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Abstract
In this article, we explore methods that enable estimation of material properties with the dynamic
mode atomic force microscopy suitable for soft matter investigation. The article presents the
viewpoint of casting the system, comprising of a flexure probe interacting with the sample, as an
equivalent cantilever system and compares a steady-state analysis based method with a recursive
estimation technique for determining the parameters of the equivalent cantilever system in real
time. The steady-state analysis of the equivalent cantilever model, which has been implicitly
assumed in studies on material property determination, is validated analytically and
experimentally. We show that the steady-state based technique yields results that quantitatively
agree with the recursive method in the domain of its validity. The steady-state technique is
considerably simpler to implement, however, slower compared to the recursive technique. The
parameters of the equivalent system are utilized to interpret storage and dissipative properties of
the sample. Finally, the article identifies key pitfalls that need to be avoided toward the
quantitative estimation of material properties.

Keywords: atomic force microscopy, nanotechnology, material characterization, signals and
systems

(Some figures may appear in colour only in the online journal)

1. Introduction

Atomic force microscopy (AFM) has made significant
advances in the area of nanomechanical characterization of
materials. Recently a number of AFM techniques were
devised for quantitative estimation of nanomechanical mat-
erial properties. The principal techniques for flexure probe
based mechanical property characterization can be categor-
ized under contact mode [1, 2], cantilever resonance based
dynamic mode methods [3–5] and hybrid modes based on
contact resonance [6–8].

Dynamic mode methods [9] have the advantage of speed,
sensitivity and minimal wear and tear over contact mode

methods. However, interpretation of data is more complex for
the dynamic mode in contrast to the contact mode. In reso-
nance based techniques, quantitative estimation of the vis-
coelastic nature of the mechanical properties necessitates the
separation of the tip-sample interaction forces into their
constituent dissipative and conservative components. In a
recently reported dynamic mode approach [4, 10], this
separation is achieved by representing the dynamics of the
cantilever interacting with the sample as an equivalent can-
tilever, which can be modeled as a spring mass damper
(SMD) system. The resonant frequency and quality factor of
the equivalent cantilever then, would depend on the viscoe-
lastic properties of the sample. Consequently, changes in the
resonant frequency and quality factors can be used to
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determine the storage and loss modulus of the sample,
respectively (see, for example, [11]).

In [4, 10] the cantilever is forced with a sum of three
sinusoids with the primary sinusoid at or near the resonant
frequency of the cantilever and the other two frequencies are
chosen on either side of the center frequency. The high speed
deflection response of the cantilever is analyzed digitally
using a discrete time recursive estimation technique to cal-
culate the model parameters of the equivalent cantilever.
Henceforth this method will be referred to as recursive esti-
mation (RE) method.

Alternatively the steady-state phase and amplitude of the
interacting cantilever provide an estimate of the equivalent
resonant frequency [11]. In this article, the steady-state phase
and amplitude of the interacting cantilever are used to arrive
at an estimate of the quality factor as well. As shown later in
the results, this method requires the equivalent cantilever
system to be in steady state and therefore, will be referred to
as a steady-state estimation (SE) technique.

In this article we present analytical methods for esti-
mating the equivalent parameters using the steady-state esti-
mation technique and compare its performances with the
recursive method. The conservative and dissipative compo-
nents due to tip-sample interactions are also estimated uti-
lizing the developed analytical methods. The newly
developed results, when compared with hitherto independent
approaches, validate the equivalent cantilever perspective.
Another contribution of this article is a systematic study of the
relative advantages of various methods available for char-
acterizing equivalent cantilever parameters and, storage and
dissipation powers of the sample for the dynamic mode AFM
operation. A conclusion drawn from this study is that the
different approaches yield similar results, although, care has
to be taken on how the methods are executed in practice.
Extensive experimental results are presented which corrobo-
rate the analytical development and conclusions.

This article is organized as the follows. In section 2 the
equivalent cantilever model method is introduced, a simple
semi-analytical method is derived which is applicable when
the cantilever is in steady-state and a description of the
recursive method for estimating the equivalent parameters is
outlined. In section 3, we provide conditions and quantify
differences for the estimates of the storage and dissipative
powers obtained using different methods. Section 4 explains
the results in detail. Section 5 concludes with the future
directions of this work.

