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Abstract—Estimating the structure of physical flow net-
works, such as power grids, is critical to secure delivery
of energy. This article discusses statistical structure esti-
mation in power grids in the “underexcited” regime, where
a subset of internal nodes has zero injection fluctuations.
Prior estimation algorithms based on nodal voltages fail
for such grids as the voltage covariance matrix is not in-
vertible. We propose a novel topology learning algorithm
for learning underexcited general networks. Our algorithm
uses physics-informed conservation laws to first identify
the zero-injection buses and their neighbors, and then
estimates the remaining edges in the grid. We prove the
asymptotic correctness of our algorithm for grids with non-
adjacent internal zero-injection nodes. More important, we
theoretically analyze our algorithm’s efficacy under noisy
measurements, and determine bounds on maximum noise
under which asymptotically correct recovery is guaranteed.
Our approach is validated through simulations with voltage
samples generated on test distribution grids with real injec-
tion data and nonlinear power flow models.

Index Terms—Distribution grid, flow conservation, in-
verse covariance graph, inverse graph Laplacian, Mat-
power, noisy regression.

I. INTRODUCTION

TOPOLOGY estimation is a crucial part of situational
awareness in power grids, which is the backbone for energy

needs in the modern economy [1]. Operationally, the power
grid can be distinguished between high-voltage transmission
grids and low-voltage distribution grids [2]. Structurally, the
transmission grids are meshed/loopy (have cycles), while distri-
bution grids are primarily radial (tree-like). In either setting, the
grid topology is established by the status of breakers/switches
on an underlying set of permissible lines/edges as shown in
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Fig. 1. Loopy power grid with internal (i, k) and terminal (j) nodes.

Fig. 1. In the modern grid, the presence of stochastic resources,
such as solar energy, wind farms, and aggregated controllable
loads, has made topology and state estimation with guarantees
of paramount importance for secure operation. This problem is
exacerbated in distribution grids due to the absence of sufficient
real-time line measurements [3]. In recent years, researchers [4]
have proposed the use of nodal voltage measurements collected
from high-fidelity nodal measurement devices, such as phasor
measurement units (PMUs) [5], micro-PMUs [6], and advanced
metering infrastructure (AMI) to aid in topology estimation in
distribution grids. Similarly, voltage-based analytics for topol-
ogy change detection and fault localization have been proposed
as use-cases for PMUs in transmission grids, to aid traditional
relay-based methods [7]. Among algorithms with theoretical
guarantees, passive greedy schemes [1], [8], [9] and active
probing methods [10], [11] that employ voltage measurements
are proposed for learning radial distribution grids. However,
they do not generalize to meshed/loopy networks in transmis-
sion grids and urban distribution grids [12], [13]. Similarly,
algorithms for joint estimation of topology and line parameters
using both voltage, and active and reactive injection measure-
ments have been designed using least-squares fitting [14] and
low-ranked decomposition [15]. Unlike these related works,
in this article, we focus on the problem of topology recovery
using only nodal voltage measurements, both magnitude and/or
phase, collected from PMUs and AMI, without any additional
measurement or statistics of nodal injections. Note that such
devices, currently available in large transmission grids, are be-
ing extensively deployed in distribution grids as well. In the
line of work on voltage-based topology estimation, consistent
algorithms based on inverse covariance or mutual independence
(MI) of nodal voltages are used for learning grid topology in
both radial [16]–[18] and loopy settings [19], [20]. Its theoretical
generalizability notwithstanding, the validity of inverse voltage
covariance or MI-based methods relies on a key assumption: all
nodes/buses are excited, i.e., have nonzero injection fluctuations.
This is necessary to ensure that the voltage covariance matrix
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is full-ranked and, hence, invertible. While terminal nodes in
grids generally have loads or generation, an unidentified set
of internal nodes with zero injection may be present in re-
alistic transmission and distribution grids for routing power
flows [2]. In such settings, voltage measurement-based learning
algorithms proposed in prior work do not extend theoretically.
The overarching goal of this work is to overcome this drawback
and develop a provably correct topology learning algorithm
using only nodal voltages from a general (loopy) power grid,
where an unidentified subset of internal nodes may be unexcited.
As linearized power flow models are examples of structural
equation models (SEM) [21] with external excitation, our work
enables tractable learning for SEMs satisfying conservation
laws, in the underexcited regime. Extension of our work to
loopy grids with partial voltage availability, but supplemented
with additional injection measurements, is the objective of our
future work.

A. Contribution

Our learning algorithm is based on the physics of linearized
power flows and uses nodal voltage measurements. For the dc
power model, this refers to measurements of voltage phase
angles, while for the ac power model, measurements imply
voltage magnitude and phase angles. As the voltage covariance
matrix is rank-deficient in the underexcited grid, we propose
a two-step learning approach. In the first step, we develop a
regression-based test that identifies the internal nodes of zero
injection, and subsequently learns their true neighbors. In the
second step, we extract the voltage covariance pertaining only
to nodes with nonzero injection, and estimate the rest of the
network. We prove that under noiseless measurements, our algo-
rithm correctly estimates the underlying topology of radial grids,
provided internal nodes with zero-injection are nonadjacent. For
loopy grids of minimum loop-size four, our algorithm ensures
that correct learning provided loops of size four do not include
zero-injection buses. Note that the minimum loop size of four is
nonrestrictive as real grids have large girth [12], and is necessary
for correct estimation even in the fully excited setting [20]. We
show the necessity of our assumptions for unique and consistent
recovery, through multiple counter examples. Under noisy data,
we determine the maximum noise margin for consistency of each
step of our learning algorithm, and express this margin as an
intuitive function of system parameters. We validate the devel-
oped algorithms through experiments with linear and nonlinear
power-flow voltage samples from test grids with real injection
data.

The next section discusses power flows in grids and related
voltage statistics. Section III discusses properties of nodal volt-
ages which are used to extract zero-injection buses and their
neighbors. Section IV determines edges between nonzero injec-
tion buses and completes the topology estimation. The analysis
under noise for each step is provided in its corresponding section.
Section V includes simulations results on IEEE test networks,
using nonlinear samples generated using real injection data.
Finally, Section VI concludes this article.

