the agents. The design
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of existing algorithms that focus on finding the solution to prob-
lem (2) emphasize solving the unconstrained problem and reach-
ing an agreement between the agents’ estimates only asymptoti-
cally. In particular, at the intermediate iterations of the algorithm,
the agents’ estimates often have a considerable mismatch and
hence, do not provide a practically feasible solution (where a
specification is present to have control over the largest mismatch
between the agent estimates) to problem (2). The disagreement
of agents’ estimates (also referred to as consensus constraint
violation) can be problematic for practical applications where
obtaining a feasible solution with guarantees in finite time is
crucial for adequate performance and stability of the system.
Some illustrative examples of real-world applications where
agreement on a solution during the iterations of the distributed
optimization algorithm is imperative include:

A. Rendezvous of Multi-Robot Systems: Consider n mobile
robots that have to rendezvous at a common position and a
common time. The ith robot has a hard constraint characterized
by wu;(p,t) < 0 for a position p and time ¢. This constraint, for
example, can impose restrictions such as not being able to reach
position p by time ¢. The ith robot also poses a cost f;(p,t) to
the system planner for reaching position p at time ¢. The related
optimization problem is:

n
minimize > fi(pi, t;)
(P15t1)see s (Prstn) =1

subjectto p; = p;,t; =t;, Vi,j € {1,2,...,n}
ui(pi,ti) <0, Vi€{1,2,...,n} 3)

The optimal solution to the above optimization can be realized;
however, the optimal with the current know-how [17], [18] can
be reached only asymptotically. It is possible that the robots
cannot wait beyond a certain time and need to start taking action
before a pre-specified time. In such scenarios, it is possible that
algorithms that do not satisfy the common meeting time and
position remain practically infeasible for the operation when
stopped before convergence to the optimal is close (which may
be hard to assess). The framework proposed in this article
ensures that the goal of a common time and position remains
feasible at every iteration of the solution procedure. Thus, even
when away from optimality, the constraints are practically met.

B. Decentralized Deep Learning: Consider, a distributed
empirical risk minimization problem with n nodes considered
in [19], [20]. In this problem, the task is to obtain the best
estimate x of a parameter of interest, from data. The estimation
is to be carried out by n distributed agents communicating over
a given network. Agent ¢ has a data set D; assigned to it. Agent
17 has a cost function to quantify the quality of fit when the
parameter x is used to fit a data z in D; given by f;(z, z) (for
example, one such function is ||z — z||?). All agents have to
agree on the estimate of the parameter at the end of the learning
process. The associated optimization problem (also see [19],
[20]) is

minimize i > filwg, 2)

Tien®n =1 zeD;

subject to x; = x5, Vi,j € {1,2,...,n} )
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In the context of problem (4), it is important to balance the
individual model parameter optimality (via local optimization
by the ith agent) and the global constraint of consensus be-
tween the model parameter estimates of all the agents during
the model parameter learning procedure (typically the neural
network training procedure) to recover an estimate of the true
model from the distributed datasets [19], [20]. Here, a framework
to improve the inter-iteration behavior of the estimates to agree is
important (see [21]). Our article meets the gap in the know-how
of assuring that the estimates practically agree at every iteration
of the solution procedure.

More applications requiring finite-iteration feasibility that the
authors are aware of arise in power systems, where the reactive
power control, economic dispatch, and optimal power flow
problems are modeled as distributed optimization problems [22],
[23].

In this article, we introduce a new framework for designing
distributed optimization algorithms to solve problem (2). Our
approach is motivated towards reducing the inaccuracy of the
consensus step in the existing distributed optimization algo-
rithms in the literature. In particular, we propose an optimize
then agree framework to decouple the gradient-descent step from
the consensus step, that are used in tandem in most existing
distributed-optimization algorithms (see [3], [5], [8], [9], [10],
[16] for example), to reduce the mismatch between the estimates
maintained by the agents during every iteration of the algorithm.
Based on the optimize then agree framework we develop a novel
first-order distributed optimization method, termed as Gradient-
Consensus (abbreviated as GradConsensus) algorithm. Each
iteration of the GradConsensus algorithm comprises two
steps: a local gradient-descent step at each agent followed by
a finite-time approximate consensus protocol. The finite-time
approximate consensus protocol is designed such that after the
consensus step the estimates of all agents are e-close to each
other, where ¢ is any desired level of accuracy.

We remark here that a few works [24], [25], [26], [27] have
explored the idea of utilizing multiple communication steps; we
direct the reader to [24], [25], [26], [27] for the motivation of
the multiple communication steps. The protocols in [24], [25],
[26], [27] depend on a symmetric double stochastic weight
matrix, the synthesis of which requires global information of the
network making them unsuitable to be implemented in directed
networks. The scheme proposed in this article is amenable to
directed networks and does not rely on doubly stochastic matri-
ces; thus the synthesis of the algorithm and its implementation
does not require centralized information on the communication
network. Further, the works in [24], [25], [26], [27] do not take
the consensus constraint satisfaction into consideration. On the
contrary, we focus on guaranteed control of the mismatch be-
tween the agents’ estimates to a pre-specified value. The number
of communication steps performed during each iteration gets
fixed by the tolerance of the finite-time approximate consensus
protocol. Utilizing the finite-time approximate consensus pro-
tocol (leading to better control of agents’ estimates mismatch)
instead of arbitrarily increasing the number of communication
steps has advantages both in terms of the lesser total communica-
tion cost and better-controlled performance of the optimization
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algorithm (see numerical results in Section V). Furthermore, we
rigorously establish stronger convergence rate estimates with a
novel Q-linear rate of convergence for general convex functions
(Theorem 4.2). The main contributions of this article are as
follows:

1. We focus on minimizing the disagreement between the
estimates of all agents in the existing distributed optimiza-
tion algorithms. Due to the mismatch between the agent es-
timates, at any finite iteration, the solution obtained by the
existing algorithms is not a feasible solution to problem (2).
For applications where getting a feasible solution is critical
during every time-instant of operation (a few examples are
presented above), the existing algorithms do not provide a viable
solution.

To address this issue, we present a novel optimize then agree
framework with the motivation of decoupling the consensus
and optimization steps used in tandem in existing distributed
optimization schemes. Our framework provides a new perspec-
tive on solving distributed optimization problems and presents
guidelines for the development of new algorithms. Based on
this framework we develop a first-order distributed algorithm
termed as GradConsensus to solve distributed optimization
problems.

2. The proposed GradConsensus algorithm has several
nice features:

1) It is suitable for directed graphs allowing for non-
symmetric communication topologies. This feature
considerably widens the applicability as in most appli-
cation scenarios, agents do not have the same range of
communication.

2) It utilizes only the knowledge of the out-degree of each
agent in the graph and is based on a column stochas-
tic matrix which is amenable for distributed synthe-
sis (we use the same notion of distributed synthesis
as detailed in [28], Appendix A) where centralized in-
formation of the network connectivity structure is not
required.

3) To the best of the authors’ knowledge, GradConsen-

sus algorithm has the best convergence rate under the
assumption of individual functions f; being not neces-
sarily strongly convex and Lipschitz differentiable. We
show that (Theorem 4.2) the GradConsensus algo-
rithm converges at a novel Q-linear rate to a small neigh-
borhood of the optimal solution. Most existing analysis
of the first-order gradient-based distributed optimization
algorithms under these assumptions have a sub-linear rate
of convergence. The improved guarantees accrue with
an overhead of within log & communication steps of the
optimal O (k) bound by the kth iterate.
The GradConsensus algorithm has a global R-linear
rate (Theorem 4.3) of convergence to the optimal solution
when the aggregate function f is strongly-convex and
Lipschitz differentiable.