2. Equivalent cantilever system

It is well established that a freely oscillating cantilever away
from the sample can be modeled as a spring mass-damper
(SMD) system. The dynamics of such a system is governed
by:

w
w

f z
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where p and ṗ are the position (or deflection) and velocity of
the cantilever-tip respectively. F is the force per unit mass on
the cantilever, F equals the sum of the excitation force, g, and
the non-linear tip-sample interaction force, h. The measured
position, y, is the position corrupted with measurement noise,
ζ. wr and Qr are the natural resonant frequency and quality
factor of the cantilever at the reference position far from the
sample where the tip-sample interaction forces are non-exis-
tent or negligible. From a systems perspective, the cantilever
interacting with the sample can then be represented as a
cantilever G with parameters (w Q,r r) in feedback with the
non-linear tip-sample forcing term h, as shown in figure 1.

The systems viewpoint presented above and tools from
asymptotic methods for weakly non-linear systems [12, 13]
can be used to model a cantilever being driven at or near
resonance and interacting with the sample periodically, as an
SMD described by [14, 15]:

w
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where weq and Qeq are the resonant frequency and quality
factor of the equivalent cantilever system Geq, and a denotes
the amplitude of cantilever oscillations. w w»d r is the drive
frequency forcing the cantilever. The parameters w( )Q,eq eq of
the equivalent cantilever, or equivalent parameters in short,
can be estimated using the methods described below. Also,
note that the equivalent parameters weq and Qeq depend on the
amplitude a which is slowly varying in comparison to the
forcing time-period, p

w
2

d
(see [14]).

2.1. Steady-state estimation of equivalent parameters (SE)

In a recent study [11], the equivalent cantilever approach was
employed to determine the equivalent stiffness using the
amplitude and phase of the cantilever oscillations in dynamic

Figure 1. Estimation of storage and dissipation properties of the
sample based on identifying equivalent parameters. The system
including cantilever and tip-sample interaction in the dynamic mode
operation is modeled with an equivalent cantilever model which is
described by parameters w( )Q,eq eq with w p=f 2eq eq as shown in

the figure. The equivalent parameters ( )f Q,eq eq are further utilized

for estimating average storage and dissipative power components
(FC , FD) due to tip-sample interactive force f= ( ˙ )h p p, .

2
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mode. Thus the amplitude and phase information can be used
to estimate the equivalent resonant frequency.

Here we extend the approach in [11] to determine the
equivalent quality factor as well. Let ar and a denote the
oscillation amplitude of the cantilever at the reference posi-
tion and when interacting with sample respectively. Using (1)
and (2), the ratio of the amplitudes can be shown to be:

w w w w

w w w w
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- +

- +
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The phase of the cantilever oscillations, with respect to the
drive signal, at the reference position and when interacting
with the sample are given by:
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respectively. We can rewrite (3) as:
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Using (4) with the trigonometric identities
= + = +x x x xsec tan 1; csc cot 12 2 2 2 , (5) reduces to
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Rearranging the expression above, the equivalent resonant
frequency can be obtained as:
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Similarly, by recomposing (3) as
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we can express the equivalent quality factor:
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Both a and θ are available in real time in standard dynamic
mode AFM operation. (wr, Qr), ar and qr can be experimen-
tally determined from a cantileverʼs frequency response at the
reference position. w p=f 2eq eq and Qeq determined using
(7) and (9) are referred to as fSE and QSE respectively.

2.2. Discrete time recursive estimation of equivalent
parameters (RE)

The continuous-time second order system in (2) can be dis-
cretized by a general second order discrete time system [10]

described by:
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where ( )p k and ( )g k denote the cantilever deflection and
driving force sampled at time =t kTs, Ts being the sampling
interval. Here, z ( )k is zero mean white measurement noise.
The unknown parameters can be recursively estimated using a
least square approach by defining the model parameter vector

= [ ]m b b a a a1 0 0 1 2 , the observation vector

y
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and noticing that y= +( ) ( ) ( )p k m k e k . However, it is seen
that ( )a a a, ,2 1 0 can be evaluated from the discrete time
equivalent of the dynamics of the cantilever at the reference
position (which is estimated by applying a frequency sweep
method around first resonant frequency). Subsequently the
values of a2, a1 and a0 can be fixed to the reference values
which leads to a simpler parameter identification problem
[10]. Thus (10) can be simplified as
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where g = - - - - -( ) ( ) ( ) ( ) ( )k p k a g k a g k a g k1 22 1 0 .
A recursive least square estimate of Γ denoted as

G = ⎡⎣ ⎤⎦ˆ ( ) ˆ ˆk b b
T

1 0 can be used to determine the equivalent
parameters weq and Qeq in closed form [10]. The equivalent
parameters estimated by the recursive method will be denoted
by w p=( )f 2RE RE and QRE.

