2019 57th Annual Allerton Conference on Communication, Control, and Computing
(Allerton)

Allerton Park and Retreat Center

Monticello, IL, USA, September 24-27, 2019

Relationships between certain f-divergences

James Melbourne
Electrical and Computer Engineering
University of Minnesota
Email: melbo013@umn.edu

Mokshay Madiman
Mathematical Sciences
University of Delaware

Email: madiman@udel.edu

Murti V. Salapaka
Electrical and Computer Engineering
University of Minnesota
Email: murtis@umn.edu

978-1-7281-3151-1/19/$31.00 ©2019 IEEE

Abstract—We investigate the concavity deficit of the
entropy functional. Some properties of the skew-divergence
are developed and a “skew” x? divergence is introduced.
Various relationships between these f-divergences and
others are established, including a reverse Pinsker type
inequality for the skew divergence, which in turn yields a
sharpening on the upper bound for the entropic concavity
deficit.

I. INTRODUCTION

The Boltzmann-Shannon differential entropy h is a
concave functional, i.e., for densities f and g on R4,

mems (£18) 5 120,

2 2

The subject of our investigation for this paper will be
the deficit of this concavity inequality. More explicitly,
for a sequence of densities f = {f;}; and numbers p =
{pi} satisfying p; > 0 such that >, p, = 1, the entropy
concavity deficit is the quantity

d=Ps,=h (Zmﬂ) =Y wih(f). @

It is known that this gap can be controlled by the
entropy of p (see [2], [20]),

h <Zpifi> - Zpih(fi) < H(p), )

where H(p) is the discrete entropy of the weights
p = (p;)i- (When f; are probability mass functions
on a countable set and all differential entropies are
replaced by discrete entropies, this is a classical and easy
consequence of the chain rule and the nonnegativity of
conditional entropy.)

The density f = ) .p;f; can be realized as the
summation of a discrete variable and continuous random
variable. That is, if X and Z are jointly distributed such
that P(X = z;) = p; and P(Z € A|X = z;) =
[ fi(z+x;)dz then the random variable X + Z will have
density . p; f; and these inequalities can be interpreted
as

0<h(X+2)—h(X+2|X) < H(X),

which in the case that X and Z are independent reduce
to

0<h(X +2)—h(Z) < H(X).

This yields one application of the inequalities. The quan-
tity @ is exactly I(X; X +Z), the mutual information of
the discrete input X of a channel, subject to continuous
(possibly input dependent) additive noise given by Z,
with its output X + Z. For more background on the
physical motivations of the authors we direct the reader
to [11], [17].

In this note, we develop some ideas related to the en-
tropy concavity deficit. These ideas are deeply indebted
to the work of Audenaert [1] in Quantum Information
Theory, some of whose arguments are adapted directly
to the classical setting here. Indeed, the concavity deficit
of the entropy can be understood as a classical analog
of the Holevo Information [5].

The organization of the paper is the following, in
Section II we develop a differential relationship between
the skew divergence and a to be putforth skew Y2
divergence, and use this inequality to prove a reverse
Pinsker inequality [14] for the skew-divergence that
recovers a result of Verdu [19]. In Section III we develop
an upperbound on the concavity deficit. This gives a
sharpening of the discrete-continuous entropy inequality

Q).

Notation

For a probability density function f on R¢, the entropy
is

h(f) = —/f(x) In f(z)dz,

provided the integral is well defined. In the case that Z is
a random variable with density function f, we will write
h(Z) = h(f). When p; is a sequence of non-negative
numbers summing to one, we take

H(p) = — Zpi In p;

to be the discrete Shannon entropy (in “nats”). When
X is a random variable taking distinct values x; with
probability p;, we write H(X) for H(p).

1068

Authorized licensed use limited to: Mishfad S V. Downloaded on June 22,2022 at 00:09:35 UTC from IEEE Xplore. Restrictions apply.



When Z has conditional densities f, with respect to
the values of a random variable X, in the sense that
P(Z € AIX =z) = [, fo and & — h(f,) is integrable
define

h(Z|X) = Eh(f.). 3)

When X is continuous, (3) is the usual conditional
entropy. When X is discrete, the formula reduces to

h(Z|X) = Zpih(fi)- 4)

Definition L.1. For a convex function f satisfying f(1) =
0, and probability measures p < v the f divergence
from p to v is

Dyul) = [ 1 (%) v )

When the value of a functional of a pair of proba-
bility distributions p, v is given by (5) we will call the
functional an f-divergence. An f-divergence satisfies the
following.

