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Graphical Models in Meshed Distribution Grids:
Topology Estimation, Change Detection
& Limitations

Deepjyoti Deka ~, Saurav Talukdar

Abstract—Graphical models is a succinct way to represent
the structure of a probability distributions. This article ana-
lyzes the graphical model of nodal voltages in non-radial power
distribution grids. Using algebraic and structural properties of
graphical models, algorithms exactly determining topology and
detecting line changes for distribution grids are presented along
with their theoretical limitations. We show that if distribution
grids have cycles/loops of size greater than three, then nodal
voltages are sufficient for efficient topology estimation without
additional assumptions on system parameters. In contrast, line
failure or change detection using nodal voltages does not require
any structural assumption. Under noisy measurements, we pro-
vide the first non-trivial bounds on the maximum noise that the
system can tolerate for asymptotically correct topology recov-
ery. The performance of the designed algorithms is validated
with non-linear AC power flow samples generated by Matpower
on test grids, including scenarios with injection correlations and
system noise.

Index Terms—Concentration matrix, conditional indepen-
dence, distribution grids, graphical lasso, graphical models,
power flows, line outage, measurement noise.

I. INTRODUCTION

OWER distribution grids comprise part of the power
network that include low and medium voltage lines that
connect distribution substation to the end users/consumers.
The presence of active controllable devices and stochastic
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resources on the distribution grid and their potential to provide
grid services has made estimation problems in distribution
grids of paramount importance in recent years. In this paper
we discuss issues in topology estimation and change detection
in distribution grids. This problem has applications in various
areas such as fault detection and localization, and estimation of
critical lines that affect locational marginal prices. Structurally,
a majority of distribution grids are designed for radial or tree-
like operation [1]. However, to optimally utilize controllable
resources and resiliently deliver power, distribution grids with
meshed/loopy operation are being proposed [2], [3], [4]. In
either case, the true operational topology is determined by the
current status of breakers/switches on an underlying set of
permissible edges as shown in Fig. 1. Such topology reconfig-
uration may be warranted due to repair work, or to minimize
line losses. Topology estimation and change detection thus
refer to identifying the status and change of status respectively
of permissible lines in the grid. In this paper, we synthesize
statistical methods for these goals, for the more general case
of meshed/loopy distribution grids under noisy measurements.
All algorithms developed in the article extend trivially to the
restricted case of radial networks.

It is worth mentioning that the estimation problems in distri-
bution grids are hampered by the sparsity of real-time meters,
including on grid lines. New placement of line/breaker status
monitors is further complicated when presence of underground
lines are employed. As such we focus on using measurements
of nodal voltages for our estimation goals. Such nodal mea-
surements have become more accessible in recent years with
usage of installed nodal high fidelity meters such as phasor
measurement units (PMUs) [5], micro-PMUs [6], FNETs [7],
and sensors on smart controllable devices. Our proposed algo-
rithms enable distribution management systems (DMS) to use
such measurements to estimate grid connectivity, and validate
the correctness of any topology reconfiguration action [8].

Prior Work: Estimation problems, including topology esti-
mation and change detection, in power distribution grids has
attracted significant attention in recent years. Researchers
have looked at multiple approaches, both active and passive,
in learning using varying measurement type and availabil-
ity. Example of such schemes include greedy methods [9],
[10], voltage signature based methods [11], [12], probing
schemes [13], and iterative schemes for addressing missing
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data [14], [15]. In contrast to the referred work that employ
static voltage samples, learning schemes that exploit correlated
voltage measurements from a linear dynamical framework are
reported in [16], [17].

In work related closest to this article, authors have addressed
topology identification using properties of probabilistic graph-
ical model of nodal voltages. Reference [18] uses signs
in inverse covariance matrix of voltage magnitudes for
topology identification, but limited to radial topologies in
grids with constant r/x (resistance to reactance) line ratio.
References [10], [19] uses voltage conditional independence
tests for guaranteed topology identification, but limited to
radial distribution grids in single and three-phase networks.
Reference [20] discusses topology change detection using an
approximate graphical model (Markov random field). Under a
similar approximate graphical model, topology reconstruction
algorithms are proposed for radial and loopy distribution grids
in [21] and [22] respectively, under independent nodal current
injections.

Contribution: In this work, we consider graphical
model [23] based learning schemes for topology estimation
and line failure detection using complex voltage measurements
for meshed/loopy grids. We show that, under uncorrelated
nodal injections, the structure of the voltage graphical model
includes additional edges over the topology of the underly-
ing grid graph. Approximate schemes for topology learning
have been discussed previously [20], [21], [22] by ignoring
spurious edges. In contrast, we take a principled theoretical
approach and develop two algorithms, and present conditions
under which exact topology recovery is possible without ignor-
ing the spurious edges. The first algorithm relies on local
neighborhood counting within the estimated graphical model,
while the second algorithm uses algebraic sums of terms in the
inverse covariance matrix. We show that the first approach is
able to estimate the true structure for grids with loops/cycles of
size greater than six, while the second approach only requires
minimum loop/cycle length to be greater than three (no tri-
angles). It is worth noting that our algorithms do not require
knowledge of line impedances, and nodal injection statistics.
Next, we develop a topology change detection algorithm that
is able to estimate line failures or additions using entries in
the graphical model. Our learning algorithms are proven to
be asymptotically correct for noise-less voltage measurements
generated with uncorrelated nodal injections. Moreover, we
provide non-trivial bounds on the maximum noise in volt-
age measurements, and maximum injection cross-correlation
under which the algorithms are guaranteed to perform accu-
rately. The performance of the developed algorithms, under
both noiseless and noisy settings, are calibrated with finite
samples from non-linear power flow, using Matpower [24].

This article is the journal version of a conference arti-
cle [25] on learning in bulk grids using DC power flow model.
Over [25], we extend the learning algorithms to linearized AC
voltages and analyze the algorithms’ computational complex-
ity. The algorithm design for topology change detection, and
theoretical analysis under noisy measurements and correlated
injections are novel contributions of this work. Furthermore,
this journal version includes simulations with noisy non-linear
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Fig. 1. Distribution grid with a substation (reference node). Operational
edges are denoted by solid lines, while open switches are denoted by dotted
lines. P;( = {(kj), (ji)} is one path from k to i.

AC PF samples for all algorithms. The rest of the paper is
organized as follows. The next section presents nomenclature
and power flow relations. Section III discusses properties of
graphical model of voltage measurements. Section IV includes
the first topology learning algorithm. Section V describes the
second learning algorithm. Topology change detection is dis-
cussed in Section VI. Section VII present guarantees on the
performance of the learning algorithm in the presence of mea-
surement noise and injection correlation. Section VIII includes
simulations results of our work on test cases. Conclusions are
included in Section IX.

II. POWER GRID AND POWER FLOW

We consider a power grid and represent its structure by the
graph, G = (V, £), where V is the set of N + 1 buses/nodes
and £ is the set of operational undirected lines/edge (see
Fig. 1). Normally the operational topology is determined by
closing switches/breakers within a set of permissible lines,
EMISuch changes may be made hourly or daily depending on
the load configuration served and other control needs, hence
the need for grid topology estimation and change detection.
We denote an edge between two nodes i and j by (ij). Let
’PI! = {(ik1), (kik2), ..., (kn—1j)} be a set of n distinct undi-
rected edges that connect node i and node j. We call P{ as a
path of length n from i to j. If i = j and path P{ has length
greater than 2, we term it a ‘cycle’. The number of edges in
the cycle is termed its ‘cycle length. The size of the small-
est cycle in the graph is called its ‘minimum cycle length’.
By definition, the minimum cycle length in a radial graph is
considered to be infinite as it has no cycles. Note that for
general loopy grids, there may be multiple paths between two
nodes. The neighbors of a node are the set of nodes it shares
an edge with. Nodes with the length of the shortest path con-
necting them equal to two are termed ‘two-hop neighbors’.
Nodes with degree 1 are termed ‘leaves’ and their individual
neighbors are termed ‘parents’.