4) Empirical results corroborate that the proposed Grad-
Consensus algorithm performs very well in practice in
terms of the number of gradient computations and the total
run-time required.
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The authors have introduced a preliminary version of the
GradConsensus algorithm developed here in [29]. The cur-
rent work presents a significant generalization, with the optimize
then agree framework. Compared to the preliminary conference
version here, on the theoretical front we: (i) present convergence
guarantees (Theorems 4.1—4.3) for the GradConsensus al-
gorithm along with detailed proofs, (ii) provide the explicit
analysis (Lemma 3.1, (29) and Remarks 5, 6) to account quanti-
tatively for the number of communication steps required by the
proposed algorithm, (iii) establish new theoretical results (Theo-
rems 4.1, 4.2) under milder assumptions to provide explicit per-
formance guarantees for the GradConsensus under a broader
class of problems. On the empirical side, to substantiate the
applicability of the GradConsensus algorithm, we provide
detailed numerical tests on the distributed logistic regression
problem and present a comparison with other algorithms in the
literature.

The rest of the article is organized as follows. Section II
provides the definitions and notations used in the article. In
Section III, we describe the optimize then agree framework and
the proposed GradConsensus algorithm. Along with this, we
present a discussion on its design and provide some supporting
analysis to be used later. We establish the convergence guaran-
tees for the GradConsensus algorithm under two different
sets of assumptions in Section IV. In Section V, we present
the numerical simulation results in solving a distributed logis-
tic regression problem using the GradConsensus algorithm
along with a comparison with other algorithms in the literature.
Section VI provides the concluding remarks and some future
research directions.

II. DEFINITIONS AND NOTATIONS

Definition 1. (Directed Graph): A directed graph G is a pair
(V,&) where V is a set of vertices (or nodes) and & is a set
of edges, which are ordered subsets of two distinct elements of
V. If an edge from 7 € V to 7 € V exists then it is denoted as
(1,7) € .

Definition 2. (Strongly Connected Graph): A directed graph
is strongly connected if and only if it has a directed path between
each pair of distinct nodes k and /.

Definition 3. (Diameter of a Graph): It is the longest shortest
directed path between any two nodes of the directed graph G.

Definition 4. (In-Neighborhood): Theset N™ = {j | (i, ) €
&} of in-neighbors of node ¢ € V not including the node i, is
called the in-neighborhood of node .

Definition 5. (Column Stochastic Matrix): A n x n real ma-
trix P = [p;;] is column-stochastic matrix if Y " ; p;; =1
where, 0 < p;; <1,forl <1i,5 < n.

Definition 6. (Lipschitz Differentiability): A differentiable
function f is called Lipschitz differentiable with constant L,
if there exists L > 0 such that:

IVf(z) = Vil < Lllz -y, Va,y € domf.

Definition 7. (Strongly Convex Function): A differentiable
function f is called strongly convex with parameter o, if there
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exists o > 0 such that for all x, y in the domain of f:

(Vf(x) =V f(y),z—y) >olz—yl? Vaz,y e domf.

A. Notations

Each agent i € V maintains a local estimate z°(k) € R? at
iteration k of the GradConsensus algorithm. Let X* = {z €
RP|S" | fi(x) = f*} denote the set of solutions to (1), with
f* being the optimal objective function value. We use a directed
graph G(V, £) with n nodes, to model the network interconnec-
tion between the n agents. D denotes an upper bound on the
diameter of the graph G(V, ). ||x||1 and ||x|| denote the 1-norm
and 2-norm of the vector = € R? respectively. The notation -]
denotes the least integer function or the ceiling function, defined
as: givenz € R, [x] = min{m € Z|m > z}, where Z is the set
of integers. We use 1 to denote the vector of ones.

III. THE OPTIMIZE THEN AGREE FRAMEWORK

In this section, we focus on problem (2) and present the
proposed optimize then agree framework. We emphasize that the
proposed framework can be applied to any existing algorithm in
the literature that utilizes an optimization scheme in tandem with
a consensus step for state updates. Here we utilize the classical
DGD method [3] for an explanation. During the iteration %k of
DGD every agent i updates its local estimate z°(k) € RP as
follows:

(k) = Z pijv(k—1) — aVfi(z' (k- 1)), ()

JENU{i}

where, the weights 0 < p;; <1 are such that > jDij =
>_:pij = 1. The first term 37 ;¢ yin; pija? (k — 1) in (5) cor-
responds to a local consensus step and the second term
—aV f;(x'(k — 1)) denotes a local gradient step. Notice that
due to a local consensus step the update (5) does not account
for the agreement between the estimates over the entire network
of agents during iteration k. If update (5) is terminated after
some finite number of iterations the solution estimates have a
disagreement and does not satisfy the equality constraints in
problem (2) and hence the (finite-time) solution generated is not
feasible for the original problem. To address this issue we pro-
pose the optimize then agree framework where the optimization
step (gradient-descent in this case) and the consensus scheme are
decoupled from each other. The optimize then agree framework
enforces the mismatch between the agent estimates to remain
below any specified threshold (and hence controls the consensus
constraint violation). Here, each agent employs an optimization
scheme to steer towards the solution of its local sub-problem and
utilizes a consensus protocol to achieve agreement with the local
estimates of all the other agents. To describe the optimize then
agree framework we define, the optimization scheme operator
used by agent ¢ € V as the mapping O; : RP — RP:

2N (k) == Oi(z* (k — 1)). (6)

Similarly, define the consensus scheme as the operator mapping
C : RPX™ — RP*™:

x(k) := C(z(k)), ©)
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Algorithm 1: Optimize then agree framework.

Repeat for k =1,2,...
/+ state updates using operators (6)
and (7) %/
Zi(k) = Oy(xi(k — 1)), Vi€V
x(k) = C(z(k))

until a stopping criterion is met

where, z(k) = [2Y(k)...2"(k)],x(k) = [z(k)...2"(k)] €
RP*" such that z!(k) = 2?(k) = --- = 2™ (k). Utilizing the
above notation the optimize then agree framework leads to:

Choosing first-order gradient descent with a constant step-size
« as the optimization scheme, Algorithm 1 at any iteration k + 1
results in the following updates:

2k +1) = 2'(k) — aV fi(z'(k)), Vi €V,
x(k+1) =C(z(k + 1)), (8)

with the consensus operator implemented in a centralized man-
ner (with the entire vector z(k + 1) as the input). However, in
order to make Algorithm 1 applicable to distributed networks, we
need to distributively realize (8). To this end, one natural choice
is to employ a distributed average consensus protocol [14].
Although the average consensus protocols lead to agreement
among the agents to the initial average, the result holds only
asymptotically which is a potential problem for an efficient
implementation of Algorithm 1. To alleviate this, the consen-
sus scheme operator is chosen to be a distributed finite-time
approximate consensus protocol, which we call the e-consensus
protocol. The e-consensus protocol produces a desired level of
agreement among the estimates of all agents which is determined
by a parameter € > 0 independent of problem (1) that can be
chosen arbitrarily small. In the following section, we first dis-
cuss the e-consensus protocol and then introduce the proposed
GradConsensus algorithm.

