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Abstract. In this paper we consider the problem of minimizing the `1 norm of the transfer
function from the exogenous input to the regulated output over all internally stabilizing controllers
while keeping its H2 norm under a specified level. The problem is analyzed for the discrete-time,
single-input single-output (SISO), linear-time invariant case. It is shown that an optimal solution
always exists. Duality theory is employed to show that any optimal solution is a finite impulse
response sequence, and an a priori bound is given on its length. Thus, the problem can be reduced
to a finite-dimensional convex optimization problem with an a priori determined dimension. Finally,
it is shown that, in the region of interest of the H2 constraint level, the optimal is unique and
continuous with respect to changes in the constraint level.
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1. Notation. The following notation is employed in this paper:
int(X) The interior of a set X.
|x|1 The 1-norm of the vector x ∈ Rn.
|x|2 The 2-norm of the vector x ∈ Rn.
x̂(λ) The λ transform of a right-sided real sequence x = (x(k))∞

k=0 defined
as x̂(λ) :=

∑∞
k=0 x(k)λk.

`1 The Banach space of right-sided absolutely summable real sequences
with the norm given by ‖ x ‖1:=

∑∞
k=0 |x(k)|.

`∞ The Banach space of right-sided, bounded sequences with the norm
given by ‖ x ‖∞:= supk |x(k)|.

c0 The subspace of `∞ with elements x that satisfy limk→∞ x(k) = 0.
`2 The Banach space of right-sided square summable sequences with the

norm given by ‖ x ‖2:=
[∑∞

k=0 x(k)2
] 1

2 .
H2 The isometric isomorphic space of l2 under the λ transform x̂(λ) with

the norm given by ‖ x̂(λ) ‖2=‖ x ‖2 .
X∗ The dual space of the Banach space X. 〈x, x∗〉 denotes the value of

the bounded linear functional x∗ at x ∈ X.
W (X∗, X) The weak star topology on X∗ induced by X. In this topology,

x∗
n → x∗ if and only if 〈x, x∗

n〉 → 〈x, x∗〉 for all x ∈ X.
T ∗ The adjoint operator of T : X → Y which maps Y ∗ to X∗.
The following identities also hold (see, e.g., [7]): (`1)∗ = `∞, (c0)∗ = `1, (`2)∗ = `2.

2. Introduction. Consider the finite-dimensional linear time invariant system
depicted in Figure 2.1, where P denotes the plant and K denotes the controller. The
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FIG. 2.1. Plant controller configuration.

signal w is the exogenous input and z is the regulated output. The signals u and
y denote the control input and the measured output, respectively. Let Tzw be the
closed-loop transfer function which maps w to z.

Many important control problems can be reduced to the above setup, where the
objective is to minimize a suitably defined measure of Tzw. In the standard `1 problem
the design of an internally stabilizing controller such that the `∞ norm of the regulated
output z due to the worst-case magnitude bounded disturbance w is addressed. It is
shown in [3] that this problem reduces to solving finite-dimensional linear programs.
The analogous problem, with the signal measures being the `2 norm, is the standard
H∞ problem. The standard H2 problem is concerned with the minimization of the
energy contained in the pulse response of the closed loop, Tzw. This can be viewed
as minimizing the variance of the regulated output z due to a white noise input w.
Both problems are discussed in [4].

It is well known (see, e.g., [2]) that optimization with respect to a particular
norm may not necessarily yield good performance with respect to another. Thus,
if enhanced performance is required with respect to multiple measures, then it is
necessary to include all these measures directly into the design process. As a logical
step, the design of controllers to satisfy mixed performance criteria has recently been
the focus of researchers. Several state-space results on the interplay between the
H2 and H∞ are available (see, e.g., [5]). In [1] it is shown that a wide variety of
mixed control problems reduce to convex optimization problems, and it is argued
that the present technology makes it possible to deem the problem solved if it can be
reduced to a convex optimization problem. In this light it is appropriate to exploit
as much structure in the problem as possible, so that the standard software available
becomes computationally efficient. In [6] the problem of minimizing the `1 norm of
the closed loop under linear inequality constraints is addressed. Every such problem
is equivalent to a linear programming problem which has a canonical dual problem
associated with it. Contrary to the finite-dimensional case, it is not true that every
infinite-dimensional linear program has the same optimal value as its dual. However,
it was shown by the authors that under some conditions this “duality gap” does not
exist between the primal and the dual, which is advantageous from a computational
point of view. The problem of minimizing the `1 norm of the closed loop while
keeping the H∞ norm under a prescribed level falls under the above category. In [8]
the problem of minimizing the `1 norm of a single-input single-output (SISO) transfer
function while keeping the H∞ norm of the closed-loop system under a specified value
is reduced to solving a sequence of finite-dimensional convex optimization problems
and an unconstrained H∞ problem. In [9] it is shown that the H2/`1 problem, the
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problem of minimizing the H2 norm of the closed loop while maintaining the `1
norm below a prescribed value, reduces to a finite-dimensional convex optimization
problem. However, no a priori bound on its dimension is furnished, which substantially
degrades the efficiency of the solution procedure since it may require a large number
of iterations.

In this paper, the `1/H2 problem, which is the problem of minimizing the `1
norm of Tzw while keeping the H2 norm below a prescribed level, is considered. This
problem not only complements the one studied in [9], but it also turns out that
much stronger results can be obtained which make this problem considerably more
attractive to solve. In particular, it is shown that the problem reduces to a convex
finite-dimensional one, and an a priori bound on its dimension is established. The
latter feature is important in reducing the computational burden. Furthermore, the
developments in this paper are substantially different than those in [9] and are more
far reaching.

The paper is organized as follows. In section 3 relevant duality theory results
are given. In section 4 the problem statement is made precise. In section 5 it is
shown that an optimal solution always exists, and that it is a finite impulse response
sequence. An a priori bound is given on its length. In section 6 the region of interest
of the constraint level on the H2 norm is determined. It is shown that in this region
the optimal is unique and is continuous with respect to changes in the constraint level.
In section 7 an example is given to demonstrate the theory developed.

3. Mathematical preliminaries. In this section we present a Lagrange duality
theorem that applies to the minimization of a convex functional subject to both
equality and inequality constraints. A sensitivity result which follows directly from
the Lagrange duality theorem is presented. We employ the terminology used in [7],
which is standard. First, we need the following definitions.

DEFINITION 3.1. Let P be a convex positive cone in a vector space X. We write
x ≥ y if x−y ∈ P. We write x > 0 if x ∈ int(P ). Similarly, x ≤ y if x−y ∈ −P := N
and x < 0 if x ∈ int(N). Given a vector space X with positive cone P the positive
cone in X∗, P⊕ is defined as

P⊕ := {x∗ ∈ X∗ : 〈x, x∗〉 ≥ 0 for all x ∈ P}.