3. Storage and dissipative powers of the equivalent
system

The time averaged power dissipated by the cantilever per
oscillation cycle, denoted by FD, is defined as

ò fF = - ( ˙ ) ˙p p p dt,D T

T1

0
. Similarly, the time averaged sto-

rage power, denoted by FC, attributed to tip-sample interac-

tion is ò fF = w ( ˙ )p p p dt,C T

T

0
d . It follows from averaging

theory [4, 16] that the dissipation and storage powers are
related to the equivalent parameters by:
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respectively, where m is the mass of the cantilever. Sub-
stituting expressions for weq and Qeq from (7) and (9), and
recognizing that the cantilever mass m is related to the can-
tilever stiffness k by w=k m r

2, it follows that,
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and
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Alternatively, the average dissipation power due to tip-sample
interaction can be evaluated using energy conservation prin-
ciples [17]. The dissipation power derived by energy con-
servation, denoted by PD, can be expressed as [17]:
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Using the virial theorem, the average storage power, denoted
by PC, can be derived as [3, 18]:
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Comparing (14)–(15) with (16)–(17) it can be observed that
F = PD D and F = PC C when

w
w q

= ( )
sin

1. 18d

r r

Using (4) and the identity q q q= +( )sin tan tan 1r r r
2 2 2 the
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which has two solutions:
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This equivalence of F = PD D and F = PC C is an important
result and, to the best of our knowledge, the first study that
validates the steady state estimation of the parameters of the
equivalent model. Furthermore, the above result not only
reiterates the aforementioned assumption requiring wd to be at
or near wr, but also quantifies the magnitude of error for a

given choice of w .d This can be used to calculate the error
bounds for quantitative results based on the equivalent model
approach.

4. Results and discussions

Let u denote the drive signal to the dither piezo at the base of
the cantilever. We observed from experiments that a transfer
function of the form,

a a
w

=
+

+ +w( ) ( )G s
s

s s
, 21r

Q r

1 2
2 2r

r

explains the cantilever dynamics from the drive u to the
measured tip-deflection ym. Here the numerator contains a non
zero coefficient a1 of s. Under the assumption of ideal SMD
model, a1 would be zero. The rationale for choosing (21) to
represent the dynamics of the cantilever is provided below.

Frequency response of AC240TS cantilever from Asy-
lum Research obtained by applying frequency sweep input in
free air is shown in figure 2. The peak frequency w p=f 2p p

is found to be 72.55 kHz with the phase θ = 49.76 degrees.
The frequency response is fit with plant model first described
by a = 01 in (21) (called Fit 1) followed by nonzero a1

(called Fit 2). For Fit 2, The departure of the phase θ from 90
degrees at resonant peak can be shown to be equal to
q a w a= ( )arctanc p1 2 . It is evident from figure 2 that Fit 2
(a ¹ 01 ) not only better fits the frequency response data than
Fit 1 (a = 01 ), it also explains the departure of phase from 90
degrees at fp (40.24 degrees from figure 2) which is close to
q a w a= ( )arctanc p1 2 = 41.93 degrees. Repeated experi-
ments confirm the same conclusion.

Due to a ¹ 01 , the analytical formulas for equivalent
parameters and storage-dissipative powers shown in section 2
and section 3 must be adjusted to accommodate for the non-
ideal SMD behavior. Using similar steps outlined in
sections 2 and 3, it can be shown that the phase terms θ and qr

in (7), (9), (14), (15), (16), (17), and (18) should be replaced

Figure 2. (Experimental data) Frequency response of cantilever in free air. Data is fit using a plant model with a = 01 denoted by Fit 1. Fit 2
is obtained using nonzero a1. Fit 2 better approximates the frequency response.
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with q q q+˜ ≔ c and q q q+˜ ≔r r c respectively where qc acts
as a phase offset. qc can be estimated using the frequency
response of the cantilever at the reference position as
described above and subsequently added to θ and qr . This step
is termed as the: phase offset correction.