For power grid G, we use the following power flow model.

Linear Coupled Power Flow (LC-PF) model: Let z;; = rij+
?xij denote the complex impedances of line (ij) in the grid
(?2 = —1), where resistance and reactance are denoted by 7;;
and x;; respectively. The non-linear AC power flow equation
for the injection at node i is given by:

Sovi(vi-vi)m o

Jj(i)e€

P; = pi+ig; =
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where, the real valued scalars, v;, 6;, p; and ¢; denote the
voltage magnitude, voltage phase, active and reactive power
injections respectively. The complex valued voltage and injec-
tion are given by V(= v; exp(?@i)) and P; respectively.
During normal operation, lossless models for power flow are
employed [9], [26], [27] which can be obtained by linearizing
the power flow equations in (1), assuming small deviations in
both phase difference of neighboring nodes (|6; —6;| << 1 for
edge (i7)), and voltage magnitude deviations from the reference
bus (Jv; — 1| << 1 for node i).

v (vi —vj) —*f(@i —% 5

Ji)eE &

Pi=p;i+iq =

Further one bus (normally the substation bus) is taken as ref-
erence and voltages at other buses are measured relative to
it. Under the lossless model, the nodal injection at the refer-
ence bus is the negative sum of injections at all other nodes.
Without a loss of generality, the reference bus is ignored and
the power flow equations are restricted to the N non-reference
buses in the grid. Using v, 8, p, g to represent the vector of
nodal voltage magnitude, phase, active and reactive injections
respectively, we get the following Linear Coupled Power Flow
(LC-PF) model, in matrix form:

Mo ] o)

Vi _ -1 [P _ | Hg
[9} = Hp) |:q]’ where Hig.p) = [Hﬂ ~H,

Here Hg (H,) is the reduced weighted Laplacian matrix for
the grid G with edge weights given by susceptances 8 (con-
ductances g). Here g;; +-if; equals — j?x“. The sparsity of Hg
and H, encodes the grid structure as noted below:

D kiinyes Sik i i=]
—8ij if (i) e& )
0 otherwise.

Hy (i, )) =

The reduction is derived by removing the row and column cor-
responding to the reference bus from the weighted Laplacian
matrix. We use v,60,p,q for the N dimensional reduced
vectors to denote the voltage magnitude, phase, active and
reactive injections at the non-substation nodes respectively,
from this point onward. Note that (4) is a generalization
of the LinDistFlow model [26], [28], [29] used in radial
networks to loopy grids. Further ignoring voltage magni-
tude deviations converts the model to the standard DC power
flow model [30] used in transmission grids. The accuracy of
the LC-PF voltages with non-linear power flow samples are
discussed in [19], [27]. In the next section, we discuss the
properties of the distribution of voltage fluctuations under the
invertible LC-PF model.

III. PROBABILISTIC GRAPHICAL MODEL OF COMPLEX
VOLTAGES

For a N bus (ignoring the reference bus) system, the total
number of scalar voltage variables is 2 x N, considering both
magnitude and phase. We use graphical models to represent
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the structure within the distribution of voltages under ambi-
ent fluctuations of nodal injections. The following assumption
states the model of nodal injections at the non-reference nodes.

Assumption 1: Fluctuations at non-reference nodal injec-
tions in the grid are uncorrelated zero-mean Gaussian random
variables with non-zero covariances. Thus, (p;, g;) is uncorre-
lated from (pj, g;) if i # j, while each is a two-dimensional
zero-mean Gaussian.

This assumption, similar to prior work in literature [9], [20],
[22], [31] arises from the fact that fluctuations in loads in
the ambient regime are typically uncorrelated. If small lin-
ear trends in the normal injections and consequently voltages
exist, such trends can be empirically removed by taking the
difference of consecutive measurements to obtain uncorrelated
fluctuations [16], [22]. Note that active and reactive injections
at the same node may be correlated, under Assumption 1. In
later sections, we present results on the effect of inter-nodal
injection correlation on the performance of the developed
learning algorithms.

Our algorithms for topology identification and change detec-
tion need only the inverse covariance matrix of voltage
fluctuations, and are agnostic to the underlying parametric
distributions. The Gaussianity assumption of injection fluc-
tuations and thereby of voltages is used only for efficient
estimation of the inverse covariance under low number of mea-
surement samples. Existing work [22], [31], [32], [33] show
that real voltage and injection data indeed follow Gaussian

distributions.

p

Here, the injection vector is modelled by the Gaussian

random variable PL€ (p, ) = N(0, 2(p,q)) Where the covari-
ance matrix of injections is given by

Y )
I <] B | | A

Under Assumption 1, each block in X, , is a diagonal

matrix. Given the voltages are related by a linear model

v
0
to injections, their distribution is also a zero-mean Gaussian
N0, Z(v,6)) [34]. Using (4), the covariance matrix of voltages

is given by

)
o = 5o

The following result describes the analytic form of E(_v’lg)
which will later be used for structure estimation.

Lemma 1: For LC-PF, the inverse covariance matrix E(_v,le)
of nodal voltages satisfies

Sp.pHg (7)

.8

e _ g1
299]—H<g,5>

_ Jow T
I R v :|where
.9 |:](9v Jog

Jw = HgDil (quHg - quHﬂ) - HﬂDil(quHg — XppHg),
Jvo = HgD™ " (ZqqHp + SpgHy) — HsD ™' (SpqHp + TppHy
Jov = HﬁDil(quHg - quHﬂ) + HgDil(quHg -

DG, ) = [Spp(i. 0 Sgq G, D) = TpgG, )| for diagonal D.
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Proof: In (7), each block in X, 4 is a diagonal matrix with
Ypg = Zgp. Thus the following holds

|: EPP
ZP‘I

where, D is a diagonal matrix with the i’ diagonal entry D(i, i)

-1 1
qu] =|:D 2gq

-D7 s,
Xgq —D7'%,, ’

-1
D™ Xpp

given by the determinant of Zpp (l.’ l.) Zp q(l.’ l.) . Inverting
qu(lv i) qu(lv i)
X (v,0) using (7) then proves the result.

Next we describe the graphical model of the distribution of
nodal voltages.

Graphical Model: By definition, the probability distribution
of a n dimensional random vector X = [X{, X», ..Xn]T corre-
sponds to an undirected graphical model GM [23] with vertex
set Vgaq representing variables and edges representing con-
ditional dependence. For node i in GM, its neighbors form
the smallest set of nodes N(i) C Vgaq — (i} such that for any
node j & N(i), i is conditionally independent of j given the set
N@), i.e., PXil XNy, Xj) = PXilXnG))-

For a Gaussian graphical model, it is known that the
edges in the graphical model correspond to non-zero terms
in the inverse covariance matrix (also called ‘concentration’
matrix) [23]. In our case, we determine the structure of the
graphical model GM of voltages using properties of E(_v,le)-
Note that there are twice as many nodes in the graphical model
GM as there are buses in the grid as GM includes separate
nodes for bus voltage magnitudes and phases.

Theorem 1: The graphical model GM for nodal voltage
magnitudes and phase angles in grid G includes edges between
voltage magnitudes and phase angles only at the same bus,
neighboring buses, and two-hop neighboring buses.

