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Robust control approach to force estimation in a constant position
optical tweezers

Tanuj Aggarwal,a),b) Hullas Sehgal,a),c) and Murti Salapakad)

University of Minnesota, 200 Union St SE, Minneapolis, Minnesota 55455, USA

(Received 6 December 2010; accepted 19 October 2011; published online 22 November 2011)

Feedback enhanced optical tweezers with position regulation capability enable detection and esti-
mation of forces in the pico-Newton regime. In this article we delineate the fundamental limita-
tions and challenges of existing approaches for regulating position and force estimation in an optical
tweezer. A modern control systems approach is shown to improve the bandwidth of force estimation
by three to four times which is corroborated experimentally. © 2011 American Institute of Physics.
[doi:10.1063/1.3660271]

I. INTRODUCTION

Single cell and single molecule studies require instru-
ments with the ability to manipulate and interrogate matter
at the nanoscale. One of the prevalent means of probing sin-
gle molecules is optical tweezers1 that provide the capability
of measuring interaction forces with sub pico-Newton resolu-
tion.

Optical tweezers use radiation pressure of a focused laser
beam to trap and maneuver sub-micron sized dielectric parti-
cles (henceforth called beads) with a refractive index higher
than that of the surrounding medium. Typically, the molecule
under investigation is chemically tethered to a bead that is
held in an optical trap.2 The dynamics of the biomolecule is
inferred from the measurements of the position of the trapped
bead.3 Thus, the force measurement resolution is determine
by the attainable resolution with which the position of the
bead can be determined.

In most current optical tweezers setups, the position of
the bead is measured using a position sensitive photodiode,3

which collects the laser light that passes through the bead. The
behavior of an optically trapped bead can be modeled by an
overdamped Hookean spring provided the bead stays within
a couple of hundred nanometers of the center of the optical
trap.4 More nuanced models that address hydrodynamic ef-
fects are presented by Berg-Sørensen and Flyvbjerg.5 Feed-
back strategies have significantly enhanced the performance
of optical tweezers. The two prevalent feedback modes of op-
tical tweezers operation are: the isotonic clamp6 and the iso-
metric clamp.3 Isotonic clamps are particularly useful in mea-
suring the stepping behavior of motor proteins by regulating
the force applied by the optical trap and thereby maintaining a
constant tension in the protein. Isometric clamps (also called
constant position optical tweezers (CPOTs)) regulate the po-
sition of the trapped bead to a constant value by changing the
position of the trap. In an isometric clamp external forces ex-
erted on the bead are countered by opposing forces exerted
by changing the position of the trap. Here, the effort/force

a)Tanuj Aggarwal and Hullas Sehgal are joint first authors
b)Electronic mail: aggar028@umn.edu.
c)Electronic mail: hullas.sehgal@gmail.com.
d)Electronic mail: murtis@umn.edu.

required to regulate the position of the trapped bead is con-
sidered to be a direct measure of the force exerted by the
biomolecule under investigation. In a detection scheme where
the bead position is measured using a stationary reference
laser beam separate from the trapping beam, position regu-
lation helps maintain the fidelity of measurements by keeping
the trapped bead within the linear detection region of the de-
tection beam.

As noted earlier, in an optical tweezers setup, the force
generated by a biomolecule is inferred by a bead tethered
to the biomolecule. One of the fundamental limitations on
the temporal resolution of the force measurements is im-
posed by the time constants of the bead dynamics. In other
words, force profiles that change faster than the bead’s re-
sponse time cannot be inferred easily from the measurements
of the bead position.7 In a constant position optical tweez-
ers, measurements of the bead position is processed by a con-
troller that manipulates the laser to reposition the bead to a
specified location. It can be shown that this strategy of reg-
ulating the bead position, together with the interpretation of
the control effort as an estimate of the forces, partly over-
comes the limitations on the temporal resolution of force
estimation imposed by the bead dynamics.8–10 Effectively,
feedback increases the stiffness of the entire system, which
improves the temporal resolution of force estimation. In this
article we present evidence that the feedback strategy also
has limitations in that the effective stiffness cannot be in-
creased indefinitely. We delineate the causes for these limi-
tations. We present experimental evidence that if the propor-
tional gain of a proportional-integral controller is increased
beyond a certain threshold, then the power spectral density of
the bead position shows a qualitative change,4, 11 wherein a
resonance-like peak, that cannot be explained by the first or-
der dynamics of the feedback controlled bead, appears. The
changed dynamics, makes the operation non-robust wherein
small perturbations destabilize the operation rendering high
gain controllers ineffective. Thus, we demonstrate that using
the strategy of increasing controller gains precludes achieving
high bandwidth force estimation. An instance of the utility of
high bandwidth estimation that transcends these limitations
is the ability to observe the dynamics of biomolecules un-
der physiological conditions where currently the experiments
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are conducted under non-physiological conditions achieved
by reducing ATP concentration.3 In this article we address
the question, whether it is possible to use optical tweezers for
measuring forces having high frequency content by employ-
ing a linear feedback strategy while avoiding problems such
as emergence of a peak in the power spectrum of the bead
position. This question is addressed in Sec. IV of this article,
where fundamental limitations arising due to latencies 4, 11 in
the closed loop optical tweezers are discussed.