The main contributing factor for the numerator poly-
nomial being first order and not a constant in Gr is hypo-
thesized as being caused by the presence of delays between
the drive and the tip-deflection which include both electronic
and structural effects. In this article we leave the study of the
sources of the delays to future work; here it is assumed that
the transfer functions from the drive to the tip-deflection
measurement when intermittently interacting with the sample
and at the reference position share the same numerator
polynomial.

4.1. Speed of real-time estimation

Here we first present a comparison of the steady-state method
and the recursive technique of estimating the equivalent
parameters during transient and steady-state part of cantilever
oscillations using simulation. The interactive forces between
the sample and tip of the cantilever in air typically follows a
long range attractive and short range repulsive behavior. This
behavior is modeled with a piecewise linear model which
consists of two springs and two dampers shown in [15, 19]
which we utilize for simulation. Such a model is useful to
mimic interactive forces from many substrates in air [14, 15].

A cantilever with resonant frequency
w p= =f 2 63.15 kHzr r and quality factor =Q 227.9r at

the reference position is driven at the resonant frequency, that
is w w=d r such that the amplitude of oscillation is 50 nm. The
distance between the cantilever base and the sample (shown
as sep in figure 3) is varied in a step wise fashion such that
when sep is low (high), the oscillating cantilever interacts
(does not interact) with the sample. Such steps in sep peri-
odically nudges the oscillating cantilever away from its steady

state so that transient behavior of oscillations can be observed.
Figure 3 shows the transient response from the cantilever.

w p=f 2eq eq and Qeq estimated using the steady-state
method are denoted as fSE and QSE respectively. Further, fRE
and QRE denote the corresponding parameters estimated using
recursive method. The measurement bandwidth and noise in
the estimates fSE and QSE depend on the bandwidth of the
lock-in filter which is utilized to gather the amplitude, a and
phase signal, θ from cantilever deflections. The measurement
bandwidth and noise variance in the recursive estimates
depend on the choice of forgetting factor [10] and bandwidth
of the low pass filters that are utilized to reduce the noise
contents in fRE and QRE. For comparison, the bandwidth of a
lock-in filter in steady-state technique, the forgetting factor
and bandwidth of low pass filters in recursive technique are
chosen such that the noise in both steady-state and recursive
estimates are the same in a steady state. Although reducing
the low pass bandwidth of the lock-in filter reduces the noise
in steady-state method, the bandwidth is kept high enough so
that the time constants of the estimated amplitude, a, of the
cantilever oscillations are not influenced by the lock-in filter.

When the oscillating cantilever transitions from the
interaction state (sep is low) to no-interaction state (sep is
high), the time to attain a steady state for the parameters

w p=f 2eq eq and Qeq estimated using recursive and steady-
state methods is observed in figure 3. Both recursive and
steady-state methods match when the cantilever reaches
steady-state oscillations (see figure 3). In figure 3, Tamp
denotes the time required to reach steady state by the ampl-
itude of cantilever oscillations. Tf RE, and TQ RE, denote the
convergence times for equivalent frequency and quality fac-
tors estimated using the recursive technique. Similarly, Tf SE,

and TQ SE, represent corresponding convergence times for the
steady-state method (see figure 3). It is observed that the
estimates using recursive method converge faster than the
steady-state technique. For this example, steady-state method
requires 9.5 ms so that both of fSE and QSE attain convergence
(from the beginning of the sudden interaction). However, fRE

Figure 3. (Simulation data) Equivalent parameters ( w p=f 2eq eq , Qeq) estimated using steady-state and recursive techniques during transient

and steady-state part of the trajectory of an oscillating cantilever. When sep is low (high), the oscillating cantilever interacts (does not
interact) with the sample. In absence of a sample, the cantilever is described by ideal SMD with resonant frequency w p= =f 2 63.15 kHzr r

and quality factor =Q 227.9r .
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and QRE converge near 5.8 ms which is about 39% smaller
than the time required by steady-state estimation. Though the
exact convergence times may vary from one example to
another, recursive estimation is consistently observed to be
faster than steady-state estimation.