DEFINITION 3.2. Let X be a vector space and Z be a vector space with positive cone
P. A mapping G : X → Z is convex if G(tx+(1−t)y) ≤ tG(x)+(1−t)G(y) for all x, y
in X and t with 0 ≤ t ≤ 1 and is strictly convex if G(tx+(1−t)y) < tG(x)+(1−t)G(y)
for all x 6= y in X and t with 0 < t < 1.

The following is a Lagrange duality theorem.
THEOREM 3.3. Let X be a Banach space, Ω be a convex subset of X, Y be a

finite-dimensional normed space, and Z be a normed space with positive cone P. Let
Z∗ denote the dual space of Z with a positive cone P⊕. Let f : Ω → R be a real valued
convex functional, g : X → Z be a convex mapping, H : X → Y be an affine linear
map, and 0 ∈ int[range(H)]. Define

µ0 := inf{f(x) : g(x) ≤ 0, H(x) = 0, x ∈ Ω}.(3.1)

Suppose that there exists x1 ∈ Ω such that g(x1) < 0 and H(x1) = 0, and suppose
that µ0 is finite. Then

µ0 = max{ϕ(z∗, y) : z∗ ≥ 0, z∗ ∈ Z∗, y ∈ Y },(3.2)
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where ϕ(z∗, y):= inf{f(x) + 〈g(x), z∗〉 + 〈H(x), y〉 : x ∈ Ω }, and the maximum is
achieved for some z∗

0 ≥ 0, z∗
0 ∈ Z∗, y0 ∈ Y .

Furthermore, if the infimum in (3.1) is achieved by some x0 ∈ Ω, then

〈g(x0), z∗
0〉 + 〈H(x0), y0〉 = 0,(3.3)

and

x0 minimizes f(x) + 〈g(x), z∗
0〉 + 〈H(x), y0〉 over all x ∈ Ω.(3.4)

Proof. Given any z∗ ≥ 0, y ∈ Y , we have inf{f(x)+〈g(x), z∗〉+〈H(x), y〉 : x ∈ Ω}
≤ inf{f(x) + 〈g(x), z∗〉 + 〈H(x), y〉 : x ∈ Ω, g(x) ≤ 0, H(x) = 0} ≤ inf{f(x) : x ∈
Ω, g(x) ≤ 0, H(x) = 0}= µ0. Therefore, it follows that max{ϕ(z∗, y) : z∗ ≥ 0, y ∈
Y }≤ µ0. From Problem 7 of [7, Chap. 8] (see Lemma 9.1 in the Appendix for problem
statement and proof), we know that there exists z∗

0 ∈ Z∗, z∗
0 ≥ 0, y0 ∈ Y such that

µ0 = ϕ(z∗
0 , y0). This proves (3.2).

Suppose there exists x0 ∈ Ω, H(x0) = 0, g(x0) ≤ 0, and µ0 = f(x0); then
µ0 = ϕ(z∗

0 , y0) ≤ f(x0) + 〈g(x0), z∗
0〉 + 〈H(x0), y0〉 ≤ f(x0) = µ0. Therefore, we have

〈g(x0), z∗
0〉 + 〈H(x0), y0〉 = 0 and µ0 = f(x0) + 〈g(x0), z∗

0〉 + 〈H(x0), y0〉. This proves
the theorem.

We refer to (3.1) as the primal problem and (3.2) as the dual problem.
COROLLARY 3.4. Let X, Y, Z, f, H, g,Ω be as in Theorem 3.3. Let x0 be the

solution to the problem

minimize f(x)
subject to x ∈ Ω, H(x) = 0, g(x) ≤ z0,

with (z∗
0 , y0) as the dual solution. Let x1 be the solution to the problem

minimize f(x)
subject to x ∈ Ω, H(x) = 0, g(x) ≤ z1,

with (z∗
1 , y1) as the dual solution. Then

〈z1 − z0, z
∗
1〉 ≤ f(x0) − f(x1) ≤ 〈z1 − z0, z

∗
0〉.(3.5)

Proof. From Theorem 3.3 we know that for any x ∈ Ω,

f(x0) + 〈g(x0) − z0, z
∗
0〉 + 〈H(x0), y0〉

≤ f(x) + 〈g(x) − z0, z
∗
0〉 + 〈H(x), y0〉.

In particular, we have

f(x0) + 〈g(x0) − z0, z
∗
0〉 + 〈H(x0), y0〉

≤ f(x1) + 〈g(x1) − z0, z
∗
0〉 + 〈H(x1), y0〉.

From Theorem 3.3 we know that 〈g(x0) − z0, z
∗
0〉 + 〈H(x0), y0〉 = 0 and H(x1) = 0.

This implies

f(x0) − f(x1) ≤ 〈g(x1) − z0, z
∗
0〉 ≤ 〈z1 − z0, z

∗
0〉.

A similar argument gives the other inequality. This proves the corollary.
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4. Problem formulation. Consider the standard feedback problem represented
in Figure 2.1, where P and K are the plant and the controller, respectively. Let w
represent the exogenous input, z represent the output of interest, y be the measured
output, and u be the control input where z and w are assumed scalar. Let φ be the
closed-loop map which maps w → z. From the Youla parametrization (see, e.g., [2])
it is known that all achievable closed-loop maps under stabilizing controllers are given
by φ = h − u ∗ q (∗ denotes convolution), where h, u, q ∈ `1, h, u depend only on the
plant P , and q is a free parameter in `1. Throughout the paper we make the following
assumption.

ASSUMPTION 1. All the zeros of û (the λ transform of u) inside the unit disc are
real and distinct. Also, û has no zeros on the unit circle.

The assumption that all zeros of û which are inside the open unit disc are real
and distinct is not restrictive and is made to streamline the presentation of the paper.
Let the zeros of u which are inside the unit disc be given by z1, z2, . . . , zn. Let

Θ := {φ : there exists q ∈ `1 with φ = h − u ∗ q}.

Θ is the set of all achievable closed-loop maps under stabilizing controllers. Let
A : `1 → Rn be given by

A =


1 z1 z2

1 z3
1 . . .

1 z2 z2
2 z3

2 . . .
...

...
...

...
...

1 zn z2
n z3

n . . .

 ,

and b ∈ Rn be given by

b =


ĥ(z1)
ĥ(z2)

...
ĥ(zn)

 .