High bandwidth estimation using optical tweezers was
reported earlier by the authors using an inversion based ap-
proach that resulted in an order of magnitude increase in the
bandwidth of external force estimation.7 The reported scheme
utilizes a PI controller for position regulation followed by an
ad hoc inversion of the experimentally identified dynamical
map from external force to measured output. However, the
scheme is restricted by the PI controller structure. In this ar-
ticle the problem of estimating forces with high bandwidth
is cast in a robust control framework wherein multiple ob-
jectives of constant position regulation of the trapped bead
and estimation of external force are optimized simultaneously
over the space of all stabilizing controllers. We show an im-
proved bandwidth of force estimation over the system inver-
sion strategy7 and also provide the limits of achievable perfor-
mance using the linear control strategies. Results are verified
through simulations and demonstrated experimentally.

Our experimental setup of CPOT is presented in Sec. II.
The modeling of CPOT from a control systems perspective
is described in Sec. III, followed by an explanation of fun-
damental limitations that plague the closed loop operation
of optical tweezers in Sec. IV. The challenge of increasing
the bandwidth of a constant position optical tweezers is dealt
with in the robust control framework in Sec. V where an opti-
mal linear feedback strategy is developed to measure external
forces having high frequency content. Finally, the experimen-
tal results are presented in Sec. VI.

II. EXPERIMENTAL SETUP

Figure 1 shows the schematic of optical tweezers setup
along with the detection and feedback mechanism. The lin-
early polarized IR laser beam (Nd:YAG laser from Crysta-
Laser Inc., λ = 1064 nm, maximum power output = 500 mW)
is expanded using a 10× beam expander (Thorlabs Inc.) and
passed through a half-wave plate that rotates the polarization
vector such that most of the power is along the s-polarized (s-
pol) component and only a small percentage of the total laser
power is in the p-polarized (p-pol) component. A polarizing
beam splitter (PBS1, Newport Inc.) splits these components
spatially by allowing transmission of the p-pol while reflect-
ing the s-pol (45◦ angle of incidence), thereby creating two
non-interfering beams. The s-pol beam is used for creating
the trap whereas the p-pol beam is used for detection of the
trapped bead. The p-pol beam is used for detection since the
s-pol beam has smaller leakage through PBS1. It is seen that
PBS1 allows 0.01% transmission of s-pol beam while allow-
ing 4% reflection of the p-pol beam which results in a small
amount of coupling.

FIG. 1. (Color online) Schematic of our optical tweezers setup outlining the
detection and actuation mechanism. The solid black line represents the laser
path with the arrows indicating the direction of propagation. The laser source
emits linearly polarized beam. The beam’s polarization vector is rotated using
a half-wave plate before it enters a polarizing beam splitter (PBS-1). PBS-1
splits the s and p components of the polarized beam to create two orthog-
onally polarized beams. The s-polarized beam is sent through a dual-axis
AOD and forms the high intensity trap. p-polarized beam is low intensity
and is used for detection purposes. Both the beams are nominally collocated
at the specimen plane. The fluctuations of the trapped bead are measured by
imaging the p-polarized beam, that passes through the bead, onto the position
sensitive photodiode (PSD). The AOD is computer controlled, thus enabling
modulating the optical trap due to the s-polarized beam.