Proof: Edges in GM correspond to non-zero terms in X, ’19)
with analytic form given in Lemma 1. We prove the state-
ment first by showing that for voltage magnitude and/or phases
at buses i and j three or more hops away, the correspond-
ing entries in E(_v,le) are zero for each block J,,, Jyg, Jg, and
Jog. First consider the four terms in the expression for Jyg in
Lemma 1. While D!, Xgqs Zpgs Zpp are all diagonal matri-
ces, matrices Hy, Hg have non-zero values for diagonal terms
and for neighboring nodes (see (5)). From direct multiplica-
tion it is clear that J,, (i, j)) = 0 if i, j are not neighbors and do
not have common neighbor. Similarly it follows for J,g, Jgy
and Jypy, the statement follows.

Note that if (ij) € £ or node k exists such that (ik), (kj) €
&, then the corresponding entry E(_‘)}G) is non-zero unless for
pathological cases that form a set of measure zero. Thus the
statement holds. |

Remark: In the remaining part of the manuscript, we will
ignore such pathological cases that induce degeneracy; thus if
there is a true link in G between nodes i and j then terms in
Jw, Jvo, Jo.6, and Jp, do not conspire to be zero. Fig. 2 depicts
the structure of a loopy grid G and its associated graphical
model GM of complex voltages. Note that if nodes pertain-
ing to voltage magnitude and phase angles are combined into
a ‘hybrid’ node, we get a similar sized network GMj,; as
the original grid but with additional edges between two hops
neighbors as shown in Fig. 2(c). To complete this section, we
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‘Hybrid’
Graphical
Model Model

() (b) (©

Power grid

Fig. 2. (a) Loopy Power grid graph G (b) Graphical model GM for com-
plex voltages (c) ‘Hybrid’ graph G M}, by combining voltage magnitude and
phase nodes for same bus in graphical model.

describe the estimation of 2(; 19) from i.i.d complex voltage
samples.

A. Estimation of Voltage Graphical Model

k

Sy v
Consider i.i.d. samples of the measured vector y* = |: 9"]
for 1 <k < n in the grid. If n is large, we use direct inverse
of the sample covariance matrix. Note that such inversion
can be performed for general injection distributions as well.
However for scenarios with restricted number of samples, we
use the maximum likelihood estimator of a Gaussian graphical
mgdel [23] with a sparsity constraint to get the estimate E(v’l@)

using

£y = argmin| — logdet S + (S, £.0)) + 1511 }

R 1 n . n yk . n y" T
b 2 = L 3o 22 (43
k=1 k=1 k=1
This optimization problem is termed Graphical Lasso [35] in
literature. The computational complexity for it scales as O(N?)
where N is the number of variables in the system [35].
Using Theorem 1 we present the first topology learning
algorithm in the next section using separation rules.

IV. ToPOLOGY ESTIMATION BASED ON LOCAL
NEIGHBORHOODS

The following result presents separation rules in GM;,y that
enable identification of true edges between non-leaf nodes in
the grid graph G.

Theorem 2: Let the graphical model GM for voltages in
power grid G be estimated and the ‘hybrid” graph GM 4 con-
structed by merging voltages and phase angles at the same bus.
Let minimum cycle length in G be greater than 6. Consider
edge (ij) in GMyg. Then, GM;yy has nodes k, [ with paths
k—i—1and k—j—1[ but (kl) not present iff (ij) is a true edge
in G between non-leaf nodes i and j.

The proof is presented in Appendix A. While the above
theorem enables identification of non-leaf nodes and edges
between them in G, we still need to find edges that connect
leaves to their true parent. The following result enables iden-
tification of true edges associated with leaf nodes, with proof
given in Appendix B.
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Algorithm 1 Topology Learning: Neighborhood Search

Input: Inverse covariance matrix of nodal voltages,

~1 _ |Jw
X0 = Tow Joo |’ threshold 71 > 0

Output: Grid G
1: Construct hybrid graphical model G M, with edges (ij)
if |/, (@, )| > t1 for buses i # j.
2: for all Edge (ij) € GM}q do
3: if Nodes k, [ exist satisfying Theorem 2 then
4: Add nodes i, j as non-leaf nodes with true edge (if)
in G
5 end if
6: end for
7. Add unmarked nodes as leaves in G.
8: for all Leaf node j and non-leaf node i in G do
9: if Edge (ijj) € GM}4 and i, satisfy Theorem 3 then
10: Add edge (jj) in G.

11: end if
12: end for
Power Graphical ~ Theorem 3 ~ Theorem 4
Grid Model
Fig. 3. Steps in Algorithm 1. The power grid on the left gives rise to

the graphical model with edges between nodes two hops or less away. First
Theorem 2 is used to identify the true edges between non-leaf nodes and then
Theorem 3 is used to identify the parents of leaf nodes.

Theorem 3: Let the graphical model GM for voltages in
power grid G be estimated and the ‘hybrid’ graph G M}, con-
structed by merging voltages and phase angles at the same bus.
Let minimum cycle length in G be greater than 6 and number
of non-leaf nodes be at least 3. Consider non-leaf node i and
leaf node j in G such that (ij) is in GMy,. Then, (i) is a
true edge in G iff non-leaf neighbors of i in G and non-leaf
neighbors of node j in G M, are the same.

We now have the necessary tools to develop topology learn-
ing algorithm for loopy grids provided the assumptions of
minimum cycle length being greater than 6, and number of
non-leaf nodes greater than 2 hold. Note that the first condi-
tion is necessary for identification of edges between non-leaf
nodes while the second is needed to identify neighbors of leaf
nodes. If cycle length is 6 or less, nodes separated by 3 hops in
the grid graph can have multiple shortest paths between them.
This prevents separation between true and spurious edges in
the corresponding graphical model. These assumptions are not
restrictive in general as distribution grids, if loopy, have gen-
erally large loops (weakly meshed) and furthermore many
(greater than 2) non-leaf nodes [2], [4]. The steps of learn-
ing the grid from the estimated graphical model G My, are
listed in Algorithm 1. An example for the learning steps is
depicted in Fig. 3.

Thresholding for Empirical Estimates: Note that empirical
estimate of voltage covariance may differ from the true value
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due to finite samples. To address the finiteness of data, we
introduce thresholds t; > 0 in Step 1 of Algorithm 1 to infer
existence of edge (ij) in the hybrid GMj,. Similar thresh-
olds are introduced in subsequent algorithms in this article as
well. Historical training data, including that from topology
reconfiguration events, can be used for identifying optimal
thresholds. Threshold selection depends on the noise levels
theoretically analyzed in Section VII. We demonstrate the
effect of threshold selection on algorithm’s performance in
Section VIIIL.

Computational Complexity: Considering general grids with-
out any restriction on nodal degree, determining edges between
non-leaf nodes takes O(N%) comparisons between each candi-
date edge (ij) and their neighbor sets. Determination of edges
between leaves and their parents is O(NV 3 ) and thus the overall
complexity is O(N*) in the worst case.

It is worth mentioning that prior work on learning radial
distribution grids exactly using graphical models [10] cannot
be directly applied here as presence of multiple paths in loopy
grids render conditional independence tests ineffective. On the
other hand, approximate algorithms such as in [22] assume
that the edges between two-hop neighbors in the graphical
model are weaker than direct links and hence can be omitted.
Our effort in Algorithm 1 is to develop a theoretical learn-
ing approach where such assumptions are not needed, though
it has topological restriction. In the next section, we move
beyond topological rules and design an improved algorithm
based on algebraic properties of the inverse covariance matrix.