THEOREM 4.1. The following is true:

Θ = {φ ∈ `1 : φ̂(zi) = ĥ(zi) for all i = 1, . . . , n}
= {φ ∈ `1 : Aφ = b}.

Proof. The proof is given in [2, pp. 104–105].
The problem

ν∞ := inf{‖ h − u ∗ q ‖1 : q ∈ `1}
= inf{‖ φ ‖1 : φ ∈ `1 and Aφ = b}(4.1)

is the standard `1 problem. In [3] it is shown that this problem has a solution which
is possibly nonunique. Optimal solutions are shown to be finite impulse response
sequences. Let

µ∞ := inf{‖ h − u ∗ q ‖2
2 : q ∈ `1},

= inf{‖ φ ‖2
2 : φ ∈ `1 and Aφ = b},(4.2)
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which is the standard H2 problem. The solution to this problem is unique, and the
solution is an infinite impulse response sequence. Define

m1 := inf
Aφ=b,‖φ‖2≤µ∞

‖ φ ‖1,(4.3)

which is the `1 norm of the unique optimal solution of the standard H2 problem. Let

m2 := inf
Aφ=b,‖φ‖≤ν∞

‖ φ ‖2
2
,(4.4)

which is the infimum over the `2 norms of the optimal solutions of the standard `1
problem.

The problem of interest is as follows: given a positive constant γ > µ∞ obtain a
solution to the following mixed objective problem:

νγ := inf{‖ h − u ∗ q ‖1 : q ∈ `1 and〈h − u ∗ q, h − u ∗ q〉 ≤ γ}
= inf{‖ φ ‖1 : φ ∈ `1 , Aφ = b and 〈φ, φ〉 ≤ γ}.(4.5)

Note that 〈., .〉 is the inner product associated with `2. In the following sections we
will study this problem from the point of view of existence, structure, continuity, and
computation of the optimal solutions.

5. Analysis of optimal solutions and their properties. In the first part of
this section we show that (4.5) always has a solution. In the second part we show that
any solution to (4.5) is of finite length, and in the third, we give an a priori bound on
the length.

5.1. Existence of a solution. Here we show that a solution to (4.5) always
exists. We use the following lemma (see, e.g., [7]) to prove the main result of this
subsection.

LEMMA 5.1 (Banach–Alaoglu). Let X be a Banach space with X∗ as its dual.
Then the set {x∗ : x∗ ∈ X∗, ‖ x∗ ‖≤ M} is W (X∗, X) compact for any M ∈ R.

THEOREM 5.2. There exists φ0 ∈ Φ such that

‖ φ0 ‖1 = inf
φ∈Φ

{‖ φ ‖1},

where Φ:={φ ∈ `1 : Aφ = b and〈φ, φ〉 ≤ γ} with γ > µ∞. Therefore, the infimum in
(4.5) is a minimum.

Proof. We denote the feasible set of our problem by Φ:={φ ∈ `1 : Aφ =
b and〈φ, φ〉 ≤ γ}. νγ < ∞ because γ > µ∞, and therefore the feasible set is not
empty. Let B := {φ ∈ `1 : ‖ φ ‖1 ≤ νγ + 1}. It is clear that

νγ = inf
φ∈Φ∩B

{‖ φ ‖1}.

Therefore, given i > 0, there exists φi ∈ Φ ∩ B such that ‖ φi ‖1 ≤ νγ + 1
i . B is a

bounded set in `1 = c∗
0. It follows from the Banach–Alaoglu lemma that B is W (c∗

0, c0)
compact. Using the fact that c0 is separable, we know that there exists a subsequence
{φik

} of {φi} and φ0 ∈ Φ ∩ B such that φik
→ φ0 in the W (c∗

0, c0) sense; that is, for
all v in c0,

〈v, φik
〉 → 〈v, φ0〉 as k → ∞.(5.1)
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Let the jth row of A be denoted by aj and the jth element of b be given by bj . Then,
as aj ∈ c0 we have

〈aj , φik
〉 → 〈aj , φ0〉 as k → ∞ for all j = 1, 2, . . . , n.(5.2)

As A(φik
) = b we have 〈aj , φik

〉 = bj for all k and for all j which implies 〈aj , φ0〉 = bj

for all j. Therefore, we have A(φ0) = b. As l2 ⊂ c0 we have from (5.1) that for all v
in l2,

〈v, φik
〉 → 〈v, φ0〉 as k → ∞,(5.3)

which shows that φik
→ φ0 in W (l∗2, l2). Also, from the construction of φik

, we know
that ‖ φik

‖2 ≤ √
γ. From Lemma 5.1 we conclude that 〈φ0, φ0〉 ≤ γ, and therefore

we have shown that φ0 ∈ Φ. Recall that φik
were chosen so that ‖ φik

‖1 ≤ νγ + 1
ik

.

From Lemma 5.1 we have that ‖ φ0 ‖1 ≤ νγ + 1
ik

for all k. Therefore ‖ φ0 ‖1 ≤
νγ . As φ0 ∈ Φ (which is the feasible set) we have ‖ φ0 ‖1 = νγ . This proves the
theorem.

5.2. Structure of optimal solutions. In this subsection we use Lagrange du-
ality results to show that every optimal solution is of finite length. The following two
lemmas establish the dual problem.

LEMMA 5.3.

νγ = max{ϕ(y1, y2) : y1 ≥ 0 and y2 ∈ Rn},(5.4)

where

ϕ(y1, y2) := inf
φ∈`1

{‖ φ ‖1 + y1(〈φ, φ〉 − γ) + 〈b − Aφ, y2〉}.

Proof. We will apply Theorem 3.3 to get the result. Let X, Ω, Y, Z in Theorem 3.3
correspond to `1, `1, R

n, and R, respectively. Let g(φ) := 〈φ, φ〉 − γ, H(φ) := b − Aφ.
With this notation, we have Z∗ = R.

A has full range, which implies 0 ∈ int[range(H)]. γ > µ∞, and therefore there
exists φ1 such that 〈φ1, φ1〉 − γ < 0 and H(φ1) = 0. Therefore, all the conditions of
Theorem 3.3 are satisfied. From Theorem 3.3 we have

νγ = max
y1≥0,y2∈Rn

inf
φ∈`1

{‖ φ ‖1 + y1(〈φ, φ〉 − γ) + 〈b − Aφ, y2〉}.