Remark 1: We emphasize that the updates in Algorithm 1 are
general and do not depend on a particular choice of the opti-
mization scheme or the consensus algorithm, thus the optimize
then agree framework provides a guideline for further explo-
ration of distributed optimization algorithms. The framework
of Algorithm 1 can also be seen as an outer optimization loop
and an inner consensus loop structure algorithm. Thus, existing
schemes [24], [25], [26], [27] are special cases of the optimize
then agree framework with a particular choice of optimization
scheme and the number of communication steps.

A. e-consensus Protocol

The e-consensus protocol is a distributed finite-time termi-
nated average consensus algorithm for agreement on vector-
valued states. The protocol presented here is an extension to
higher dimensions, of the earlier work [30] by the authors in
relation to consensus on scalar values. Here, each agent 7 € V
has a vector 2z € RP. The objective is to find an approximate
estimate of the average z = % ", 2" € RP. To achieve this
objective an iterative procedure is devised where each agent

Authorized licensed use limited to: University Of Minnesota Duluth. Downloaded on September 16,2026 at 21:07:18 UTC from IEEE Xplore. Restrictions apply.



KHATANA et al.: GradConsensus: LINEARLY CONVERGENT ALGORITHM FOR REDUCING DISAGREEMENT IN MULTI-AGENT OPTIMIZATION

j € V maintains a state variable s7(k) € RP and an auxiliary
variable ¢;(k) € R, with the following initialization: s7(0) =
27, t;(0) = 1, forall j € V. Every agent j € V updates its state
and auxiliary variables according to:

si(k+1) = p;;s7 (k) + Z pjest (k) )
teNm
tj(k+1) = pjjt;( Z pjete(k (10)
teN;n
, 1 _
j — J
ik +1) RISV (k + 1). (11)

We make the following assumption on the graph G(V, ) and
the associated matrix P =: [p;;]:

Assumption 1: The directed graph G(V,&) is strongly-
connected. The associated weighted adjacency matrix P = [p;;]
is a column-stochastic matrix. In particular, 0 < p;; < 1 and
S pij=1foralli,j e V.

One choice of weights that satisfy Assumption 1 is the equal
neighbor weights rule [31].

The convergence of the state 77(k) := t](#k)sj(k), jevy
evolving according to (9)—(11), to the average z = % Yoy P%
has been established rigorously [14], [32]. We state the following
result for updates (9)—(11):

Theorem 3.1 ([32]): Let Assumption 1 and the updates (9)—
(11) hold. Let the initial conditions of the state and auxiliary
variables s/ and t; be s7(0) = zj t;(0) =1, forall j € V.
Then limy, oo 17 (k) = L 30| 27, For all j€ V.

We now provide a criterion for determining when con-
sensus within a tolerance ¢ >0 is reached. Let r(k) =
[r1(k) r2(k)...r"(k)] € RP*™. At any iteration k, define the
maximum T(k) and minimum r(k) state variable of the network
over all the agents as:

t(k) = Lrgaél {rp(k)} ... max {rp k)}} (12)
r(k) := LI%I?” {rpk)} ... 1I<T§1£1n {rp k)}} ; (13)
where, r(;;(k) is ith-row and jth-column entry of r(k). Let

{T(uD)}y>1 and {r(uD)},>1 denote sub-sequences of the se-
quences T(k) and r(k) respectively, sampled at iterations of the
form uD, where, u = 1,2, ... and D is an upper bound on the
diameter of the graph G. Under Assumption 1, sub-sequences
T(uD) and r(uD) converge to the average of the initial values,
Z =137 | 2% Further, the sub-sequences F(uD) and r(uD)
are strlctly monotonically decreasing and increasing in the index
u (see [32], Theorem 4.1).

To distributively determine sub-sequences {¥(uD)},>1 and
{r(uD)},>1 each agent j €V, maintains two variables
M (k),m’ (k) € RP at any iteration k that are initialized as

M7 (0) =m?(0) = 27, Vj €V, (14)
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and updated as:

Mj(kf + 1) = [ max Ml (kj . max M@(k)] (15)
EGN”LU{]} KGN”’U{]}

T(k+1) = in mi(k)... min mi(k)|, 6

m? ( ) le€]\li}irul{j}m1( ) eezxriél'ig{j}mp( )] (16)

where, M/ (k), and m¢(k) are the ith entries of the vectors
M*(k) and m* (k) respectively. It can be rigorously established
that (see [33], Proposition 2.3) the variables M7 (k) and m/ (k)
for all j € V, initialized via the rule (14) converge to T(0) and
r(0) respectively in finite number of iterations k¢ < D.

The above discussion leads to a method for finding the
sequences {T(uD)},>1 and {r(uD)},>1 distributedly: re-
initializing the updates (15), (16) for all agents j € V), at ev-
ery iteration of the form k£ =uD,u=1,2,..., to the vari-
able 77 (uD) allow the variables M7 and m’ to converge to
T((u —1)D) andr((u — 1)D) respectively, after a finite number
of iterations k; < D. Since, both the sequences {F(uD)}y>1
and {r(uD)},>1 converge to Z, the norm of the difference
,||IT(uD) — r(uD)|| also converges to zero.
Therefore, given & > 0, the quantity ||T(uD) — r(uD)|| eventu-
ally becomes less than . Based on the above observations we
propose an algorithm that allows all agents to simultaneously
converge to an e-close estimate of Z with € being any arbitrary
pre-specified tolerance:

Foru = 1,2,...,let 4 (uD) := M’ (uD) — m’ (uD). Each
agent computes the norm |4/ (uD)]|| every D iterations and
compares it withe. If |7 (aD)|| := |M?(aD) — m? (aD)|| <
atany iteration @D, then agent j, knowing its estimate 77/ (D) is
e-close to z, terminates the consensus protocol updates (9)—(11)
at D. The variable r/ (@D) is the e-close estimate of 7 available
with agent j.

The following Lemma provides the number of communica-
tion steps required by the e-consensus protocol to converge to
an e-close solution.

Lemma 3.1: Given, consensus tolerance € > 0, under As-
sumption 1, after k > [280/e)  1oa(ClsOL /) jterations of

i —log(1)
the consensus protocol (9)—(11) we have:

sl(O)‘

where, s(0) :=[s1(0)"s%(0)"...s"(0)"] €R™P and
C,6,» € (0,1) are constants related to the properties of
the matrix P and graph G.

Proof: Using (9) it is easy to see that, k& > 0,

s(k) = P¥s(0),

where, s(k) := [s'(k)" s2(k)"...s"(k)"] €
is column stochastic, we have,

1"s(k) = 1"s(0).