The s-pol beam is passed through a dual axis acousto-
optic deflector, AOD (IntraAction Corp. DTD-276HD6) be-
fore it is combined with the p-pol beam at the beam
splitter, PBS2. The combined beam is introduced into the
inverted microscope (Nikon Inc., TE2000U) from above the
epi-fluorescence port and directed into the back aperture of
the oil immersion objective (numerical aperture, NA = 1.4)
using the dichroic mirror, DM1. The power of p-pol beam is
reduced to an extent that it has negligible effect on the opti-
cal trap. The sample for our experimental results is a colloidal
solution of polystyrene beads, 2.1 μm in diameter. Both the
p-pol and the s-pol beams are passed through separate tele-
scopic arrangements of plano-convex lenses (not shown in the
figure). The telescopic lenses in the s-pol beam path have fo-
cal lengths matched to make the AOD output plane conjugate
to the back focal plane of the microscope objective. This en-
sures that changing the trap position does not change the trap
symmetry.

The detection setup consists of a 20× objective mounted
above the sample stage on a manual X–Y–Z micropositioner.
It serves the dual purpose of condensing the light from the
halogen lamp used for illuminating the sample and for col-
lecting the laser beam exiting from the sample. The dichroic
mirror DM2 directs the collimated laser beam exiting the con-
denser objective to a third beam splitter, PBS3. PBS3 splits
the p- and s-polarized beams. The p-polarized beam is di-
rected to a position sensitive photodetector (PSD) (Pacific Sil-
icon Sensor Inc., DL100-7PCBA3) while the high power s-
polarized beam is collected in a beam dump. A FPGA based
data acquisition system (National Instruments, PCI 7833R)
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FIG. 2. (Color online) (a) Experimentally determined frequency response of the transfer function, H = GD, of the optical tweezers system. Input of H is
the command, ũ, given to the AOD and the output of H is the measurement, y, from the photodiode. Magnitude curve is the magnitude of amplification of
inputs at the output whereas the phase curve characterizes the delay between the input and the output. (b) Frequency response of the transfer function of the
instrumentation dynamics, D, deduced from H and a physical model, G, of the bead dynamics in an optical trap.

is used to capture voltage signals from the photodiode and
to implement a real-time digital feedback controller in Lab-
VIEW (National Instruments). The controller output actuates
the trap position by modulating the input to the AOD. A col-
ored charged couple device (CCD) camera is used to view the
specimen on the computer. The optical setup is mounted on
an air table (Melles Griot Inc.) to isolate it from ground vi-
brations. The optics of the detection system are mounted on a
custom made aluminum optical breadboard.

III. MODELING CONSTANT POSITION OPTICAL
TWEEZERS

A. Physical model

The optically trapped bead system is typically modeled
as a linear spring-mass-damper system for relatively small
displacements of the trapped bead from the trap position.12

Equation of motion (EOM) governing this behavior is given
by,

β ẋ + k(x − u) = η(t) + Fe(t), (1)

where β is the damping coefficient, η is the stochastic
Langevin force (thermal noise), Fe denotes the sum of all ex-
ternal forces, x is the instantaneous position of the bead, u
is the instantaneous position of the laser trap, which is con-
trolled by the AOD, and k is the trap stiffness constant. The
EOM relates the net force (Fe + η) on the trapped bead to
the bead position (x). EOM in Eq. (1) can be viewed as an
input-output system with the force as the input and the bead
position as the output. This model suffers from undermodel-
ing due to lack of accountance of hydrodynamic interactions.
A more complete model by Berg-Sørensen and Flyvbjerg 5

may be used but it is not amenable to the analysis in this arti-
cle. Input-output relations that are governed by ordinary dif-
ferential equations are conveniently handled in the Laplace
transform domain where the Laplace transform of Eq. (1) is
given by

x(s) = k

βs + k
u(s) + 1

βs + k
(η(s) + Fe(s)), (2)

s being the Laplace transform variable. The Fourier response
of the system at any angular frequency ω can be obtained
by setting s = jω. We define the transfer function, G(s) : x

u
= k(βs + k)−1 which, for s = jω, represents the frequency
response of the system from input u(s) to output x(s). Note
that a single-input single-output transfer function only relates
effect of one particular input to the output. The net output is
the sum of products of transfer functions and corresponding
inputs as in Eq. (2). Analyses in the subsequent sections uses
the following tools and definitions. The frequency response of
the system with transfer function G(s) consists of two plots:
plot of 20log |G(jω)| and of tan −1G(jω) with respect to the
logarithm of angular frequency, ω. It represents the amplifi-
cation and phase delay, respectively, introduced by the system
G to an input sinusoid of frequency ω. The maximum amplifi-
cation over all the frequencies is the H∞ norm of the system,
i.e., ‖G‖∞ := max ω|G(jω)|. The frequency response of an
experimentally determined transfer function of an open loop
optical tweezers is shown in Fig. 2. Roots of the numerator
polynomial of G(s) are zeros of the system and the roots of the
denominator polynomial are the poles of the system. A root
with negative real part is referred to as a left half plane (LHP)
zero (pole) whereas a root with a positive real part is referred
to as the right half plane (RHP) zero (pole). For the remain-
ing discussion, all transfer functions and signals are functions
of s and this argument is dropped for notational convenience.
Equation (2) is then rewritten as

x = Gu + G
1

k
(η + Fe). (3)