This proves the lemma.
The right-hand side of (5.4) is the dual problem.
LEMMA 5.4. The dual problem is given by

max{ϕ(y1, y2) : y1 ≥ 0 and y2 ∈ Rn},(5.5)

where

ϕ(y1, y2) := inf
φ∈`1,φ(i)v(i)≥0

{‖ φ ‖1 + y1(〈φ, φ〉 − γ) + 〈b, y2〉 − 〈φ, v〉}.

v(i) is defined by v(i) := A∗y2(i).
Proof. Let y1 ≥ 0, y2 ∈ Rn. It is clear that

inf
φ∈`1

{‖ φ ‖1 + y1(〈φ, φ〉 − γ) + 〈b − Aφ, y2〉}

= inf
φ∈`1

{‖ φ ‖1 + y1(〈φ, φ〉 − γ) + 〈b, y2〉 − 〈φ, v〉}.
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Suppose φ ∈ `1 and there exists i such that φ(i)v(i) < 0; then define φ1 ∈ `1
such that φ1(j) = φ(j) for all j 6= i and φ1(i) = 0. Therefore, we have ‖ φ ‖1 +
y1(〈φ, φ〉 − γ) + 〈b, y2〉 − 〈φ, v〉 ≥ ‖ φ1 ‖1 + y1(〈φ1, φ1〉 − γ) + 〈b, y2〉 − 〈φ1, v〉. This
shows that we can restrict φ in the infimization to satisfy φ(i)v(i) ≥ 0. This proves the
lemma.

The following theorem is the main result of this subsection. It shows that any
solution of (4.5) is a finite impulse response sequence.

THEOREM 5.5. Define T :={φ ∈ `1 : there exists L∗ with φ(i) = 0 if i ≥ L∗}.
The dual of the problem is given by

max{ϕ(y1, y2) : y1 ≥ 0, y2 ∈ Rn},(5.6)

where

ϕ(y1, y2) := inf
φ∈T ,φ(i)v(i)≥0

{‖ φ ‖1 + y1(〈φ, φ〉 − γ) + 〈b, y2〉 − 〈φ, v〉}.

v(i) defined by v(i) = A∗y2(i). Also, any optimal solution φ0 of (4.5) belongs to T .
Proof. Let yγ

1 ≥ 0, yγ
2 ∈ Rn be the solution to

max
y1≥0,y2∈Rn

inf
φ∈`1,φ(i)v(i)≥0

{‖ φ ‖1 + y1(〈φ, φ〉 − γ) + 〈b − Aφ, y2〉}.

It is easy to show that there exists L∗ such that vγ(i) := (A∗yγ
2 )(i) satisfies |vγ(i)| < 1

if i ≥ L∗. If φ(i)vγ(i) ≥ 0 for all i, then,

‖ φ ‖1 + yγ
1 (〈φ, φ〉 − γ) + 〈b, yγ

2 〉 − 〈φ, vγ〉

=
∞∑

i=0

{|φ(i)| + yγ
1 (φ(i))2 − φ(i)vγ(i)} − yγ

1γ + 〈yγ
2 , b〉

=
∞∑

i=0

{φ(i)(sgn(vγ(i)) − vγ(i)) + yγ
1 (φ(i))2} − yγ

1γ + 〈yγ
2 , b〉

=
L∗∑
i=0

{φ(i)(sgn(vγ(i)) − vγ(i)) + yγ
1 (φ(i))2}

+
∞∑

i=L∗+1

{φ(i)(sgn(vγ(i)) − vγ(i)) + yγ
1 (φ(i))2} − yγ

1γ + 〈yγ
2 , b〉.

Suppose |vγ(i)| < 1. Then we have

φ(i)(sgn(vγ(i)) − vγ(i)) + yγ
1 (φ(i))2 ≥ 0

and equal to zero only if φ(i) = 0. Therefore, in the infimization, we can restrict
φ(i) = 0 whenever |vγ(i)| < 1. As |vγ(i)| < 1 for all i ≥ L∗ it follows that we can
restrict φ to T in the infimization. In Theorem 5.2 we showed that there exists a
solution φ0 to the primal. From Theorem 3.3 we have that φ0 minimizes

‖ φ ‖1 + yγ
1 (〈φ, φ〉 − γ) + 〈b, yγ

2 〉 − 〈φ, vγ〉,

over all φ in `1. From the previous discussion it follows that φ0 ∈ T . This proves the
theorem.
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5.3. An a priori bound on the length of any optimal solution. In this
subsection we give an a priori bound on the length of any solution to (4.5). First we
establish the following three lemmas.

LEMMA 5.6. Let γ > µ∞, m1 := inf
Aφ=b,〈φ,φ〉≤µ∞

‖ φ ‖1, and νγ := inf
Aφ=b,〈φ,φ〉≤γ

‖ φ ‖1.

Let yγ
1 , yγ

2 represent a dual solution as obtained in (5.5). Then yγ
1 ≤ Mγ where

Mγ := m1
γ−µ∞

.

Proof. Let γ > γ1 > µ∞ and νγ1 := infAφ=b,<φ,φ>≤γ1 ‖ φ ‖1. Let yγ
1 , yγ

2 represent
a dual solution as obtained in (5.5). From Corollary 3.4 we have

〈γ − γ1, y
γ
1 〉 ≤ νγ1 − νγ ≤ νγ1 ≤ m1,

which implies that yγ
1 ≤ m1

γ−γ1
. This holds for all γ > γ1 > µ∞. Therefore, Mγ :=

m1
γ−µ∞

is an a priori bound on yγ
1 . This proves the lemma.

LEMMA 5.7. Let φ0 be a solution of the primal (4.5). Let yγ
1 , yγ

2 represent the
corresponding dual solution as obtained in (5.5). Let vγ := A∗yγ

2 , then

yγ
1φ0(i) =

vγ(i) − 1
2

if vγ(i) > 1

=
vγ(i) + 1

2
if vγ(i) < −1

= 0 if |vγ(i)| ≤ 1.

Also, ‖ vγ ‖∞ ≤ αγ where αγ = 2m1
√

γ

γ−µ∞
+ 1.

Proof. Let

L(φ) :=
∞∑

i=0

{φ(i)(sgn(vγ(i)) − vγ(i)) + yγ
1 (φ(i))2} − γyγ

1 + 〈b, yγ
2 〉.