<e VieV,

(I7)
R™*P_ Since, P

(18)

From Corollary 2, [13] there exists stochastic vector ¢ € R"
and constants C and A € (0, 1) such thatforalli,j = 1,... n,

[P, — ¢ij| < C1A¥, forall k > 0. (19)
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From (17) and (18) we have,
(P — ¢l ")s(k) = (P! — ¢417)s(0)
= Ps(k) = o1 s(k) + (P! — ¢17)s(0)

= s(k+1) = ¢pls(k) + (P! —¢17)s(0)  (20)
Similarly, for (10) we can write,

t(k+1) = g1 (k) + (M1 — ¢, 17)8(0), 1)
where, t(k):=[ti(k)" t2(k)"...t,(k)"] € R". Recall,

t(0) = 1. From (20) and (21) we obtain for every k > 1 and
any agenti € V),

i 1Ts(k PEH_g, 17)s(0)];
e = S,

Therefore,

i 1's(k 41T s(k)+H[(PFH1—¢,17)s(0)]s 1's(k
r (k+ 1) _ Z( ) _ o 7z<;,gi-)s-[([r(>k+1—¢fiT)1)i( Wi Z( )_

By rearranging the fraction, we get

ri(k+1) — 150

_ nl(PF—0,17)s(0)];i—1"s(k)[(P* -4, 1T)1];
- n(neri+[(PFH1—¢r17)1];)

Let 6 := ming minj<;<, Zj [Pk]ij. Note, that there exists § >
0 (see [13], [34]) such that § > §. Therefore, for all i and k > 0,

we have,
< vamax; (|[PF+1-0,17]551) (Is(0) |1 +]17s(k)|)

17s(k) H

‘ ri(k+1)—
: @

Using, (19) and (22), with C' = 2/nC} we get,

Note, that due to Assumption 1, % = %. Therefore,

log(1/¢) log(C||s(0)[[1/9)
for k 2 |: —log(2) + - log(k)l i| ’

ri (k) — LetD) H < GOy,

B. The GradConsensus Algorithm

Here, each agent ¢ maintains two estimates: an optimization
variable x'(k) € RP and a local update variable z'(k) € RP at
any iteration k. Every iteration k proceeds in two steps: first each
agent i updates z°(k) via a gradient descent update based on its
own function f; at z(k — 1). At the next step, the optimization
variable x'(k) is updated to an estimate which is (k)-close to
the average value 2(k) := L 37" | 2%(k), i.e. ||z’ (k) — 2(k)| <
e(k), using the distributed e-consensus protocol, initialized with
2*(k) as the initial condition for the agent i and tolerance (k).
Thus, at each iteration k, every individual agent ¢ € ) performs
the following updates:

2H(k) = 2'(k — 1) — aV fi(z'(k — 1))
z' (k) = r'(6)), with

(23)
(24)
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[ (0) — 2R < (), 2(k) == L 35 2(k),  (29)
where, 0 denotes the number of communication steps in the
e-consensus protocol at iteration k of the GradConsensus al-
gorithm, and 7¢(6},) is the approximate estimate of the average
%(k) produced by the e-consensus protocol. We make the fol-
lowing assumptions:

Assumption 2: For problem (1) the optimal objective function
value f* is finite and the optimal solution set X'* is non-empty.

Assumption 3:

i) Forall 7 € V, f; is a proper convex function.

ii) Each f; is Lipschitz differentiable with constant Ly, > 0.

Proposition 3.1: Let Assumptions 1-3 hold. Let « < 1/L s
where, Ly := > " | Ly,. Assume, that the set of minimizing
solutions of the function f; is non-empty and bounded for all
i € V. Then, there exists constant R < oo such that ||2%(k)|| <
Rforallkandi=1,...,n.

Proof: Under Assumption 3, for any x € RP at any £,

filz) < fila'(k = 1)) + (Vfi(z' (k — 1)),z — 2’ (k — 1))

+ &l — (k- 1)
Substituting, x = xi(k — 1) — aV f;(x(k — 1)) we get,
fi(z'(k)) < filz'(k — 1)), forall k. (26)

Without loss of generality assume, z¢(0) = 0, f;(0) < oo and
IV fi(0)|| < h; < oo, forall i € V. Under Assumption 3,

fila' (k) < fi(0) + hall2* (k)| + g5l (k) |2, VE. - (27)
From (24) and (25), for all &,
2 ()|l < 12(k)|| + e(k). (28)

Note that all the level sets of f; are bounded since the set
of minimizing solutions of f; is non-empty and bounded
(See [35], Proposition B.9). Next, we prove that the ||z%(k)||
is bounded for ¢+ =1,...,n and for all k. We use an
induction argument. Assume, there exists, Rf such that
|2 (k)] < R = [|2k)] < RE. From, 28), [l (k)| < R +
e(k) < RE + &, where, 2 := supy, e(k). From (27), f;(z*(k)) <
fi(0) + hi(RF + ) + o2& || R + £||? < co. Thus, from (26) and
the fact that all the level sets of f; are bounded ||z%(k + 1)|| <
R where, RF™ is diameter of the (f;(0) + hi(RF 4 2) +
|| RF 4+ 2||?)-level set of f;. Note, that f;(z*(0)) = fi(0) <
o0 = ||24(1)|| < R}. Thus, the induction hypothesis can be
applied recursively. Hence, induction holds. Therefore,

|2°(k)|| <R, fori=1,...,n, and forall k,

where, R := maxi<j<n,k Rf < Q. O

Remark 2: Proposition 3.1 assumes that the functions f; have
bounded minimizing solutions. Note this is not a restriction as
in most applications the gradient descent minimization step is
performed over a large enough compact set. In that case, f; being
proper convex functions have bounded minimizing solutions.
Most often in practical applications, the solution that minimizes
the objective function f; in problem (1) is bounded.

Since, the GradConsensus algorithm utilizes the e-
consensus protocol at every iteration k with the initialization
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Algorithm 2: GradConsensus Algorithm.

Input:
| Consensus tolerances {e(k)},>0 and step-size a
Initialize:
Each agent j € V initializes its estimates as
29(0) = 27(0) = 0.
Repeat for k =1,2,...
forj =1,2,3,...,n, (In parallel) do
gradient descent iteration:
Z(k) =29 (k—1) —aVf;(2i(k—1))
consensus iterations:
27 (k) + e(k)-consensus(z7 (k), j € V)
end
until a stopping criterion is met

s'(0) = 2%(k), t;(0) = 1,Vi € V, the number of communica-
tion rounds per iteration can be determined using Lemma 3.1
and Proposition 3.1. In particular, the number of communication
rounds atiteration k of the GradConsensus algorithmis given
by,

(29)

O = [P + BGERR]
where, C, 0, and R are constants defined in Lemma 3.1 and
Proposition 3.1 respectively. The GradConsensus algorithm
is summarized in Algorithm 2.

Remark 3: Note that GradConsensus algorithm (up-
dates (9)—(11)) utilizes a column stochastic matrix which allows
for a distributed synthesis of the protocol. This feature gives an
advantage over existing schemes in the literature [3], [8], [24],
[36] that utilize a doubly-stochastic weight matrix and cannot
achieve tractable distributed synthesis in directed networks.

IV. CONVERGENCE ANALYSIS

We analyze the convergence of the GradConsensus algo-
rithm under two scenarios: (i) when the aggregate function f is
convex and Lipschitz differentiable and, (ii) when f is strongly
convex and Lipschitz differentiable. We provide estimates of the
rate of convergence of the iterates generated by Algorithm 2 to
the optimal solution(s) of problem (1) and the communication
steps performed by Algorithm 2 at each iteration. Let the aver-
age of the optimization variables at iteration k be denoted as:
&(k):= 13" | 2(k). Denote the gradient of the function f
evaluated at individual optimization variables of all the agents
and at the average & (k) as:

g(k) := Z Vfi(a'(k)), and §(k) := Z Vii(&(k)) (30)

respectively. A consequence of the e-consensus protocol is that
the difference between g(k) and §(k) is bounded at every
iteration k of the GradConsensus algorithm.