II. PRELIMINARIES

A. Notation

We denote the power grid topology by an undirected
graph G ≡ (V, E), where V = {i, j, ..} is the set of N + 1
nodes/nodes, and E = {(ij), (jk), . . .} is the set of operational
lines/edges (see Fig. 1). Two nodes that share an edge are called
“neighbors.” The degree of a node is the total number of edges
that involve the node. A node with degree 1 is called a “terminal
node,” and an “internal” node otherwise. A “loop” of size l ≥ 3
refers to a set of distinct edges {(ij1), (j1j2), . . ., (jl−1i)}. A
radial (loop-less) graph is defined to have loops of minimum
size∞. Each edge (ij) in grid G is associated with susceptance
βij > 0, and conductance gij > 0. Each node i has a corre-
sponding voltage magnitude vi, phase angle θi, active power
pi, and reactive power qi. We use v, θ, p, and q to denote the
corresponding vectors with entries for each node.

B. Power Grid Basics

The Kirchoff’s law for ac power flow (ac-PF) is given by

∀i ∈ V, pi + îqi=[lr]
∑

j:(ij)∈E
(v2i − vivje

îθi−îθj )(gij + îβij).

(1)

Considering small deviations in v from a reference bus voltage
and small differences in θ between neighboring nodes, the
nonlinear ac-PF can be linearized in v, θ to obtain the linearized
ac power flow (LC-PF) [1], [22], [23] where

p+ îq = Hg+îβ(v − îθ) with

[
p

q

]
=

[
Hg Hβ

Hβ −Hg

][
v

θ

]
.

(2)

The susceptance weighted symmetric Laplacian matrix Hβ is
given by

Hβ(i, j) =

⎧⎪⎨
⎪⎩
∑

k:(ik)∈E βik if i = j

−βij if (ij) ∈ E
0 otherwise

. (3)

Hg is defined similarly. If voltage magnitude deviations are
negligible, or lines are primarily susceptive, the linear dc power
flow (dc-PF) is derived [22]

pi = [lr]
∑

j:(ij)∈E
βij(θi − θj)⇒ p = Hβθ. (4)

Note that both LC-PF and dc-PF models are lossless. One node’s
voltage can be taken as reference to measure all other voltages,
while its injection is given by the negative sum of all other injec-
tions. The PF models can then be reduced to the N nonreference
nodes by removing entries in p, q, v, θ, and rows and columns in
Hβ , Hg that correspond to the reference node. From this point
onward, we use p, q, v, θ,Hβ , and Hg to refer to their reduced
versions. As reduced Hβ , Hg have full rank, LC-PF and dc-PF
models are invertible. In the rest of the article, we focus on dc-PF
for our theoretical results. Our analysis naturally extends to the
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LC-PF model, as noted in subsequent sections. Furthermore, our
simulation results demonstrate the performance of our learning
algorithm on nonlinear ac-PF voltage measurements.

C. Structure Recovery Problem

The structure recovery problem pertains to estimating the
set of edges E of G using the measurements {θti , i ∈ V, t =
1, . . . , T} of the phase angles (and voltages for the LC-PF
model). For the theoretical analysis, we consider the asymptotic
setting T →∞, that ensures a sufficient number of collected
voltage observations for correct estimation of the second-order
statistics of the nodal voltages. Our simulation results demon-
strate the performance in the low-sample regime. In an un-
derexcited grid G, we denote the set of internal nodes with
zero-injection by U , and the remaining nodes in V − U byW ,
respectively. Without a loss of generality, we consider the nodes
numbered 1 to |U| (|U| denotes the cardinality of set U ) as
zero-injection and rest as nonzero injection nodes. We partition

p =
[

0

pW

]
, and θ =

[
θU

θW

]
. We assume the following regarding

covariance nodal injections.
Assumption 1: Fluctuations in pW are uncorrelated

Σp =

[
0 0

0 ΣpW

]

and ΣpW = E[pWpWT
] 	 0 is diagonal.

Assumption 1 is used in prior work [16]–[18] for tractable grid
learning. Further, it also holds for real loads and renewables [19],
[24], when small linear trends are empirically detrended. While
Assumption 1 is used for proving the correctness of a part of our
algorithm (Section IV), we consider real correlated injection data
in our numerical simulations to demonstrate accurate learning,
in its absence.

The relevant statistics is the covariance matrix of the observ-
ables Σθ, which under the dc-PF (4) is given by

Σθ = E[θθT ] = Jβ

[
0 0

0 ΣpW

]
JT
β , where Jβ = H−1β . (5)

A similar formula for the voltage covariance Σ(v,θ) =[
Σv Σvθ

Σθv Σθ

]
can be derived for the LC-PF (2).

D. Fully Excited Case

If U is empty, Σp and Σθ are invertible, and

Σ−1θ = HT
β Σ

−1
p Hβ , where using (3), we verify that

Σ−1θ (i, j)

⎧⎪⎨
⎪⎩

< 0 if (ij) ∈ E , and ∀k, (ik), (jk) /∈ E
> 0 if (ij) /∈ E , and ∃k , (ik), (jk) ∈ E
= 0 if (ij) /∈ E , and ∀k, (ik), (jk) /∈ E .

(6)

Note that if i, j are not part of a loop of size three, then they
must exist in one of the configurations in (6). The following
thus holds.

Lemma 1: [16], [20] Let nodes i, j in fully excited G not be
part of a three-node loop. Under Assumption 1, edge (ij) exists
if and only if Σ−1θ (ij) < 0.

Note: In the LC-PF model [20], under faithfullness assump-
tions, it can be shown that if i, j are not in a three-node loop,
(ij) exists iff Σ−1(v,θ)(i, j) + Σ−1(v,θ)(i+N, j +N) < 0.

If the minimum loop size for grid G is four, no node pair exists
in a three-node loop. Thus, Lemma 1 enables correct topology
estimation in the fully excited setting [16], [20], under both dc-PF
and LC-PF. Notably, Lemma 1 fails in the underexcited grid as
Σθ or Σ(v,θ) are not invertible. The rest of the article discusses
tractable learning in this underexcited setting. To learn grids
with zero-injection node set U , we propose a two-step topology
learning algorithm. First, we identify zero injection nodes and
their neighbors. Next, we estimate edges between node pairs
with nonzero injection. The next section presents a regression-
based framework for the first step.

III. IDENTIFYING ZERO-INJECTION NODES AND NEIGHBORS

We first start with stating the required assumption for structure
recovery in an underexcited grid.

A. Structural Assumptions

Terminal nodes in power grids have loads or generators and
typically have nonzero injection. For theoretical completion,
consider a zero-injection terminal node i with unique neighbor
j in G. From (4), θi = θj . Thus, any voltage-based learning
algorithm can estimate G only up to a permutation between i, j,
as i, j can be interchanged without affecting the algorithm’s out-
put. However, the pair i, j can be checked using (θi − θj)

2 = 0.
We thus identify node groups with overlapping phase angles.
To enable unique estimation, we retain one node per group as
neighbor and remove the rest labeled as terminal zero-injection
nodes, before estimating the rest of the network. This, along
with another structural assumption required for our regression
approach, is stated below.