V. TOPOLOGY ESTIMATION USING SIGN RULES

As discussed in the previous section, extracting the true grid
topology G from the estimated graphical model GM or G My
requires separating the true edges from ones between two hop
neighbors. The following result gives a sign based separation
test between such edges.

Theorem 4.: Consider the graphical model GM of nodal
Jw Jvo
Jov  Joo
in grid G with minimum cycle length greater than three.
Jw (i, J) + Joo(i,j) < 0 if and only if (ij) is a true edge in G.

The proof is provided in Appendix C. Note that the mini-
mum cycle length being greater than 3 is necessary to prove
Theorem 4. However absence of triangles (three node cycles)
is not a restrictive assumption as urban networks indeed have
grid-like layout. It is worth mentioning that a similar sign
based rule for voltage magnitudes was proposed in learning
radial distribution grids with constant r/x transmission lines
in [18]. Using nodal voltage magnitudes and phase angles,
our method is thus able to generalize that on both counts:
(a) loopy grid learning (b) variable r/x line parameters. We
summarize the steps in using signs for topology estimation in
Algorithm 2. To account for finite sample errors in estimated
inverse covariance matrix, we introduce threshold 7o > 0 in
Step 2 of Algorithm 2 to determine if (i, j) is an edge.

Computational Complexity: Determining the edges from
the entries of the inverse covariance matrix of voltages takes
O(N?) operations as all possible edge pairs are checked for
existence.

voltages with inverse covariance matrix (;19) =
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Algorithm 2 Topology Learning: Sign Rule

Algorithm 3 Topology Change Detection

Input: Inverse covariance matrix of nodal voltages,

~1 Jw Jve
X0 = Tow Joo |’ threshold 7, > 0

Qutput: Grid G
1: for all buses i,j € G do
2: if J,,(i,)) + Joo(i,j) < —12 then

3: Insert (ij) in G
4 end if
5: end for

Notice that both Algorithm 1 and Algorithm 2 use only
voltage measurements to estimate the topology. In case addi-
tionally statistics of injections at the nodes is also available,
both the topology as well as values of line impedances can be
determined as described in the next result.

Lemma 2: In grid G with voltage covariance matrix X, g)
and injection covariance matrix X, 4, matrices H, and Hg
are given by the following

H 512 —1/2¢—1 «-1/21/2
non=[lh )= s

Hyg (Pq) r.9) 0.0 =P “@.9°
Proof: Using Eq. (7), it is clear that 2@14)22@19)2@1(;)2 is

a positive definite matrix and hence has a unique square root
(plg)zH(g ﬂ)E(p {;) The result thus follows. |
In the next section, we look at a related problem of topology

change detection, and discuss properties of voltage graphical

models that enable detection.

VI. ToPOLOGY CHANGE DETECTION

Topology change detection refers to the problem of identi-
fying changes to the topology such as line failures. In radial
distribution grids, line failure can be immediately estimated
given by the sub-network that loses power. In loopy girds, due
to presence of multiple paths, estimation based on connectiv-
ity loss may not be possible. In the next result, we consider a
single change in topology (line addition or failure) and show
that such an event can be detected by comparing the change
in the inverse covariance matrix of voltage fluctuations before
and after the event.

Theorem 5: For grid G with inverse covariance matrix of

va JVG
Tov oo |’ let AJ,, be the

change in sub-matrix J,, after a single line event (addition or
removal). Similarly define AJpg Then the following hold:

voltage measurements E(v o) =

0  no change in edge (ij)
> (0 edge (ij) is added
< 0 edge (ij) is removed.

Adyy (i, 1) + Adga (i, 1),
AJVV(j’j) + AJHH(]’J)

Proof: Let the neighborhood of node i be AN;. From
Lemma 1, it is clear that the expression for the diagonal of
J, follows:

Tonlic )+ Jop (i) = 3 DTN K (Sgqgk. k) + Sk, B))
ke N;U{i}

x (Hg(i, k) + H3 G, k))

Input: Inverse covariance matrix of nodal voltages,
E_l Jw Jvo
0.0 = | gy Joo
Output: Edge added/removed

before and after event, threshold 73 > 0

1: for all buses i € G do

2 if |[AJ,, (i, D) + AJge (i, i)| > 13 then

3 Mark i as terminal node of changed edge.

4 end if

5: end for

6: For terminal nodes i, j, edge (ij) is added if AJ,,(i, i) +
AJgg (i, i) > 0, else it is removed.

Note that this stays the same if the neighbor set N; stays con-
stant. Thus for nodes i, j, if the edge status doesn’t change,
Jw(, 1) + Jog (i, 1) and J,,(j,j) + Joo(j,j) equal zero. Next
consider the case where edge (ij) is added to the network.
Comparing before and after the event, we have

Ady (i, 1) + Adpo (i, i)

=207 (i, ) (Zgq (i, D) + Tpp(in D) Y (gikgyi + BixBi)
keNi—{j}

+ DG (B0 + EpGoD) (85 + B)
+ D7, i) (Sgq s i) + Spplis i))(g%j + /35) >0 (8

Similarly, we can show that AJ,,(j,j) + AJgy(j,j) > 0. For
edge (ij) removal, it follows similarly that the opposite sign
in (8) is derived. Hence the result holds. [ |

The steps in topology change detection are listed in
Algorithm 3. Similar to Algorithms 1 and 2, we introduce
a threshold 3 > 0 in Step 2 of Algorithm 3 to account for
empirical errors while identifying the terminal nodes of the
changed edge.

Computational Complexity: Determining the possible
changed edge takes O(N) operations as it entails only checking
the changes in the diagonal entries in the inverse covariance
matrix.

Note that unlike the topology learning algorithms, topology
change detection does not need any assumption of minimum
cycle length. It is worth mentioning that in practical settings,
line failure/change would entail dynamics in the nodal voltage
measurements and other time-series techniques may be used
for their detection. Our theoretical result is primarily directed
at understanding if stable pre- and post event voltage graphical
models can be used for change detection.

VII. EFFECT OF NOISE AND INJECTION CORRELATION

The designed Algorithms 1, 2 and 3 assume noiseless
measurements of complex nodal voltages. However, practical
smart meter and PMU data are corrupted with measurement
noise [31], [36], [37] with variance ranging between .1% to
.5% of the measurement values. We now analyze guarantees on
their performance in the presence of zero-mean Gaussian mea-
surement noise (7, ng) of non-zero covariance Xy, »,), that is
uncorrelated from the underlying true voltages. Let the voltage
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measurement with noise be denoted by |:9‘:i| = [‘9}} + [n 9] By

uncorrelation between true voltages and noise, the covariance
matrix of the observed measurements is given by:

E(a,é) = X,0) + Z(n,,ng), Where, )
> b)) T T

E = nyny nyng and E 1 _ o ” 10

(y,ng) [EVLH”\/ n9n9i| (V 9) |:J§G J§§:| (10)

Using the Woodbury formula [38] for matrix inversion, we
have

o3l

(7)o
. 1 o 1 + 27]
v,0)\ “(ny,ng) v,0)

where AE(_VIG) is the deviation in the inverse covariance matrix
due to noise. The following theorem provides an upper bound
on magnitude of entries in AE(*VIQ)

1 1
Lemma 3: Consider AE(V ) = E( ) E(v 9)
of non-zero covariance X, ) in voltage measurements. Let
AYH, A" denote the maximum and minimum eigenvalues

respectively in square matrix X. Then

2
)\'max )\'max
%nw( Hé.m)
()me )2
Zp.g)

Proof: Let ¢; be the basis vector in R*Y with 1 at the i entry
and zero elsewhere. From Eq. (11), AE(;IQ) is a symmetric and
negative definite matrix. We have

T 1
(e )AE(VQ)(

(e +ef)asgly (it e) < 0. -/ AXT) ¢ < -

1
A% g =

1
Z(v o)’

(1)

due to noise

max‘AZ(v 9)(1,]')‘ <

—eTAE e; < AN

—¢) <0, v,0)¢ =

1 »
- Z(Hﬂ)

Using that, we have,

ozl .0] <30

2
< [ pmax )Lmin
- < sl / S e
(.6) (ny.ng) (v.0)
2
< )Lmzzlx )\'max ) /
< H g Tl Z . n9)

< pJmax max )me
Z(nvng)( ( ﬂ)/ )

Here Eq. (12) follows from Eq. (7) and using AS(”TY > )\;’(”'”
for positive definite matrices X, Y. |

If noise across different buses is uncorrelated, then each
block of X, »,) in Eq. (10) will be a diagonal matrix. This is
similar to the structure of X, 4 in Eq. (6) under Assumption
1. In that setting, the following result follows immediately
from Lemma 3 through eigenvalue analysis of 2 x 2 matrices.