 Non-negativity, Dy (u||v) > 0.

o The map (u,v) — Dy(p||v) is convex.

We direct the reader to [7], [15], [16] for further back-
ground on f-divergences and their properties. Let us note
the following examples.

1) Total Variation

dp
- = L1 .
lw—vlrv /(du >+dv

where x4 = max{z, 0}, is an f-divergence with
f(z) = (x — 1)4. The norm notation is used in
reference to the total variation norm for a signed
measure 7y defined as sup 4 |v(A)|.

2) Relative entropy,

d
D) = [ 1og P ©)

Often referred to as the Kullbeck-Leibler diver-
gence in the literature. Take f(z) = xlogx.
3) x2-divergence,

2wy = [ (2 12d 7
X(,U,V)—/ dl/_ v, ()

with f(z) = (z — 1)%
Several proofs are omitted for brevity here but will be
included in a subsequent journal publication.
II. SKEW RELATIVE INFORMATION

Recall that for probability measures p < v we
write the Radon-Nikodym derivative % and the relative
entropy or KL divergence,

In the case that 4 is not absolute continuous with respect
to v define D(u||v) = co. In the case that p and v have
a densities u and v with respect to a common reference
measure dx, that is dy = udx and dv = vdx,

u(z)
D = In —=d
() = [ uie)n B2,
and when it is convenient we will also employ the
notation D(ul|lv) = D(ullv). We will consider the

following generalization, first defined in [6].

Definition I1.1. For probability measures | and v on
a common set X and t € [0,1] define their Skew
divergence

dp
Se(pllv) = /log mdu

In the case that dy = udz, and dv = vdx we will also
write

Si(ullv) = Si(ullv)-

Proposition I1.2. For probability measures p and v on a
common set and t € [0, 1] the Skew Relative information
satisfies the following properties.
1) Si(pllv) = D(plte + (1 — t)v). In particular,
So(sllv) = D(ullv).
2) Si(pllv) =0ifft=10r p=wv.
3) For t > 0 the Radon-Nikodym derivative does
exist, and Sy(u||v) < —logt.
4) Si(u||lv) is convex, non-negative, and decreasing
in t.
5) S is an f-divergence with f(x) = xlog(x/(tx +
(1—1))

Proof. There is nothing to prove in (1), this is exactly
the definition of the usual relative entropy from pu to
tu+ (1 —t)v. For (2), by (1) S¢(ullv) = 0 iff D(pltp+
(1 —t)v) = 0 which is true iff 4 = ¢tu+ (1 — t)v which
happens iff ¢ = 1 or ¢ = v. To prove (3), observe that
for a Borel set A

H(A) < St + (L - ) (A).

This gives the following inequality, from which absolute

S

continuity, and the existence of W follow
immediately,
du 1
— < 9
dtp+ (1 —ty) ~ ¢ ©)
Integrating (9) gives
Si(pllv) < —logt. (10)

du To prove (4), notice that for fixed p and v, the map
D(pllv) = /log Edﬂ- (8) &, = tu+(1—t)v is affine, and since the relative entropy
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is jointly convex [3], convexity in t follows from the
computation below.

Sttt (Wl1V) = D(pl| @1 -nyty +28,)
= D(pul(1 = NP4, + ADy,)
< (L= N)D(pl|®4,) + AD(p| P, )
= (1= A)Se, (pllv) + ASe, (pllv).

Since t — Si(u||v) is a non-negative convex function
on (0,1] with Sy(ullv) = 0 it is necessarily non-
increasing. When u # v, p # tu + (1 — t)v so that
Se(p|lv) > 0 for ¢ < 1, so that as a function of
t the skew divergence is strictly decreasing. To prove
that S; is an f-divergence recall Definition L.1. It is
straight forward that S; can be expressed in form (5)

with f(z) = xlog(x/(tx + (1 — t)). Convexity of f
follows from the second derivative computation,
1 (t B 1)2
=———>0.
F@) = Smra-ne
Since f(1) = 0 the proof is complete. O

Let us also recall Pearson’s x? divergence.

Definition I1.3. [I3] For measures p and v absolutely
continuous with respect to a common reference measure
dx so that du = udx and dv = vdx, define

XQ(M;V)—/(l—ZZ)Z)dV_/va)QdI

and x?(u;v) = oo when Z—‘; does not exist.