Assumption 2: In grid G, all zero-injection nodes are internal
(degree > 1) and nonadjacent.

The nonadjacency assumption prevents cases where a large
fraction/majority of internal nodes has no injection. We sub-
sequently show through counterexamples, that in the absence
of Assumption 2, both zero-injection buses and their neighbors
may be incorrectly identified. We first consider the setting with
noiseless voltage measurements.

B. Noiseless Setting

To begin our analysis, we partition Hβ (Jβ) into rows

(columns) corresponding to U and W: Hβ =
[
HUβ
HWβ

]
, Jβ =

[JUβ |JWβ ]. As HβJβ = I, HUβ J
W
β = 0. Thus

yTJWβ = 0 ⇐⇒ yT = cTHUβ for some c. (7)

Equation (7) follows from the fact that both rows-space of HUβ
and left null-space of JWβ have rank |U|. Following (3) and
Assumption 2, the matrix HUβ satisfies the following properties:

HUβ (i, i) > 0 ∀i ∈ U (8a)

HUβ (i, j) = 0 ∀i ∈ U ∀j ∈ U − {i} (8b)
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Hβ(i, k) ≤ 0 ∀i ∈ U ∀k ∈ W (8c)

∀i ∈ U , ∃{ki1, ki2} ∈ W such that

Hβ(i, k) = −βik < 0, k ∈ {ki1, ki2}. (8d)

Let θ−i represent the vector of phase angles at all nodes but
i. Consider the following regression problem, solved for each
i ∈ V .

Nodal regression

ai∗ = arg[lr] min
x∈RN−1

E[(θi − θT−ix)
2] s.t. x ≥ 0,1Tx ≤ 1.

(9)

The next result shows that (9) can identify nodes in U .
Theorem 1: In grid G, under Assumption 2, i is a zero-

injection bus in U if and only if the minimum value for Prob-
lem (9) is zero.

Once the nodes inU have been identified, we use the following
regression to identify the neighbors of each node i ∈ U .

Constrained nodal regression:

bi∗ = arg[lr] min
x∈RW

E[(θi − θW
T
x)2] s.t. x ≥ 0,1Tx ≤ 1.

(10)

Theorem 2: For i ∈ U , consider Problem (10). Under As-
sumption 2, bi∗ has cost 0, and neighbors of i are given by
{j : j ∈ W, bi∗j−|U| �= 0}.

The regression problem (10) differs from (9) in that the
regression vector x is now constrained to be zero for nodes in
U that have been identified using Theorem 1. This constraint
leverages the structural property in Assumption 2. We now prove
both of these results.

Proof of Theorem 1: Consider y ∈ RN with yi = 1, y−i =
−x. The constraints and cost in Problem (9) are reformulated as

(Constraints)yi = 1, y−i ≤ 0,1T y ≥ 0 (11)

(Cost) E(θy)2 = yTΣθy = yTJWβ ΣpWJ
W
β

T
y.

Note that, [using (7)]

E(θy)2 = 0 ⇐⇒ yT = cTHUβ for some c. (12)

For i ∈ U , let yT =
HUβ(i,:)
Hβ(i,i)

. From (12), E(θy)2 = 0. Using

(3), yi = 1, while yj ≤ 0 ∀j �= i and 1T y = 0. Thus, a feasible
y with cost 0 exists for i ∈ U .

For i ∈ W , suppose yT = cTHUβ with yi = 1, y−i ≤ 0. Note
that for all j ∈ U , j �= i and using (8), yj = cjHβ(j, j). yj ≤ 0
thus enforces cj ≤ 0 for all j ∈ U . Similarly, yi = 1 implies
∃j1 ∈ U such that cj1 �= 0 and is strictly negative. Under As-
sumption 2, ∃k ∈ W − {i} such that edge (j1k) ∈ E . Then,
yk = −cj1βj1k +

∑
j∈U−{j1} cjHβ(j, k). As Hβ(j, k) ≤ 0, we

have yk > 0, which violates y−i ≤ 0. Thus, no y = cTHUβ is
feasible with (11) and the cost in Problem (9) is nonzero for
i ∈ W . �

Proof of Theorem 2: For i ∈ U , all of its neighbors belong to
W , under Assumption 2. Consider the following reformulation

Fig. 2. Grid that violates Assumption 2 due to nodes 6,7 and 10,11.

of the cost and constraints of Problem (10):

(Cost:) E(θy)2 = yTJWβ ΣWp JWβ
T
y with constraints (13)

yi = 1, yj = 0 ∀j ∈ U − {i}, y−i ≤ 0, 1T y ≥ 0. (14)

Suppose y is a solution with cost zero. Using (12), there ex-
ists c such that yT = cTHUβ . As nodes in U are nonadjacent,
yj = cjHβ(j, j) for j ∈ U . To ensure yi = 1 and yj = 0, for
all j ∈ U − {i}, we have ci = 1/Hβ(j, j) and cj = 0 for all

j �= i. Thus, yT =
HUβ (i, :)
Hβ(i, i)

is the unique solution. From (8),

it follows that y satisfies constraints in (14). Note that j �= i,
yj = Hβ(i, j)/Hβ(i, i) and, thus, is nonzero if and only if edge
(ij) ∈ E . Thus, it identifies the neighbors of i. �

Note:
a) The constraints in Problem (9) stem from the power-flow

conservation law. Using a similar analysis for (v, θ) in the
LC-PF (2), it can be shown that nodes in U are identified
by zero-cost solutions of the following complex-valued
regression problem:

arg[lr] min
x∈CN−1

E[|(vi − îθi − (v−i − îθ−i)Tx)|2]

s.t. Real(x) ≥ 0,1T Real(x) ≤ 1

−1 ≤ Imag(x) ≤ 1,1T Imag(x) = 0.
(15)

b) Following (15), the LC-PF version of Theorem 2 can be
constructed as a complex-valued regression problem over
(v, θ), with regression coefficients restricted toW .

Note that Assumption 1 is not used in either identification
of nodes in U (Theorem 1), or estimation of their neighbors
(Theorem 2). We next show that nonadjacency of nodes in U
(Assumption 2) is necessary for both steps.

Requirement of Assumption 2: Consider the grid graph in
Fig. 2, with adjacent node pairs 6, 7 and 10, 11.

