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Abstract— Recent technology has led to systems with ar-
chitectures that distribute the controller effort over sub-
controllers to respect information flow and/or resource con-
straints. The associated communication uncertainty be-
tween sub-controllers partly governs the performance of the
controller. The related controller synthesis methodology has
to address internal stability concerns and has to incorpo-
rate the effect of communication uncertainty into the per-
formance metric. In this article, it is demonstrated that
different canonical distributed architectures derived from a
centralized design can result in appreciably different per-
formance. Architectures of information flow that result
in convex optimization problems are developed and syn-
thesis methods to incorporate robustness with respect to
model uncertainty of communication channels are obtained.
The efficacy of the approach is demonstrated on application
problems.

Keywords— Structured system, distributed system, nested
system, banded structure, coprime factorization, observer
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uncertainty.

I. INTRODUCTION

ECENT technological demands of high performance

in the presence of information flow constraints and
large computational loads have posed new challenges for
controller synthesis. An example where a large computa-
tional load is apparent is the recently proposed, massively
parallel probe based data storage device, where thousands
of cantilevers operating in parallel have to be controlled
[1]. Large computational load may also result as a conse-
quence of stringent performance specifications on the sys-
tem that leads to a controller that is complex. In these
situations, the controller cannot be realized at one location
and the large load has to be shared by multiple stations.
Distributed controller design is also motivated by recent
advances in computational hardware for real-time appli-
cations which are being realized with a mix and match
of various components like FPGA’s and DSP’s. In such
cases it is often possible to abstract the hardware into dis-
tinct regions with communication between the regions that
is possibly uncertain. The need to address sub-controller
communication uncertainty arises naturally in distributed
systems, like sensor networks and the power grid, where
a sub-controller associated with a sub-system needs to be

This work was supported in part by National Science Foundation
under Grant ECS-0814612 and CMMI-0814615

V. Yadav (corresponding author) is with Garmin International,
Olathe, KS 66062 USA. E-mail:vikas.yadav@garmin.com.

M. V. Salapaka is with Department of Electrical and Computer
Engineering, University of Minnesota, Minneapolis, MN 55455 USA.
E-mail: murtis@Qumn.edu

P. G. Voulgaris is with Department of Aeronautical and Astronom-
ical Engineering, University of Illinois at Urbana Champaign, Urbana
IL 61801 USA. E-mail: voulgari@uiuc.edu

locally realized at a station with structured information
exchange with other substations.

In all examples outlined above, the task of determining
how the controller task can be divided into various sub-
controllers such that plant-controller interconnection is sta-
ble and the effect of sub-controller communication uncer-
tainty on the performance is minimized is of interest. Fur-
thermore, information flow constraints of distributed sys-
tems lead to structural constraints on controllers. The de-
sign of controllers that achieve optimal performance when
structural constraints are present, even without considering
uncertain communication, is a difficult problem. Recently,
identification of specific classes of problems where struc-
tural constraints can be addressed via convex optimization
methods was reported in [2], [3], [4]. In [3] a necessary and
sufficient condition on the controller structure was derived
that ensures that the optimization problem remains con-
vex in the Youla parameter @ [5]. In these works, even
though controller transfer matrices satisfying structural
constraints are obtained, the realization that implements
the transfer matrix into various sub-controllers remains un-
addressed. As is shown in this article, seemingly natural
ways of distributing controller effort may even destabilize
the interconnection. In [6], [7] distributed spatially invari-
ant systems are studied using a state space approach and a
convex method based on solving constraints in the form of
LMIs is presented to obtain structured controllers. In [8], a
heuristic method for structured Hy controllers is presented
based on low dimensional LMIs. These efforts do not con-
sider the effect of uncertainty affecting the communication
between different sub-controllers. Other related work can
be found in [9], [10].

Motivated by the concerns outlined above, in this ar-
ticle, a framework for designing architectures for dis-
tributed implementation of controllers, that incorporates
sub-controller communication uncertainty is developed.
A central issue studied in this article is the identifica-
tion of signals that need to be transmitted between sub-
controllers. Earlier work by the authors can be found in
[11], [12], [13], [14].

This paper is organized as follows: in Section II the
framework is provided . In Section III systems without any
structure are considered. These results are further special-
ized for banded structures and nested structures in Sec-
tion IV. In Section V analysis and synthesis of distributed
robust controllers in presence of uncertainty in the channel
are presented. This is followed in Section VI by two exam-
ples illustrating the results. Section VII is the conclusion
which also discusses future directions.
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II. FRAMEWORK

In this section the framework, preliminary results and
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the notation employed are presented. C D | repre

w 2

Y

U3
K Y2

(De— V4

Fig. 1. The (G, K) interconnection

Fig. 2. The (G22, K) interconnection

sents a state-space realization of a finite-dimensional dis-
crete time, linear time-invariant operator with a transfer
matrix Pif P =C(2I—A)"'B+D =XC(I-\XA)"'B+D
where z and A represent the forward shift and the unit delay
operators. The standard interconnection of the generalized
plant G with the controller K and the interconnection of
the plant G2 and the controller K are shown in Fig. 1 and
Fig. 2 respectively. The transpose of a vector z is denoted
by x’. When needed a convenient notation to represent ma-

b\ .
A
denoted by [a, b; ¢, d]. ®,; denotes the closed-loop transfer
matrix with input ¢ and output o.

trices is used where, for example, the matrix

Definition II.1: Consider transfer function matrices G
and K in an interconnection shown in Fig. 1 referred to
as the (G, K) interconnection. The (G, K) interconnec-
tion is internally stable if any stabilizable and detectable
realizations of G and K with states xg and z g, respec-
tively, are such that (zf, %) () — 0 as t — oo for
any initial condition (zy #’)’(0) with external signals w,
v = (v} vhvi v)y) set to zero. We will say that K internally
stabilizes the (G, K) interconnection if (G, K) is internally
stable. The internal stability of (Ga2, K) interconnection
shown in Fig. 2 is defined similarly.

The definition of internal stability above is provided
in terms of state space realizations. However, it can be
shown (see [15]) that the internal stability of (G, K) in
Fig. 1, is equivalent to the stability of the closed-loop
map from the input (w’ v’)’ to the output (2’ v’ y')" with
u = (u} uy) and y = (y§ v5)’. Similarly the (Gaz, K') pair
is internally stable if the closed-loop map from v to (u’ y’)’
shown in Fig. 2 is stable.

A ‘ B, B
A state space realization Cq D11 Do of
Co D21 Do

the generalized plant transfer matrix G : (v’ v') — (2" ¢'),
is assumed throughout the article. Note that from the
above realization, an induced realization of the transfer ma-

. . By
trix Gag is given by { Cy [ Da
holds.

Theorem II.1: [15] Assume that the induced realiza-
A | Bs
Co | D2
Then the (G, K) interconnection is internally stable if and
only if (Gaz, K) interconnection is internally stable. If
[ A | By

Ca | D22
(G, K) interconnection is not internally stable for any K.
Motivated by Theorem II.1 the following is assumed
throughout the article

Assumption II.1: All interconnections are well-posed

4 B, ] is sta-
Cy | Do

} . The following theorem

tion } of (Goo is stabilizable and detectable.

is not stabilizable and/or detectable then

and the inherited realization of G, [

bilizable and detectable.

The general framework for a distributed interconnec-
tion, considered in this article, is illustrated in Fig. 3
where G represents the generalized plant, sub-controllers
K; and K> represent distributed controller implementa-
tion where n := (n] n})’ represents the sub-controller com-
munication noise, with w, z, (e} e5)’ and y representing,
exogenous input, regulated output, control effort and the
measured output respectively. G, K; and K, are assumed
to be finite, discrete time, linear and time-invariant systems
and are assumed to represent the transfer matrices in the
z or the A domain. The plant and controller interconnec-
tion with distributed implementation using sub-controllers
K, and K5 is shown in Fig. 4 where G5 is part of G that
maps u to (e ej)’. Even though this article presents the
controller broken only into two sub-controllers, results can
be generalized to more than two sub-controllers.

The internal stability with the distributed implementa-
tion of the controller is defined as follows.

z

w MG Gro
u] Go G

€4

Fig. 3. The (G, K1, K2) interconnection

Definition I1.2: Consider transfer function matrices G
and K; and K, in an interconnection shown in Fig. 3
referred to as the (G, K, Ks) interconnection.  The
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Fig. 4.