Lemma 4.1: Under Assumptions 1 and 3, at kth iteration of
Algorithm 2 with 6y, (defined in (29)) communication rounds
per iteration of the consensus protocol,

lg(k) = g(k)|l < 2nLne(k),
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where, Lj, = maxi<;<y, Ly, and (k) is the consensus tolerance
at iteration k.
Proof: Under Assumption 3, note that,

I909 — 5001 = || £ 95 - 3 O ncen]|
<Ly Yy |la' (k) — &(k) + 2(k) — 2(k)||
i=1
< Ln Yl (k) — 2(k)| + [12(k) — (k)|
i=1
< 2nLpe(k),
where, in the last step follows from (24) and (25). O

From update (23),

n

SY ) = =3 [k = 1) — aV (e (k- 1)

=a(k—1)— %vai(xi(k ~1)).

Therefore, we have,
2k)y=2(k—-1)—ag(k—1)+z(k) — 2(k) =

a(k) =@k —1) — ag(k — 1) +v(k — 1), 31)

with vk—1) =2k —1)—2(k—1),|lv(k = 1)| <
e(k—1) and &= . In the centralized setting the
information about the gradient of the function f, i.e.
Vf(x)=>7",Vfi(x)=g(x) is known to the central
server. Here, an iteration of the (centralized) gradient descent
is of the form: & = x — ag(x), where, & denotes the updated
estimate of the optimal solution. Note that due to Lemma 4.1
the update (31) can be viewed as an inexact centralized gradient
descent update performed at the average of all the agents’

estimates for the function f. In particular,
#(k+1) =2(k) — ag(k) + u(k), with
u(k) := a(g(k) — g(k)) +v(k), [[u(k)|| < (2Lpa + 1)e(k).

Therefore, the GradConsensus algorithm updates are equiv-
alent to (approximate) centralized gradient descent updates ap-
plied to the average optimization variable (k) at each iteration
k. We define the solution residual é(k) and objective value
residual 7(k) at iteration k as:

For the optimal objective function value —oco < f* < oo and
the optimal solution set, X'*

é(k) := &(k) — x*, where, " € X", and,

(k) = f(a(k) — £ =) fil@(k) - f".

i=1

(32)
(33)

Under Assumption 3 since all f; are Lipschitz differentiable
with parameter Ly,, f also is Lipschitz differentiable with the
constant Ly = > | Ly,. The following Lemma is a property
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of Lipschitz differentiable convex functions that is a standard
result in convex analysis.

Lemma 4.2 ([37], Theorem 2.1.5): Under Assumption 3, for
all x,y € RP,

(VI(y) =V fx),y—2) = £V fly) = V@)

The next result establishes that the GradConsensus al-
gorithm converges to an optimal solution of the problem (1)
whenever the function f is convex but not necessarily strongly
convex and Lipschitz differentiable.

Theorem 4.1 (Convergence to an optimal solution): Let
{x*(k)}x>1 denote the sequence of optimization variables gen-
erated by Algorithm 2. Let the sequence of tolerances e(k)
satisfy: (k) € (0,1),Vk,> o ,e%(s) < oo. Under Assump-
tions 1-3, 2% (k) for all i € V converges to a solution 2 of (1),
ie., f(z*) = f*and V f(2>) = 0.

Proof: Under Assumption 3, at any iteration k,

F@(k+1)) < F(@(R) + (G(R), 2(k + 1) — &(k)
+ L2k +1) — 2(k)|2
Subtracting, f* from both sides, and using (31),
Fk+1) <#k)+ (g(k),2(k+ 1) — &(k))
+ 5k +1) — @ (k)|

= 7(k) — G(g(k), g(k)) + L9 ()2

— &L (g(k), v(k)) + (§(k), v(k)) + F-[lo(R)|?
= 7(k) —a(g(k), g(k) + g(k) = g(k))

+ S5 lg (k) + (k) — gk 2 + S v ()]

—aLg(g(k) + g(k) = g(k), v(k)) + (§(k), v(k))
= 7(k) — &(g(k), §(k)) — a(g ( ):9(k) — g(k))

,g<k>>
(1= AL (k). o (k)
+aLp(G(k) — g(k), v(k)) + L [lo(k)]

— 7 (k) — adg(k), §(k)) + L g k) — g2

d2
<5 @I + == lla (k)|
+(a—a"Ly){g(k), g(k) — g(k))
+ (L=aLlyp)(g(k),v(k)) + aLy(g(k)
= g(k), v(k)).

Using the +2(a, b) < ||al|? + ||b]|?, a, b € RP inequality on the
term (§(k), §(k) — g(k)) we get,

Pk + 1) < (k) + Zllo(R)II2 + 2L g(k)
+ (1= &Lg)(g(k), v(k))

—g(k)]?
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+ QL (k) - g(k), v(k))
+ OB 3 (k)|2 + LD g (k) —
+ L g(k) )12 — allg (k)2

= (k) + (k)| + S5 lg(k) — (k)1
+ (1= aLp) (k) o(k)) + &L (3(k)

b (& —a2Ly)

— g(k), v(k)) = S lla(k)|* +

x [lg(k) — g(k)|I?
Application of the £2(a,b) < (||al|® +
C— = on the term (§(k), v(k)) leads to

Pk +1) < (k) + 2 lo(k)|12 + SELg(k) — g(k) |12
+ O L 5(k) — g(k)|12 + aLg(g(k)
— g(k),v(k)) — L[g(k)|1% + (1 — aLy)(2)

< [lg(R)II* + (1 - de)é||v(k)||2

g(k)|I?

2lbl?, a,b € R? with

< (k) + 2L ) + S (k) — (k)P

+ (1 _; f)H’U(k‘)HQ-i- (d_g Lf)
* 16(K) — g(R)? + AL (3(k) — g(k), o(k))
~ a2

Further, using Cauchy-Schwarz inequality and dropping the
negative terms,

Pk +1) <7 (k) = g0 + 5 o (k)]
+5llgk) = a(k)II* + &Lyllg(k)
—g(B)[lllv(®)]
Using, Lemma 4.1, we get,
Pk +1) < #(k) — 2(|g(k)|1* + aoe? (k)
< 7(k) + ape?(k).

(34)
(35)

where, ag :=
sively, we get,

(% + 2nLyd(nLy, + Ly)). Applying (35) recur-

P(k) < #(0) +ag 3 £2(s) < o0 (36)
s=0
Therefore, there exists sub-sequence #(k;) such that

lim; . 7(k;) < co. From (34) it follows, lim; . g(k;) =
lim; oo Vf(2(k)) =0. From (31) and Lemma 4.1,
lZ(k+ 1) —z(k)|| < &|lgk)|| + (2nLpd + 1)e(k).  Thus,
taking the limit over appropriate sequences on both sides
gives ||Z(k; + 1) — (k)| — 0. Thus, Z(k;) — . Note
that for all i€V, |a'(k)—2(k)|| <e(k). Therefore,
there exists > such that lim; . x%(k;) = 2> for all
i=1,...,n. Now, for any i€V, consider ||V f(&(k))—
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Vf(z'(k))| < L¢l|z(k) — 2(k)||. Taking, limits over
appropriate  sequences, ||V f(Z(k;)) — Vf(x'(k))|| — 0.
Thus, V f(2>) = lim;_,., Vf(2%(k;)) = 0. Further, since, f is
convex,

fa®) = f(a' (k) + (Vf (' (k)), 2" — 2" (k).