Consider Problem (9) for node 9 ∈ W . By combining rows
HT

β (10, :), H
T
β (11, :) of adjacent zero-injection nodes, we can

create a feasible zero-cost solution yT for i = 9, which will
incorrectly identify 9 as a zero-injection node. For exam-

ple, if min(β9,10, β9,11) > β9,11, then yT = −HT
β (10, :)

2β9,10
−

HT
β (11, :)

2β9,11
can be verified as a valid zero-cost solution for i = 9.

Now consider node 6 ∈ U . It can be verified that zero-cost
solutions in Problem (9) for i = 6 are given by

yT =
Hβ(7, 7)H

T
β (6, :) + εβ67H

T
β (7, :)

Hβ(6, 6)Hβ(7, 7)− εβ2
67

with 0 ≤ ε ≤ 1.
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Taking ε = 1 ensures yT7 = 0, and produces a zero-cost solution
for Problem (10), that incorrectly estimates 5,8,9 as neighbors
of 6. Assumption 2, is thus, necessary for correctness of The-
orems 1 and 2. Next, we analyze the asymptotic correctness of
Theorems 1 and 2 in the practical setting, where measurements
are noisy.

C. Noisy Setting

Let θ̃ be the phase measurement corrupted by independent
noise n of mean zero and covariance Σn 	 0, i.e.,

θ̃=θ + n⇒Σθ̃ = Σθ +Σn. (16)

First, we define the following parameters:

βmin = [lr] min
(ij)∈E

βij , Sid=[lr]max
i∈V

Hβ(i, i)

βmin

SNR=
σmin(ΣθW )

σmax(Σn)
. (17)

Here, σmin(X) and σmax(X) denote the minimum and max-
imum singular values of matrix X , respectively. ΣθW is the
covariance of θW .

Let the minimum for Problem (9) for node i under noise
be achieved at ai∗n . Let yn ∈ RN , with yni = 1, yn−i = −ai∗n .
Similarly, denote y ∈ RN , with yi = 1, y−i = −ai∗, where ai∗

is the noiseless optima. For i ∈ U , optimality of yn under noise,
gives

yn
T (Σθ +Σn)yn ≤ yT (Σθ +Σn)y

(a)
= yTΣny

≤ (1 + ‖ai∗‖22)σmax(Σn)
(b)

≤ 2σmax(Σn). (18)

Here, (a) follows from Theorem 1 for i ∈ U . (b) follows from
‖ai∗‖2 ≤ ‖ai∗‖1 ≤ 1. In contrast, when i ∈ W , the following
result holds.

Lemma 2: For i ∈ W , consider yn ∈ RN where yni = 1,
and yn−i = −ai∗n is the optimal solution for Problem (9) under

noise. Then, ynT (Σθ +Σn)yn >
σmin(ΣθW )

1+S4id+S2id
, where Sid is given

in (17).
The proof is provided in Appendix 1. The following result

combines Lemma 2 with (18) to ensure correct identification of
U under noise.

Theorem 3: If SNR ≥ 2(1 + S4id + S2id), then only nodes in

U have cost lower than σmin(ΣθW )

1+S4id+S2id
in Problem (9), where Sid,

SNR are defined in (17).
We now analyze Theorem 2 for noisy estimation of the neigh-

bors of zero-injection nodes. For node i ∈ U , let the optimal
for Problem (10) be achieved at bi∗n under noise, and at bi∗

in the noiseless setting. Let θM =
[
θi

θW

]
, nM =

[
ni

nW

]
, where

M = {i} ∪W . By optimality of bi∗n in the noisy setting, we
have[

1

−bi∗n

]T

(ΣθM +ΣnM)

[
1

−bi∗n

]
≤

[
1

−bi∗
]T

(ΣθM +ΣnM)

[
1

−bi∗
]

⇒
[

0

bi∗n − bi∗

]T

(ΣθM +ΣnM)

[
0

bi∗n − bi∗

]

≤ 2

[
0

bi∗n − bi∗

]T

(ΣθM +ΣnM)

[
1

−bi∗
]

(a)
= 2

[
0

bi∗n − bi∗

]T

ΣnM

[
1

−bi∗
]

(b)

≤ 4
√
2σmax(Σn).

(19)

Here, (a) follows from optimal cost of 0 for bi∗ in the noiseless
setting (see Theorem 2). (b) follows from ‖bi∗n − bi∗‖2 ≤ ‖bi∗n −
bi∗‖1 ≤ ‖bi∗n ‖1 + ‖bi∗‖1 ≤ 2, and σmax(ΣnM) ≤ σmax(Σn).
Further, as Σn 	 0, we have[

0

bi∗n − bi∗

]T

(ΣθM +ΣnM)

[
0

bi∗n − bi∗

]
>

(bi∗n − bi∗)TΣθW (b
i∗
n − bi∗)

⇒ 4
√
2σmax(Σn) > σmin(ΣθW )‖bi∗n − bi∗‖2∞. (20)

The last inequality follows from (19) and the full-rank of ΣθW .
Using this, the next result ensures consistent estimation of
neighbors of U .

Theorem 4: For node i ∈ U , let bi∗n be the optimal solution
in Problem (10) under noise. If SNR ≥ 16

√
2S2id, neighbors of

i are given by {j : j ∈ W, bi∗n j−|U| ≥ .5/Sid}, where Sid, SNR
are defined in (17).

Proof: Consider j ∈ W . By Theorem 2, noiseless solution bi∗

has bi∗j−|U| = βij/Hβ(i, i) ≥ 1/Sid if (ij) ∈ E , and 0 otherwise.

If SNR ≥ 16
√
2S2id, using (20), ‖bi∗n − bi∗‖∞ < .5/Sid. Thus,

entries in bi∗n for neighbors of i are greater than .5/Sid, and less
than .5/Sid otherwise. �

It is worth mentioning that, estimation of nodes inU and iden-
tification of their neighbors are done separately in Theorems 1
and 2. To complete this section, we discuss why this is necessary
and whether both these steps can be combined.

D. Joint Identification and Neighborhood Estimation
for U

Theorem 1 identifies zero-injection nodes in U by zero-
cost solution for Problem (9). However, even when Assump-
tion 2 holds, the solution to (9) need not be unique. For
example, consider node 2 ∈ U in the grid in Fig. 2. Combin-
ing HT

β (2, :), H
T
β (4, :), a family of zero-cost solutions y =

HT
β (2, :)

Hβ(2, 2)
− ε

HT
β (4, :)

Hβ(4, 4)
is constructed for i = 2, where 0 ≤

ε <
Hβ(4, 4)

Hβ(2, 2)
min

(
β23

β43
,
β25

β45

)
ensures y−2 ≤ 0. Hence, the

regression coefficients of Theorem 1 may reflect incorrectly on
the neighbor set. Observe that the correct neighbors of 2 are
identified only if ε = 0. Indeed, ε = 0 is indirectly enforced in
Problem (10) [unlike Problem (9)] by restricting the regression
coefficients to nodes inW .
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Fig. 3. (a) G with nodes in U marked square, h1, h2 violate Assump-
tion 3. (b) Ĝ after Kron-reducing U . (c) Nonzero entries in inverse voltage
covariance inW .