(Ga2, K1, K2) interconnection

Fig. 5. The controller with communication noise n1 and ng

(G, K1, K3) interconnection is internally stable if any sta-
bilizable and detectable realizations of G, K; and K
with states zq, zx, and xk,, respectively, are such that
(v 2%, ) (t) — 0 with ¢ — oo for any initial con-
dition (zg 2%, 7%,)(0) and with inputs w, v and n set
to zero. We will say that (K7, K3) internally stabilizes the
(G, K4, K») interconnection if (G, K1, K») is internally sta-
ble. The internal stability of (Gas, K1, K2) interconnection
shown in Fig. 4 is defined similarly.

For an input-output characterization of internal stability,
it can be shown that (G, K1, K3) is internally stable if and
only if the closed-loop map in Fig. 3 from (w’ v' n’) to
(z/ v’ y' t') is internally stable. Similarly, (G2, K1, K2) is
internally stable if and only if the closed-loop map in Fig. 4
from (v' ') to (v’ y' t') is internally stable.

Note that with the signal n = (n} n})" in Fig. 3 and
Fig. 4 set to zero, the sub-controllers K; and Ky provide
a map K from (y; y4)" to (e} €5)’, and thus reduce to the
interconnection shown in Fig. 1 and Fig. 2 respectively.
K is termed the induced realization from K; and K, if
it is the map from (y] v5)’ to (e} e3)’ obtained in Fig. 3
or Fig. 4 by setting n = 0 and by eliminating the sub-
controller communication signal t.

Definition I1.3: If the (G, K1, K3) interconnection shown
in Fig. 3 is such that the map from (y; y5)’ to (¢} e5)’ is
equal to K, then (G, K;, K») is called a distributed imple-
mentation of the (G, K) interconnection as shown in Fig.1.
Similarly, the (G222, K1, K3) interconnection shown in Fig. 4
is defined as a distributed implementation of the (Gaq, K)

interconnection as shown in Fig. 2.

The main issue addressed by this article is the effect of com-
munication uncertainty between sub-controllers K7 and Ko
and means of incorporating these effects into controller syn-
thesis. The sub-controllers might have to satisfy informa-
tion flow constraints. Two specific structures considered in
this article are the nested structure that is characterized by
a block triangular structure where K does not receive any
information from K5 and banded structure characterized
by delays between sub-systems. Nested and banded struc-
ture appear in many applications (see [4]). Fig. 6(a) shows
a nested structure controller where ¢ is the signal transmit-
ted from K to K5. The resulting controller K that maps
y = (y1 y2)" to (u1 uz)" has lower triangular structure such

that:
()= () -1k % J(3)
U2 Y2 Ko Koo y2 )

Another structure considered in this paper is the banded
structure which is characterized by one step delay in
interactions between nearest subsystems as depicted in
Fig. 6(b). Controllers with this information constraint are
called banded controllers. The resulting transfer matrix K
that maps (v} ...,y.,) to (u]...u)) will have the banded
structure as given below, where A denotes delay:

Ki11()\) AK12()\) A"_lKln()\)
)\Kgl(/\) K22()\) )\n72K2n()\)

: : : (1)
)x"ilKnl()\) )\"72Kn2()\) Kon(N)

Fig. 6. (a) 2-nest system with signal ¢ from inner nest to outer nest
(b) System with banded structure

III. ARCHITECTURES FOR DISTRIBUTED CONTROLLERS
LEADING TO CONVEX PERFORMANCE PROBLEMS.

A. Internal stability of distributed architectures

In the recent past, results were reported where the the
optimal controller K that internally stabilizes the (G, K)
interconnection and optimizes some metric on the closed-
loop map from w — z is sought with the additional con-
straint that the transfer matrix K has to satisfy struc-
ture. For example, for a nested controller K : (v} y5) —

Preprint submitted to IEEE Transactions on Automatic Control. Received: May 31, 2009 21:05:08 PST



Limited circulation. For review only

IEEE TRANSACTIONS ON AUTOMATIC CONTROL

(e} €5)’ the structure is imposed on K by having < zl =
2
[ ﬁ; }?22 } ( Z; ) where K15 = 0.

However, the structural constraints on the controller K
usually arise because of information flow constraints, that
are not entirely met or specified by the lower triangular
structure of K. For example the lower triangular structure
of K might be required because of a hierarchical struc-
ture where the controller K has to be realized by different
sub-controllers K; and K5 where K; has only y; available
whereas K5 has yo and an additional input from K; avail-
able. Given a K, there is a non-unique way of determining
K7 and K5 as this depends on what signals are being com-
municated between K; and K5. For example, one choice

is, K1 = [ gi ] and Ky = [ I Koo ] while a second

choice is Ky = Kn } and Ky = [ Ky Koo ] Both

I
these choices realize, in the absence of sub-controller noise,
e1 = K11y1 and es = Ko1y1 + Kooyo. However a vital differ-
ence is that in the first implementation K5y; is transmit-
ted by the subcontroller K; to K5 whereas in the second
implementation y; is transmitted by K7 as an input to K.

Existing work in the input-output setting provide means
of obtaining the optimal K (with structural constraints,
see [3] and [4] ). However, they do not address, for exam-
ple, the task of determining whether to implement the first
or the second choice of K; and K> in the case delineated
above. Indeed, it can be shown that a K that internally
stabilizes the (G, K) interconnection (see Fig. 1) when im-
plemented distributively in a (G, K1, K2) (see Fig. 3) inter-
connection can be unstable with K7 and K5 chosen accord-
ing to the second choice (see the Appendix, section VIII-A
for a complete description). This aspect is remarkable be-
cause it implies that certain ways of splitting the transfer
matrix K into sub-controller transfer matrices K and Ko
should be prohibited.

The above discussion motivates the study of conditions
under which a internally stable (G, K) interconnection can
be realized using a (G, K7, K2) that is internally stable.
Let the sub-controllers K7 : (y; s5) — (e} t})’ and
Ky : (yh 1) — (e th)" admit stabilizable and detectable
realizations given by

B B
Ae, | Be, Ao, | ci1 Bey2
CC DC = Ccl,l DC1,11 DC1,12
! ! Ccy 2 Dcy 21 Dey 22
and
B B
ACz BC2 AC2 ‘ Co,1 C3,2
Co. | Do |~ Ceyn Dc,11 Des, a2 )
2 2 Cec, 2 D¢, 21 Dcy22
respectively.
By eliminating the sub-controller to sub-controller com-
I . . o A B
munication signals an induced realization K K
Ck | Dk

of K : (y] v5) — (€} ey) from K; and K» can be obtained
with A given by
[Ac, + Bey 2(A1) ' D, 22Ccy 2, Bey 2(A1) 71 Ce, 25
B, 2(A2)tCc, 2, Ac, + Be, 2(A2) ' Dy 22Cc, o),
By given by
[Beyi + Boy2(A1) 7' De, 22D, 21, Bey 2(A1) 7' Do, 215
B, 2(A2) "t Dey 21, Beya + Bey2(A2) ' Dey 22 De, 21),
Ck given by
[Cey1 + Dey12(A1) ' Do, 22Ccy 2, Doy 12(A1) 7 Cc, 0
D, 12(A2) 7' Cey 2, Coyn + Doy 12(82) 7' Dey 2200, 2]
and Dy given by
[Dey a1+ Dey 12(A1) " Dy 22Dey 215 Doy 12(A1) " De, 215
D¢y 12(A2) ' Dey 21, Doy i1+Dey 12(A2) "t Dey 22Dy 21].
where Al =1- D02722D01,22 and AQ =1- DCI,22D02722.
Based on the expressions above the following theorem fol-
lows.

Theorem II1.1: The (G, Ky, K5) interconnection shown
in Fig. 3, where K; and K, admit stabilizable and de-

ACI BCI :| and |: gcz lB;Cz ]
Cy Cy |

tectable realizations
Cc, | De,

respectively is internally stable if and only if the inter-
connection (Ggg, K) shown in Fig. 2 is stable and the

induced realizations [ Ié‘i gi } and {64'2 D3222 |

are stabilizable and detectable. Also, if Ax | Brc
Ck | Dk |
A | By -
and are stabilizable and detectable then
Cy | Do

(G, K1, K>) is internally stable if and only if (Ga2, K7, K>2)
is internally stable.