Suppose |vγ(i)| = 1. Now, if yγ
1 = 0, then it is clear that yγ

1φ0(i) = 0. If yγ
1 > 0, then

as φ0 minimizes L(φ) we have φ0(i) = 0. We have already shown that if |vγ(i)| < 1,
then φ0(i) = 0. Therefore, yγ

1φ0(i) = 0 if |vγ(i)| ≤ 1.
Suppose vγ(i) > 1. Then it is easy to show that there exists φ(i) such that

φ(i) ≥ 0 and φ(i)(sgn(vγ(i))−vγ(i))+yγ
1 (φ(i))2 < 0. As any optimal minimizes L(φ),

we know that φ0(i)(sgn(vγ(i)) − vγ(i)) + yγ
1 (φ0(i))2 < 0, which implies φ0(i) > 0 and

therefore 1 − vγ(i) + 2yγ
1φ0(i) = 0. This implies that yγ

1φ0(i) = vγ(i)−1
2 . Similarly,

the result follows when vγ(i) < −1. Therefore, ‖ vγ ‖∞ ≤ 2Mγ‖ φ0 ‖∞ + 1 ≤
2m1

γ−µ∞
‖ φ0 ‖∞ + 1 ≤ 2m1

√
γ

γ−µ∞
+ 1. The last inequality follows from the fact that

〈φ0, φ0〉 ≤ γ. This implies that αγ := 2m1
√

γ

γ−µ∞
+ 1 is an a priori upper bound on

‖ vγ ‖∞. This proves the lemma.
LEMMA 5.8 (see [2]). If y2 ∈ Rn is such that ‖ A∗y2 ‖∞ ≤ αγ , then there exists a

positive integer L∗ independent of y2 such that |(A∗y2)(i)| < 1 for all i ≥ L∗.
Proof. Define

A∗
L =


1 1 1 . . . 1
z1 z2 z3 . . . zn

...
...

...
...

...
zL
1 zL

2 zL
3 . . . zL

n

 ,
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A∗
L : Rn → RL+1. With this definition we have A∗

∞ = A∗. Let y2 ∈ Rn be such
that ‖ A∗y2 ‖∞ ≤ αγ . Choose any L such that L ≥ (n − 1). As zi, i = 1, . . . , n,
are distinct, A∗

L has full column rank. A∗
L can be regarded as a linear map taking

(Rn, ‖ . ‖1) → (RL+1, ‖ . ‖∞). As A∗
L has full column rank, we can define the left

inverse of A∗
L, (A∗

L)−l, which takes (RL+1, ‖ . ‖∞) → (Rn, ‖ . ‖1). Let the induced
norm of (A∗

L)−l be given by ‖ (A∗
L)−l ‖∞,1. y2 ∈ Rn is such that ‖ A∗y2 ‖∞ ≤ αγ ,

and therefore ‖ A∗
Ly2 ‖∞ ≤ αγ . It follows that

‖ y2 ‖1 ≤‖ (A∗
L)−l ‖∞,1 ‖ A∗

Ly2 ‖∞ ≤‖ (A∗
L)−l ‖∞,1 αγ .(5.7)

Choose L∗ such that

max
k=1,...,n

|zk|L∗ ‖ (A∗
L)−l ‖∞,1 αγ < 1.(5.8)

There always exists such an L∗ because |zk| < 1 for all k = 1, . . . , n. Note that L∗

does not depend on y2. For any i ≥ L∗ we have

|(A∗y2)(i)| =

∣∣∣∣∣
k=n∑
k=1

zi
ky2(k)

∣∣∣∣∣ ≤ max
k=1,...,n

|zk|i‖ y2 ‖1

≤ max
k=1,...,n

|zk|i ‖ (A∗
L)−l ‖∞,1 αγ

≤ max
k=1,...,n

|zk|L∗ ‖ (A∗
L)−l ‖∞,1 αγ .

The second inequality follows from (5.7). From (5.8) we have |(A∗y2)(i)| < 1 if i ≥ L∗.
This proves the lemma.

The following theorem is the main result of the section.
THEOREM 5.9. Every solution φ0 of the primal (4.5) is such that φ(i) = 0 if

i ≥ L∗, where L∗ given in Lemma 5.8 can be determined a priori. Furthermore, the
upper bound on lengths of the optimal solutions is nonincreasing as a function of γ.

Proof. Using Lemma 5.7 we can bound on ‖ vγ ‖∞ by αγ . Applying Lemma 5.8, we
conclude that there exists L∗

γ (which can be determined a priori) such that |vγ(i)| < 1
if i ≥ L∗

γ . Using the fact that φ0(i) = 0 if |vγ(i)| < 1, we conclude that φ0 = 0 if
i ≥ L∗

γ . L∗
γ ; was chosen to satisfy

max
k=1,...,n

|zk|L∗ ‖ (A∗
L)−l ‖∞,1 αγ < 1.

αγ is nonincreasing as a function of γ. Therefore L∗
γ is nonincreasing as a function of

γ. This proves the theorem.
Note that as αγ = 2m1

√
γ

γ−µ∞
+ 1, we have that the upper bound on lengths of the

solutions increases to infinity as γ decreases to µ∞. This is commensurate with the
fact that the optimal solution for the standard H2 problem (4.2) is an infinite impulse
response sequence.

The above theorem shows that the problem at hand is a finite-dimensional convex
problem of a priori determined dimension. In particular, in view of Theorem 5.9 the
problem that needs to be solved is as follows:

νγ = min
AL∗ φ=b,〈φ,φ〉≤γ

L∗∑
k=0

|φ(k)|,(5.9)
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where

AL∗ =


1 z1 z2

1 . . . zL∗

1
1 z2 z2

2 . . . zL∗

2
...

...
...

...
...

1 zn z2
n . . . zL∗

n

 ,

and L∗ is given in Lemma 5.8. An alternative representation can be given, as the
following lemma suggests.

LEMMA 5.10. The primal is given by

minimize

L∗∑
k=0

φ+(k) + φ−(k)(5.10)

subject to AL∗(φ+ − φ−) = b

〈φ+ − φ−, φ+ − φ−〉 ≤ γ

φ+, φ− in RL∗
with φ+, φ− ≥ 0.

Proof. Note that in the above theorem the ordering is componentwise for the
inequalities. We will show that (5.9) is equivalent to (5.10). Let p0 denote the value
attained by the objective functional in (5.10). Suppose φ+, φ− satisfy the constraints
of (5.10). Let φ := φ+ − φ−. Then it is clear that φ satisfies the constraints of (5.9).
Also, for each k, |φ(k)| = |φ+ −φ−| ≤ |φ+|+ |φ−| = φ+(k)+φ−(k). This implies that
νγ ≤ p0.

Suppose that φ satisfies the constraints of (5.9). Define φ+ such that φ+(k) = φ(k)
if φ(k) ≥ 0, and 0 otherwise. Similarly, define φ− such that φ−(k) = −φ(k) if φ(k) ≤ 0,
and 0 otherwise. It is clear that φ = φ+ − φ− and that φ+, φ− satisfy the constraints
of (5.10). Also, |φ(k)| = φ+(k)+φ−(k). This proves that νγ ≥ p0. Therefore, νγ = p0.
It is easy to show that if φ+

0 , φ−
0 is optimal for (5.10) then φ0 := φ+

0 − φ−
0 is optimal

for (5.9). This proves the lemma.
This type of convex problem can be solved efficiently using standard methods [1].