Note that under the assumptions here 2% (k) is bounded. Taking
limit over appropriate sequences on both sides gives, f* =
f(z*) > f(x*). Thus, f(x*) = f*. To complete the proof,
we show that z%(k) has a unique limit point. Let x5° and
x5° be any two limit points of 2%(k). From (36) and the fact
that f is convex we have, ||lz*(k) — 25°|| is bounded for all
i €V,j=1,2. Thus, lim . ||2* (k) — 2°|]* = ¢; < o0 ex-
ists forall s € V, j = 1, 2. Now consider,

[ (k) = af°[* — [l (k) — 25|
= [[al? — ll23 )1 — 2(2%° — 25°) "2 (k)
Taking limit both sides for each limit point we get,

1 —

2317 = [|25°]J* — 2(25° — 25°) "2,

= — [[+3° — 25°* and,
Y1 — tpr = [|2F7 = [|25°]* — 2(2F° — 25°) Ta
= |23 — 251"
Therefore, ||25° — 25°|| = 0. Hence, 2 is unique. O

We now provide two estimates for the convergence rate for
the GradConsensus algorithm.

A. Q-Linear Rate of Convergence

Here, the convergence rate estimate of the GradConsen-
sus algorithm is derived when the function f is convex but not
necessarily strongly convex and Lipschitz differentiable. Under
these assumptions, Theorem 4.2 establishes a Q-linear rate of
convergence to a small neighborhood of an optimal solution
of (1).

Theorem 4.2 (Q-linear rate of convergence): Let Assump-
tions 1-3 hold. Let & < L%, (k) = 4%, where, €9, 7) are pos-
itive constants. Denote, the Riemann zeta function by ¢(.) and
let e:= [|Z(0) — 2*|| + (2aLp, + 1)eo¢(1 + n). Then, while
7(k) > 2eeq \/é(é +2nLpé&(nLy + Ly)), #(k) decreases at
a Q-linear rate. In particular, there exists 3 € (0,1), such that
forall k > 0, #(k + 1) < Br(k).

Proof: We show that the solution residual ||é(k)|| is bounded.
Consider,

(k) — ag(k) — 7| = [l2(k) — 2"|* + &2[|g (k)|
—2a(g(k), 2(k) — z7)

<l (k) —a*|* + ala—£) 1 9(k)|I*.

Therefore,

[&(k) = ag(k) — a™|| < [J2(k) — 2", 37
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where, we used Lemma 4.2 and the facts §(z*) = 0,& < 2/Ly.
Using (31), Lemma 4.1 and (37),

[&(k + 1) — 27| = [[2(k) — ag(k) — 2" + v(k)
=|[1Z(k) — ag(k) + ag(k)
—ag(k) — 2" +o(k)||
<||2(k) — ag(k) — =7|| + allg(k)
—g(R)[l + (k)

(2aLy + 1)eg
L1t

k
< ||12(0) — &*|| 4+ (2aLp 4+ Deg Y- 12
s=0

<[12(0)—z*|| 4+ (2aLp +1)eo((1+7)] =:e,
(38)

where, ((.) is the Riemann zeta function. Note that, #(k) =

f(@(k)) — f* < (9(k), 2(k) — z*) = (g9(k), é(k)). Using (38)
we obtain,

lg(k)l| > 1lg(k) [ L2E=L > BREE o) > 7(E)

- e

Thus, from (34), we have,
Fk+1) <rk)— %ﬂ(k) + ape? (k).

Therefore, while 7(k) > 2e4/2%2¢, we have,

Pk +1) < (k) — 2272 (k)
< (k) — 2% 7(k)2neso Ly,

= (]_ — f—eLhEo) 72(143) = 572(16)

Note, aLpgg < 4e = 8 € (0,1). O

Remark 4: From Theorem 4.1, there exists B < oo such that
|z%(k)|| < Bforalli € Vandk > 0. Therefore, under Assump-
tion 3, |V fi (@ (k))|| < (LuB + maxicicn |V fi(a' (0))]) =
h,, < oo forall 2 € V. Thus,

Fa' (k) = f* < (k) + (Vf(a' (k)" (k) — @(k))
< 7(k) + Z IV £ (BD " (k) = 2(k)]

< (k) + hane(k) = #(k) + homn i

Hence, using the result of Theorem 4.2 we conclude that
f(xi(k)) — f*, similar to #(k) decreases geometrically, with re-
spect to the outer gradient descent iterations of the Algorithm 2,
until reaching a small O(gy) neighborhood. The parameter
€o 1s a user-specified algorithm parameter that can be chosen
appropriately to get solutions close to the optimal solution.
Remark 5: For the result in Theorem 4.2, the communi-
cation rounds per iteration k£ for Algorithm 2 are given by

POg(an/EO) + log(ncﬁ/é)—‘ -0 (10g (k/ (go)ﬁ)), where

—log () —log(%)
C,5, and R are constants defined in Lemma 3.1 and Propo-
sition 3.1 respectively. The Algorithm 2 with 9 =1 (in the
worst case) utilizes O(k log k) number of communication steps
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along with k gradient descent iterations. This communication
complexity is within a factor of log £ of the optimal lower bound
O(k). The additional communication steps provide improved
convergence guarantees for the GradConsensus algorithm
over the existing algorithms in the literature. In particular, the
Q-linear rate of convergence in Theorem 4.2 is stronger than the
sub-linear convergence rate present in the literature [3], [5], [8]
under Assumption 3. Moreover, empirically it is seen that the
total number of gradient descent (computation) steps is smaller
with our algorithm. Thus it is well suited to situations where
computations are expensive.

B. R-Linear Rate of Convergence

In this subsection, we make an additional assumption:

Assumption 4: f =>""_, f; is strongly convex with param-
eteroy > 0.

Note that Assumption 4 does not require all f;’s to be nec-
essarily strongly convex. However, when this is the case, As-
sumption 4 holds naturally. We show in Theorem 4.3 that under
Assumption 4 the solution estimates of every agent converge
exactly to the optimal solution of problem (1) at an R-linear
rate. We utilize the following standard result in the proof of
Theorem 4.3.

Lemma 4.3 ([37], Theorem 2.1.12): Under assumptions 3
and 4 forall z,y € RP,

(r—y,Vf(r) -

osLy

Vi) 2 2 -
o IV @) ~ Vi)

Theorem 4.3: Let Assumptions 1-4 hold. Let & <
(cr,iiLf)' Define, p := \/l — QdeLf/(Uf + Lf). Let €(k) <
u*, where, 11 € [p,1). Then the agent estimates converge at an
R-linear rate to the optimal solution,

|z (k) — 2*|| < Tk, foralli € V,

where, " := ||2(0) — 2| + (2aLy + 1) > +1
Proof: Consider,

I2(k) — ag(k) — 2"||* = |2 (k) — 2" |I* + &°|lg(k)|®
—20(g(k), 2(k) — z7)

< (1- 22 k) — 7|

yll?

or+Ly
+a(a- 2 ) gk
< p?llak) — 2%, (39)
where we used Lemma 4.3 and the facts g(z*) =0,a& <
m From (31),
[&(k +1) = 2*|| = |2(k) — ag(k) — 2" + v(k)||
< |[2(k) — ag(k) — 2™l + allg(k) — g(k)l| + (k). (40)

Combining (39), (40) and the result of Lemma 4.1 we get,
[2(k +1) —z*|| < pll2(k) — 2" + (2aLp + 1)e(k)
= pllé(k) — 2| + (2aLy, + 1)t
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Applying the above inequality recursively we get,
k-1
[#(6) =2l < F1#(0) = 2| + oLy +1) T o