We now present experimental results below. The canti-
lever is driven sinusoidally near mica substrate such that it
oscillates with an oscillation amplitude of 122 nm. The
parameters at reference position w p=f 2r r and Qr are found
using frequency sweep method which are 73.4 kHz and 131.6
respectively. The mica substrate is actuated in the z-direction
using a piezoelectric actuator. A pulse waveform (shown as
Zin in figure 4(a)) is applied to the piezoelectric actuator such
that the mica substrate periodically nudges the oscillating
cantilever out of its steady state. Both recursive and steady-
state methods are employed to estimate the equivalent para-
meters which are shown in the figure 4. In figure 4(a), it is
observed that after the nudge arrives, the oscillation amplitude

takes =T 3.4amp ms to recover to its steady state value of
122 nm. It should be noted that the bandwidth of oscillation
amplitude of the cantilever is given by

= =( )f f Q2 73.4B r r kHz/131.6 = 279 Hz. Thus the
expected recovery time =t f1B B = 3.6 ms is consistent with
the observation =T 3.4amp ms. From figures 4(b) and (c), the
time to reach steady state for estimates fSE and QSE are
observed to be =T 1.4f SE, ms and =T 3.5Q SE, ms respec-
tively. Thus, interpretation of data is possible after 3.5 ms
which is close to the recovery time of amplitude ( =T 3.4amp

ms). From figures 4(b) and (c), the times to attain a steady
state for fRE and QRE (denoted by Tf RE, and TQ RE, respectively)
are both 1.8 ms. Indeed, recursive estimation offers superior
bandwidth than the steady-state method. It is evident from
figure 4 that both the recursive and steady-state methods yield
estimates that agree with each other when the cantilever
oscillation reaches steady state.

Figure 4. (Experimental data) (a) The input signal Zin (in V) to z-piezo actuator with amplitude of cantilever oscillations Amp (in meter). (b)
Estimated equivalent frequencies (in Hz). (c) Estimated equivalent quality factors. Time axis is in seconds.

Figure 5. (Experimental data) (a) Deflection amplitude a (meter) during approach-retract cycle on freshly cleaved mica. (b) Offset corrected
phase q̃ (degrees). (c) Equivalent frequency using recursive ( fRE) and steady-state method ( fSE) in Hz. (d) Equivalent quality factor using
recursive (QRE) and by steady-state method (QSE). The reference position is chosen in free air. Time axis is in seconds.
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4.2. Approach-retract experiments on mica

Dynamic mode force curve (approach-retract) experiments are
performed on a freshly cleaved mica sheet using MFP-3D
AFM from Asylum Research. Such approach-retract cycles
are sufficiently slow so that the cantilever oscillation can be
assumed to be in steady-state. It should be noted that closer to
the sample surface, changes in the effective damping result
which are attributed to squeeze film damping effects (see
[17]) where the non-linear interactions between the canti-
lever-tip and sample, denoted as h in (1), is still negligible
( »h 0). Care must be taken to include the effect of squeeze
film damping while selecting the reference position for can-
tilever model. We first demonstrate the need for choosing a
proper reference position.

The free-air cantilever transfer function model from
dither excitation signal u to the measured deflection ym is
estimated using a frequency sweep method [20]. The first
mode resonant frequency and quality factor are found as

w p= =f 2 68.765 kHzr r and =Q 116.287r . The numera-
tor coefficients of the transfer function as shown in (21) in
free-air are estimated to be a = +e5.6526 031 and
a = - +e3.3618 062 . The excitation and deflection data of
the cantilever are gathered with sampling frequency of
1.024MHz. Recursive method based estimates are denoted by
fRE and QRE. The drive frequency fd ( w p= 2d ) is the same as
fr (68.765 kHz). The reference oscillation amplitude (same as
free air amplitude) is set to be =a 125.26 nmr .

w p=f 2SE SE and QSE are determined using (7) and (9) with
offset corrected phase terms, q̃ and q̃r. Figure 5 suggests that

Figure 6. (Experimental data) (a) Dissipation power using recursive estimation technique (FD) and by (16) shown as PD (unit watt). (b)
Storage power FC estimated using recursive method and using (17) which is denoted as PC (in watt). The reference position is chosen in free
air. Time axis is in seconds.