Corollary 1: Consider AE(V 0 = E( 19) E(Vle) where the
noise (n,, ng) is uncorrelated across buses and injections (p, q)
follow Assumption 1. Let

kmin

(12)

ol = By s i) + S, (s 0) (13)
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+ (S G D) = Sy G 1)
Ty = Zpp(is D) + Tyq(i )

FA%2, (D) (14)

.. con)2 ..
- \/(Ep,,(z, D) — Tgq(i, )" + 422G, 0). (15)
2()»'"’“ )2 max; o',’;
. =1 Hie )
Then max; ; |AZ(V’9)(1,])| < mlnl(o(p,q))z

If ¥,y =0and X, =0, then
(AZ%”‘ . )? max; max (i, n, (i-), Zngng (0.1))
* min; min(E3, (7,1, £2, () )

Corollary 1 intuitively states that the bound on the largest
deviation in inverse covariance of voltages increases with the
noise covariance, but decreases with the injection covariance.
Our learning algorithms depend on relative values in the esti-
mated inverse covariance matrix of voltages. We use Lemma 3
and Corollary 1 to determine maximum values in AE o, 9) and
noise covariance X, ) and selection of thresholds to ensure
correct learning under noise.

Theorem 6: In grid G, consider estimated inverse covari-
ance matrix of voltages E , under uncorrelated zero-mean

max; ;| ALl (0.)] <

noise of covariance X, ,,9) For the noiseless inverse covari-
ance matrix of voltages E(v 0)° given by Lemma 1, define
Y1, Y2 as:

Y1 = Iggl{llw(i,j)l, Jw(i, )) # 0}
Y2 = rlnir,l{lfw(i,j) + Joo (1, DI Jw (i, )) + Jog (i, )) < 0} (17)

(16)

1. If max; |A2( o Dl < y1/2 then at large sample sizes,
Algorithm 1 with threshold 71 = y1/2 outputs the correct
topology, with noise.

2. If max;; |AE(V 9)(l,j)| < y2/4, then Algorithm 2 with
threshold 70 = y»/2 will output the correct topology, with
noise, in the large sample limit.

3. Let noise be uncorrelated across buses with o, a(ip 2

defined in Eqgs. (13), (15) respectively. Algorithms 1 and 2
min(2y1,y) min;(o(, )*

will output correctly, if max; o,

S(A’ma_x )2
Hie p)
Proof: “
Jw(i,j) # 0 for edge (ij) in ‘hybrid’ graphical

model GMj,; of grid G, and equals O otherwise. Let
max; j |AE(:10)(i,j)| < y1/2. Using Egs. (10), (11), we have

sati. )| < max| AT Y G| < v1/2 V66 & GMua
s (@D = y1 — TI}E}X‘AE(;}Q)(LJ')‘ > y1/2 V(ij) € GMpa.

Thus, Algorithm 1 with threshold 77 = y;/2, under noise,
correctly identifies G M4 and consequently grid G, in the large
sample limit.

2. Jyw(i, j) + Jog (i, j) < O for edge (ij) in grid G, and takes
a non-negative value otherwise. Using max; ; |AE(_V}9)(i, Nl <
y2/4, with Egs. (10), (11), we have

o, ) + 550, ) < —y2 +2y2/4=—12/2 V(i) €§
i (@, J) +J550. ) > 0—2y2/4 = —y»/2 otherwise.

Thus, in the large sample limit, threshold 2 = y»/2 in
Algorithm 2 enables correct estimation of grid G, under noise.
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3. This follows directly from statements 1, 2 and
Corollary 1. |

A. Effect of Injection Correlation

The theorems guaranteeing the asymptotic correctness of
our algorithms rely on nodal injection fluctuations being
uncorrelated. We now analyze their performance under cor-
related injections. Consider the setting where the correlated
: : : -1 _ -1 -1
nverse covariance matrix E(p’ o = E(p’ o T AE(p’ Py Here

E&l ? is the diagonal uncorrelated inverse covariance matrix.

AY (_p}q) is the difference matrix that arises from dependence
among injections fluctuations. Following Eq. (7), the inverse
covariance of voltages under E(;] P is given by

-1 1 1
X0 = Bag THepAE, »Hip)- (18)

Here 2(;]9) is the inverse covariance of voltages under uncor-

related = ! X Its algebraic form is given by Lemma 1, with
related terms y1, y2 defined in Eqgs. (16), (17). The following
result holds.

Lemma 4: In grid G, consider inverse covariance matrix of
voltages 2(;,]0)“ under correlated injection covariance X (;1 pes

1. If max; ; |H(g,5)AE(;}q)H(g,ﬂ)| < y1/2, then at large sam-
ple sizes, Algorithm 1 with threshold 71 = y;/2 outputs the
correct topology.

2. If max; |H(g,ﬁ)AZ(;’lq)H(g,,g)| < y2/4, then at large sam-
ple sizes, Algorithm 2 with threshold 7o = y»/2 will output
the correct topology.

The proof uses Eq. (18) to bound the maximum devia-
tion in entries in E(T,}g)c, due to injection correlation. The
remaining analysis for correctness is similar to the proof of
Theorem 6, and is omitted for space reasons. Observe that the
maximum injection correlation for which the algorithms are
consistent, depends on the system parameters (topology and
impedances). One can also consider a different model where
the correlated injection covariance (not its inverse) is given
as X g + AXp 4. A perturbation analysis as described in
Eq. (11) can be used in that setting to arrive at corresponding
bounds. In the next section, we discuss the accuracy of our
methods and its dependence on number of voltage samples
considered.

Note: The thresholds determined in Theorem 6 and
Lemma 4 operate in the large sample limit. For finite num-
ber of samples, thresholds need to be tuned using historical
data to ensure correct estimation. Bounds for correct change
detection, and selection of threshold 73 in Algorithm 3 can be
analyzed similarly. We omit it due to space limitations.

VIII. NUMERICAL SIMULATIONS

While the theoretical analysis for our designed algorithms
are based on linearized power flow models, we demonstrate the
practicality of our algorithms using non-linear AC samples for
different test cases, in the presence of noise. Nodal injection
fluctuations centered around the mean injection are modelled
by uncorrelated zero-mean Gaussian random variables with
covariance taken as le™2, relative to the base injection. The
injection samples are sent to non-linear Matpower [24] solver
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Fig. 4. (a) Modified 56 node test case [18] with cycle length 7 (b) Average
errors in Algorithm 1, 2 for topology learning with number of noisy voltage
samples over 10 independent runs.

to generate samples of nodal voltages. We also corrupt the
nodal voltage measurements with Gaussian noise of differ-
ent variances (measured relative to the nodal variance). These
measurements are used to estimate the inverse covariance
matrix E(;lé) of voltages through Graphical Lasso as described
in previous sections. The estimated E;1~ is then input to
Algorithms 1, 2 and 3. The thresholds f], 1y and 13 for the
algorithms are empirical tuned to values which give minimal
estimation errors in the large sample limit. They are then fixed
while the measurement sample sizes are varied.

