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Abstract 

In this paper we formulate a problem which incorpo- 
rates nominal 3c2 performance and robust k', perfor- 
mance in the presence of a scalar perturbation. It is 
shown that this problem can be solved via a sequence of 
finite dimensional quadratic programming problems. 

1 Introduction 

Consider Figure 1 where, G is the nominal generalized 
plant, K is the controller, w is the exogenous distur- 
bance, U is the control input, z is the regulated output 
and y is the measured output. A is the perturbation 
to the nominal generalized plant G which accounts for 
modelling errors. A number of control problems can be 
cast into the setup given by Figure 1, [l]. 

In the paradigm of Figure 1, three classes of problems 
can be defined. First, is the nominal performance prob- 
lem where the system model is assumed to be accurate 
and the best possible controller K is sought to minimize 
the effect of w on t. Second, is the robust stability prob- 
lem where the issue is the stability of the system for all 
perturbations which lie in a specified class. Third, is 
the robust performance problem which combines the 
objectives of the first and the second problem. 

'This research was supported by the National Science Foun- 
dation under Grants No. ECS-9204309, ECS-9216690 and ECS- 
9308481. 

Figure 1: The Performance Problem 

The nominal performance problem ignores plant mod- 
elling errors and therefore these problems are partic- 
ularly relevant when accurate models for the physical 
system are available. The nominal performance prob- 
lem of interest depends on the nature of the external 
disturbance w and the measure of interest on the reg- 
ulated variable z. 

It is well known that optimization with respect to one 
particular measure may compromise performance with 
respect to some other measure. This has motivated 
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the study of problems which incorporate multiple ob- 
jectives. A survey of a number of approaches to multi- 
objective design techniques is given in [2].  

Recently, results were obtained for nominal perfor- 
mance problems which include time-domain specifica- 
tions via the !I norm and the 312 objective [6, 9, 8, 7, 
lo]. These results are of particular importance to the 
subject of this paper. 

The robust performance problem in contrast to the 
nominal performance problem addresses the issue of 
synthesis of a controller K which minimizes the effect 
of w on z over all controllers which stabilize the system 
in Figure 1 for the worst case A belonging to a speci- 
fied class. The t 1  robust performance problem captures 
the objectives of t 1  robust stability and t1 performance. 
In [3] it is shown that such a problem can be solved by 
employing sensitivity methods to linear programming, 
when there is only one perturbation block. However, 
t 1  performance is no guarantee of acceptable 312 per- 
formance. Motivated by these concerns we formulate 
a problem which reflects the objectives of the tl ro- 
bust design and nominal 312 performance. We show 
that this problem can be solved via finite dimensional 
quadratic programming when there is only one pertur- 
bation block. 

This paper is organized as follows. In section 2 we give 
results on robust performance when the perturabation 
block is bounded in the too induced norm. In section 3 
we formulate the problem of interest and give fomula- 
tions of problems which give upper and lower bounds 
to the main problem. We also show how these prob- 
lems can be cast into quadratic programming problems 
which have certain structure. In section 4 we describe 
the solution method to the problem formulated in this 
paper. Finally, in section 5 we give the conclusions. 

2 Robust Performance 

Define, 

ALTV := {A = diag(A1, .  . . , A , , } ,  Ai is causal LTV},  

ANL := {A = diag(A1, .  . . ,An}, Ai is causal NLTI}, 

where LTV and NLTI mean linear time varying and 
nonlinear time invariant systems. Also, define 

BAL=" := {A E PLTVI IlAlldo-ind 5 I}, 

and 

B A ~ L  := {A E ANL) IlAllcu-ind 5 1). 

B A ~ ~ ~  and BA" incorporate the diagonal structure 
of the perturbations. Consider Figure 2(a ) .  The t 1  r e  

I 1 
a1 

A, 

v -  s 
z * G '  W 

U Y 

Figure 2: Robust Performance for ( a )  is equivalent to 
robust stability of (b)  

bust performance problem with respect to linear time- 
varying structured perturbations is the problem of syn- 
thesizing a controller Ii' such that the closed-loop map 
is stable for all A E B A ~ ~ ~  and the t1 norm of the 
map from w to z is less than one for all A E B A ~ ~ " .  
In [4] it is shown that this problem is the same as the 
problem of synthesizing a controller K such that the 
system in Figure 2(b) is stable for all causal (A,A,) 
which lie in BA, which is defined as 