If additional assumptions are allowed, joint identification
of zero-injection nodes and their neighborhood estimation in
Problem (9) is possible. The next result demonstrates this under
a sufficient topological assumption, that holds trivially for radial
grids.

Theorem 5: In grid G with Assumption 2, ∀i ∈ U , assume
that no j ∈ U − {i} exists such that all neighbors of j are also
neighbors of i. Then, true neighbors of i ∈ U are given by the
nonzero entries in the solution of Problem (9).

The proof is given in Appendix 2. Note that nodes 2,4 in
Fig. 2 violate the condition in Theorem 5, hence estimation of
2s neighbors needs Problem (10). The consistency of Theorem 5
under noisy measurements can be shown using a similar analysis
as Theorem 4. In the next section, we complete the learning
process by estimating the remaining grid edges between nonzero
injection nodes.

IV. LEARNING EDGES BETWEEN NONZERO

INJECTION NODES

In this section, we construct a method to reconstruct the
remaining graph, i.e., identifying the edges between nonzero
injection nodes.

A. Structural Assumptions

First, we partition Hβ , Jβ into blocks for zero and nonzero

nodes, Hβ =
[
HUUβ HUWβ
HWUβ HWWβ

]
, Jβ =

[
JUUβ JUWβ
JWUβ JWWβ

]
. Then

ΣθW = JWWβ ΣpWJ
WW
β [by (5), and pW = 0 ] (21)

where JWWβ = (HWWβ −HWUβ HUUβ
−1
HUWβ )−1. (22)

Note that HUUβ and its inverse are diagonal matrices as nodes in
U are not adjacent. Here, JWWβ represents the inverse weighted

Laplacian for a Kron-reduced Ĝ obtained by removing nodes
in U from G [25]. See Fig. 3(b) for an illustrative example. To
identify edges between nodes in W , we impose the following
topological restriction for zero-injection nodes.

Assumption 3: The minimum size of a loop inG is 4. Further,
any loop of size 4 does not include nodes in U , while any loop
of size 5 includes at most one node in U .

Note that Assumption 3 holds trivially for radial grids, that
include a majority of distribution grids. The minimum loop size
of 4 is nonrestrictive in real grids with large girth [12], [13].
In fact, it is necessary for consistent estimation even in the

fully excited setting [20] (see Lemma 1). Further, as nodes in U
have degree at least two, neighbors of any j ∈ U cannot all be
neighbors of another node i ∈ U , as that would create a loop of
size 4. Assumption 3, thus, implies Theorem 5 and enables joint
identification of nodes in U and estimation of their neighbors.

B. Noiseless Setting

Consider nodes i, j ∈ W , If ∃k ∈ U with edges (ik), (jk)
(estimated by Theorem 2), then (ij) /∈ E as that will create a
loop of size 3. To complete the topology learning, we, thus,
need to estimate only edges between i, j ∈ W that do not have
a common neighbor in U . The following result identifies such
edges, in the noiseless setting.

Theorem 6: Consider nodes i, j ∈ W without any common
neighbor in U . Under Assumption 1,3, (ij) ∈ E if and only if
Σ−1

θW (i− |U|, j − |U|) < 0.
Before proving the theorem, we state the following lemma.
Lemma 3: Let i, j ∈ W without a common neighbor in U .

Then JWWβ
−1
(i− |U|, j − |U|) = Hβ(i, j).

Proof: Consider i, j ∈ W without common neighbor in U .
The (i− |U|, j − |U|)th entry in JWWβ

−1
corresponds to (i, j) in

Kron-reduced Ĝ. As HUUβ is diagonal under Assumption 2 and
that i and j do not have a common neighbor in U , it follows
from (22) that JWWβ

−1
(i− |U|, j − |U|) = HWWβ (i− |U|, j −

|U|) = Hβ(i, j). �
Proof of Theorem 6: Using Lemma 3, (ij) is an edge in Ĝ,

if and only if (i, j) ∈ E . We now prove that i, j are not part of a
loop of size 3 in Ĝ. The result then holds by applying Lemma 1
in Ĝ.

If (i, j) /∈ E , then edge (ij) does not exist in Ĝ and i, j are
not part of a three node loop. Next let (i, j) ∈ E . As minimum
loop size in G is four, a three node loop with i, j and some k
exists in Ĝ if (A) {(ik), (jh), (kh)} ⊆ E or {(ih), (kh), (jk)} ⊆
E , ∃h ∈ U , or (B) (ihi), (khi), (jhj), (khj) ⊆ E , ∃hi, hj ∈ U
[see Fig. 3(a)]. (A) implies h is in a four node loop, while (B)
implies hi, hj are in a five node loop. (A), (B), thus, contradict
Assumption 3. Hence, i, j are not part of a three node loop in Ĝ.
Using Lemma 1 on Ĝ, Σ−1

θW (i− |U|, j − |U|) < 0 for edge (ij),
and ≥ 0 otherwise. �

Note: (a) For the LC-PF (2), as per the remark following
Lemma 1, an edge between (i+ |U|), (j + |U|) ∈ W with-
out common neighbor in U is present iff Σ−1

(vW ,θW)
(i, j) +

Σ−1
(vW ,θW)

(i+ |W|, j + |W|) < 0.
(b) In loopy G, violation of Assumption 3 can create three

node loops in the Kron-reduced Ĝ [see Fig. 3(b)]. Lemma 1 may
fail to distinguish true edges in that setting. We now discuss
Theorem 6 in the presence of noisy measurements.

C. Noisy Setting

Under the noise model in (16), consider θ̃W = θW + nW

with noisy inverse covariance matrix Σ−1
θ̃W

. Using Woodbury
formula [20], [26], we have

ΔΣ−1θW = Σ−1θW − Σ−1
θ̃W

= Σ−1θW (Σ
−1
nW +Σ−1θW )

−1Σ−1θW . (23)
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Fig. 4. Steps in Algorithm 1 for a test grid.