Figure 7. (Experimental data) (a) Oscillation amplitude a (meter) (b) Offset corrected phase q̃ (degrees). (c) Equivalent frequency using
recursive ( fRE) and steady-state method ( fSE) in Hz. (d) Equivalent quality factor using recursive (QRE) and steady-state method (QSE). The
reference position is chosen near the sample to include squeeze film damping. Time axis is in seconds.
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estimated frequencies fRE and fSE match well. However QRE

and QSE deviate considerably from each other. In figure 5(d),
the average percentage difference between QRE and QSE is
33.6%. This discrepancy is attributed to inappropriate choice
of reference position which in this case is the free-air model.
The storage power FC and dissipation power FD are evaluated
as described in section 3 using the recursive technique. Sto-
rage power PC and dissipative power PD are also evaluated

utilizing conservation principles from (17) and (16) respec-
tively (with offset corrected phase terms, q̃ and q̃r) which are
compared in figure 6. Evidently PC matches with FC. How-
ever FD and PD differ significantly when the oscillating
cantilever engages with the sample. In figure 6(a), the average
percentage error between FD and PD is 72.3%. Again this
difference is attributed to ignoring the effect of squeeze film
damping and choosing incorrect Qr and qc (thus q̃).

Figure 8. (Experimental data) (a) Dissipation power using recursive technique (FD) and PD using (16) (in watt). (b) Storage power using a
recursive estimation technique (shown as FC) and using (17) denoted as PC (in watt). The reference position is chosen near sample to include
the squeeze film damping effect. Time axis is in seconds.

Figure 9. (Experimental data) (a) Height image (nm), (b) amplitude image (nm) and (b) q̃ phase image (degrees) of a m m´20 m 20 m
PLMA-PBMA polymer sample.
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Figure 10. (Experimental data) (a) Shift of equivalent frequency of oscillating cantilever -f feq r determined through recursive estimation

( fRE) and (b) using steady-state estimation method ( fSE) in Hz where =f 72.273 kHzr . (c) Equivalent quality factor evaluated using
recursive technique (QRE) and (d) using steady-state method (QSE). (e) Storage power FC evaluated through recursive technique and (f) PC

estimated using (17) in pW. (g) Dissipative power FD estimated by recursive method and (h) PD estimated using (16) in pW.
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Now the cantilever transfer function is estimated using a
frequency chirp at a reference position which is close to the
sample to include squeeze film damping. The reference
parameters are found to be w p= =f 2 68.857 kHzr r and

=Q 74.61r with the numerator coefficients
a = +e4.455 031 , a = +e7.9461 082 . w p=f 2d d is cho-
sen as 68.784 kHz. Amplitude of oscillations at reference ar is
chosen to be 102.67 nm. ( )f Q,SE SE are determined using (7)
and (9). Discretizing the transfer function at reference position
yields the parameters ( )a a a, ,2 1 0 which are used by the
recursive estimation method. From figures 7(c) and (d), the
close match of fRE with fSE and QRE with QSE can be
observed. The difference between QRE and QSE from
figure 7(d) is estimated to be 0.94% which is much smaller
compared to 33.6% in figure 5(d). Further, the percentage
difference between FD and PD from figure 8(a) is determined
to be 13% in contrast to 72.3% observed in figure 6(a). The
storage power FC determined through recursive technique and
PC estimated using (17) also match closely in figure 8(b).
Thus, selection of a proper reference position plays an
important role in determining the storage and dissipative
parameters.

4.3. Imaging PLMA-PBMA polymer sample

The equivalent model allows us to interpret properties of the
sample by processing the trajectory of the cantilever. For
example, while maintaining the same set point amplitude of
oscillations, a, if the equivalent model has higher resonant
frequency, weq, on some areas of the sample compared to
other locations, then those areas of the sample can be inter-
preted to be mechanically stiffer [4] than the other locations.

A real time algorithm for recursive estimation is designed
and implemented on Xilinx ML605 FPGA kit. After exten-
sive verification of the developed FPGA design through
simulations and experiments, the design is used to process
dither excitation u and measured deflection ym from MFP-3D
AFM to estimate the equivalent parameters fRE and QRE in
real time. Dynamic mode imaging is performed on a blend of
poly-lauryl methacrylate (PLMA) and poly-butyl methacry-
late (PBMA) sample.