We will denote by F̄ := 1
k (η + Fe) and will be referred to as

the normalized force; F̄ , which the represents nominal dis-
placement of the bead under the influence of combined force
η + Fe.

B. Open loop model: Instrumentation dynamics

The optical tweezers instrumentation introduces its own
dynamics into the system that has a significant effect on the
measurements and the actuator inputs. They are modeled as
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follows:

u = Dũ, (4)

y = x + n, (5)

where ũ is the desired position of the trap and is also the in-
put to the AOD. D is the transfer function of instrumentation
dynamics that includes the delay introduced by the finite sam-
pling time and response time of AOD. y is the measurement
of the bead position x, corrupted by noise n. Thus it follows
that

y = G Dũ + G F̄ + n. (6)

The above equation represents the open loop system where
the actuator input, ũ is provided by the user instead of be-
ing generated by a controller. The transfer function from the
input, ũ to the output y is GD. The corresponding frequency
response is shown in Fig. 2.

C. Closed loop model

In the closed loop operation, the measured output, y, is
processed by a controller to decide the control action, ũ. In
CPOT, one of the objectives of the controller is to regulate the
bead position, where y is compared with a reference value, r
and the difference between these quantities, e := r − y, is used
by the controller K to generate a control signal, ũ, to reduce
the regulation error, er = r − x. Thus,

ũ = K (r − y), (7)

and merging Eqs. (3)–(5) and (7), we get a closed loop relation
between external inputs and measured output, given by

y = G

1 + L
F̄ + L

1 + L
r + 1

L
n, (8)

where L = DKG. L is called the loop gain and constitutes the
product of the transfer functions involved in the closed loop
operation. We further define the sensitivity transfer function,
S, and the complementary sensitivity transfer function, T, by

S := 1

1 + L
, (9)

T := L

1 + L
. (10)

Note that S + T = 1. With these new definitions, Eq. (8) can
be rewritten as

y = GSF̄ + T r + Sn. (11)

The significance of the transfer functions S and T is explained
later.

IV. FUNDAMENTAL LIMITATIONS

A. Emergence of peak

In CPOT operation, the control effort, ũ counters the
effect of external forces to maintain the bead position at a
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FIG. 3. (Color online) Experimentally obtained power spectrum of the bead
position for a 2.1 μm diameter bead for different values of proportional gains,
kp, in a constant position tweezers configuration. The power spectrums are
smoothed for clarity using a polynomial fit. The peaking behavior is distinct
for kp = 13.

constant value. ũ is considered a direct measure of the nor-
malized force, F̄ . A proportional controller increases the ef-
fective trap stiffness and thereby increases the bandwidth of
force estimation.7 Indeed, consider the experimentally ob-
tained power spectral density (psd) plots of the bead position
shown in Fig. 3 for the open-loop case and for three differ-
ent cases of closed-loop operation with varying proportional
gains kp. It is seen that with kp = 2, the cut-off frequency (the
frequency where the psd starts to roll off) is higher than the
open-loop case. This cut-off frequency is related to the tem-
poral resolution of estimating external forces where a higher
cut-off frequency results in a higher temporal resolution.4, 11

In Fig. 3 it is also seen that with the proportional gain kp

= 7 and kp = 13, the cut-off frequency is higher. However,
the resulting psd now deviates from a first order shape due the
emergence of a peak. The emergence of a peak in the psd is
attributed to the latencies in the closed loop implementation
that includes data acquisition sampling and delays within the
actuator.4, 7, 11 We show that the extent of the peaking behavior
can be predicted by the sensitivity transfer function S of the
closed loop system. Furthermore, we also show how the ob-
jectives of force estimation and position regulation are related
to S and we delineate fundamental limitations in obtaining de-
sired characteristics in S.