Using the triangle inequality and the above relation we get,

2" (k) — 2*|| < [|2(k) — 2*|| + [l (k) — 2(k)|
k-1
<PM|2(0) =" ||+ (2aLn+1) Y p uF 4
s=0
k k*l s
<o l2(0)~a" |+ 2aLy+ ek % (2) +ut
s=0
< p*||2(0) — z*|| + (2aLy, + 1)u* ﬁ + pk
< [12(0)—a" |1+ (2aLn+1)2 +1] u* =Tu*.
O
Remark 6: For the result in Theorem 4.3, the communi-

cation rounds per iteration k for Algorithm 2 are given by

“llzgg((ﬁg + logf?ogggé)—‘ = O(k), where C, 6, A and R are con-
stants defined in Lemma 3.1 and Proposition 3.1 respectively.
Algorithm 2 (in the worst case) utilizes O(k?) number of
communication steps along with k gradient descent iterations
for a global R-linear rate of convergence to the exact optimal
solution. The per node work complexity (sum of total number
of gradient computations and total number of communication
steps) to achieve an accuracy of 7 > 0, i.e., ||z%(k) — 2*|| < 7
is given by: O(log(1/7)) computation steps + O(log(1/7)?)
communication steps.

From Theorems 4.2 and 4.3, the consensus parameter ¢ (k) can
be chosen suitably to get near-optimal solutions. Theorem 4.3
shows that by controlling the disagreement between the agents
(and hence the infeasibility of the algorithm iterates) to a small
value using an appropriately chosen (&), results in strong con-
vergence guarantees (global R-linear rate of convergence) for the
GradConsensus algorithm. However, there exists a trade-off
as tightregulation of the disagreement between agents’ estimates
would require performing more total number of communication
steps (O(k?) in the worst case) until any outer gradient descent
iteration k, compared to O(k log k) (in the worst case) that gives
a Q-linear rate (Theorem 4.2).

V. NUMERICAL SIMULATIONS AND RESULTS

We consider a network of 1000 agents with the interconnec-
tion topology generated using the Erdos-Rényi model [38] with
connectivity probability 0.005. The interconnection topology
is shown in Fig. 1. The diameter of the 1000 node graph is
10. In the simulation study, we choose the parameter D in the
GradConsensus algorithm to be 11.

The weight matrix P is chosen using the equal neighbor
model [31]. To demonstrate the performance, we solve the
distributed logistic regression problem,

1000 n;

minimize Z Zlog (I +exp(—(4i;2)yi5)), (4D

xreRP
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Fig. 1. 1000-node test network topology.

where, each agent ¢ € V has its training data (Aj;, ;) €
RP x {-1,41}, j =1,2,...,n,, with feature variables A;;
and binary outcomes y;;. Here, (p = 35,n; = 1500). For our
simulations, we generate an artificial data set of feature vectors
A;; with outcome y;; = 1 from a standard normal distribution,
and with output 3/;; = —1 from another normal distribution with
mean 0 and standard deviation 0.707. We compare the perfor-
mance of the proposed GradConsensus algorithm with the
well-known Distributed Gradient Descent (DGD) [3] method,
and the NEAR-DGD methods presented in [27] that utilize mul-
tiple communication steps at each iteration. Two versions of the
GradConsensus , with e(k) = 0.01, and e(k) = 1/k'1, VK
are used for comparison. Two variants of the NEAR-DGD
algorithm are implemented: (i) NEAR-DGD(1,150,2) where
we start with 1 round of communication and the number of
communication rounds are doubled after every 150 algorithm
iterations, (ii) NEAR-DGD™ where the number of communica-
tion steps is increased linearly with respect to algorithm iteration
(at algorithm iteration k the number of communication steps
performed is k).

Let 2'(k),z2(k),...2" (k) denote the algorithm estimates
produced by the corresponding algorithm and f* denote the
optimal value of problem (41) solved via a centralized solver.
We provide a performance comparison between the GradCon-
sensus and the baseline methods (DGD and NEAR-DGD) by
plotting the objective value residual Y-, fi(x"(k)) — f* with
respectto (i) the number gradient computations performed by the
methods, (ii) total communication steps required by the methods,
and (iii) the CPU run-time taken by the methods. We also provide
a practical estimate of communication complexity by plotting
the number of communication steps required at each algorithm
iteration (denoted as the counter k in the above sections) for all
the methods.

All the numerical examples in this section are implemented in
MATLAB and run on a desktop computer with 16 GB RAM and
an Intel Core i7 processor running at 1.90 GHz. The parameters

1261

TABLE I
ALGORITHM PARAMETERS

Algorithm Parameters
GradConsensus e(k) = 0.01,1/k!, step-size a = 0.02
DGD [3] step-size a = 0.02

NEAR-DGD(1,150,2) [27]
NEAR-DGD* [27]

step-size a = 0.02
step-size o = 0.02

0
10 X\ ' ' ' ' ' ' GradConsensus(s(k) = 0.01)
—=-GradConsensus(e(k) = 1/k"!)
--DGD
. % NEAR-DGD(1,150,2)
| 101 —»-NEAR-DGD*

0 100 200 300 400 500 600 700 800 900
# Gradient Computations

1000 1100

Fig. 2. Objective value residual Z?:1 fi(z?(k)) — f* against the number
of gradient computations.

used in the simulations for all the algorithms are reported in
Table I.

In choosing the step-sizes of the algorithms in Table I we
followed the approach of hand-optimizing the hyper-parameters
that produce a good performance for these algorithms while
maintaining the stability of the algorithmic estimates for the
logistic regression problem. We choose the same step-size of
0.02 for all the compared algorithms.

A. Comparison With Respect to Gradient Computations

Fig. 2 provides a comparison with respect to the number
of gradient computations. The GradConsensus algorithm
with e(k) = 1/k'! gives the best performance among the com-
pared algorithms converging to an objective value residual less
than 1073 after around 300 gradient computations. The NEAR-
DGD™ method has the second-best performance, requiring more
than 1100 iterations to achieve an objective value residual
of 1073. Observe that GradConsensus with (k) = 0.01
performs better than the NEAR-DGD(1,150,2) method with
objective value residual closer to 10~2 after 1100 gradient
computations. The total number of gradient computation steps
required by the proposed GradConsensus algorithm with
(k) = 1/k11 is lesser compared to the other algorithms. This
shows an advantage of using the GradConsensus algorithm
in applications where the computation of the gradients is cost-
intensive.

B. Communication Complexity During Algorithm Iterations

A comparison between the communication complexity of
the variants of the proposed GradConsensus algorithm and
the baselines (DGD and NEAR-DGD methods) is presented in
Fig. 3. The theoretical worst-case bounds on the communication
steps for the GradConsensus algorithm is given in (29). The
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500 T
GradConsensus(e(k) = 0.01)
= GradConsensus(e(k) = 1/k"1)
®» 400 -e-DGD
< +-NEAR-DGD(1,150,2)
0 ->-NEAR-DGD*
E 300 b
©
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S 200 b
£
8 100 ,—r—F_'
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0 100 200 300 400 500 600 700 800 900 1000 1100

Algorithm Iterations

Fig. 3. Communication steps required per iteration of the algorithm.

communication steps required at each iteration by the algorithms
while solving the distributed logistic regression problem (41) are
presented in Fig. 3.