6. Uniqueness and continuity of the optimal solution. In this section we
address the issue of uniqueness and continuity of solutions to the primal problem with
respect to changes in the constraint level on the H2 norm of the closed-loop map. In
the first part we address the issue of uniqueness, and in the second part, we show that
the optimal solution is continuous in the region where it is unique.

6.1. Uniqueness of the optimal solution. The following three lemmas are
established before the main result of this subsection.

LEMMA 6.1. Let yγ
1 ≥ 0, yγ

2 ∈ Rn be a solution to (5.5). If yγ
1 = 0, then νγ = ν∞.

This implies that (4.5) reduces to solving a standard `1 problem.
Proof. Let v := A∗y2 and φ1 be such that Aφ1 = b. If yγ

1 = 0, then the dual (5.5)
is given by

max
y2∈Rn

inf
φ(i)v(i)≥0

{‖ φ ‖1 + 〈b − Aφ, y2〉}

= max
y2∈Rn

inf
φ(i)v(i)≥0

∞∑
i=0

{φ(i)(sgn(v(i)) − v(i))} + 〈φ1, v〉

= max
v∈Range(A∗)

inf
φ(i)v(i)≥0

∞∑
i=0

{φ(i)(sgn(v(i)) − v(i))} + 〈φ1, v〉.
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Suppose ‖ v ‖∞ > 1; then there exists j such that |v(j)| > 1. Thus we can choose
φ(j) with φ(j)v(j) ≥ 0 such that φ(j)(sgn(v(j))−v(j)) < M for any M . This implies
that

inf
φ(i)v(i)≥0

∞∑
i=0

{φ(i)(sgn(v(i)) − v(i))} + 〈φ1, v〉 = −∞.

Therefore, we can restrict v in the maximization to satisfy ‖ v ‖∞ ≤ 1. From ar-
guments similar to that of the proof of Theorem 5.9, φ(i) = 0 whenever |v(i)| < 1.
Therefore, the infimum term is zero whenever ‖ v ‖∞ ≤ 1. This implies that the dual
problem reduces to

max
v∈Range(A∗),‖v‖∞≤1

〈φ1, v〉,

which is the same as the dual of the standard `1 problem as given in (4.1) [2]. This
proves the lemma.

LEMMA 6.2. Let Ω be a convex subset of a Banach space X and f : Ω → R be
strictly convex. If f achieves its minimum on Ω then the minimizer is unique.

Proof. Let m := minx∈Ω f(x). Let x1, x2 ∈ Ω be such that f(x1) = f(x2) = m.
Let 0 < λ < 1. From convexity of Ω we have λx1+(1−λ)x2 ∈ Ω. From strict convexity
of f we have that if x1 6= x2 then f(λx1 + (1 − λ)x2) < λf(x1) + (1 − λ)f(x2) = m,
which is a contradiction. Therefore x1 = x2. This proves the lemma.

LEMMA 6.3. Let yγ
1 ≥ 0, yγ

2 ∈ Rn be a solution in (5.5). If yγ
1 > 0 then the

solution φ0 of (4.5) is unique.
Proof. Let L(φ) := ‖ φ ‖1 + yγ

1 (〈φ, φ〉 − γ) + 〈b − Aφ, yγ
2 〉. From Theorem 3.3 we

know that φ0 minimizes L(φ), φ ∈ `1. If yγ
1 > 0 then it is easy to show that L(φ)

is strictly convex in `1. From the previous lemma it follows that φ0 is unique. This
proves the lemma.

The main result of this subsection is now presented.
THEOREM 6.4. Define S := {φ : Aφ = b and ‖ φ ‖1 = ν∞}, m2 := infφ∈S〈φ, φ〉.

The following is true.
(1) If γ ≥ m2, then problem (4.5) is equivalent to the standard `1 problem whose

solution is possibly nonunique.
(2) If µ∞ < γ < m2, then the solution to (4.5) is unique.
Proof. Suppose m2 < γ. Then there exists φ1 ∈ `1 such that Aφ1 = b, ‖ φ1 ‖1 =

ν∞, and 〈φ1, φ1〉 ≤ γ. This implies that νγ = infAφ=b,〈φ,φ〉≤γ ‖ φ ‖1 ≤ ν∞. The other
inequality is obvious. This proves (1).

Let µ∞ < γ < m2 and suppose yγ
1 = 0; then we have shown in Lemma 6.1

that νγ = ν∞. Therefore, there exists φ1 ∈ `1 such that ‖ φ1 ‖1 = ν∞, Aφ1 = b,
and 〈φ1, φ1〉 ≤ γ < m2. This implies that φ1 ∈ S and 〈φ1, φ1〉 < m2, which is a
contradiction. Therefore yγ

1 > 0. From Lemma 6.3 we know that φ0 is unique. This
proves (2).

The above theorem shows that in the region where the constraint level on the H2
is essentially of interest (i.e., active) the optimal solution is unique.

6.2. Continuity of the optimal solution. Following is a theorem which shows
that the `1 norm of the optimal solution is continuous with respect to changes in the
constraint level γ.

THEOREM 6.5. Let νγ := infAφ=b,〈φ,φ〉≤γ ‖ φ ‖1. Then νγ is a continuous function
of γ on (µ∞,∞).
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Proof. If γ ∈ (µ∞,∞), then it is obvious that γ ∈ int{dom(νγ)}, where
dom(νγ) := {γ : −∞ < νγ < ∞} is the domain of νγ . From Proposition 1 of [7,
§8.3] we know that νγ is a convex function of γ. The theorem follows from the fact
that every convex function is continuous in the interior of its domain.

Now we prove that the optimal solution is continuous with respect to changes in
the constraint level in the region where the optimal is unique.

THEOREM 6.6. Let µ∞ < γ < m2. Let φγ represent the solution of νγ =
minAφ=b,〈φ,φ〉≤γ ‖ φ ‖1. Then φγk

→ φγ in the norm topology if γk → γ.
Proof. Let m1 := minAφ=b,〈φ,φ〉≤µ∞ ‖ φ ‖1. Then it is obvious that ‖ φγ ‖1 =

νγ ≤ m1. Without loss of generality, assume that γk ≥ γ/2. Let L∗ represent the
upper bound on the length of φ γ

2
. Then, as the upper bound is nonincreasing (see

Theorem 5.9) we can assume that φγk
∈ RL∗

. Let B := {x : x ∈ RL∗
: ‖ x ‖1 ≤ m1};

then we have φγk
∈ B. Therefore, there exists a subsequence φki

of φγk
and φ1 such

that

φki
→ φ1 as i → ∞ in (RL∗

, ‖ . ‖1).(6.1)

It is clear, as in the proof of Theorem 5.2, that Aφ1 = b as Aφki
= b for all i. Also,

‖ φ1 ‖2
2 ≤ ‖ φ1 − φki

‖2
2 + ‖ φki

‖2
2 ≤ ‖ φ1 − φki

‖2
2 + γki

.