Proof: It will be shown that if the interconnection
(Ga2, K) shown in Fig. 2 is stable and the induced real-
Ak | Bg q A | By
Ck | Dk ] a [ Cy | Do
and detectable then the (Gaq, K1, K3) will be internally
stable. The rest of the proof is left to the reader.

Consider the (Gag, K) interconnection of Fig. 2. It can

be shown that with stabilizable and detectable realizations
AK BK BZ
Ck | Dk Cy | Dy
respectively, a stabilizable and detectable realization of
the (Gag, K) closed-loop map with input v and out-

izations are stabilizable

of G2 and K given by and

. . Ay | Ba

/ \/ e c _

put (v ') is given by [ ., Dy } where A, =
A+ ByDgCy BsCi .

( BgCs Ax and thus the (Gaz, K) inter-

connection in Fig. 2 is stable if and only if Ay is a sta-
ble matrix. From the hypothesis (Ga2, K) interconnection
is stable and therefore A is stable. The (Ga2, K1, K>)
interconnection in Fig. 4 is internally stable if and only
if the (Gag, K1, K>2) closed-loop map from (v' n')" to
(u y' §') with s = (s] s})’ is stable. It can be shown
that (Gaz, K1, K2) closed-loop map admits a realization

A| B
C | D
(Gag, K1, K3) closed-loop map is stable and therefore the
(Gag, K1, K3) interconnection is stable.

where A = A,;. As A, is stable it follows that
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Remark: It can be shown that it is possible to have an
Ak | Bk
Ck | Dk
alizations of K7 and K5 that is not stabilizable and that in
such a case, (Gaz, K1, K2) is unstable even though (Gag, K)
is stable; see the Appendix for an example.

The additional maps in the (G, K1, K3) interconnection
for internal stability apart from the maps ®,, and ®,, of
the (G, K) interconnection, that have to be stable are the
closed-loop maps ®¢,, Pypn, Pyn and P4, in Fig. 3. These
maps are now derived in terms of the sub-controller maps.

Fig. 4 is redrawn as Fig. 5 with sub-controller K; de-

induced realization of K from minimal re-

scribed by :
€1 _ CVlll C’112 Y1 (2)
tl C211 0212 S92

and K5 described by
€2 _ CV121 C'122 Y2 (3)
ta C3 G35, s1 )’

where s; and sy are received signals at K; and Ks,
t; and to are transmitted signals which get corrupted by
additive communication noise n; and ns, respectively i.e.
s1 = t1 +n1 and so = ty + ng. The closed-loop maps
Dy, Pun, Pyn and Py, in Fig. 3 are given by

Dyp = (I — KGa) 'K, (4)
Dy, = Goao(I — KGa2) 'Ky, (5)
¢t’n = KtGQQ(I — KG22)71K’H, + Ktn7 (6)
and
Oy = K| (I—GnK) 'Gyn (I—GnK)™](7)

where K, is a map from n to (e},e})’, K; is a map from
y to t and Ky, is a map from n to t. K,,, K; and K, are
given by:

Cly(1 — C3,C35)71C3,
CP(1 — C3,C3,) 7!

Cly(1 = C3,C39)7 "
CFa(1 = C3,C35) 71 Cgy
(1 —C3,C3%) 1C3,C3

(1 - C5C3)7'C3

(1 - C35C3,) 1 Cyy
(1 - C3,C3,)71C3,C39

| ®

] L)
] _(10)
Thus, for internal stability of the (Gag, K1, K3), (Gag, K)

has to be internally stable and the maps ¢un, Pyn, Pin, Ptv
have to be stable.

[ (1-C3C3%)~1Cyy

(1—C3,C3)7 103,05

[ (1 = C35,03,) 105,03,
(1—C3,C3)7"C3,

B. Convexity of relevant closed-loop maps

In order to account for the communication uncertainty in
the (G, K1, K3) interconnection, apart from the standard
regulated variable z, the strength of the transmitted sig-
nal ¢ and the effect of the sub-controller to sub-controller
communication noise n on the regulated variable z are of
interest. Thus, the closed-loop map that encapsulates the
performance concerns of the distributed implementation
shown in Fig. 3 is given by the closed-loop map

For review only

(I)zw
(I)tw

e ()= (7) =82 8
It can be shown that ®., = G12Py, and Py, = K (I —
GQQK)71G21 .

The following is the well known Youla Parametrization
result.

Lemma II1.1: [5] Suppose the plant Gag : (u} uh) —
(e €)' shown in Fig. 2 has a double-coprime factorization

(o) (50 %)=

where all terms in (12) are stable. Then (Gag, K) in
Fig. 2 is internally stable if and only if there exists a
stable @ such that K = (Y, — M,Q)(X, — N,Q)~! =
(X¢e—QN;) =1 (Y, —QM;y). Under the above parametrization
of stabilizing controllers, it can be shown that a closed-loop
map P, is achievable via stabilizing controller if and only
if ®,, € {H—-UQV]| Q stable} where H, U, and V are
stable transfer matrices determinable from G.

. el _ | Kun Ko Y1 :
With ( e = Ko Ko " > the induced

} (1)

-Y
M,

M, Y,

N, X, (12)

K
map of K in terms of the maps C’fj that describe K7 and
K> is given by

K = O +Ciy(1 = C5,03)71C5,Co - (13)
Kig = Opy(1—C5,Cy)7'C5 (14)
Ky = 0122(1 - 02120222)710211 (15)
Ky = Cf +Chh(1— C5C3,) 10305, (16)

From Lemma III.1 it follows that for the above controller
to internally stabilize the (Gaz, K) interconnection a stable
@ should exist such that

[ Ky | K2 ]

_ _ _ —1
| = - M - NQ)T

= (X¢e—QNo) ' (Ye — QM)

with K;; satisfying (13), (14), (15) and (16). The condition
above also ensures that the map ®,,, is an affine and stable
map in the variable ¢ and that the maps ®,, and ®,, in
Fig. 4 are stable.

Let» ?7‘ =Y, - MTQ7 ?l =Y - QMla yr =X, — NTQ
and X; = X; — QN,. Note that Y,, Y;, X, and X, are
stable and affine in Q. The theorem below follows.

Theorem II1.2: Consider plant G22 shown in Fig. 5 that
has double-coprime factorization given by Lemma III.1
with K stabilizing the (Ga2, K) interconnection and pa-
rameterized in terms of ). Assume a distributed imple-
mentation of K with K; and Ks described by (2) and
(3) and K,,K; and Ky, given by (8)-(10). Let T, =
YlKruTb = Ktyry and ®4, = KtGgg(I — KGQQ)_lKn +
Ki,. Then the closed-loop map T'(K;, K2) given by (11)
for the distributive implementation as shown in Fig. 5 is

(17)
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affine in Q with (Gag, K7, K2) internally stable if T,,, T}, and
®,,, are stable and affine in Q).

Proof: ~From [16], ®,, is stable and affine in
Q. By using the fact that (I — GupK)™! =
XM, (I — GooK) 'Gae = X,N,,(I — KGa)™! =
M, X; and Goo(I — KGa)™' = N,X;, the closed-loop

maps given by (6) and (7) are as follows: @,, =
MerKn7 (I)yn = NLAXPlKnaiq)tn = K,N. XK, +
Kin, @, = K| XNy X,M;|. Since, T, =

X, K, and Ty = K; X,. It follows that ®,,,, = M, T,, oy, =

N,Ty, @1 =T,X, N To+ Kin, @0 = [ TiN, TyM; .
Since, M,., N,., M; and N; are stable and constant matrices,
the proof is complete. [ |

Remark: Note that conditions above for affineness of
relevant closed-loop maps are sufficient conditions. How-
ever, note that for affineness of T' in ) it is necessary,
for example, that @, = G12Py, = G12M,T,(Q), where,
(12 and M,. are not dependent on @, be affine in @. This in
turn, apart from pathological cases, will imply that T, (Q)
has to be an affine function of ). A similar argument can
be made for the necessity of T,(Q) to be affine in Q. Dy,
is a part of the map T(Q) and has to be affine in Q if T
is affine in Q). Thus the requirements of affineness in @) of
T., Ty and P4, are not conservative.