The DGD method has the minimum number of communi-
cation steps required at each iteration with only one round
of communication per algorithm iteration. The NEAR-DGD™
algorithm requires the number of communication steps to lin-
early increase with the number of iterations which leads to
the worst total communication burden among the compared
methods. The two variants of the GradConsensus algorithm
and the NEAR-DGD(1,150,2) method incur a communication
load that lies between the communication load of DGD and
NEAR-DGD™ algorithms. The GradConsensus algorithm
with £(k) = 0.01 takes almost a constant number (50 to 52) of
communication steps at each iteration throughout the simulation
run. The GradConsensus algorithm with (k) = 1/k'-! has
a near logarithmic increase in the number of communication
steps taken at each iteration. The NEAR-DGD(1,150,2) method
starts with one communication step load but has a geometric
increase after every 150 algorithm iteration. The number of com-
munication steps required by the NEAR-DGD(1,150,2) method
per algorithm iteration becomes more than the two variants of the
GradConsensus algorithm after 1050 algorithm iterations,
implying worse communication complexity per iteration (than
the GradConsensus algorithm variants) as the algorithm
progresses.

C. Comparison With Respect to Communication Steps

Fig. 4 gives a comparison of the objective value residuals
with respect to the total communication steps taken by the
algorithms. One can see that the GradConsensus algorithm
starts slow due to the communication steps required by the
e-consensus protocol to maintain a feasible solution to the con-
sensus constraint. Thus, for smaller total communication steps
(less than 100) the GradConsensus algorithm doesn’t have
the best performance. In this region (total communication steps
less than 100), the NEAR-DGD and DGD methods perform
well. However, maintaining consensus constraint feasibility in
the GradConsensus algorithm pays off as the algorithm
progresses. For a higher total number of communication steps,
the GradConsensus with (k) = 1/k'"! has the best per-
formance with the objective value residual value less than 102
after 900 communication steps. The NEAR-DGD™ method has a
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10 T T T T T T
GradConsensus(e(k) = 0.01)
=~ GradConsensus(e(k) = 1/k"!)
-e-DGD
. % NEAR-DGD(1,150,2)
| 10-1 - »-NEAR-DGD*
= \g
2
=
-110%F
A
103 L L L L L L L L L L

0 100 200 300 400 500 600 700 800 900
# Communication Steps

1000 1100

Fig.4. Objective value residual Z?:l fi(z¥(k)) — f* against total commu-
nication steps.

GradConsensus(e(k) = 0.01)
-a-GradConsensus(e(k) = 1/k"!)
-e-DGD
% NEAR-DGD(1,150,2)

- NEAR-DGD*

M v v v ¥ A4 v

0 200 400 600 800
run-time (sec)

1000 1200

Fig. 5. Comparison of the objective value residual Z::1 fi(zi(k)) — f*
with respect to total run-time.

higher communication requirement (a linear increase in the com-
munication steps compared to the logarithmic increase for the
GradConsensus algorithm with ¢(k) = 1/k'-1) which dete-
riorates its eventual performance. NEAR-DGD(1,150,2) method
on the other hand has a lesser communication requirement which
leads to its initial good performance. However, the objective
value residual plateaus and the GradConsensus algorithm
with £(k) = 0.01 (with consensus constraint feasibility) having
started behind the NEAR-DGD(1,150,2) catches up with the ob-
jective value residual less than 10~ around 1000 total communi-
cation steps. Thus, utilizing the e-consensus protocol that uses an
appropriate number of communication steps (while maintaining
consensus constraint feasibility) based on the network structure
rather than an ad-hoc increase in the communication steps leads
to better performance of the GradConsensus algorithm.

D. Comparison With Respect to run Time

Next, we present a performance comparison between the
proposed GradConsensus algorithm and other methods
regarding the total run time required. For this simulation, during
each iteration of the algorithms, a communication delay is
introduced uniformly at random taking values between 0 and
1 ms (maximum delay of 1 ms). Fig. 5 presents the objective
value residual with respect to the total run-time (in seconds). The
e-consensus protocol incurs additional communication steps,
however, the information mixing steps (9)—(10) and (15)—(16)
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have a low computational footprint and do not significantly in-
crease the overall run time of the GradConsensus algorithm.
The objective value residual plots in Fig. 5 demonstrate this.
The GradConsensus algorithm with (k) = 1/k!-! has the
best decrease in the objective value residual with a value of
10~3. The GradConsensus with £(k) = 0.01 also has good
performance.

E. Discussion on Scalability of the GradConsensus

We remark that the proposed GradConsensus algorithm
is distributedly synthesized and implemented. Each agent 7 only
needs to know its neighborhood information. This is pivotal
since the algorithm doesn’t need to be set up centrally, and thus
when the number of nodes in the network increases agents only
need to adjust their local weights in the algorithm. Further, the
information mixing over networks depends on the diameter of
the directed graph which is a measure of connectivity in a graph.
GradConsensus utilizes an upper bound D on the diameter.
We emphasize that in many modern applications D < n, the
diameter of the graph is of a much smaller order than the
number of nodes n in the graph [39]. Even though a thorough
mathematical investigation of the relationship between a graph’s
size and its diameter is well outside the scope of our article, as
a heuristic, let us mention for example that in an Erdos-Rényi
graph G(n,p) (with n being the number of nodes and p being
the probability of a link between two nodes), where p is an
order larger than 10%”, then the graph is connected almost surely,
and its diameter is of the order log(n)/log (np) (see [40]). In
short, in large graphs, when connections between the nodes are
random, the diameter of the graph is of a much smaller order than
the size of the graph, even under sparse connectivity. Thus, the
GradConsensus algorithm: (i) requiring only local neighbor-
hood information by the agents for setup and implementation,
and (ii) dependence on the graph diameter (or an upper bound
D) rather than the number of nodes, scales well with the increase
in the number of nodes.

Summarizing, the simulation results indicate the GradCon-
sensus algorithm has a better performance compared to the
baselines with respect to the number of gradient computations
and the run time and remains acceptable with respect to total
communication steps. Further, GradConsensus is scalable
due to distributed synthesis and local computation and commu-
nication.

VI. CONCLUSION

In this article, we consider the problem of distributedly
minimizing the sum of n convex functions over a directed
multi-agent network. We introduce the optimize then agree
framework where the optimization step and the consensus step
are decoupled to improve the convergence properties of the
distributed optimization algorithms by reducing the mismatch
between the solution estimates of the agents. We developed
a novel GradConsensus algorithm where each agent per-
forms a gradient-descent update for the optimization step and
utilizes a finite-time e-consensus protocol to achieve ¢(k)-close
agreement between the agent estimates at each iteration & of the
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algorithm. We established explicit convergence rate estimates
for the GradConsensus algorithm under two different sets of
assumptions on the aggregate objective function f. In particular,
we showed that the iterates generated by the GradConsen-
sus algorithm converges to the (neighborhood of the optimal
solution) optimal solution at an R(Q)-linear rate of convergence
under these assumptions. In numerical simulations, we applied
the GradConsensus to solve the distributed logistic regres-
sion problem. The results indicate the suitability of the proposed
GradConsensus algorithm in solving distributed optimiza-
tion problems. The presented optimize then agree framework can
be applied to existing algorithms in the literature. It provides
guidelines for the development of newer algorithms to solve
the distributed optimization problem. Extension of the optimize
then agree framework and the proposed GradConsensus al-
gorithm to time-varying directed topologies with communi-
cation delays is a future direction of research of the current
work.
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