B. Limitations explained using S

With perfect regulation, i.e., y = r, we have S
= 0 and T = 1, which is easily deduced from
Eq. (11). Under these conditions, the trap movement, u is
such that it cancels all the external force disturbances and
thus u becomes an estimate of the normalized external force,
F̄ . The requirement, S = 0, is uniform over all the frequen-
cies, ω. The question then arises: is it possible to make S
= 0? The short answer is “No.” The reason is explained
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as follows. Note that S = 1
1+DK G , where D models the dy-

namics of AOD. Latencies in a system result in a transfer
function containing right half plane (RHP) zeros.4, 7 As ex-
pected, experimentally identifiedD (see experimental results,

D = 0.86
(s+111)2(s2−1.61×105s+1.1×1010)

(s+1167)(s2+1.5×105s+9×109)

)
does contain RHP ze-

ros that result from latencies in the AOD. Presence of RHP
zeros can lead to emergence of a peak in psd when propor-
tional controller gain, kp is increased, which we demonstrate
next. The weighted sensitivity integral formula (also called
the second waterbed formula)13 states that

∫ z
0 ln |S( jω)| dω

≈ constant, where z is the frequency of the RHP zero. In other
words, the area under the logarithm plot of magnitude of sen-
sitivity transfer function, S, within a finite frequency region,
[0, z], is a constant. The theorem on this result is provided
in the supplementary material.16 The width of the frequency
region is dictated by the location of RHP zeros of L whereas
the constant depends on the location of both the RHP poles
and the zeros of L. Closer the RHP zero is to 0, smaller the
frequency region. A PI controller is designed to reduce the
magnitude of S, within a frequency region [0, ωB]. It success-
fully achieves this but at the cost of increasing S in the higher
frequency range (to maintain a constant area) which affects
the spectrum of bead position, given by

psdx (ω) = 1

2π
|G(ω)|2|S(ω)|2psdF̄ ,

where psdx and psdF̄ are the psds’ of the bead position, x
and that of the normalized external force, F̄ , respectively.
The lower bound on the magnitude of the peak in the psd,
i.e., ‖S‖∞, also depends on the location of RHP zero in the
loop transfer function, L.14 Smaller the magnitude of RHP
zero, greater the lower bound on ‖S‖∞ (see supplementary
material16 for the theorem on this result). As |S| is reduced
for certain frequency range, ‖S‖∞ increases. Thus, it is im-
possible to avoid emergence of peak in the power spectrum of
trapped bead position (or equivalently increase the bandwidth
of optical tweezers for external force estimation) for any lin-
ear controller K. In summary we have identified latencies in
the instrumentation dynamics as the primary bottleneck to
high bandwidth force estimation with analytical estimates on
the bandwidth possible and the maximum magnitude of the
regulation error (given by the peak in |S|)

V. CONTROL STRATEGY

A. System inversion

As shown in Sec. IV B, RHP zeros imposes fundamental
limitations on increasing the bandwidth of CPOT as a force
probe. This challenge was partly met by Sehgal et al.7, where
the objectives of constant position regulation and estimation
of F̄ , were addressed independently. A proportional-integral
controller, KPI, was designed for position regulation. The ex-
ternal forces were estimated by inverting the transfer func-
tion relating F̄ to y, which is modeled as y = GSF̄ (from Eq.
(11)). In this scheme, an inverted system, K P I

2 = (GS)−1 was
designed to process the measurement, y and generate an es-
timate, F̂ of actual F̄ . The drawback of this scheme is that

the controller, KPI, is not optimal and the approach of system
inversion is ad hoc which is not optimized with respect to the
controller. Furthermore, inverting the transfer function from
F̄ to y is sensitive to any uncertainty in modeling.

B. Robust control

In this section, various performance objectives related to
constant position regulation and estimation of forces are iden-
tified and an optimal strategy based on robust control theory is
developed. The result is a further increase in the bandwidth of
external force estimation over the system-inversion method.
The objectives of the robust controller are outlined below:

1. The primary objective of the controller is yield a good
estimate, F̂ , of normalized external force, F̄ .

2. Another objective for the controller is maintaining the
bead position at a constant desired value.

3. The third objective is to avoid large trap movements, u,
to maintain the validity of linear spring assumption of
the optical trap and thereby avoid instabilities in the sys-
tem (arising out of non-linearities).