AC240TS cantilever with free-air resonant frequency
=f 72.7 kHz0 and quality factor =Q 146.40 is selected for

imaging. The reference position is chosen near the sample and
the frequency tune near first mode resonance is used to esti-
mate a a( ),1 2 and the bias phase qc is as explained previously.
This offset correction for θ is also done in the Igor Pro
software from Asylum Research during AC mode tuning near
the sample. The dynamic mode height, phase q̃ and amplitude
images of a 20 × 20 micron sample is shown in figure 9.
Drive frequency fd is chosen to be 72.738 kHz. Equivalent
parameters determined both using steady-state estimation
technique and recursive estimation method are shown in
figure 10. Evidently, steady-state and recursive estimation for
equivalent parameters ( )f Q,eq eq provide a close match. Fur-
ther, storage and dissipative power images are computed and
shown in figure 10. Close similarity between estimated sto-
rage powers FC and PC is evident from figures 10(e) and (f).

Dissipative power FD evaluated through recursive technique
and PD using (16) are shown in figures 10(g) and (h) that are
also close match.

The contrast in the surface mechanical properties of the
PLMA and PBMA polymers are demonstrated in figure 10. In
the polymer sample, the circular PLMA domains are dis-
tributed over the PBMA background. Figures 10(a) and (b)
demonstrate that the equivalent frequency values are higher
over the PBMA surface compared to the PLMA domains.
Thus, PBMA is estimated to be mechanically stiffer compared
to PLMA polymer. This inference is consistent with the fact
that PBMA is glassy and stiffer at room temperature whereas
PLMA is rubbery and softer [21]. The same conclusion can be
drawn from figures 10(e) and (f) where the lower valleys in
the conservative power image (FC or PC) imply stiffer
domains. The dissipative power due to tip-sample interactions
depends jointly on feq and Qeq (observe (14)) where, typically,
low Qeq domains indicate higher dissipation. It can be
observed in figures 10(e) and (f) that the PLMA domains are
contrasted with lower Qeq values compared to PBMA regions.
Figures 10(g) and (h) further contrast the dissipative proper-
ties (FD or PD) where the PLMA domains are observed to be
more dissipative which is consistent with the rubbery phase of
PLMA in contrast to the glassy phase of PBMA at room
temperature.

It is important to note, and is evident from the study on
PLMA/PBMA above, that the knowledge of the equivalent
parameters together with the storage and dissipation powers
afford the ability to reach conclusions on the relation of
properties of one material with respect to another. We remark
that considerable work remains in reaching conclusions on
material properties such as stiffness and loss modulus of a
given sample where, uncertainties in the parameters assumed
need to be quantified accurately. Here, for instance, the
uncertainty in the stiffness of the AC240TS cantilevers is
accurate within5.1% with a confidence interval of 95% that
is consistent with the results obtained in [22]. However, there
is still a need for methods for quantifying other sources of
uncertainty and to provide measures on the impact on inter-
pretation toward quantitative determination of material
properties. Assessment of error bounds and determining
confidence measures on AFM measurement data in general is
a challenging problem [23, 24]. The equivalent parameter
estimation is only the first, but necessary, step of any method
for the quantitative determination of material properties using
the equivalent cantilever system viewpoint. Sources of
uncertainty are common for the two methods for determina-
tion of equivalent parameters that are compared in the study
and thus their affect on the conclusions reached are mitigated.

5. Conclusion

This article compares a steady state based method with a
recursive estimation technique for estimating the equivalent
parameters, resonance frequency and quality factor, of an
interacting cantilever in the dynamic mode operation of AFM.
The method based on steady state analysis is considerably
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simpler as it uses amplitude and phase signals that are readily
available in dynamic mode. On the other hand, the recursive
estimation technique requires complex hardware imple-
mentation and careful selection of excitation signals at mul-
tiple frequencies. However, the recursive technique is
demonstrated to be valid during the transient phase of canti-
lever dynamics and therefore offers a higher bandwidth of
estimation than the steady state method. The importance of
the selection of an appropriate reference state of the tip-
sample system for accurate estimation of parameters is
demonstrated experimentally. The knowledge of the equiva-
lent parameters is imperative for any technique that attempts
to determine the mechanical properties of the sample using
the equivalent system perspective in dynamic AFM. This
study, for the first time, proves the validity of the steady state
analysis of the equivalent cantilever system approach.
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