Using positive-definiteness of ΔΣ−1
θW in (23), we have

max
i,j
|ΔΣ−1θW (i, j)| ≤ max

i
ΔΣ−1θW (i, i) ≤ σmax(ΔΣ−1θW )

≤ σ2
max(Σ

−1
θW )

σmin(Σ
−1
nW +Σ−1

θW )
< σ2

max(Σ
−1
θW )σmax(ΣnW )

≤ σmax(Σn)/σ
2
min(ΣθW ). (24)

We use this to modify Theorem 6 under noise.
Theorem 7: Consider i, j ∈ W with no common neigh-

bor in U . If SNR ≥ maxi Σp(i,i)

β2
minσmin(ΣθW )

, edge (ij) exists if and

only if Σ−1
θ̃W

(i− |U|, j − |U|) ≤ −β2
min/maxi Σp(i, i), where

βmin,SNR are given in (17).
Proof: Consider i, j ∈ W without a common neighbor in U .

For (ij) /∈ E , by Theorem 6,Σ−1
θW (i− |U|, j − |U|) ≥ 0. If SNR

satisfies the stated bound, using (24), Σ−1
θ̃W

(i− |U|, j − |U|) >
− 1

SNRσmin(ΣθW ) ≥ −β2
min/maxi Σp(i, i).

For (ij) ∈ E , using Lemma 3 and the positive-definiteness
of JWWβ

−1
, we get JWWβ

−1
(i− |U|, i− |U|) ≥ βij and

JWWβ
−1
(j − |U|, j − |U|) ≥ βij . Using (22), we get

Σ−1θW (i− |U|, j − |U|) ≤ −β2
ij(Σ

−1
p (i, i) + Σ−1p (j, j))

≤ −2β2
min/max

i
Σp(i, i).

Using (24) and the stated SNR bound, Σ−1
θ̃W

(i− |U|, j − |U|) ≤
−β2

min/maxi Σp(i, i). �
Note: Using (21), σmax(Σ

−1
θW ) ≤

σmax(Σ
−1
pW )

σ2
min(J

WW
β )
≤ σmax(Σ

−1
pW )

σ2
min(Jβ)

=

σ2
max(Hβ)

mini∈W Σp(i,i)
. Using this, Theorem 7 holds when SNR ≥

maxi Σp(i, i)

mini∈W Σp(i, i)

(
σmax(Hβ)

βmin

)2

Learning algorithm: The overall steps of our voltage-based
learning algorithm are listed in Algorithm 1. Theorem 1 is used
in Steps 2–7 to identify zero-injection nodes. Then their neigh-
borhood nodes are identified in Steps 8–12 using Theorem 2.
Finally, edges between nonzero injection nodes are determined
in Steps 14–18 through Theorem 6. An example of the learning
steps for a test grid is given in Fig. 4.

Computational complexity: Solving each of the constrained
regression problems (9) and (10) for all nodes, needsO(N4) op-
erations. Inverse covariance estimation takesO(N3) operations.
Edge estimation and creation ofN2 in Steps 10–12 for all nodes
in U is bounded by O(N3) operations. Adding edges between
nodes inW needs O(N3) operations. The overall complexity is
thus O(N4). Note that the complexity analysis is for the general

Algorithm 1: Topology Learning for Underexcited Grids.
Input: θ samples for nodes in V , positive thresholds
τ1, τ2, τ3

Output: Edge set E in grid G
1: U ← {}. N2 ← {}
2: for all node i in V
3: Solve Problem (9) to get cost ci.
4: if ci ≤ τ1 then
5: U ← U ∪ {i}
6: end if
7: end for
8: node i in U
9: Solve Problem (10) to get solution bi∗.

10: E ← E ∪ {(ij) : bi∗j−|U| ≥ τ2}.
11: N2 ← N2 ∪ {(jk) : bi∗j−|U|, bi∗k−|U| ≥ τ2}.
12: end for
13: Compute Σ−1

θW using θ samples for nodes in
W = V − U .

14: for all i �= j ∈ W
15: if Σ−1

θW (i, j) < −τ3&amp; (ij) /∈ N2 then
16: E ← E ∪ {(ij)}
17: end if
18: end for

case without any prior information on existing or permissible
edges. In real world implementation, topology estimation and
verification may be conducted as and when desired by the
estimator. However, once a true topology has been learnt, the
estimator may analyze changes in the topology from the existing
one and focus on change detection. Such change detection is
outside the focus of this article. In a modified setting with
three-phase unbalanced systems, the number of variables will
be 3N , hence the computational complexity as a function of the
size of the network will stay the same.

Availability of prior information: In realistic grids, system
operators have prior information of a set of candidate transmis-
sion lines. Algorithm 1 is easily modified in the presence of
such information. In particular, while identifying zero-injection
nodes and their neighbors, the set of neighbors in Problems 9 and
10 is restricted to only nodes where candidate edges can exist.
Similarly, the check for edges between nonzero injection buses
in Theorem 6 is restricted to node-pairs with potential edges.

Thresholds: We include three thresholds: τ1 in Step 4 (identify
U nodes), τ2 in Step 10 (identify neighbors ofU nodes), and τ3 in
Step 15 (identify edges betweenW nodes). This is done to miti-
gate the effect of finite voltage samples and measurement noise.
In the large sample limit, we combine results from Theorems 3,
4, and 7 to determine the following thresholds, for consistent
estimation in the presence of noise.

Theorem 8: If SNR ≥ max(
maxi Σp(i,i)

β2
minσmin(ΣθW )

, 16
√
2S2id, 2(1 +

S4id + S2id)), then taking τ1 =
σmin(Σθ)

1 + S4id + S2id
, τ2 =

1

2Si
, τ3 =

β2
min

maxi Σp(i, i)
in Algorithm 1 gives asymptotically
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Fig. 5. The 33-bus test networks [27] for simulations. (a) Radial. (b)
Loopy. Nonzero injection nodes are marked square.

correct topology recovery, in the presence of noise, where
βmin,SNR, Sid are defined in (17).

In the next section, we present simulation results on the
performance of our algorithm, in particular on noisy voltage data
generated using real-world injection data through a nonlinear
power flow model.