Given affine in @ conditions of Theorem III.2 an opti-
mization problem of interest is to obtain sub-controllers
ij which minimize a convex measure of the performance
map 7T given by the following problem

mo= b [IT@Q) (18)
where
| 20(Q) 2.(Q)
Q) = { (@) Q)
| H-UQV G12MrTa(Q)1
| Q)M Gy Tb(Q)X(Q); N, T,(Q) + Kn(Q) ]

with To(Q) = Xi(Q)K,(Q) and Ty(Q) = Ki(Q)X,(Q).
Also, Q € Sif C(Q) satisfy (13), (14), (15), (16) and (17)
and T,(Q), T, (Q), P:n(Q) are stable and affine in @, with
Q stable.

C. Two stabilizing distributed implementations with convex
performance problem

The main difficulty in solving the performance prob-
lem given in (18) is that it is not clear how to solve
(17) to obtain all possible solutions for CZ(Q) for k =
1,254 = 1,2;5 = 1,2 such that T,(Q), T,(Q) and ®4,(Q)
are stable and affine in . Two sets of solutions for
Cikj(Q) are obtained in this section such that the per-

formance problem remains convex. X;,Y;, X, and Y,
which are parameterized in terms of (), are partitioned
in conformation with partitioning of K in Fig. 5 as

X, - ()511 {12);),[ _ <¥11 ¥12>;Xr _
Xo1 Xoo Yor Yoo

For review only

6
X111 Xio V. — Yiu Yo N, = ]an 5712
Xo1 Xoo )77 " Yor Yoo )7 Noy Noy )
Similarly, M;, N;, M, and N, can be partitioned as
MH Mlz Nll N12
M, = — = i N = d M, =
! ( M21 M22 >’ < N21 N22 > a
( %z %;z ) A notation of is used to distinguish be-

tween blocks of left-coprime factors and right-coprime fac-
tors. Since X, Y,, X,, and Y, are stable and affine in Q,
Xij,Yij, Xy and Yy for i = 1,2 and j = 1,2 are also stable
and affine in Q. Following two corollaries present the main
results of this paper.

Corollary II1.1: (Left-coprime architecture)

1 1
The sub-controller K7 = [ Cn | Gy ] given by

X', ‘ )?1_111712 *5(:1_115(:12

1 0 0 ; (19)
Xo'Yn | X'V X' X
2 2
and Ky = [ g;zi glgz ] given by
)?2_213722 ‘ )?2}13721 —nglle
(20)

1 0 0

XYoo | X'V —X55' Xy
satisfying the parametrization given by (17) and are such
that T,,T, and ®4, are stable and affine in Q. The ar-
chitecture given by (20) will be called the left-coprime ar-
chitecture and is shown in Fig. 7. The two transmitted

signals in this architecture are (],t5) = (t1, %\, thy, the)’

= (Y1, up, g, up) =t

Proof: See Appendix VIII-B for proof. [ |
The left-coprime architecture obtained in above corollary
can be used to reduce (18) to the following suboptimal
problem:

L= inf 1T(@Q)I (21)
Left-coprime architecture
Q - stable
_ . H-UQV HE —UlQvE
-t || mr chove b vsavy || @
Q - stable

where HL U ViE, HEY UE ViE, H3L7 U3L and V3L are deter-
mined based on left-coprime architecture. Another set of
sub-controllers can be obtained using right-coprime factors
as discussed in following corollary.

Corollary II1.2: (Right-coprime architecture)

ci, | ot
The sub-controllers K1 = [ Cili Cilz } given by
YuXg' | I vaxy
Vo1 X' 0 YuXy | (23)
XXt | 0 X X
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Fig. 8. Right-coprime architecture

[ | Ch
and Ko = [ cZ g, given by
VooXy' | 1 YoXy
Y12 X5 0 YieXoy (24)
“X1X5t |0 =X X!

satisfying the parametrization given by (17) and is such
that T,,T, and ®;, are stable and affine in (). This
architecture given by (24) is called the right-coprime

architecture and is shown in Fig. 8 where the trans-
mitted signal is t = (8,t5) = (ti,the,th,thy) =
(Yor X131 s —Xo1 X7 01, Y12 X' h, — X1 X55'45)'-

Proof: See Appendix VIII-C for proof. [ |
The right-coprime architecture obtained in above corollary
can be used to reduce (18) to the following suboptimal
problem:

TR = inf IT(@)II (25)
Right-coprime architecture
Q - stable
_ . H-UQV HE —URQVE
ST |/ S e g 0
Q - stable

where HE U VE HE UR VE HE UR and V{? are de-
termined based on right-coprime architecture. It is within
this (restricted) class of architectures that we consider op-
timality in Q.

IV. DI1STRIBUTED DESIGN FOR CONTROLLERS WITH
SPECIAL STRUCTURE

The two architectures obtained in the previous section
for controllers without any structure can be specialized to
controllers with banded structure and nested structure.

A. Banded Structure

In [4] it is shown that all stabilizing banded structure
controllers K given by (1) can be parameterized in terms
of Youla parameter () which is also banded. This results
in the parametrization of K in terms of () having the same
banded structure. Let ) be partitioned in conformation
with partitioning of G2 and K as @ = ( Qu - AQu ) .

AQ21 Qa2
Let,Y, =Y, -~ M.Q,Y,; =Y, —QM,;, X, = X, — N,Q and
X; = X; — QN,. From [4] it follows that Y, Y, X, and
X, are affine in @Q, stable and have banded structure. Let,

AXo1 Xoo AYa Yoo
(B M) o (T )
ANQl N22 >\M21 M22
(% Wy - (i ) v -
21 22 21 Yoo
N11 )\Mlg o Mll )\M12
( AN21 N > and M, = ()\le Moo ) The

coprime factors can be substituted in the architectures
obtained in Section ITI-C to obtain two ways of imple-
menting banded structured controller such that the per-
formance problem is a convex problem in presenlce of ﬁub—
controller noise. The two sub-controllers [ 0111 0112 }
Ca | O

[ Ch

] for the left-coprime architecture are
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given by The two sub-controllers of right-coprime architecture for
o ‘ o L banded structure controller are given by
Xa'Yi | AXYVe —AX X _ _
I 0 0 ; (27) YnXull |1 Yanll
S 1o S1o S 13 Ky = Yo X1 0 MYy Xy, ; (29)
X 1Y A X 1Y “AX lX 1 21 117 21 117 )
S b ne AXn X5 | 0 —AXaXp!
X5 Yo Moo Yo, —AX0n X _ _
22] 22 ‘ 2(2) 21 %2 21 8) Yas X35! ‘ [ YarX3)!
e g e Ky = N o 0 AYpX, (30)
X22 Y22 )\XQQ }/21 —/\X22 X21 —1 —1
—AX12X5, 0 —AX12Xo
and is shown in Fig. 9. and is shown in Fig. 10.
~ B. Nested Structure
D The following result on internal stability holds in the case
" of nested (Gag, K1, K3) system shown in Fig. 6.
U—@ g1l ; B g @yLu Corollary IV.1: Suppose K7 and K> in Fig. 6 are trans-
| B 5 fer matrices such that corresponding transfer matrix from
@{_.@ - (yy y4) to (e} €5) is the transfer matrix K. Further sup-

pose that K internally stabilizes the (G2, K) interconnec-
tion. Let transfer matrices K; and K> have state space

Acl ‘ BC1
realizations given by K; = Ce,n 0 and Ko =
Ccy 2

gg Bea i Borr | sueh that (Ac,, Be,, Coy i)
and (Ac,,Bec,1,Cc,) are stabilizable and detectable.
Then (G, K1, K2) is internally stable.

Remark: Note that the in the corollary above, it is not
needed to derive the realization of the controller transfer
matrix K from the realizations of K; and K5 to infer in-
ternal stability of the distributed interconnection.

The following result from [4] translates the triangular
structure restriction on the controller to the same structure
on the Youla parameter Q.