These objectives can be mutually conflicting and there-
fore an optimization based strategy is required that achieves
these objectives in a balanced manner. In this article, such
an optimal strategy is developed using the robust control
framework. A single-input, multi-output controller structure
is adopted where the input is error in regulation, er and out-
puts are control signal, ũ and force estimate, F̂ . Written com-
pactly, [ũ F̂]T = K er , with K = [K1 K2]T. The idea is to gen-
erate a control signal, ũ, using K1 and to generate an estimate,
F̂ , using K2. The multiple objectives of constant position reg-
ulation, bounded trap movement (or control effort), and esti-
mation of external force are mathematically described by the
following relations:

∣∣er (ω)
∣∣ <

∣∣W −1
s (ω)F̄(ω)

∣∣ or
∣∣Ws

er

F̄

∣∣ < 1 for all ω,∣∣u(ω)
∣∣ <

∣∣Wu−1 (ω)F̄(ω)
∣∣ or

∣∣Wu
u
F̄

∣∣ < 1 for all ω,∣∣eF (ω)
∣∣ <

∣∣W −1
F (ω)F̄(ω)

∣∣ or
∣∣WF

eF

F̄

∣∣ < 1 for all ω,

(12)

where eF := F̄ − F̂ is the error in the estimation of force,
F̄ and the three requirements in Eq. (12) correspond to posi-
tion regulation, providing bounds on trap movement and force
estimation, respectively. Ws, Wu, and WF are the weighting
transfer functions provided by the control designer to empha-
size the relative importance of the frequencies for which the
objective is to be met. The magnitude of weighting functions
must be large for frequencies where smaller magnitudes are
desired (so that the desired error bound reduces). As explained
in Sec. IV B, error at all frequencies cannot be reduced simul-
taneously, therefore, an insightful choice of weighting func-
tions is required from the control designer. More on how to
choose these transfer functions is discussed in Sec. VI. Next,
we derive alternate relations for performance objectives in
terms of transfer functions. The transfer functions er

F̄
, u

F̄
, eF

F̄
in Eq. (12), can be evaluated from the previous equations as
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given below:
er

F̄
= GSR,

u

F̄
= −T R,

eF

F̄
= 1 + K2GSR,

(13)

where

SR = 1

1 + L R
, (14)

T R = L R

1 + L R
, (15)

L R = K1 DG. (16)

In deriving Eq. (13), we have assumed r = 0 and n = 0, which
are non-restrictive assumptions but simplify the problem sig-
nificantly. Thus, the objectives in Eq. (12) are equivalently
described by the following conditions:∥∥Ws GSR

∥∥
∞ < 1,∥∥Wu T R

∥∥
∞ < 1,∥∥WF (1 + K2GSR)

∥∥
∞ < 1.

(17)

These conditions can be represented by a single matrix in-
equality, ∥∥∥∥∥∥∥∥∥∥∥

⎡
⎣ Ws GSR

Wu T R

WF (1 + K2GSR)

⎤
⎦

︸ ︷︷ ︸
M

∥∥∥∥∥∥∥∥∥∥∥
∞

< 1. (18)

The optimal control problem is to synthesize a transfer func-
tion matrix K(s) = [K1(s) K2(s)]T such that the H-infinity
norm of the performance objective transfer function matrix,
M is minimized. The controller transfer function K1 alone
achieves the performance objectives of constant position reg-
ulation and bounded control input, while the transfer function
K2 aids the minimization of the estimation error, eF, in con-
junction with K1(s). The estimation error, eF, is required to
be small for a large frequency range to achieve a high band-
width estimation of the external force input, F̄ . The estimate

F̂ is filtered with an appropriately designed Wiener filter to
minimize the contribution due to thermal noise.

VI. RESULTS AND CONCLUSIONS

In this section we present the analytical and experimental
results obtained by implementing the control strategy devel-
oped in Sec. V B. These results are also compared with the
results obtained using the method of system inversion7 show-
ing the benefits of robust control methodology. An optical
trap was created for a polystyrene bead of diameter 2.1 μm.
The parameters of the transfer function, G = k/(βs + k) were
found experimentally using the power spectrum method.15

The spring constant k was determined to be 0.02 pN nm−1.
The drag coefficient β was chosen to be 1.76 × 10−5 N s m−1,
corresponding to that of water at 25 ◦C. This resulted in a cut-
off frequency, fc = k/2πβ, for G to be 176 Hz. The trans-
fer function, H, relating ũ and y was experimentally deter-
mined using the frequency sweep method.4, 7 The frequency
response is shown in Fig. 2(a). H was fitted with a 2 zeros and
3 poles model. As expected, H has RHP zeros, which imposes
a fundamental limitation (see Sec. IV). Note that H = DG,
therefore, the instrumentation dynamics, D can be evaluated
using the relation: D = H/G. The deduced frequency response
of D is shown in Fig. 2(b). After finding analytical models for
the individual transfer functions, the external force input was
estimated using the method of system inversion7 and the pro-
posed robust control method.