Taking limits on both sides as i → ∞ we get 〈φ1, φ1〉 ≤ γ. This implies that φ1 is
a feasible element in the problem of νγ . From Theorem 6.5 we have ‖ φki

‖1 → νγ .
From (6.1) we have ‖ φ1 ‖1 = νγ . From uniqueness of the optimal solution we have
φ1 = φγ . From uniqueness of the optimal solution, it also follows that φγk

→ φγ . This
proves the theorem.

7. An example. In this section we illustrate the theory developed in the previ-
ous sections with an example. Consider the SISO plant,

P̂ (λ) = λ − 1
2
,(7.1)

where we are interested in the sensitivity map φ := (I − PK)−1. Using Youla
parametrization, we get that all achievable transfer functions are given by φ̂ =
(I − P̂ K̂)−1 = 1 − (λ − 1

2 )q̂ where q̂ is a stable map. The matrices A and b are
given by

A =
(

1,
1
2
,

1
22 , . . .

)
, b = 1.

It is easy to check that for this problem

µ∞ := inf{‖ φ ‖2
2 : φ ∈ `1 and Aφ = b} = 0.75

and

m1 := inf
Aφ=b,‖φ‖ 2

2 ≤µ∞
‖ φ ‖1 = 1.5,

with the optimal solution φ2 given by

φ̂2(λ) =
∞∑

t=0

0.75
2t

λt.
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Performing a standard `1 optimization [2] we obtain

ν∞ := inf{‖ φ ‖1 : φ ∈ `1 and Aφ = b} = 1

and

m2 := inf
Aφ=b,‖φ‖1≤ν∞

‖ φ ‖2
2 = 1,

with the optimal solution φ1 = 1. We choose the constraint level to be 0.95. Therefore,
αγ = 2m1

√
γ

γ−µ∞
+ 1 = 15.62. For this example n = 1 and z1 = 1

2 . L∗, the a priori bound
on the length of the optimal, is chosen to satisfy

max
k=1,...,n

|zk|L∗ ‖ (A∗
L)−l ‖∞,1 αγ < 1,(7.2)

where L is any positive integer such that L ≥ (n−1). We choose L = 0, and therefore
AL = 1 and ‖ (A∗

L)−l ‖∞,1= 1. We choose L∗ = 4, which satisfies (7.2). Therefore,
the optimal solution φ0 satisfies φ0(i) = 0 if i ≥ 4. The problem reduces to the
following finite-dimensional convex optimization problem:

νγ = min
AL∗ φ=1,‖φ‖ 2

2 ≤0.95

{
3∑

k=0

|φ(k)| : φ ∈ R4

}
,

where AL∗ = (1, 1
2 , 1

22 , 1
23 ). We obtain (using Matlab Optimization Toolbox) the op-

timal solution φ0 to be

φ̂0(λ) = 0.9732 + 0.0535λ.

Therefore, we have ‖ φ0 ‖1 = 1.02670 and ‖ φ0 ‖2
2 ∼= 0.95. The same computation

was carried out for various values of the constraint level, γ ∈ [0.75, 1]. The tradeoff
curve between the `1 and the H2 norms of the optimal solution is given in Figure
7.1. For all values of γ in the chosen range, the square of the H2 norm of the optimal
closed loop was equal to the constraint level γ. Although, when the constraint level γ
equals 0.75, the optimal closed-loop map is an infinite impulse response sequence, the
optimal closed-loop map has very few nonzero terms in its impulse response even for
values of γ very close to 0.75. For example, with γ = 0.755 the optimal closed-loop
map is given by

φ̂0.755 = 0.7708 + 0.3632λ + 0.1596λ2 + 0.0578λ3 + 0.0065λ4.

As a final remark, we can use the structure of this example to illustrate that
the optimal unconstrained H2 solution can have H2 norm much smaller than the H2
norm of the optimal `1 (unconstrained) solution. Hence, minimizing only the `1 norm,
which is an upper bound on the H2 norm, may require substantial sacrifices in terms
of H2 performance. Indeed, instead of the P used in the example before, consider the
plant P̂a(λ) = λ − a, where now a is a zero in the unit disk (i.e., |a| < 1) and very
close to the unit circle (i.e., |a| ∼= 1). Then the optimal unconstrained H2 norm given
by

(ba(AaA∗
a)−1ba)1/2 = (1 − |a|2)1/2,

where Aa = (1, a, a2, . . .), ba = 1 [2], is close to 0. On the other hand, for the
optimal `1 unconstrained solution φa,1, we have φa,1 = 1, which has H2 norm equal
to 1. Therefore, minimizing only with respect to `1 may lead to undesirable H2
performance.
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FIG. 7.1. Here the `1 and the H2 norms of the optimal closed loop for various values of γ are
plotted. The x axis can be read as the square of H2 norm or the value of γ.

8. Conclusions. In this paper the mixed problem of `1/H2 for the SISO discrete-
time case is solved. The problem was reduced to a finite-dimensional convex optimiza-
tion problem with an a priori determined dimension. The region of the constraint level
in which the optimal is unique was determined, and it was shown that in this region
the optimal solution is continuous with respect to changes in the constraint level of the
H2 norm. A Lagrange duality theorem and a sensitivity result were used. The tech-
niques used in obtaining the results of this paper are general enough to be adapted to
analyze other mixed objective problems. Also, several of the results seem to have nat-
ural extensions for the multiple-input, multiple-output case, but a full investigation
of this case is beyond the scope of this paper.