Lemma IV.1: Consider 2-nest G2 — K system shown

. . G22a 0

in Fig. 6, where Gy = := P maps
& > { Goze | Gaza } P
control inputs u = (u},u)) to the measured out-
9&1‘4 put y = (yi,y5)’. Assume that P, = [ Gazq O |
and P, = [ Gaae Gaog ] have state space realizations
A ‘ Bu 0 and Az ‘ B Bas respec-

Ci| Du 0 Cy| Do Dy |

tively, and the inherited realizations of Gas, and Gaoq are
stabilizable and detectable. Let a double-coprime factor-
ization of Gos be given by (12). Then K is lower triangular
and it internally stabilizes the Goo — K inter-connection
if and only if there exists a stable @ that is lower tri-
angular such that K = (Y, — M,Q)(X, — N,Q)™! =
(Xe = QNo) =1 (Ye — QM)

This results in the parametrization of K in terms of @
having the same structure. Let () be partitioned according

to the structure of Goo and K as Q = ( Qu 0 ) .

— : ! Qa1 Q22
‘ i 9 : ﬁ]i i Let, Zr =Y - M’!‘Q7 ?l =Y - QMI, E :7X7‘ - N&
| | @*? n | and X; = X; — QN;. Note that Y,, Y;, X, and X,
Kl ””” T K2 are affine in @, stable and have lower triangular struc-
. . . . ture. Let, X; = <)£11 0 >'Yl <¥11 0 )
Fig. 10. Right-coprime architecture for banded structure ’ Xo1 Xoo ’ Yo1 Yoo !
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N, = (&711 0 ) M, = Em 0 )
’ Mayy Moy )’

X,

<N11

N1 N
3 Nr -
( Yo1 Yoo )
Noy

X1 O .
Xo1 Xoo
The sub-controllers K; = [&%ﬁmﬁ] and Ky =
Co1 | O

S Y,
My
No ) and M, = ( Mo,

0121 C122 . . . .
with left-coprime architecture are given by
C31 | C3
X53'vi | 0 0
I 0 0 and (31)
X 'vis | 000
—5527215}22 ‘ 5(12_21)721 *)}:2_215('21
0 0 0 (32)
0 0 0
respectively. The architecture is shown in Fig. 11. The

closed-loop transfer functions are all affine in @ and given
by: @uyp, = —MxnXor, Puyn, = MaYar, Pyn,
—NoaXor, Pypn, = NooVor, @0y = YNy, @iy, =
X11N11, Pty0y = Y11 Mi1, iy, = X11 M1y

Similarly sub-controllers K7 and K for the right coprime
architecture are given by

YuXyg [ 00
K, = Yo X 1 0 0 |; (33)
XXt | 00
YooXoy' | 1 YorXoy'
Ky = 0 00 (34)
0 00
respectively. The architecture is shown in Fig. 12. The

closed-loop transfer functions are all affine in ¢ and
given lN)y: Dypn, = M22X~22, Dypny, = MQQ}:QQ, Dyon, =
—NoaXog, Pyon, = NoaYao, 0y, = Yo Nipy, Py, =
—Xo1 N1, ®ppy = Yor My, Py, = —Xo1 M.

V. ROBUST STABILITY FRAMEWORK

In this section controller synthesis in the presence of com-
munication and plant uncertainty is considered.

For the illustration purpose the discussion is restricted
to the nested structure systems with uncertainty only in
sub-controller communication but this formulation can be
generalized to banded structure as well as plants with no
information structure with uncertainty in all possible ex-
ternal links.

Consider the descriptions of nested systems given
in Fig. 13 that shows uncertainty affecting the link
from the sub-controller K; to K,. Fig. 13 imple-
ments K; and Ko with two-channel transmission from
K, to K5 based on one of the architectures obtained
in Section IV. This uncertainty characterizations can
be cast into the standard (M,A) framework as shown
in Fig. 14, where n = (M),s = (%), A, =

n2 S2

Uy 3

Fig. 11. Left- coprlrne archltecture for nested structure

|
uy !

Fig. 12. Right-coprime architecture for nested structure

i s ) maae s () = (1) -
H-UQV | Hoy —UQVyy  Hin — UpsQVys
Hél - Ul;lQV;)ll 0
Hyy = UpyQViy

where () is a stable lower triangular transfer function.
Following class for uncertainty description is considered:

Apry = {A € S is linear time varying and ||-|] < oo}
where S characterizes the structure and the norm is either
ls or {9 induced norm. Note that when § is given by
the block diagonal structure diag(A,,A,) with A,, and
A,, being unstructured then the (M, A) interconnection is
robustly stable with respect to all A € BApry := {A €
Aprvl[|All <1} if and only if inf pep [[DM(Q)D ™ |¢, <1
where D := {D = diag(1,dy,ds) with d; > 0} [17]. Thus
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" G G2
u | Gop Goo

3 tl” ty ny

Fig. 13. (G, K) nested system with noise modelled as multi-
plicative uncertainty

M(Q)
™

Fig. 14. The (M, A) configuration for two channel case shown
in Fig. 13

the problem for robust synthesis in this case reduces to the
problem

. . 1

dnf nf [DMa(Q)D ™" [e,
where M (Q) is affine in Q. Thus for the architectures iden-
tified, the above from is convex in @ for fixed D or fixed
Q@ and the synthesis problem has the same complexity as
the standard robust performance problem. However, this
problem is nonconvex jointly in the variables D and the
Youla parameter Q. Recently in [18] a global solution to the
above synthesis problem was achieved. This provides an
effective procedure to address the problem of synthesizing
controllers for ¢; robust synthesis when there is uncertainty
in the sub-controller to sub-controller communication.

VI. EXAMPLES

A. Optimal Distributed Controller Design for 2-node ABR
Network: Robust Synthesis Framework

Consider the nested system shown in Fig. 15 of 2-node
Available Bit Rate (ABR) communication network, with
the problem of congestion of data packets at two nodes.
This example illustrates design of an optimal controller
with nested structure in presence of sub-controller noise
using robust control synthesis technique as discussed in
Section VI.

10

Node 1

Node 2

(VersVerzVed)

Fig. 15. 2-nodal ABR network with congestion control

In Fig. 15, r; and ro are rates with which source 1 and
2 transmit data packets to node 1 and 2, respectively. The
rate of flow from node 1 to node 2 is r15. The total avail-
able capacity (bit-rate) for the two sources is represented
by w. The queue lengths at node 1 and 2 are denoted by
q1 and g2, respectively. The network traffic is controlled by
regulating rates 1,712 and 7. The two sub-controllers Cy
and Cy, control rates r; and (r],,r5)’, respectively. Note
that, the flow of information is only from Cs to C7, sim-
ilar to the 2-nest system of Fig. 6, with Ko = C7 and
K7 = C5. The objectives are to avoid the two queues from
overflowing by avoiding congestion, to maximize the uti-
lization factor of the network, i.e. to make r{ + 79 match w
as close as possible, to minimize the affect of sub-controller
to sub-controller noise on the queue lengths and rates of
transmission, and to regulate the signal power transmitted
between two sub-controllers.

The controller K is implemented using the left-coprime
architecture derived in Section IV. The information trans-
mitted from Cy to Cy are (114 75)’ and gz, and they get cor-
rupted by noise viz. (v);; v.15)" and vee, respectively. The
exogenous signals are identified as the available capacity
w and the noise (vly1,v.5,v.5)". The regulated variables
are two queue lengths ¢; and ¢2, and the difference be-
tween the data rate of the source and the fraction of w
allocated to that source, i.e. r{ —ajw and ro — asw. Thus,

z=[ (re —a1w) (r1 —agw) g5 qi ]. The controlled
inputisu=1[ry riy 7] ], withu; = (r},1],) and us =
r1. The measured outputsisy=[ y§ vh |'=[¢ ¢ |-

We assume tha a; = as = 0.5. The dynamics of the net-
work is described by:

e Node 1: ql(k + 1) = ql(k) +7r (k‘) - Tlg(k)

e Sub-controller Cy: r1 = f1(q1, r2a+ve11, r12+ve12, G2+ve2)
o Node 2: go(k+ 1) = qa(k) + r2(k) + r12(k) — w(k)

e Sub-controller Cy: ro = fo(q2); 12 = f12(g2)

where f1, fo and fi2 are causal and linear operators.
Clearly, plant Gaz (the part of generalized plant G
[t;u] — [z;y] which maps u to y) and controller K
in this case are lower triangular operators i.e.: Gag :=

* x| 0 10

[4‘7} and K = | |0
o+ | *

¥ | *

scription of Gag is given by: Ga = {é g ] -

. The state-space de-
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A 0 | By 0
0 Ay | Ba B _ _ _
Cl 0 0 0 where Al = A2 = 1, B1 =
0 C3 1|0 0

[ 1 1 ],le = [ 0 -1 ],BQ = ]., and Cl = CQ = 1.