V. NUMERICAL SIMULATIONS

We test Algorithm 1 on different test systems, with varying
injections (real/simulated) and noise profiles, and power flow
models (dc/ac, linear/nonlinear). First, we consider two power
grids, constructed from the IEEE 33-bus system [27]: (a) radial
[see Fig. 5(a)] with 9 zero-injection nodes, and (b) meshed/loopy
[see Fig. 5(b)] with 8 zero-injection nodes, that respects As-
sumptions 2 and 3. It is worth noting that Algorithm 1 only
takes voltage measurements as input. No additional information
regarding line parameters, values of injection statistics, or set
of feasible lines are considered. In such a setting, the number
of possible edges in our grid of 32 nonreference nodes is 496,
with 3230 possible connected tree realizations (using Cayley’s
formula) and even more nonradial realizations. It is, however,
noted that the performance of the algorithm can be improved if
information regarding existence/nonexistence of certain lines is
known. For both grids, we generate voltages using linear and
nonlinear models of (i) dc power flow and, (ii) ac power flow.
While the linear models are given by (2) and (4), the nonlinear
PF models are evaluated using Matpower [28]. For generating
voltages in all cases, we consider uncorrelated nodal injection
fluctuations around base loads, that are sampled using zero-
mean Gaussian random variables of standard deviation 10−1.
Eventually, we also test on voltage samples generated using real
injection data from [29], that may be correlated between nodes.
To demonstrate the performance under noise, we corrupt our
generated voltage samples in all cases with zero-mean Gaussian
noise of variance measured as a fraction of the variance of
voltage measurements.

We solve Problems (9) and (10) in Algorithm 1 using
CVX [30]. We calibrate the algorithm’s accuracy by relative
estimation errors, computed as the sum of false edges and missed
edges (false positives and true negatives) relative to the number
of true edges in E . The thresholds τ1, τ2, and τ3 in Algorithm
1 are tuned to give minimal estimation error for a large sample
size of 104. These thresholds are then fixed, and the estimation

Fig. 6. Performance with linear and nonlinear dc-PF voltages for (a)
radial grid in Fig. 5(a), (b) loopy grid in Fig. 5(b).

errors at different sample sizes are computed by averaging over
15 independent runs.

Fig. 6(a) shows the performance for the radial grid in Fig. 5(a)
for linear and nonlinear dc-PF voltages generated using simu-
lated injection data. With noiseless data samples, the number
of samples required for exact topology learning is approxi-
mately 300 in either case. Perfect reconstruction under volt-
ages corrupted with relative noise variance of 1% is observed
at approximately 104 samples. However, at 600 samples, the
average error is below 5% for both linear and nonlinear models.
While the performance improves with high sample sizes, note
that the thresholds used in Algorithm 1 are not updated at each
sample size, but fixed to the ones decided for asymptotically
perfect recovery. In a realistic setting, the learning algorithm
should use thresholds based on the predetermined number of
samples to improve the performance. Further, the performance
with voltage samples obtained from linear and nonlinear power
flows is almost identical at sample sizes above 600. This follows
from the acceptable accuracy of dc-PF in modeling its nonlinear
counterpart. Fig. 6(b) shows the performance of the algorithm
for dc-PF for the loopy grid in Fig. 5(b). The performance,
as expected, improves as the number of samples is increased.
Beyond 300 samples, the performance is comparable for linear
and nonlinear models, under both noisy and noiseless regimes.

Next, we demonstrate the performance of Algorithm 1 for
ac-PF voltage samples (v, θ), generated using the linear LC-PF
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Fig. 7. Performance with linear and nonlinear ac-PF voltages for (a)
radial grid in Fig. 5(a), (b) loopy grid in Fig. 5(b).

Fig. 8. Performance on loopy grid in Fig. 5(b), with linear and nonlinear
dc-PF voltages generated from real injection data.

(2), and the nonlinear Matpower solver. The performance for
the radial and loopy networks is given in Fig. 7(a) and (b),
respectively. In the noiseless setting, average errors go down
to zero for the radial case at 600 samples, and for the loopy
case at 1000 samples, under both linear and nonlinear models.
With noise, the average errors are below 5% for the radial case at
1000 samples, and below 5% for the loopy case at 1900 samples.
Perfect recovery in the noisy setting requires approximately
6000 samples in the radial case and 3000 samples in the loopy
grid.

We now demonstrate performance in the absence of Assump-
tion 1 by using real power/active load data, sampled at 15 min
intervals from real households [29]. Fig. 8 demonstrates the

Fig. 9. Loopy 56 bus test network derived from [16]. Nonzero injection
nodes are marked square.

Fig. 10. Performance for the loopy grid in Fig. 9, with (a) linear and
nonlinear dc-PF voltages, and (b) linear and nonlinear ac-PF voltages.

performance of our learning algorithm for the loopy grid in
Fig. 5(b), with linear and nonlinear dc-PF samples. Note that the
errors, in the noiseless setting, are below 2.67% at 600 samples
for either case, despite no prior information about the topology.
On the other hand, in the noisy setting with 5% noise variance,
the average errors are below 5% at 3000 samples.

Finally, we consider a larger 56-bus loopy test network with
16 zero-injection buses as shown in Fig. 9, that is derived
from the radial case in [16]. First, we consider performance
for linear and nonlinear dc-PF voltages in Fig. 10(a). For ei-
ther power flow model, the errors go down to zero at 3000
samples and are below 5% at 2300 samples. Similarly, for
the ac-PF linear and nonlinear voltage profiles, both with and
without noise, the errors reduce to zero for 6000 samples as
shown in Fig. 10(b). At lower samples, however, it is clear
that the errors increase with an increase in noise variance.
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Note that all the experiments have asymptotically correct re-
covery (0 errors) at large sample sizes. They validate the the-
oretical consistency of our learning algorithm proven in the
previous section.

Time requirements: We implemented the algorithm for all
the networks in MATLAB R2020b on a workstation with Intel
Xeon@ 3.7 GHz 32 GB RAM. On average, running Algorithm
1 for the 33-bus system takes 13.61 s. For the 56-bus system, it
takes 26.89 s. Out of this, the first step involving estimating
connections to zero-injection buses takes 26.88 s, while the
second step of estimating the connections between nonzero
injection buses takes 0.01 s. Note that the time-requirement for
the first step can be reduced further by solving the regression
problems, one for each bus, in parallel instead of sequentially as
reported in this article.

VI. CONCLUSION

This article discusses topology learning using nodal voltages
in general power grids under a realistic regime: one where a
subset of the internal nodes in the grid have zero injection.
This regime makes the voltage covariance matrix degenerate,
and standard inverse covariance or mutual information-based
learning methods do not apply. We provide a novel learning
algorithm to overcome the presence of unknown zero-injection
nodes, by first identifying them and their neighboring nodes,
and then identifying the remaining edges in a Kron-reduced
network without the zero-injection nodes. While the article
considers zero-injection buses, the analysis based on voltage
covariances extends naturally to grids with buses of constant in-
jection and zero-injection variance. Notably, aside from voltage
measurements, our algorithm does not use any prior informa-
tion of structure, line parameters, values of nodal injections,
or their statistics. The theoretical contributions are validated
by simulation results on IEEE test networks, with both linear
and nonlinear dc and ac voltage samples, corrupted with noise.
Further, voltages generated using real injection data are used to
calibrate the performance of our algorithm.