Note that a common reference measure always exists,
take u + v for instance. Formally, the 2 divergence
of Neyman [12] differs only by a notational convention
X% (V5 1) = x*(u; v), see [7] for more modern treatment
and [4] for background on the distances significance
in statistics. Now let us present a skew Y2 divergence,
which interpolates the Pearson and Neyman x? diver-
gences.

Definition IL4. For ¢t € [0,1] and measures p and v,
define
(1-%)
dv

(v :/7du
Xt(:u ) t%—‘r(l—t)

Proposition IL5. The skew x? divergence satisfies the
following,

1) When dp = udx and dv = wvdx with respect
to some reference measure dx (not necessarily
Lebesgue),

200\ (u—v)?
Xt(NaV)—/mdx-

2) Fort=0, (1-)>x7(1;v) = x> (s tu+(1—=t)v).

3) X)) =x3 4 (vin)
4) x? is an f-divergence with f(x) = (x —1)%/(1+
t(x —1))
5) The skew x? interpolates the divergences of Ney-
man and Pearson, x&(u;v) = x*(u;v) and
X3 (s v) = xR (s v)-
Proof. For (1), the formula follows in the case y < v,
from the fact that on the support of v,

u_dp
v dv’
so that
2o [_=8)
Xz (k5 v) —/W“ f”
N2
= / 7@ v) dx.
tu+ (1 —t)v
To prove (2), we use (1). Note that du = udz and dv =
vdx implies that d(tu + (1 — t)v) = (tu + (1 — t)v)dx
so that
— (tu+ (1 —t)v))?
2(u;t 1—t)) = / (u—(
X (s tp+ (1= t) P p—
PRY
— (-2 / (w—w)
tu+ (1 —t)v
= (1= 1)*xF (s v).

It is immediate from (1) that (3) holds. To see that x?
is an f-divergence, compute
2 _1)2

& (z-1) _ 2 >0

de?21+t(x—1) (Q+tx—-1))3
for x > 0, and (4) follows easily. To prove (5), note
that x3(u;v) = x%(u;v) is immediate from the defi-
nition. Applying this and symmetry from (3) we have
X (s v) = x§(vs 1) = X2 (vi ) = X3 (s ). m

The skew divergence and skew 2 inherit bounds from

t = 0 case, and enjoy an interrelation unique to the skew
setting as described below.

dx

Theorem I1.1. For probability measures p and v and
te(0,1)
Se(pllv) < (1= )*xF (ki v) (1)

and
—Si(pllv) = (t = 1)x7 (s v). (12)

Proof. Recall that when ¢t = 0, the concavity of loga-
rithm bounds log = by its tangent line  — 1 so that,

d d
Jros ()= [ (32
_ ()

13)
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giving the classical bound,

D(ullv) < x*(w;v).

Applying (15) to the identities Proposition I1.2, (1) and
Proposition I1.5,(2) gives

15)

Si(pllv) = D(plltp + (1 = t)v) (16)
<X(pstp+ (1= t)w) (17)
= (1= 1)’xi (1 v). (18)

Applying the identity (1 —¢)(y—1) =y — (ty+ (1 —1))
we have

(1= )x3F () (19)
du _ qy(du _ (pdn _

:/(du )(fzi (g +A-1)) 20)

9 (1—t)

g _q d
= = g [(ZE 21
/t‘;’lj—i—(l—t)dM /(dv v @n

du _

= [ & du 22
/tj‘;+(1—t) a (22

Observing the expression

d d
Sill) = [ 108 5~ 1og (td’j . t)) an,

we compute directly,

d de
— S (ul|v :—/”7d . 23
dt t () t%+(1—t) 12 (23)
O

Theorem IL2. For i and v, and t € (0,1),
20y o =iy

Xt (/”‘7”) = t(l - t) (24)
Si(ullv) < —logt|lp — vrv. (25)

Proof. From the identity in (19) we have

d d
Lo,

d
L=t ) tE+(1-1)

<qrmq ) (1),

_ e —vlrv
t(1—1t) -~

X () =

Define the function

P(A) == Se=x (ullv),

for A € [0,00) and note that ¢(0) = D(ul/x) = 0. Thus
we can write

A
0 = [ 25 lyas

A
= [t e s
0

Applying (24) gives
A

Ser (@l =90 < [ lha=vlrvds = Alu=vlav.
0
The substitution ¢ = e~ gives (25). O

It can be proven that (25) of Theorem II.2 recovers a
reverse Pinsker inequality due to Verdu [19].