A. System-inversion approach

For the system-inversion method, the PI gains, kp and ki,
were chosen to minimize the output variance 〈y2〉. They were
found to be kp = 10 and ki = 10 000. The PI controller is rep-
resented as KPI = kp + ki/s. The corresponding closed-loop
sensitivity and complementary-sensitivity transfer functions
are denoted by SPI and TPI where the superscript, PI, is in-
troduced to distinguish them from the transfer functions ob-
tained in the robust control framework. Using the system in-
version approach, K P I

2 is synthesized as −1
GSP I

2π fQ

(1+2π fQ ) , where

GSPI is the transfer function relating F̄ to y. The low pass filter
2π fQ/(s + 2π fQ) is introduced for convenience in digital im-
plementation of K P I

2 (GSPI is an improper transfer function7).
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FIG. 4. (Color online) Magnitude of frequency responses of the weighting functions. (a) Ws , weight on regulation error. (b) WF, weight on force estimation
error. (c) Wu, weight on controller effort.
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B. Robust control approach

The goal of synthesizing optimal filters K1 and K2 to meet
the three performance objectives listed in Sec. V depends on
a careful choice of the weighting functions, Ws, Wu, and WF.
These weighting functions were designed by utilizing the best
PI controller, KPI = 10 + 10 000/s as,

Ws = (GSP I )−1,

Wu = (T P I )−1,

WF = (
1 + K P I

2 GSP I
)−1

.

All RHP poles in these weighting functions were transposed
to the left half plane (reversed the sign of the real part of the
pole) to keep the magnitude plot of these transfer functions
unchanged. Purely imaginary poles (real part of pole equal to
zero) in these weighting functions were replaced by a pole at
−1 in LHP. Frequency responses of the weighting functions
are shown in Fig. 4 and the frequency response of the con-
troller K = [K1 K2]T is shown in Fig. 5. The K that minimizes
‖M‖∞ is optimal among the class of all linear stabilizing con-
trollers. The controller K1 was implemented in real time on
National Instruments real-time FPGA. For the estimation of
the external input force, F̄ , the high order filter K2 was im-
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FIG. 6. Time trace of bead position with and without the robust controller.
The controller is turned off at the indicated time whereafter the Brownian
excursions of the bead within the trapping potential can be clearly seen to be
much larger than the feedback controlled portion.

plemented offline. A time trace of the bead position with and
without the control action is shown in Fig. 6 that confirms the
stability of the controller and verifies the position regulation
objective.

C. Comparison

The regulation performance objective was defined
through the condition ‖WsGSR‖∞ < 1, (Eq. (17)). This
is alternatively expressed by the condition,

∣∣GSR(ω)
∣∣

<
∣∣W −1

s (ω)
∣∣ for all ω. In other words, the magnitude part

of the frequency response of GSR should lie below that
of W −1

s (ω). Figure 7(a) shows that the robust controller
meets this condition better than the PI controller because∣∣GSR(ω)

∣∣ <
∣∣GS P I (ω)

∣∣ <
∣∣W −1

s (ω)
∣∣ for all ω. Similar anal-

ysis was done for the objective of bounded controller effort,
i.e., ‖WuGK1DSR‖∞ < 1. Figure 7(b) shows that both con-
trollers meet the objective. In this case, control effort of the
robust controller is almost the same as that of PI controller ex-
cept at higher frequencies where robust controller is slightly
more aggressive.

As mentioned earlier, the estimation of external force
input remains the most important performance objective of
CPOT. Figure 8(a) shows the results for force estimation ob-
jective, i.e., ‖WF(1 + K2GSR)‖∞ < 1. Magnitude of error
in force estimation by the robust controller is at least 10 dB
below that by the system-inversion method for all frequen-
cies up to 10 kHz. This confirms that using robust controller
transfer functions K1 and K2 can help increase force esti-
mation bandwidth of optical tweezers over the method of
system inversion. System-inversion method was previously
shown to be an order in magnitude better (in terms of band-
width) than the conventional method of force estimation.7