This results in the following theorem [5], 

Theorem 1 The system in Figure 2 achieves robust 
performance with respect to B A ~ ~ ~  if and only if either 
of the followingconditions is satisfied 

where 

and V is the set of diagonal matrices with strictly pos- 
itive elements which have compatible dimensions with 
the dimensions of a. 

is the closed-loop map from 

The same theorem holds for the robust performance 
problem with respect to nonlinear time invariant struc- 
tured perturbations. The extra block Ap is now re- 
stricted to be nonlinear time invariant or linear time 
varying. 
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3 Problem Formulation 

In this section we formulate an optimization problem 
which captures the objectives off,  robust performance 
and 3 1 2  nominal performance. After defining the prob- 
lem of interest we formulate problems which give u p  
per and lower bounds to the problem of interest. Youla 
parametrization [ll] tells us that all closed loop maps 
achievable through stabilizing controllers are given by 

@ = H - U * Q * V ,  

where H, U and V are fixed elements dependent only 
on the system G and Q is a stable free parameter. In 
this paper we assume the closed loop map is a two input 
two output map. We make the following definitions. 

Note that @22 is the map between w and t. Thus the 
problem optimizes nominal 312 performance between w 
and z while guaranteeing a specified level (given by y) 
of el robust performance. In the following sections we 
obtain converging upper and lower bounds to p .  

3.1 Delay Augmentation Approach 
Let nu, n, , n,, ny, n, and n, denote the dimension of 
u , w , v , y , z  and s respectively. The constraint that Q 
is stable in the Youla parametrization can be t rans  
lated into linear constraints on the closed loop map 
a. Therefore there exists an operator A: Gw+"" -+ e, 
such that 0 = H - U * Q * V for some Q stable if and 
only if A(@) = b ,  where b is a fixed element in el. The 
range space of the operator A is finite dimensional if 
n, + n5 = n, and n, + n, = ny. In this case the prob- 
lem is called a square problem. We define ~ ' ( 0 )  to 
be 

where (D-'@D); is the ith row of 0. It is clear that 
we can approximate p by p' to the desired accuracy 
by choosing an appropriate 6. p(D) is a quadratic pro- 
gramming problem. However, it is a difficult problem 
because it is not possible to show that it can be solved 
via finite dimensional quadratic programming even in 
the square case. In contrast it has been established 

for the square case that p 6 ( D )  can be solved via finite 
dimensional quadratic programming [TI. 

If n, + n, > nu or n, + n, > ny then the range space 
of A is not finite dimensional. In this case pd(D) is 
solved by converting it to a square problem. This is 
done by the Delay Augmentatzon Method. We give a 
brief description of this method here (for a detailed 
discussion see [l, 71). Let S denote a unit shift, that is, 

S(Z(O), $(I) ,  4 2 1 , .  . .) = (0 ,  Z(O), .(I), . . .), 

and sf denotes a Tth order shift. Suppose, that 
the Youla parametrization of the plant yields H E 
en: xnL , U E f;'""", and V E where ni = 
nz + n5 and nh = n, + nu. Partition, U into 
1 

where U1 E ~ u x n u .  Similarly, partition V into 
( V l ,  V 2 )  where V' E e ~ v x n y .  Let 

where we have augmented U and V by N t h  order de- 
lays. Let 

ip := H - O N Q V N ,  

where Q has compatible dimensions. We denote 
the feasible set for the delay augmented problem by 
O(D, N )  which is the following set 

{iN = H - U N Q V N ,  Q stable ( 1  D-'QND 111 5 -y}. 

We define the Delay Augmentation problem of order N 

&(D) := inf{l(V) : aN E O ( D ,  N I ) ,  (7) 
by 

where 

This is a square problem and can be solved via finite di- 
mensional quadratic programming. Let the delay aug- 
mented problem corresponding to (6) be given by 

Lemma 1 

where the limit on the left hand side of the equation 
above exists. Furthermore, p$,, is an increasing se- 
quence in N. 
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Notice that for a given D E V we have the following: 

D-%D = 

where D = ( 2 d", ) . We denote d 2 / d l  by s and 

therefore we have 

D appears in the problem only as D-'@D. Thus all 
problems that have been parametrized by D can be 
parametrized in terms of a single real variable s := $. 
Defining the vectors x and p appropriately it can be 
shown that &(D) can be cast into the following form: 

1 
2 

min -x'Cx - p'(s)x 
subject to 

H x  = e 
x z o  

where A l l ( s )  = ( 3 ) and s > 0. The achiev- 

ability conditions are absorbed into H .  C is positive 
semidefinite. p$(D) is a function of the variable s. 
Therefore, we denote &(D)  by y(s). Note that 

3.2 Finitely Many Variables Approach 
Converging upper bounds can be obtained by Finitely 
Many Variables approach. In this approach the allow- 
able closed loop maps achievable via stabilizing con- 
trollers are restricted to have a finite impluse response 
structure. 