A. Topology Estimation

We first discuss results for Algorithm 1 (neighborhood
search) and Algorithm 2 (sign rule) in learning the operational
network. We consider a modified case with 56 nodes [18]
derived from the IEEE 123 test feeder [39]. We consider
loopy extensions of this system with differing minimum cycle
lengths. First consider the system with 3 loops with minimum
cycle length of 7 as shown in Fig. 4(a). We apply Algorithm 1
and Algorithm 2 for topology inference, and demonstrate the
effect of number of samples on estimation accuracy in 10 inde-
pendent realizations in Fig. 4(b). Error in each run is computed
as the ratio of the sum of number of false links identified and
true links missed, to the total number of links in the underlying
network. Observe that both algorithms give zero errors in the
large sample limit, though the performance deteriorates with
higher noise. This is consistent with Theorems 2, 3, 4 which
prove exact recovery of either algorithm for cycle lengths
greater than 6. However, in the limited sample regime, the
sign rule based algorithm clearly outperforms the neighbor-
hood search approach Among others, this is due to the fact that
inaccurate estimation (presence or absence) of two hop neigh-
bors affects the discovery of true edges in Algorithm 1. On the
other hand, Algorithm 2 uses a threshold to determine the true
grid edges directly and can hence sustain greater inaccuracy
in entries corresponding to two hop neighbors.

Next, we consider the case in Fig. 5(a) with cycle length of
4. The errors in topology estimation for Algorithms 1, 2 are
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Fig. 5. (a) Modified 56 node test case [18] with cycle length 4 (b) Average
errors in Algorithm 1, 2 for topology learning with number of noisy voltage
samples over 10 independent runs.
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Fig. 6. (a) Modified 33 bus networks with cycle length 3 (b) Average errors
in Algorithm 1, 2 for topology learning with number of noiseless voltage
samples over 10 independent runs.

shown in Fig. 5(b). While Algorithm 2 (sign rules) gives exact
recovery at high samples for noiseless samples, Algorithm 1
fails to do so as the minimum cycle length here is lower than
7. Note that Algorithm 1 is able to give exact recovery for 1%
noise case, but saturates to a non-zero error for the 2% noise
case. The performance under noise depends on the values in
the system matrices and injection covariances as presented in
the previous section. Finally, we consider a modified 33 node
system [24] which is made loopy with 3 node cycles as shown
in Fig. 6(a). This case violates the minimum cycle length nec-
essary for exact theoretical recovery in both algorithms. The
accuracy at high samples indeed does not decay to zero, even
in the noiseless case, for both of them, as shown in Fig. 6(b)
for 10 independent realizations. These simulation results thus
validate the theoretical consistency and restrictions for exact
topology learning for loopy power grids.

Effect of Threshold Selection and Injection Correlation:
The results for Algorithms 1, 2 include performance under
optimized thresholds, with voltage samples generated under
uncorrelated injections (Assumption 1). We now analyze the
sensitivity of the performance to both threshold selection and
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Fig. 7. Sensitivity to threshold selection for Algorithms (a) 1 and (b) 2 for

grid in Fig. 4(a) for large sample sizes, over 10 independent runs.

injection correlation. We consider the grid in Fig. 4(a) with
cycle length 7, for which Algorithms 1 and 2 theoretically out-
put the correct topology in the asymptotic limit. To analyze the
sensitivity to thresholds, we fix the number of measurements to
large values under which recovery is exact (see Fig. 4(b)). We
then change thresholds 71, 7> in Algorithms 1 and 2 respec-
tively around their optimal values, and report the estimation
errors over 10 independent simulations. It is clear from Fig. 7
that both algorithms give exact reconstruction for varying the
thresholds by 20% or more, around the selected values, though
the errors increase if the variation is much larger. Note that
Algorithm 2 is more robust to threshold variation for the
test-case considered.

Next we consider the performance of the algorithms under
correlated injections for the test case in Fig. 4(a). To the
inverse of the injection covariance matrix, we add off-diagonal
terms (see Section VII-A) of value € relative to the diagonal
entries. We then use it to generate injection and corresponding
Matpower voltage samples. Fig. 8 includes the performance
of Algorithms 1, 2 for different samples sizes, under increas-
ing values of the off-diagonal terms. Observe that while the
performance deteriorates with the increased injection correla-
tion, for 10% relative value of off-diagonal terms, the relative
errors are within .1 for both algorithms.

B. Change Detection

We now consider Algorithm 3 for topology change detection
and present simulation results for a modified 33 bus distribution
system [24] with loops, shown in Fig. 9(a). We consider the
cases where an edge between buses 8 and 21 is added, and the
edge (6, 26) is removed. As before, voltage samples generated
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Fig. 9. (a) Modified 33 bus network with edge (7, 20) added (colored green)
and edge (5, 25) removed (colored red) (b) Accuracy of Algorithm 3 in iden-
tifying line addition and line removal with number of voltage measurement
samples, with noise.

by Matpower and corrupted with noise, are used to estimate the
voltage inverse covariance for change detection for edge addition
and removal. We demonstrate in Figure 9(b), the accuracy of
detecting the correct edges for various sample sizes from 10
realizations. In each simulation run, an error of 1 is recorded if
the line addition or removal goes undetected or a wrong line is
identified, while error equals O if the correct line is identified.
Clearly in the large sample limit, the change is detected for
every realization, though the performance under noise at low
samples is worse than the performance without noise.
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IX. CONCLUSION

In this paper, we discuss theoretical aspects of topology
learning and change detection for general distribution grids
that may have cycles. We present two learning algorithms
based on nodal voltage graphical models that are able to
estimate the grid topology under non-restrictive topological
conditions. Crucially our theoretical methodology does not
depend on the knowledge of line impedances and injections
statistics, and further does not assume approximate prob-
abilistic models or parameter restrictions. We extend the
analysis to the problem to identification in the presence of
noise, and correlated injections. Finally we present a topology
change detection algorithms for grids using graphical mod-
els. Simulation results on non-linear AC power flow samples
demonstrate the applicability of this work to realistic grid
samples.

This work, while generalizing several approaches, opens
multiple directions of future work. In particular, the work can
be extended to the case of three phase power flow models
of the type discussed in [19], [40]. We are also interested in
exploring topology change detection to the case of multiple
line failure estimation, and with missing nodal measurements.

APPENDIX A
PROOF OF THEOREM 2

We first prove the if part. Let edge (ij) exists in G between
non-leaf nodes i,j. There exists nodes k and [ separated by
three hops that are neighbors of i and j respectively in G with
path k —i — j — [ of length 3. Any other path between £, / in
G must be longer than 3 hops as minimum cycle length is 6.
Using Theorem 1, edges k —j, 1 —j, k—i,1—i € GMyy. Thus
k, [ are two-hop neighbors in GMy,.