While our work focuses on power grids, it naturally extends
to learning underexcited structured equation models that follow
mass and flow conservation laws. Extensions to three-phase
networks are possible using voltage statistics proposed for the
fully excited setting [18]. While this article focuses on voltage
availability at all nodes, we hope to extend our analysis to
underexcited grids with partial voltage observability but with ad-
ditional injection measurements. Similarly, extending our work
to learning general dynamical systems [31] in the underexcited
regime, is another direction of future work.

APPENDIX 1
PROOF OF LEMMA 2

We decompose any a ∈ R as a = a+ − a−, where a+ =
max(0, a) ≥ 0, anda− = −min(0, a) ≥ 0. We list two inequal-
ities that we use in the proof

∀a, b ∈ R, if b ≥ 0, then (a+ b)+ ≥ a+ (25)

if a > b, then a+ ≥ b+. (26)

Consider y with yi = 1, y−i = −ai∗, where ai∗ > 0 is the opti-
mal noiseless solution in Problem (9) for i ∈ W . Let σmin+(Σθ)
denote the smallest nonzero singular value of Σθ. We have

yn
T (Σθ +Σn)yn ≥ yTnΣθyn

a≥ yTΣθy ≥ σmin+(Σθ)‖yR‖22
b≥ σmin(ΣθW )‖yR‖22 (27)

where (a) follows from optimality of y in the noiseless setting.
yR denotes the projection of y in the range ofΣθ, and (b) follows
from Cauchy’s Interlace Theorem as ΣθW is a principal subma-
trix of Σθ. By (12), yR

T
= yT − cTHUβ for some c ∈ R|U|.

Then

∃j1, j2 ∈ U , s.t. c−j1 = max
j∈U

c−j , c
+
j2

= max
j∈U

c+j , and

∃k1 ∈ W − {i}, s.t. (j1k1) ∈ E (using Assumption 2).
(28)

Using the structure of y and HUβ , we have, for i ∈ W

‖yR‖22 = ‖yTR‖22 = A+B + C where (29)

A

⎛
⎝1−

∑
j∈U

cjHβ(i, j)

⎞
⎠

2

=

⎛
⎝1 +

∑
j∈U

c−j Hβ(i, j)−
∑
j∈U

c+j Hβ(i, j)

⎞
⎠

2

(a1)≥
⎛
⎝1 +

∑
j∈U

c−j Hβ(i, j)

⎞
⎠

+2

(a2)≥ (1− c−j1Hβ(i, i))
+2

(30)

B
∑
j∈U

(−aj − cjHβ(j, j))
2

=
∑
j∈U

(c+j Hβ(j, j) + aj − c−j Hβ(j, j))
2

(b1)≥ (c+j2Hβ(j2, j2))
2 (31)

C
∑

k∈W−{i}

⎛
⎝−ak −∑

j∈U
cjHβ(k, j)

⎞
⎠

2

≥
⎛
⎝ak1

+
∑
j∈U

cjHβ(k1, j)

⎞
⎠

2

(c1)≥
⎛
⎝∑

j∈U
c+j Hβ(k1, j)−

∑
j∈U

c−j Hβ(k1, j)

⎞
⎠

+2

(c2)≥
⎛
⎝−c+j2Hβ(k1, k1)−

∑
j∈U

c−j Hβ(k1, j)

⎞
⎠

+2

≥ (c−j1βk1j1 − c+j2Hβ(k1, k1))
+2

Authorized licensed use limited to: University Of Minnesota Duluth. Downloaded on September 16,2026 at 21:08:09 UTC from IEEE Xplore.  Restrictions apply. 



DEKA et al.: TRACTABLE LEARNING IN UNDEREXCITED POWER GRIDS 773

(c3)≥ (c−j1Hβ(i, i)/Sid − c+j2Hβ(j2, j2)Sid)
+2

. (32)

Here, (a1), (b1), (c1) follow from (25), and (a2), (c2) follow
from (26) and (28). (c3) follows from the definition of Sid in
(17) and (26). Using (30)–(32) in (29), we have

‖yR‖22 ≥ (1− x1)
+2

+ x2
2 + (x1/Sid − x2Sid)

+2
(33)

where x1 = c−j1Hβ(i, i) ≥ 0 and x2 = c+j2Hβ(j2, j2) ≥ 0. Us-
ing the minimum value of quadratic functions, consider the cases
for x1, x2 and their effect on ‖yR‖22

(a) x2 ≥ 1/S2id :

‖yR‖22 ≥ 1/s4id (34)

(b) x2 < 1/S2id, x1 ≥ 1 :

‖yR‖22 ≥ min
x2

x2
2 + (1/Sid − x2Sid)

2 =
1

s4id + s2id
(35)

(c) x2 < 1/S2id, x2s
2
id < x1 < 1 :

‖yR‖22 ≥ min
x1,x2

(1− x1)
2 + x2

2 + (x1/Sid − x2Sid)
2

= 1/(1 + S4id + S2id) (36)

(d) x2 < 1/S2id, x1 ≤ x2s
2
id :

‖yR‖22 ≥ min
x2

(1− x2s
2
id)

2 + x2
2 = 1/(1 + S4id). (37)

Using (34)–(37),‖yR‖22 ≥ 1/(1 + S4id + S2id). Using this in (27)
completes the proof.

APPENDIX 2
PROOF OF THEOREM 5

Consider i ∈ U . From the proof of Theorem 1, note that zero-
cost solutions in Problem (9) are given by yT = cTHUβ , where
yi = 1, y−i < 0.
yj ≤ 0 ∀j ∈ U − {i}, necessitates cj ≤ 0 ∀j �= i. Consider

j1 ∈ U − {i}. Under the assumption in the statement, ∃k1 ∈ W
such that (k1j1) ∈ E , but (k1i) /∈ E . Thus, yk1

= −cj1βj1k1
+∑

j∈U−{i,j1} cjHβ(j, k1), where Hβ(j, k1) ≤ 0 follows from
(8). As cj is nonpositive for j �= i, yk1

≤ 0 holds only if cj1 = 0.
Following the same reasoning ∀j ∈ U − {i}, cj = 0. Finally,

ci = 1/Hβ(i, i) is needed for yi = 1. Thus, y =
HT

β (i,:)

Hβ(i,i)
is the

unique zero-cost solution for i ∈ U . It identifies the true neigh-
bors of i, due to the structure of HT

β (i, :).
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