This claim is further confirmed by looking at the frequency
response of transfer function between external force input, F̄ ,
and its estimate, F̂ , shown in Fig. 8(b). The transfer func-
tion from F̄ to F̂ remains very close to unity for the robust
control method (up to 10 kHz) and for system inversion, it
stays within the −3dB specification. In contrast, phase plot of
system-inversion approach, falls rapidly beyond 2 kHz. This
indicates the estimate, F̂ , obtained using the system inversion
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FIG. 7. (Color online) (a1) Verification of the first performance objective: |Wser| < 1, or, the magnitude of error in position regulation, er is smaller than the
chosen weighting function W −1

s for all the frequencies. (a2) Phase part of the frequency response from external force, F̄ to regulation error, eF. No bound
on phase response was specified. (b1) Verification of the second performance objective: |Wuu| < 1, or, the magnitude of control effort, u is within the limits
specified by the weighting function, Wu. (b2) Phase part of the frequency response from external force, F̄ to control effort, u.

approach is not a good reflection of F̄ , if it has frequency con-
tent above 2 kHz.

The analytical results obtained for the robust control
method and the system inversion approach were confirmed by
experimental data. Experimental data were generated by first
adding a sinusoidal frequency sweep (chirp) signal, d to ũ.
The effect of this signal is to disturb the trap position by Dd.
This corresponds to normalized external force F̄ . Amplitude
of the disturbance signal was set to 100 nm. With this distur-
bance active, the error signal, er and estimated signal, F̂ were
recorded. Frequency response was subsequently obtained by
computing the ratio of Fourier transforms of the signals.
Multiple datasets were recorded to average out the effect of
thermal noise. Figure 9(a) shows the experimentally obtained
frequency response of the transfer function between F̄ and

er using the two methods and was found in good agreement
with the analytically obtained transfer functions shown in
Fig. 7(a). Figure 9(b) compares the experimentally obtained
plot between the external force input, F̄ , and its estimate, F̂ ,
for the two methods. We see that the magnitude plot of trans-
fer function remained within 3 dB range up to ∼6.5 kHz for
both the methods. However, the phase remained within ±15◦

up to 7.5 kHz for the robust control method and up to 2 kHz
for the system inversion scheme. Thus, experimentally it was
observed that the robust control method helped improve band-
width of estimation of external force input by over three times.
We would like to remark that the physical model, G, for the
optical tweezers was chosen to be based on simple first order
dynamics that ignores higher order effects of hydrodynamic
forces. A more accurate analysis that includes such effects is

10
1

10
2

10
3

10
4-80

-60

-40

-20

0

M
ag

n
it

u
d

e 
(d

B
)

10
1

10
2

10
3

10
40

100

200

300

Frequency (Hz)

P
h

as
e 

(D
eg

re
e)

a

10
1

10
2

10
3

10
4-4

-2

0

M
ag

n
it

u
d

e 
(d

B
)

10
1

10
2

10
3

10
4

-40

-20

0

Frequency (Hz)

P
h

as
e 

(D
eg

re
e)

b

a1

a2

b1

b2

Robust Controller

System Inversion

Weighting Fn.

System Inversion

Robust Controller

Robust Controller

System Inversion

Weighting Fn.

Robust Controller

Weighting Fn.

FIG. 8. (Color online) (a1) Verification of the third performance objective: |WFeF| < 1, or, the magnitude of error in force estimation, eF is less than that
specified by the weighting function W −1

F for all frequencies. (a2) Phase part of the frequency response from external force, F̄ to estimation error, eF. No bounds
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to estimate external force, F̄ . Plots show magnitude part of the frequency response of the transfer function from external force, F̄ to its estimate F̂ using the
robust control method and the system inversion method. The two methods perform similarly for all frequency in estimating force magnitudes. (b2) The two
methods differ in the corresponding phase response. Estimates by the system inversion method has significant phase lag compared to that obtained by the robust
control method, for frequencies beyond 1.5 kHz.

provided by Ref. 5. Note however, that the modern control
methodology, unlike the traditional PI design, incorporates
the model of the system to determine the optimal controller.
Thus, the models used need to be tractable for the controller
design process. Also, the complexity of the optimal controller
determined depends on the complexity of the models of the
system involved and thus even if the control design process
determines a controller, the real-time task of implementing
the controller can be thwarted by a overly complex controller.
That said, if these challenges can be overcome then a better
system model will yield better performance. Thus, the strat-
egy of control design outlined in this article can be adopted for
better models with further enhancements in the performance
of optical tweezer operation, which is a part of future work.
The efficacy of the controller design presented here can be
partly assessed by the experimental results in Fig. 6 where the
bead motion due to thermal noise when the controller is on
and off is shown.
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