The state-feedback matrix F, and observer gain matrix
L for Gay are chosen such that A + LC and A + BF

. | FA 0 | Li O
are Hurwitz: F = [ 0 PR } , L = [ 0 Ly } , where
F1 = [ —-09 0 ]T,FQ = —0.9,L1 = L2 = —0.9. The
doubly coprime factorization of Gao is described by X, =
14+0.8) ‘ 0 ot | 0
6701)\ TF0.8) :|, Y'r = 0 0 ; Xl =
1-0.1x 0 ‘ —0.81X
1—0.1x
—1-0.8\ 0.9\ | 0813 |
I—0.Ix  1—-0.1x 1-0.1x
0 -1 0 Y, =10 0
0 0.9X —1-0.8x 0 ‘ 0.81X
1—0.1x | 1-0.1x 1—0.1x
1-) 0.9\ |
1-0.1x 1-0.1x
M.=1|0 -1 0 ;
0 —0.9X ‘ T—X
1-0.1x | 1-0.1x
o 1o | 0 o1x | 0
Ny, = A — s My = ] T—X
0 1—0.1x ‘ 1—0.1x ‘ 1—0.1x
A A ‘ 0
Ny = [ LA A x ] . Note that all right co-
0 1-0.Ix ‘ 1-0.1x

prime factors are lower triangular.

G- T

n T2
Cl @@ Lo " q2 CQ

c1TA 1 0

K

T2

T q2

e

Uc19 o
Vc2

T2
Verttpn 0 O/
0 JAN D 0 q
Vc12| o 0 A 2
Ve2

Fig. 16. 2-nodal ABR network with uncertain communication chan-
nel

The communication channel uncertainty is assumed to
enter in a multiplicative manner as shown in Fig. 16. As
shown in Fig. 17 the problem can be written in standard
(M, A) form, where M(K) = [ Pouw | Do ] . @,y is the

(I)rw (I)T’U
4 x 1 closed-loop transfer matrix from w to z, ®,, is the
4 x 3 closed-loop transfer matrix from v = (vl vl Uls)’
to z, @, is the 3 x 1 closed-loop transfer function from w
to r = (v} y7)" and ®,, is the 3 x 3 closed-loop transfer

11

Fig. 17. M — A form of 2-nodal ABR network

function from v to r. M(K) is affine in the parameter Q.
ndeed @, and ®,,, can be written as affine functions of
using coprime factors of Goy and @, is affine in @ as
established in Section V. In this example, ®,.,, is equal to
0. These four transfer functions can be written in terms
of Youla parameter @ (in H — UQV form ) such that the
design problem can be written as following optimization
problem:
v= inf inf [[DM(Q)D™!||,,

o QEly, lower triangular DED

(35)

which can be solved using the technique given in [18] to
obtain a global solution.

The closed loop map ®,,, can be obtained by rewriting
dynamics of network in terms of A transform as follows:

—a 1 0 0
—Aag 0 0 1
— A A 0
z _ 1I-X | 1-x  1-X w —
( Y ) B 0 0 1—/\>\ 11\>\ ( u > N
— X A 0
1—X | =X 1:><\ \

G | Gz w _ w B o
( Ga1 | Ga2 v | =6\, ) v= Ky This im-
plies that ®,, = H, — U;QV; where, H, = Gy +
G12Y, MiGa, Ur = Gi2M, and Vi = M;Gz; which is

0.81A2 A(1 = 0.8))
iven Hy = [<0.5 + — 0 0.5, 0 gy
given 1y = [=05 4 757555 ~0% a=g oy U
(=N 09y .
1-01x 1-0.1x
. 09N —(1—\)
U, — 1-01x 1-0.1A
1 -\ -\ 0 )
1-0.1x 1-0.1X
0 A —-A
L \ 1—-0.1A 1-0.1X J
Vi = [— 0]’. Since, the controller is implemented

1—0.1)\
using left-coprime architecture of Section IV, and coprime
factors X; and Y; are affine in ), ®,, can be written as
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0 0
®,, = Hy—UsQV; where @, = aMQQXQl 6\422}/21 ,
—~NopXo1  NooYa
0 0 00 0
| —MoXS MY |0 0 My
2= 0 U2 =g g o
—N3o X3, NooYy) 0 0 Nz
and Vp = N Mu Gere X9, and Y are lower
=N M2

off-diagonal parts of X; and Y;. By substituting for values
of coprime factors, Hs, Us and V5 can be written as: Hy =

0 0 0 00 0
0.9A(1 —X) 0 0 —(1=2X)
(1—0.1x)2 U, — 1—0.1)
0 0 0|’ 72 000
2 _
0.9 0 0 A
(1—0.11)2 1—0.1A
A A 1—A
Vo = 1—-0.1X IXO.D\ 1-0.1X
0 1—-0.1X 0
In order to obtain (@ parametrization of ®&,.,,

the dynamic equations of the network with r =
(rhy iy qb) as regulated variable is written in terms of
0 1 0 0
0 0 1 0
A as following:( " ) = % ﬁ ﬁ 0
Y =T 2 A
X | =% X Y
0 [0 == ==

)

Ky. This implies that @, =

~/~

g g

~
Il

G<“’
u

Hs — UsQV3 where,

Hy = G + GYo MGy, Us = GioM, and V3 =
M;Go1 which can be computed to be the follow-
0.81\2 —~A(1+0.8))
ing: Hs = ' U
e s ooz & aoonge 0 U
—1-n 0o
1-01X 1-0.1X y Ao
~1 = [—=— 0"
: “a Y 01 Ve = [y 0 Thus,
1-0.1) 1-0.1X 0
M transfer matrix can be written as an affine func-
tion of @ as follows: M = izw izv =

Hy —U1QVi | Hy — UsQV; }
H; — UsQVs | 0 :

The optimal controller obtained by solving the robust

synthesis problem in (35) is Qopt(A) = Qu | G with
Q21 | Q22

Qu\) = [—0.6—0.283>\—0.0689>\2+0.0217>\3+0.016>\4—0.002)\5
11 140.786A+0.362A2+0.085X3+0.005 1% )
0.198)\—0.156)\2—0074)\3—0.018/\4—0.002>\5]/ Q _ [0 0]/
140.7861+0.3622240.085X34-0.005\2 ’ 12 = » Pl

Q —0.00123—0.001A*—0.001)° and Q _
21 140.786A+0.36222+0.085X340.005 A% 22 =

0.940.706A40.325224+0.0772%40.0041*
140.786A+0.36222+0.085X3+0.005A% *

12

B. Optimal Distributed Controller Design for 2-node ABR
Network: Search over two different architectures

In this example, consider the 2-node ABR network as
shown in Fig. 15. The objectives are to design a dis-
tributed controller for given ABR network which not only
avoids the congestion in the network while keeping the
channel utilization ratio as large as possible, but also mini-
mizes the affect of the sub-controller to sub-controller noise
on the queue lengths (¢; and ¢o) and the regulated rates
(r1,712 and ro) of transmission of packets by regulating
rates r; and 7. It should also minimize the signal power
of transmitted signal between sub-controllers. Thus, it is
required to find a stabilizing controller K which is lower tri-

angular and minimizes ||T(K)||, where T(K) : < :lu ) —

(;)_ {@zw P..,

(btw q)tn
formance requirement of system, ®,, captures the affect
of sub-controller communication noise on performance and
®,,, denotes the power of transmitted signal with respect to
power of external input signals where n = v and t = n + v.
From Section IV, T(K) = T(Q), where @Q is lower trian-
gular and stable. This parametrization makes the closed-
loop map &, affine in @, i.e. &, = H — UQV, where
H = G114 + G2, MGy, U = G1oM and V = M;Go;.
®,,, = I depend on the architecture. Thus, the two convex
performance optimization problems to be solved are: p; =
inf ||T(K)H1a Hr =

], where ®,,, captures the per-

K — stabilizing, lower triangular,
based on the left-coprime architecture
inf

I7(K)x
K — stabilizing, lower triangular,
based on the right-coprime architecture

Solving above two optimization problems for these
two architectures, two different optimal controllers
Qopt,t and Qope,r are obtained as shown in Fig. 18 - 19
with p; = 1.5 and p,. = 3.7, respectively. Clearly, in this
example it is better to use left-coprime architecture with
w; = 1.5. For the centralized optimal controller the ¢,
norm from exogenous input w to regulated variable z is 1,
however, if this centralized solution is implemented in a dis-
tributive manner using the left-coprime architecture the ¢4
norm from noise to regulated variable becomes 1.87, which
is 25% higher than g, in this example. Similarly, a distribu-
tive implementation of the centralized solution using the
right-coprime architecture leads to an ¢; norm from noise
to regulated variable of 6.45, which is 74% higher than ..
in this example. In Fig. 18 - 19 In(1) and In(2) are inputs
g2 and g1, respectively; and Out(1), Out(2), and Out(3) are
outputs ra, 712, and rq, respectively.