We define 

p" = infill a 2 2  11z2 I @ E @v" (9) 

where ON(D) is defined as the set of achievable maps 
@, such that 

(P(N + k) = 0 for k > 0, and 11 D-l@D 111 5 y. 

It can be shown that p N ( D )  is a finite dimensional 
optimization problem. It is also true that p N  := 
inf ~ " ( 0 )  -+ 1.1 from above as N + ca. Defining x 

DEV 
and C appropriately we can cast pT(D) into the fol- 
lowing form 

1 
min -x'Cx 

2 
subject to 

H x  = e 
x > o  

Note that if we denote p N ( D )  by y(s) then 

4 Problem Solution 

We saw in section 2 that converging upper and lower 
bounds to p as defined in (4) can be obtained by solving 
problems which can be cast into the following form: 

1 
2 

min -x'Cx - p'(s)+ 
subject to 

H x  = e 
2 2 0  

Yopt := inf y(s), 
SER+ 

where yopt is the problem of interest. Note that All (s )  
has the structure given by 

= ( ; 9 ) 
and s > 0. It can be shown using duality theory that 
the above problem has a solution if and only if there ex- 
ists +, U, v ,  y, X which satisfy the following constraints: 

A(s) 0 0 I 0 , 
H 0 0 0 0  

(10) 

v 'z+u 'y  = 0, (11) 
( E  U 21 y )  2 0. (12) 

X is the dual variable associated with the equality con- 
straint H E  = e, whereas v is the dual variable asso- 
ciated with the inequality x 2 0. Using the structure 
of A(s )  the constraints given by equation (10) can be 
rearranged as given below: 

s o  0 o * * *  

* * - s  o * * *  
0 ;  0 o * * *  

* *  o - $ * * *  
* *  * * * * *  
* *  * * * * *  i 
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where the entries denoted by * do not depend on s.  We 
denote the matrix on the left hand side by A(s) ,  the 
vector on the rightmost side of the equation by b(s) 
and (x1,1g,u1,ug,g,X)' by x (note that X is the last 
element in x). If x satisfies Equations (10),(11) and 
(12) then it is a feaszble solutzon. If x can be writ- 
ten as a combination of m independent columns of A 
which satisfies Equation (10) then we say that x is a 
baszc solutzon. A basic solution which is feasible is a 
baszc feasable solutzon. Note that a feasible solution is 
also an optimal solution of the quadratic programming 
problem. 

We assume that A is a m x n matrix with m 5 n. Given 
an indexing set of positive integers no larger than n, say 
J' = {ji, . . . , jm}, the notation B denotes the matrix 

of 3. An indexing set is said to be basis-index if the 
m x m matrix BJ is invertible and is an optimal-basis- 
index if ( B ~ ) - ' b ( s )  corresponds to a feasible solution. 

We can show that if ( Q P ( s ) )  has a finite value for some 
fixed s then there exists a basic feasible solution z of 
A(s)x = b(s). Also note that f(.) the objective of the 
quadratic programming problem can be wriiten as 

formed by those columns of A in d exed by the elements 

f(x) = c'(s)x 

if x is a feasible solution, for a suitably defined vector 
c ' (s) .  

Suppose, for some fixed value so > 0 we have obtained a 
basic feasible solution of ( & P ( S O ) ) ,  given by zso.  This 
implies that z,, is a certain linear combination of m 
independent columns of A.  We call the m independent 
columns as the optzmal baszs associated with zso.  Our 
intention is to characterize the set of real numbers 0 < s 
such that ( Q P ( s ) )  has a basic feasible solution which 
has the same optimal basis as the optimal basis of zso. 
We introduce some notation now. CB is the 1 x m 
vector consisting of entries of c corresponding to the 
basic variables whereas CD is the 1 x ( n  - m) vector 
corresponding to the nonbasic variables. p := B-' 9 =  
loijl = [Pi P2 . . . PI. 