9. Appendix. Here we give the lemma needed in the proof of Theorem 3.3.
LEMMA 9.1. Let X be a Banach space, Ω be a convex subset of X, Y be a finite-

dimensional normed space, and Z be a normed space with positive cone P. Let Z∗

denote the dual space of Z with a positive cone P⊕. Let f : Ω → R be a real valued
convex functional, g : X → Z be a convex mapping, H : X → Y be an affine linear
map, and 0 ∈ int[{y ∈ Y : H(x) = y for some x ∈ Ω}]. Define

µ0 := inf{f(x) : g(x) ≤ 0, H(x) = 0, x ∈ Ω}.(9.1)

Suppose there exists x1 ∈ Ω such that g(x1) < 0 and H(x1) = 0 and suppose µ0
is finite. Then, there exist z∗

0 ≥ 0 and y∗
0 such that

µ0 = inf{f(x) + 〈g(x), z∗
0〉 + 〈H(x), y∗

0〉 : x ∈ Ω}.(9.2)

Proof. Let

Ω1 := {x : x ∈ Ω, H(x) = 0}.
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Applying Theorem 8.3.1 of [7, p. 217] to Ω1 we know that there exists z∗
0 ∈ P⊕ such

that

µ0 = inf{f(x) + 〈g(x), z∗
0〉 : x ∈ Ω1}.(9.3)

Consider the convex subset

H(Ω) := {y ∈ Y : y = H(x) for some x ∈ Ω}

of Y. For y ∈ H(Ω), define

k(y) := inf{f(x) + 〈g(x), z∗
0〉 : x ∈ Ω, H(x) = y}.

We now show that k is convex. Suppose y, y′ ∈ H(Ω) and x, x′ are such that H(x) = y
and H(x′) = y′. Suppose 0 < λ < 1. We have

λ(f(x) + 〈g(x), z∗
0〉) + (1 − λ)(f(x′) + 〈g(x′), z∗

0〉) ≥ f(λx + (1 − λ)x′)

+〈g(λx + (1 − λ)x′), z∗
0〉

≥ k(λy + (1 − λ)y′).

(The first inequality follows from the convexity of f and g. The second inequality
is true because H(λx + (1 − λ)x′) = (λy + (1 − λ)y′). Taking the infimum on the
left-hand side, we obtain λk(y) + (1 − λ)k(y′) ≥ k(λy + (1 − λ)y′). This proves that
k is a convex function.

We now show that k : H(Ω) → R (i.e., we show that k(y) > −∞ for all y ∈ H(Ω)).
As 0 ∈ int[H(Ω)], we know that there exists an ε > 0 such that if ||y|| ≤ ε, then y ∈
H(Ω). Take any y ∈ H(Ω) such that y 6= 0. Choose λ, y′ such that

λ = ε
2||y|| and y′ = −λy.

This implies that y′ ∈ H(Ω). Let β = λ
λ + 1 . We have

(1 − β)y′ + βy = 0.

Therefore, from convexity of the function k, we have

βk(y) + (1 − β)k(y′) ≥ k(0) = µ0.

But µ0 > −∞ by assumption. Therefore, k(y) > −∞. Note that for all y ∈
H(Ω), k(y) < ∞. This proves that k is a well-defined function.

Let [k, H(Ω)] be defined as given below:

[k, H(Ω)] := {(r, y) ∈ R × Y : y ∈ H(Ω), k(y) ≤ r}.

We first show that [k, H(Ω)] has a nonempty interior. As k is a well-defined convex
function on the finite-dimensional convex set H[Ω] and 0 ∈ int[H(Ω)], we have from
Corollary 7.9.1 of [7, p. 194] that k is continuous at 0. Let r0 = k(0) + 2 and choose
ε′ such that 0 < ε′ < 1. As k is continuous at 0 we know that there exists δ > 0 such
that y ∈ H(Ω), and ||y|| ≤ δ implies that



1688 M. SALAPAKA, M. DAHLEH, AND P. VOULGARIS

|k(y) − k(0)| < ε′.

This means that if y ∈ H(Ω) and ||y|| ≤ δ, then

k(y) < k(0) + ε′ < k(0) + 1 < r0 − 1
2
.

Therefore, for all y ∈ H(Ω) with ||y|| ≤ δ, we have k(y) < r0 − 1
2 . This implies that

for all (r, y) ∈ R×Y such that |r−r0| < 1
4 , y ∈ H(Ω), and ||y|| ≤ δ, we have k(y) < r.

This proves that (r0, 0) ∈ int([k, H(Ω)]).
It is clear that (k(0), 0) ∈ R×Y is not in the interior of [k, H(Ω)]. Using Theorem

5.12.2 of [7, p. 133] we know that there exists (s, y∗) 6= (0, 0) ∈ R × Y ∗ such that for
all (r, y) ∈ [k, H(Ω)] the following is true:

〈y, y∗〉 + rs ≥ 〈0, y∗〉 + k(0)s = sµ0.(9.4)

In particular, rs ≥ sµ0 for all r ≥ µ0 (note that (r, 0) ∈ [k, H(Ω)] for all r ≥ µ0).
This means that s ≥ 0.

Suppose s = 0. We have from (9.4) that 〈y, y∗〉 ≥ 0 for all y ∈ H(Ω). As 0 ∈
int[H(Ω)], it follows that there exists an ε ∈ R such that ||y|| ≤ ε implies that
〈y, y∗〉 ≥ 0 and 〈−y, y∗〉 ≥ 0. This implies that if ||y|| ≤ ε, then 〈y, y∗〉 = 0. But then,
for any y ∈ Y , one can choose a positive constant α such that ||αy|| ≤ ε, and therefore
〈αy, y∗〉 = 0. This implies that (s, y∗) = (0, 0), which is not possible. Therefore, we
conclude that s > 0.

Let y∗
0 = y∗/s. From (9.4) we have

〈y, y∗
0〉 + r ≥ µ0 for all (r, y) ∈ [k, H(Ω)].(9.5)

This implies that for all y ∈ H(Ω),

〈y, y∗
0〉 + k(y) ≥ µ0.(9.6)

(This is because (k(y), y) ∈ [k, H(Ω)].) Therefore, for all x ∈ Ω,

〈H(x), y∗
0〉 + f(x) + 〈g(x), z∗

0〉 ≥ µ0,(9.7)

which implies that

inf{f(x) + 〈g(x), z∗
0〉 + 〈H(x), y∗

0〉 : x ∈ Ω} ≥ µ0.(9.8)

But if x ∈ Ω is such that H(x) = 0, then

f(x) + 〈g(x), z∗
0〉 = f(x) + 〈g(x), z∗

0〉 + 〈H(x), y∗
0〉(9.9)

≥ inf{f(x) + 〈g(x), z∗
0〉 + 〈H(x), y∗

0〉 : x ∈ Ω} ≥ µ0.(9.10)

Taking the infimum on the left-hand side of the above inequality over all x ∈ Ω which
satisfy H(x) = 0 (that is infimum over all x ∈ Ω1), we have

µ0 = inf{f(x) + 〈g(x), z∗
0〉 + 〈H(x), y∗

0〉 : x ∈ Ω}.(9.11)

This proves the lemma.
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