Corollary I1.6 (Verdu [19] Theorem 7). For probability
measures [ and vy such that % < % with 8 € (0,1)

1-p5
I —=Allrv > ﬁD(ullv)-
OgB

III. CONSEQUENCES

Given a sequence of densities { f;} and weights {p;},
define f; to be the density constructed with f; removed,

explicitly, > p
j#iPilj

fi= A=)

Furthermore define
T =Ty =sw|fi — filrv
(2

Proposition III.1. The concavity deficit satisfies the
following

Opp =D pDUillf) = X piSp(fillf). 6)

Proof. Recalling our convention f = ). p;f;, the ex-
pression of ® is a direct computation

—/ (Zm) 1nf+sz-/fi In

sz'/fi Inf;/ f
= sz‘D(fin)-

0

This gives the first equality, the second equality follows
from Proposition I1.2.1. O

Theorem IIL.1. For a sequence of densities f = {f;},
and weights p = {p;} the concavity deficit satisfies the
following

O(f,p) < TypH(p)-

Proof. Combining Proposition III.1 and Theorem I1.2 we
have,

o(f,p) <= pilogpillfi — fillrv

By the definition of 77, as sup, || fi — fillrv the result
follows. O
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Since the total variation of any two measures is
bounded above by 1 this gives a sharpening of (2),

WX + Z) < TH(X) + h(Z]X).

Taking the case that n =2 and p; = p; = 3 in

o=h (Zmﬁ) = pih(f:)
i=1 i=1
gives the Jensen-Shannon Divergence.

Definition IIL.2. For probability measures p and v
define the Jensen-Shannon divergence,

ISD(ulv) = & (D(ull2~ (1 + 1)) + D)2~ (u +v)) .

2
27

With this definition we have an immediate corollary.

Corollary IIL.3 (Lin [8], Topsoe [18]). For p and v
probability measures,

JSD(plv) < [l — vl[rv log 2.

Corollary IIL4. When f = {fo, f1}, where fo(x) =
g(x+p), fr(z) = g(z—p) for g unimodal and symmetric
and p = {1/2,1/2}. Then

h(f) < h(g) + (1 — 26)In?2

&= /:O g(x)dx

Let us note the following interpretation of £. First,
consider a bit By = 19 )(X) where X taking val-
ues £y with equal probability. Second take, By =
1(0,00)(X 4 Z) where X is as previous, and Z is an
independent noise distributed according to g. Then

& =P(B1 # Ba).

Where

Indeed, using independence and then symmetry
P(By # By) =P(X = ui; X +Z <0)
+P(X=-u; X+7Z>0)

1 1
§P(Z < —u)+ EP(Z > p)

/:O g(z)da.

Thus £ can be understood as the probability of error in
communicating X when subject to an additive indepen-
dent noise Z. In this setting the statement of Corollary
III.4 can be formulated as

Alternatively, if 6 is a uniform prior on {0,1}, and
l(z,y) = 1 — 6,(y) the risk function, then it can be
shown that £ = Ry is the associated Bayes risk. This
gives the following upper bound,

h(g) —h(f) 1
o < 2log2 2

Proof of Corollary IIL4. Note that f; = fo and fo = f,
so that

€2y

T = max || f; — JEiHTV = |lf1 = follrv.

Since g is a unimodal and symmetric probability density,

T = /(fl — fo)+ (32)
- /0 go—p) —glz+pde (3
:/ g*/ g 34

—p p
— 1—2/ g. (35)
o
]

IV. CONCLUSION

The investigation of the concavity of entropy is facil-
itated by a careful study D(f||g) where ¢ is a density
that can decomposed into a convex combination of f
with another density. Such studies are equivalent to,
and motivate the manipulation of “skew” divergences.
Several new relationships between skew divergences
are established. Their improved behavior, is exemplified
in the reverse Pinkser type inequality that the skew
divergence is proven to satisfy. In turn, the reversal of
Pinsker’s inequality is leveraged to arrive at a sharpening
of the general concavity upper bound for entropy. An
expanded version of this paper, with further development
of these ideas and the complementary lower bounds for
the Holevo information initiated in [10] can be found in

[9].
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