VII. CONCLUSION

In this paper, the problem to design optimal distributed
controllers is formulated in terms of Youla parameter Q). A
sufficient condition is obtained which assures internal sta-
bility of distributed implementation and guarantees that all
relevant closed loop maps are stable and affine in ). Two
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Step Response

From: In(1) From: In(2)

To: Out(1)
-

Amplitude
To: Out(2)
°

0.5 1 j_,_,_,—'_'_'_l/
0 |
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To: Out(3)

Fig. 18. Qopt,r optimal controller for left-coprime architecture
with p; = 1.5

Step Response

From: In(1) From: In(2)

To: Out(1)

Amplitude
To: Out(2)

To: Out(3)

0 5 10 150 5 10 15
Time (sec)

Fig. 19. Qop¢,1 optimal controller for right-coprime architec-
ture with p, = 3.74

architectures are obtained for distributed implementation
of controller such that the closed loop is internally stable
and the optimal performance problem is convex. These ar-
chitectures are further refined for controllers with specific
information structures viz. nested and banded structures.
These two architectures provide a subclass of controllers
which can be implemented distributively such that the per-
formance including the affect of sub-controller noise and
the power of sub-controller transmission signal results in a
convex optimization problem.

13

VIII. APPENDIX

A. Exzample:  Unstable closed-loop system with sub-
controller communication

Consider a generalized plant G with exogenous input w,
control input u, measured output y and regulated output
z = y given by.

- A A 0

1-X 1-X 1—_A/\ N

a - (Gu G _ 0 O =X 1=
G o) | TR TS A

—A A

0 0 =X =

y = Gou+ Gaw,u= Ky.

The plant Ga2 has triangular structure. Consider con-
troller K with ( i Bu o 0

Y1
U2> [Km K22}<y2> &

is also triangular. K is implemented distributively as
shown in Fig. 4 where t; is the sub-controller trans-
mission signal from K; to K whereas no signal is

transmitted from K to K; and therefore tg = 0.
K is distributively implemented such that ) =
Y1 K1 0 Y1
a(2) - [ o) m ()
Y2 _ Ky Koy Y2 .. .
Ko £ = { 0 0 t In this imple
mentation, t; = y; and Py, = Ko Py. A min-
imal state space representation of Gao is given by
1 0 1 1 0
A B 0 1 0 -1 1 .
G22_<C D)_ T 0] 000 | WVt
0 1 0 0 O
-0.8 0
F = —-01 0 and L = <_(1),9 ?9),
0 -0.9 ’
A + BF and A + LC are stable. A doubly
coprime factorization of Gao is given by X, =
—1.52)
14+1.8) ‘ 0 1-0.1X 0
1-0.1) v, — —0.19X 0
0.19)7 1+1.8\ y tr = 1-0.1) )
(1—0.10)2 | 1=0.1A —0.17X —1.71)
(1—0.1M)2 | 1=0.1x
—1-1.72  —0.8) 0 1.52) 0
1000 T0.98 109
X = 110.9X  110.0x 0 Yi=| _1iom 0
0 0.9A ‘ —T—1.8X 0 ‘ 71X
1+0.9x | T140.9x 1+0.9X
1+0 9/\ ‘ 0 1+()J\9/\ 1+39>\ 0
M = 0 T—X s N = 0’ -3 ‘ X
1+0.9X 1+0.9X | T+0.9x
—o 9 —0.8) 0
SR
M, = T—0.0) 1-0.1x 0 , Ny =
Z0.09\2 0.9X(1—-0.2X) 1—)
(1=0.10)2 (1=0.10)2 ‘ I—0.1x
A ‘ 0
i 01>\ 1-0.1x
0.1\ —A(1-0.2X) BN
(1—0.17)2  (1—0.1))? ‘ 1—0.1x
Controller K =Y, X! is stabilizing which is
__1.52) 0
K | K | _ o}t 0
Ko | Kz IBEY T |
T (1+1.8))2 ‘ 1+1.8\
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and the closed-loop map ., = H —UQV = H = G11 +
G12Y,. M;G21 can be written as

—A(1+1.8))
_ _ _ T—0.1X)(1+0.9X
q)zw_< >_< >_<( —O.)1(9)\3 )>'
A0V (150,00
Note that z = y ie. z = (21,25) = (y],95) and Py,
has only one unstable zero at z = —1.8. Thus, the closed
loop map from w to z is stable. Note that the map @y,
from w to sub-controller transmission signal ¢ is not stable.

Indeed, @4y = K21Py, 00 = )?{21 [)?223/21—1722X21]X1_11‘I’y1w
—AZ(O 17—0.2)) —A(1+1.8)) 23(0.17-0.2))

(pzlw
@2211;

(I)?hw
q)ygw

= =010 (I+L.80)2 (I—0.1M)(1F0.9%)  (1—0.1N)2(1+1.81)(1+0.91)
which is unstable, because K5; has two unstable poles at

—1.8 while ®,,,, has only one unstable zero at z = —1.8.
Y1 BN
ta t1

> admit minimal realizations

Note that the sub-controllers K : (

anng:(?f)ﬂ(;f

given by
—1.8 1 0
K _ [ Aci | Be, 1 _ | =151 [0 0
! Cc, | Do, |~ | —019 0 0
0 10
Ac, | Be .
and Ky = [ Ccz Dcz } with Ac, = =18, B, =
—1.52
17 3012 _07 CCI,l 019 ) 001,2 0; DCI,ll -
0
D¢, 12 E Dcio1r = 1, Dg22 = 0 and
-1.8 0 0
Ac, = ( —171 0 ) Bean = ( ~1.71 ) B,z =

(001> Cenn=(0 1), Cora=(0 0),

Dc,.12 = Dgy 21 = De, 02 = 0.
It can be shown that the induced realization of the con-

troller K : ( Yy (™
Ak | Bk

Y2 Uz
K= [ Cr | Dk
tions of Theorem III.1 are not met.

as given in Theorem III.1 by

} is not stabilizable. Thus the condi-

B. Proof of Corollary III.1: Left-coprime architecture
_[¢cn
Let KQ = 0 C%l

and K, given by (8)-(9), the controller K can be written
as:

} and by using definitions for K,

(36)

1
K = K0+Kn{021 g }

K, can be partitioned according to the dimensions of
n1 and ny as K,, = [ K1 Ko ] that leads to

To=XK,=| XiKy1 XiKps |=[Tar Taz |. (37)
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Therefore, by replacing K by its Q-parameterized form
Y;17I, multiplying (36) from left by X; and then replac-
ing X, K,, by T, following can be obtained:
YVi—-XiKo) = [ TuC3 Tu2C3 . (38)
By suitably choosing K, i.e., suitably choosing
Ci, and C%;, a solution for (38) can be obtained lead-
ing to a stabilizing distributed implementations with con-
vex performance problem as discussed next. 7T, can be
further partitioned in conformation with X; as T, =
Ty T
( Taal thl2
al a2
nication channels for transmission in each direction are

. t
used between sub-controllers i.e. ¢ = tll
12
n21

to1 _ n11 _ 1 _
(tz ) n1—<n12> andn2—<n22 ) Set Cy =

Y11X11 and C% = Y22X22 . (38) is further simplified to:

). Consider the case when two commu-

7t2 =

{ N o (Yia — X12X 5, Vas) } _
(Yor — Xo1X1,'Y11) 0
[ Ta1C3 Ta2C3y ], (39)

Remark: In order to solve (39) such that T, is stable and
affine in @, it is required to factorize (le — X12X22 Ygg)
and (Ygl X21X11 Yu) into two factors such that at least
the left factor is stable and affine in @. Thus, if there is a
way to factorize (39) to obtain Ty, (which is stable and affine
in Q), Cd; and C%,, then rest of sub-controller parts viz.
Ciy, C%y, Cly and C3, can be obtained by using definition of
K,, given by (8). Furthermore, if the closed loop map @,
is stable and affine in @, then this unplementatlon glves
an architecture with C{; = YHX11 and C% = You X5
for which the performance problem in the presence of sub-
controller communication uncertainty is a convex problem.