Next, we prove the only if part by contradiction. Suppose
(fj) is not an edge in G. Then, neighbors i,j in GMy, are
two-hop neighbors in G. As minimum cycle length is 6, i and
j can have exactly one common neighbor in G, say node c.
Now paths k—i—/ and k—j— [ in G M, exist, thus k, [ must
be one or two-hop neighbors of both i and j in G. As k — [
doesn’t exist in GMy, k, [ are separated by more than two
hops in G and hence not both connected to c¢. Hence, cycles
i—r—(&k/l)—rn—j—c—iori—ri—k—ry—j—(l = c¢)—i must
exist in G with distinct nodes ry, r in the graph. However they
form cycles of length 6 or less, hence it violates the minimum
cycle length condition. Finally, we show that i, j must be non
leaf nodes in G. For neighbors i,j in GMyg, first consider
the case where node i (without loss of generality) is a leaf
node in G. All neighbors of i in G M, are either its parent
or neighbors of its parent in G (separated by two hops). Thus
all neighbors k, [ of i in GMj, also have an edge k — [ in
GMa and are not separated by two hops. This contradicts
the assumption that (kl) ¢ GM 4. Thus i, j must be neighbors
and non leaf nodes in G. ]

APPENDIX B
PROOF OF THEOREM 3

We prove the if part using contradiction. Let the true and
only neighbor of leaf node j in G be node k # i. Since, (ij) €
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GMpg, it follows that, i, j are two hops away in G. As there
are at least 3 non-leaf nodes and cycle length is greater than
6, there exists some node r which is not a leaf node in G in
one of two configuration in G:

(a) r is a neighbor of i, two hops away from k, and three
hops away from j.

(b) r is a neighbor of k, and two hops away from i and j.

Note that in configuration (a), r is a neighbor of i in G,
but not a neighbor of j in GM,. In configuration (b), r is a
neighbor of j in G My, but not i’s neighbor in G. This, thus,
contradicts the statement of the sets of non-leaf neighbors of
iin G and j in G M, being the same.

For the only if part, consider leaf node j with parent node
i in G. As two hop neighbors in G are neighbors in G Mg,
every non-leaf node that is a neighbor of i in G is a neighbor
of j in GMy, and vice versa. [ ]

APPENDIX C
PROOF OF THEOREM 4

Consider nodes #,j in grid G. Using the expression in
Lemma 1, we have

Jo +Jo9 = HeD ™' (Sqq + Tpp) Hy + HpD ™' (Sqq + Zpp) Hp

where D_I(qu + Xpp) is a diagonal matrix with positive
entries. Note the structure of H, and Hg from (5). For the
if part, consider the case where i,j are neighbors with edge
(ij) € G. As minimum cycle length is greater than three, there
are no common neighbors of i, j. Hence we have

va(isj) +J99(ls.])
= =D (i, i)(Sqq i, ) + Tpp(i, D) (Ho i, gy + Hp (G, D By)
— DTG (Baq o) + ZppGi ) (He G g + Hp (. ) By)
<0 (19)
To prove the only if part, consider the case where i,j are
not neighbors. It follows from the proof of Theorem 1 that
if i,j are three or more hops away, then J,,(i,j) = 0 and

Joo (i, j) = 0. Finally, consider the case where i, j are two hop
neighbors with common neighbor set S. We have

T ) +Joo i) = D D7k ) (Zgq(k, k)

keS
+ Zpp(k, b)) (gikgxj + BiByj) > 0. (20)
Thus the statement holds only if i, j are neighbors. |
REFERENCES

[11 R. Hoffman, ‘“Practical state estimation for electric distribution
networks,” in Proc. IEEE PES Power Syst. Conf. Expo. (PSCE), 2006,
pp. 510-517.

[2] C. Rudin et al., “Machine learning for the New York City power grid,”
IEEE Trans. Pattern Anal. Mach. Intell., vol. 34, no. 2, pp. 328-345,
Feb. 2012.

[3] D. Wolter, M. Zdrallek, M. Stétzel, C. Schacherer, I. Mladenovic, and
M. Biller, “Impact of meshed grid topologies on distribution grid plan-
ning and operation,” CIRED Open Access Proc. J., vol. 2017, no. 1,
pp. 2338-2341, 2017.

[4] J.-H. Teng, “Unsymmetrical short-circuit fault analysis for weakly
meshed distribution systems,” IEEE Trans. Power Syst., vol. 25, no. 1,
pp. 96-105, Feb. 2010.

[5]
[6]

[7]

[8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

(22]

(23]

[24]

[25]

[26]

[27]

[28]

[29]

4309

A. G. Phadke, “Synchronized phasor measurements in power systems,”
IEEE Comput. Appl. Power, vol. 6, no. 2, pp. 10-15, Apr. 1993.

A. von Meier, D. Culler, A. McEachern, and R. Arghandeh, “Micro-
synchrophasors for distribution systems,” in Proc. Innov. Smart Grid
Technol. Conf. (ISGT), 2014, pp. 1-5.

Z. Zhong et al., “Power system frequency monitoring network
(FNET) implementation,” IEEE Trans. Power Syst., vol. 20, no. 4,
pp. 1914-1921, Nov. 2005.

T. Chee-Wooi and Y. Tang, Electric Power: Distribution Emergency
Operation. Boca Raton, FL, USA: CRC Press, 2018.

D. Deka, S. Backhaus, and M. Chertkov, “Structure learning in power
distribution networks,” IEEE Trans. Control Netw. Syst., vol. 5, no. 3,
pp. 1061-1074, Sep. 2018.

D. Deka, S. Backhaus, and M. Chertkov, “Estimating distribution grid
topologies: A graphical learning based approach,” in Proc. Power Syst.
Comput. Conf. (PSCC), 2016, pp. 1-7.

V. Arya, T. Jayram, S. Pal, and S. Kalyanaraman, “Inferring connectivity
model from meter measurements in distribution networks,” in Proc. 4th
Int. Conf. Future Energy Syst., 2013, pp. 173-182.

G. Cavraro, R. Arghandeh, A. von Meier, and K. Poolla, “Data-driven
approach for distribution network topology detection,” 2015. [Online].
Available: arXiv:1504.00724.

G. Cavraro and V. Kekatos, “Graph algorithms for topology identifica-
tion using power grid probing,” IEEE Control Syst. Lett., vol. 2, no. 4,
pp. 689-694, Oct. 2018.

D. Deka, S. Backhaus, and M. Chertkov, “Learning topology of distri-
bution grids using only terminal node measurements,” in Proc. IEEE
Int. Conf. Smart Grid Commun. (SmartGridComm), 2016, pp. 205-211.
S. Park, D. Deka, and M. Chertkov, “Exact topology and parameter
estimation in distribution grids with minimal observability,” in Proc.
Power Syst. Comput. Conf. (PSCC), 2018.

S. Talukdar, D. Deka, D. Materassi, and M. Salapaka, “Exact topology
reconstruction of radial dynamical systems with applications to distri-
bution system of the power grid,” in Proc. Amer. Control Conf. (ACC),
2017, pp. 813-818.

S. Talukdar, D. Deka, B. Lundstrom, M. Chertkov, and M. V. Salapaka,
“Learning exact topology of a loopy power grid from ambient dynam-
ics,” in Proc. 8th Int. Conf. Future Energy Syst., 2017, pp. 222-227.
S. Bolognani, N. Bof, D. Michelotti, R. Muraro, and L. Schenato,
“Identification of power distribution network topology via voltage cor-
relation analysis,” in Proc. 52nd IEEE Conf. Decis. Control, 2013,
pp. 1659-1664.

D. Deka, M. Chertkov, and S. Backhaus, “Topology estimation using
graphical models in multi-phase power distribution grids,” IEEE Trans.
Power Syst., early access, doi: 10.1109/TPWRS.2019.2897004.