Definition 1 Let SO > 0. Let 90 be an optimal basis 
for the problem (QP(s0)) .  Define X J  (.) : R + R", 
the solution function w.r.t 3 as folfoms 

if B-l ( s )  exists, 
9 0  

value 0. 
Otherwise this function is given a 

We assume throughout this paper that x1 and 22 are 
basic variables. 
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Theorem 2 Let SO > 0.  Let J O  be an optzmal baszs- 
zndex wath X B  as the baszc fesazble solutaon for the prob- 
lem (QP(s0) ) .  Suppose u1 and ug are baszc varaables 
an the optzmal solutzon. Define B := B ~ , ( s o )  and let  
,B := B-l. Then BJ , ( s )  2s znvertzble zf and only 

a ( s )  := det(I4 + SYB-'X) # o 
where S,  Y, X are defined zn the proof of the theorem. 
If a ( s )  # 0 then X J ~ ( S )  zs equal to 

where 

R(s) := ( I4  + SYB- lX) - lS  and X B ( S )  := B-'b(s). 

I f a ( s )  = 0 then X J , ( S )  = 0. 

Proof: Let B := BJ,(so).  As X ~ , X Z , U ~  and ug are 
basic variables in the optimal we have, 

BJo(S)  = B + XSY, 

where X S Y  is given by 

/ s - s o  0 0 

Therefore, det(BJ,(s)) = de t [B( I  + B-lXSY)] = 
det(B)det(I+B-'XSY) = det(B)det(I4 +SYB-lX) .  
Note that a(s)  = det(I4 + SYB-lX)  and therefore, it 
is clear that the inverse of B ~ , ( S )  exists if and only if 
a(.) # 0. Assuming a(.) # 0 we find an expression for 
Bj: (s) as follows: 

B;jb(s) = W ( I +  XSY B - y  
= 
= 

B-'[1 - ( I  + XSYB-1)-1XSYB-1] 
B-1 - B-'X(I4 + SYB-'X)-1SYB-' 

Now, X J 0 ( 4  

= BF1 (s)b(s) 
= 
= B-'b(s) - B"X(I4 +SYB-lX)- 'SYB-lb(s)  

[B-? - B-lX(I4 + SYB-'X)-lSYB-']b(s) 

where we have defined R ( s )  := (14+SYB-1X)-1S and 
Z E ( S )  := B-'b(s). An expression for the 4 x 4 matrix 
R( s )  can be found easily. 



Definition 2 Given so > 0. Let 90 be an optimal 
basis-index for  the problem (QP(s0)). Define Reg(J0)  
as the set of all poistive real numbers s > 0 such that 

4 s )  # 0, ( X J 0 W i  L 0, 

for all indices i excepting for andices which correspond 
to the dual varzable associated wath the equality con- 
straint Hx = e.  

Note that x g 0  (s) is a rational function of s and there- 
fore Reg(J’0) is a union of closed intervals except for 
the roots of a(.) = 0. Determining R e g ( J 0 )  is there- 
fore an easy task. 

Theorem 3 Let SO > 0 and let J’o be an optimal basis- 
indet with X B  as the basic feasible solution for  the prob- 
lem (QP(s0)).  Suppose u1 and u2 are basic variables in 
the optimal solution. Then BJ,(s)  is an optimal ba- 
sis for (QP(s ) )  if and only i f  s E Reg(J’0). Suppose, 
s E Reg(J’0) then the objective value of (QP(s ) )  is  
given by  y ~ ’ ~ ( s )  which is given by 

where 
P : =  [ p’ p2 p3 p4 3 .  

We now present the following theorem which gives a 
way to compute yoPC. 

Theorem 4 There exists a finite set of basis indices 
J’o,J1,  . . . ,  J’1 such that R+ = U:,,Reg(Jk). Fur- 
thermore if 

then 
yopt = min fk 

k=0, ..., 1 

We have assumed that for (QP(s0))  the optimal is such 
that u1,ug are there in the basis ( we assume that 21 
and x2 are always in the optimal basis) . This might 
not be so. In that case the expressions can be easily 
modified and they will be simpler than the ones de- 
rived. 

5 Conclusions 

A problem which incorporates 312 nominal performance 
and l ,  robust performance was formulated. It was 

shown that this problem can be solved via quadratic 
programming using sensitivity techniques. 

Future research involves the study of a similar problem 
where the 3 1 2  nominal performance and f?, robust per- 
formance are needed on different input-output maps. 
Effort is underway to obtain more efficient algorithms 
for solving these problems. 
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