Writing C3; and C%; in block form compatible with di-

2u

i } and (3, = [ 5! ]

mension of T,1, i.e. C3; = {
(39) becomes:
TiaCot + TihnCaf =
T Cott + ThoCof =
T C3t 4+ TiasC3 =
Ty C3tt + Ty O3

o

Yor — Xo1 X1;' Y1)
Yip — X12X22 Y22)

O/\/\

One set of solution for above equations is T, = }721, Cip =
[T, = —X01,C3 = X'V, T4, = 0 and T, =
0 which can be readily obtained by visual inspection.
Similarly, Tg5, = }712,021 = I1,T}, = )?12,6'21 =
X22 Yoo, T4, =0 and T, = 0 are also obtained. This im-
0 0 Yo —Xi

plies T, = [ ~
Yoy —Xo1 0 0

] with parts of sub-

I I
controllers Ci, = [ ~ 1~ } and C2, = [ ~ 1=~ ]
21 X111Y11 21 X221Y'22

Other parts of controllers are obtained by using definition
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of K, given by (8) as follows

-1
o[ 0 Ch I —cl,
ct 0 —C3, I ’
e I —Cnp | _[ 0 O
This implies that K, { —cg, I =l o |

and therefore

Ta [ —0z, I = Xl o2 g =
Xl ez, o
Substituting for 7, in above equation gives
{ 0 [ Vio —Xio | ] [ I —Cp }
[ Yor —Xoi | 0 —C3 1
X1 XuH 0 0112} o
=] = ~ , which implies that
{ Xo1 Xoo C 0 P

{ *[ 37&2 —Xy ]0222

[ Ve X5 ]
[ Yoo —Xo ] }

—[ Yo —Xo1 |C,
{Xlzcm X110},

~ . (40
X22C7,y leCllz] 40)

Corresponding elements in matrix equatlon glven by (40)
are compared to obtain: X11012 = [ Y12 7X12 ] which
implies that Cf, = [ X11 Yio —X11 X1 ]

)?210112 = —[ Yo1 —Xop ]C212 which implies that

0212 = { N—?~ ~—01~ }
X Y2 =Xy Xoo

X92C% = | Yoy —Xy | implies that C%, =
[ )55213/21 —X5'Xo1 |-

X102 = — [ Yis —Xio ] C2, implies that

0 0
C:, = S_1o S1= . Thus, two sub-
2 [ X221Y21 _X221X21 }

controllers with this architecture are given by (20)
and is called left-coprime architecture as shown in
Fig 7. It can be verified that sub-controllers
0111’ 0112’ 02117 0212’ CIZD C’122’ 02217 and 0222 given
by (20) satisfy (17). By substituting Ci;, Ci,,
Ci, Cly, C%, C%4, C3, and C3, in the definitions of
Ky, Ky and Ky, given by (8)-(10), following is obtained:

Keo= X0 0 T Xa) o
Yor —Xo1 O 0
H[ II{ } and Ky, = H{ Ig } II is a permutation
0 0TI o0
. I 0 0 O
matrix given by II = 000 Il Furthermore for
0 I 0 O
left-coprime architecture, the closed loop map @, =
K 1
n([¥ ou-xare+] 1]V,

By noticing that T, = X, K,,, T, =

Yl_l?l, following is obtained:
T, = { 0 X2 0 Yia }HT
— X1 0 Yo1 O ’

K. X,, and K =

For review only
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Yii Yo
. Yo1 Yoo _ M, )
T, =11 X1 Xi» and &, =11 { N, } T, which
Xo1 Xoo

are stable and affine in ). The transmitted signals in this

architecture are given by t = (t},t5) = (t]1, t1a, thy,ths) =

(y1, ut, Y2, uy)" = (uy, uj, vy, 93) .

C. Proof of Corollary II1.2: Right-coprime architecture
Rewrite controller K as

% 0 b

K = K0+[ }Kt.

K; can be partitioned according to the dimensions of

t1 and ty as K; = [ gﬂ }, that leads to
t2

B

Therefore, by replacing K by its @Q-parameterized form
Y. X, 1, multiplying (41) from right by X, and then re-
placmg KX, by T;, following can be obtained:

C%2Tb2
C’122Tb1 ’

KnX,
KX, (42)

Ty
T, = K, X .
b — t { Tb2 :|

(?r - KOYT‘) = |: (43)

T, can be further partitioned in conformation with

— T T, .
X, as T, = ( T’f Tbrl ) With two com-
b2 b2
munication channels for transmission in each direc-
tion being used between sub-controllers set C}; =

Yllell and C% = Y22X2721, and simplify (43) to
[ 0 (Yiz — Y1 X' X12) } [ Clgsz
(Yor — Ya2 X355 Xo1) 0 Cty Ty

Similarly, the right-coprime architecture, (24) can be ob-
tained. Right-coprime architecture is shown in Fig 8. It can
be verified that sub-controllers Cty, Ci,, Ci;, Ciy, C%,

C%, C3, and O3, given by (24) satisfy (17).
T,, Ty and Py, for this architecture are given by: T, =
_ _ o 0 Y12
[ X1t X2 Yo Yoo I, T, = 7 Yo 0
Xo1 Xoo Yor Yoo 0 —X12
—X21 O

and @4, =Ty [ Ny M, } II which are stable and affine in
Q. The transmitted signals in this architecture are given
by ¢ = (tllat/Q)/ = (tlllvt/123t/217tl22)/ = (yll’u/lvyé’uéy =
Iy, uh, 41, 95)"-

D. Nested Structure Controller: Condition to obtain stabi-
lizing architectures

It can be shown that the result presented in [13] to
obtain above two architectures for nested system can
be derived from (38)-(43). This is done by by setting
Cl, = X'Vy; and €2, = X;;'Ys, in (38) and by set-
ting O}, = Y11 X;" and CF = Yau Xo,', (43). As noted
in the above two architectures for nested structure con-
trollers given by (33) and (34), C{y, = 0,C4, = 0,03, =
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0 and C%, = 0. This is in conformation with the definition
of Cl,,C3y,C3, and C%, for nested structure as there is no
signal being transmitted from K5 to K;. Using this and
right multiplying (39) by X, and left multiplying (43) by
X, following two equations are obtained:

0 = 0 0
Ty = [ T, ] [T 0] = { (Yar X11 — Xo1Y11) }

o

_ 0 0
TaT = =1 T O = ~ ~ )
b [ T, ] [T ] [ (X22Y21 — Y22 X51) 0 }

This implies that (a) T Ty = }721X11 - )Z'QlYll, and
(b) TaTb = XQQ}/Ql - }/QQXgl, where Ta = X220122 and
T, = C3,X11. Equation (a) is same as the set of equations
used in [13] to derive the architectures shown in Fig. 11 and
12. Note that if (a) (and (b)) can be factorized to obtain
affine in Q factors T, and T, then it will result in all pos-
sible architectures with O}, = Y1; X3 and C3, = You Xoo'
(and architecture with C; = Y1; X;," and C3 = Yau Xoy')
for which the performance problem in presence of sub-
controller communication is a convex problem.

The following corollary follows

Corollary VIII.1: Consider 2-nest Goo— K system shown
in Fig. 6 having double-coprime factorization given by
Lemma IV.1 with nested-structure K being a stabiliz-
ing controller parameterized in terms of nested-structure
Q. K is implemented distributively such that C}; =
Y11 X[, and CF; = Y2, X5,'. Then there exists an architec-
ture for distributive implementation such that the closed-
loop map T(K) is a stable and affine in @ if and only if
there exists a factorization of (3721X11 - )Z'leu) such that
the two factors are stable and affine in Q.
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