M. He and J. Zhang, “A dependency graph approach for fault detection
and localization towards secure smart grid,” IEEE Trans. Smart Grid,
vol. 2, no. 2, pp. 342-351, Jun. 2011.

Y. Weng, Y. Liao, and R. Rajagopal, “Distributed energy resources topol-
ogy identification via graphical modeling,” IEEE Trans. Power Syst.,
vol. 32, no. 4, pp. 2682-2694, Jul. 2017.

Y. Liao, Y. Weng, G. Liu, and R. Rajagopal, “Urban MV and LV dis-
tribution grid topology estimation via group lasso,” IEEE Trans. Power
Syst., vol. 34, no. 1, pp. 12-17, Jan. 2019.

M. J. Wainwright and M. L. Jordan, “Graphical models, exponential fam-
ilies, and variational inference,” Found. Trends® Mach. Learn., vol. 1,
nos. 1-2, pp. 1-305, 2008.

IEEE 1547 Standard  for Interconnecting
Resources With Electric Power Systems. [Online].
http://grouper.ieee.org/groups/scc21/1547/1547_index.html
D. Deka, M. Chertkov, S. Talukdar, and M. V. Salapaka, “Topology
estimation in bulk power grids: Theoretical guarantees and limits,” in
Proc. IREP Symp. Bulk Power Syst. Dyn. Control, 2017.

M. E. Baran and F. F. Wu, “Network reconfiguration in distribution
systems for loss reduction and load balancing,” IEEE Trans. Power Del.,
vol. 4, no. 2, pp. 1401-1407, Apr. 1989.

S. Bolognani and S. Zampieri, “On the existence and linear approxima-
tion of the power flow solution in power distribution networks,” IEEE
Trans. Power Syst., vol. 31, no. 1, pp. 163-172, Jan. 2016.

M. E. Baran and F. F. Wu, “Optimal capacitor placement on radial dis-
tribution systems,” IEEE Trans. Power Del., vol. 4, no. 1, pp. 725-734,
Jan. 1989.

M. E. Baran and F. F. Wu, “Optimal sizing of capacitors placed on
a radial distribution system,” IEEE Trans. Power Del., vol. 4, no. 1,
pp. 735-743, Jan. 1989.

Distributed
Available:

Authorized licensed use limited to: University of Minnesota. Downloaded on June 22,2022 at 00:56:52 UTC from IEEE Xplore. Restrictions apply.


http://dx.doi.org/10.1109/TPWRS.2019.2897004

4310

[30] A. Abur and A. G. Exposito, Power System State Estimation: Theory
and Implementation. Boca Raton, FL, USA: CRC Press, 2004.

[31] G. Cavraro, V. Kekatos, and S. Veeramachaneni, “Voltage analytics for
power distribution network topology verification,” IEEE Trans. Smart
Grid, vol. 10, no. 1, pp. 1058-1067, Jan. 2019.

[32] Y. Dvorkin, M. Lubin, S. Backhaus, and M. Chertkov, “Uncertainty sets
for wind power generation,” IEEE Trans. Power Syst., vol. 31, no. 4,
pp. 3326-3327, Jul. 2016.

[33] D. Bienstock, M. Chertkov, and S. Harnett, “Chance-constrained optimal
power flow: Risk-aware network control under uncertainty,” SIAM Rev.,
vol. 56, no. 3, pp. 461-495, 2014.

[34] J. A. Gubner, Probability and Random Processes for Electrical and
Computer Engineers. Cambridge, U.K.: Cambridge Univ. Press, 2006.

[35] J. Friedman, T. Hastie, and R. Tibshirani, “Sparse inverse covari-
ance estimation with the graphical lasso,” Biostatistics, vol. 9, no. 3,
pp. 432-441, 2008.

[36] E.-A.-U. An, “Smart meters and smart meter systems: A metering
industry perspective,” Washington, DC, USA, Edison Elect. Inst., White
Paper, Mar. 2011.

[37] M. Brown, M. Biswal, S. Brahma, S. J. Ranade, and H. Cao,
“Characterizing and quantifying noise in PMU data,” in Proc. I[EEE
Power Energy Soc. Gen. Meeting (PESGM), 2016, pp. 1-5.

[38] W. W. Hager, “Updating the inverse of a matrix,” STAM Rev., vol. 31,
no. 2, pp. 221-239, 1989.

[39] W. H. Kersting, “Radial distribution test feeders,” in Proc. IEEE Power
Eng. Soc. Winter Meeting, vol. 2, 2001, pp. 908-912.

[40] L. Gan and S. H. Low, “Convex relaxations and linear approximation
for optimal power flow in multiphase radial networks,” in Proc. Power
Syst. Comput. Conf. (PSCC), 2014, pp. 1-9.

Deepjyoti Deka received the undergraduation
degree in electrical engineering from IIT Guwahati,
India, in 2009, with an institute silver medal as the
best outgoing student of the department. He received
the M.S. and Ph.D. degrees in electrical engineering
from the University of Texas, Austin, TX, USA, in
2011 and 2015, respectively. He is a Staff Scientist
with the Applied Mathematics and Plasma Physics
Group, Theoretical Division, Los Alamos National
Laboratory (LANL), where he was a Postdoctoral
Research Associate with the Center for Nonlinear
Studies. His research interests include data-analysis of power grid structure,
operations and security, and optimization in social and physical networks.
He serves as a Co-Principal Investigator with LANL for DOE projects on
machine learning in distribution systems and in cyber-physical security.

IEEE TRANSACTIONS ON SMART GRID, VOL. 11, NO. 5, SEPTEMBER 2020

Saurav Talukdar received the B.Tech. and M.Tech.
degrees in mechanical engineering from the Indian
Institute of Technology, Mumbai, India, in 2013, and
the Ph.D. degree in mechanical engineering from
the University of Minnesota, Minneapolis, USA,
in 2018. He was a Battery Algorithm Engineer
with Apple working on system identification and
thermal management of Lithium ion batteries in
iPhones. In 2019, he joined Google, where he is
a Control Systems and Machine Learning Engineer
and focuses on energy optimization for Google Data
Center.

Michael Chertkov (Senior Member, IEEE) received
the M.Sc. degree in physics from Novosibirsk State
University in 1990, and the Ph.D. degree in physics
from the Weizmann Institute of Science in 1996.
He spent three years with Department of Physics,
Princeton University as a R. H. Dicke Fellow. In
1999, he joined Los Alamos National Laboratory,
initially as a J. R. Oppenheimer Fellow with the
Theoretical Division, and continued as a Technical
Staff Member. In 2019, he joined the University of
Arizona as a Professor of mathematics and leads the
Interdisciplinary Graduate Program in applied mathematics. His area of focus
is mathematics, including statistics and data science, applied to physical, and
engineered and other systems. He is a fellow of American Physical Society.

Murti V. Salapaka (Fellow, IEEE) received the
B.Tech. degree in mechanical engineering from the
Indian Institute of Technology, Madras, in 1991, and
the M.S. and Ph.D. degrees in mechanical engi-
neering from the University of California at Santa
Barbara in 1993 and 1997, respectively. He was a
Faculty Member with the Electrical and Computer
Engineering Department, Iowa State University,
Ames, from 1997 to 2007. He is currently the
Director of the graduate studies and the Vincentine
Hermes Luh Chair Professor with the Electrical and
Computer Engineering Department, University of Minnesota, Minneapolis.
His research interests include control and network science, nano-science and
single molecule physics. He received the 1997 National Science Foundation
CAREER Award.

Authorized licensed use limited to: University of Minnesota. Downloaded on June 22,2022 at 00:56:52 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


