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ABSTRACT 
In this paper we consider the problem of minimizing 
the 312 performance of the closed loop subject to a 
l 1  constraint. The development is devoted to multi- 
input multi-output (MIMO) systems. It is shown that 
approximating solutions to the optimal within any a 
priori given tolerance can be obtained via a finite di- 
mensional quadratic optimization problem whose di- 
mension is known a priori. 

1. Notation 

In this section we present the notation employed in 
this paper. 2(X) is the X transform of a right sided 
real sequence (possibly a matrix sequence) (e(k));P=,. 
1 1 , ! 2 , 1 ,  are the well known banach spaces of se- 
quences. X' is the dual space of the banach space 
X .  < 2,~' > denotes the value of the bounded linear 
functional e* at 2 E X .  

2. Introduction 

Figure 1: Closed Loop System 

Consider the system of Figure 1 where w := 

is the exogenous disturbance, z := ( i: ) is the reg- 

ulated output, U is the control input and y is the 
measured output. In feedback control design the ob- 
jective is to design a controller, I< such that with 
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U = Ky the resulting closed loop map CPZw from w 
to z is stable (see Figure) and satisfies certain perfor- 
mance criteria. Such criteria may be posed in terms 
of a measure on CPzw which depends on the signal 
norms of w and z that may be of interest in a partic- 
ular situation. 

The two norm of the closed loop, 11 Qzw 112 mea- 
sures the energy in the regulated output z for a unit 
pulse input, w. The standard %2 problem finds a sta- 
bilizing controller I< which results in a closed loop 
map which has the minimum 312  norm when com- 
pared to all other closed loop maps achievable through 
stabilizing controllers. State space solutions for this 
problem can be found in [4]. 

The C1 norm of the closed loop, )I  CP,, 111 is the 
iufinity norm of the regulated output z ,  for the worst 
magnitude bounded disturbance, w i.e. 

The standard i?, problem finds a controller which min- 
imizes this norm over all closed loop maps that are 
achievable through stabilizing controllers. Thus the 
standard C, problem is to determine a controller K 
which solves the following problem: 

mis II K stabilizing 
W 

It is shown in [3] that this problem reduces to a finite 
dimensional linear program for the 1-block case. 

Both of the previous criteria refer to a single per- 
formance measure of the closed loop. It is well known 
(see for example [2]) that minimization with respect 
to one norm may not necessarily yield good perfor- 
mance with respect to another. This has led to re- 
search in problems where multiple measures of the 
closed loop are incorporated directly into the design. 
Recently, results were obtained for mixed objective 
problems involving the !I and the 2 2  norms of the 
closed loop for single-input single-output (SISO) sys- 
tems. In [5]  the problem of minimizing the two norm 
of the closed loop while keeping its one norm below a 
prespecified level was reduced to a finite dimensional 
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quadratic optimization problem. The converse prob- 
lem of minimizing the el norm of the closed loop over 
all internally stabilizing controllers while keeping its 
two norm below a prespecified level was reduced to a 
finite dimensional convex optimization problem in [6 ] .  
It was also shown that the dimension of the equiva- 
lent convex optimization problem can be determined 
a priori. 

This paper explores the interplay of the l 1  and 
the 3c2 norms of the closed loop for the multi-input 
multi-output (MIMO) case which is much richer in its 
complexity and its applicability than the SISO case. 
Consider for example Figure 1 where the part of the 
regulated output given by z2 is used to reflect the per- 
formance with respect to a unit pulse input and it is 
also required that the the maximum magnitude of z1 
due to a worst magnitude bounded input stays below 
a prespecified level. This objective can be captured 
by the following problem: 

where y is the level over which the infinity norm of z2 
is not allowed to cross for the worst bounded distur- 
bance. Or, it may be that the disturbance w is such 
that a part of it,  wl is a white noise while another 
part, 202 is magnitude bounded. A relevant objective 
is the minimization of the effect of these disturbances 
011 the regulated output. The problem, 

where y is the level over which the infinity norm of z 
is not allowed to cross for the worst bounded distur- 
bance is then a problem of interest. 

Both problems (1) and (2) mentioned previously 
fall under a general framework of a problem which we 
call the mixed problem. The MIMO problem in the 
mixed 312  and e, setting poses many questions which 
are not addressed in the SISO setting of [5]. It is 
shown that MIMO problems need to be handled dif- 
ferently in a significant way. The optimal solutions 
for the 1-block are not in general finite impulse re- 
sponses nor are they unique (as will be shown) unlike 
the SISO case. However, it is established that the 
approximating solutions to the optimal within any 
given tolerance can be obtained via finite dimensional 
quadratic optimization. We show that it is possible 
to obtain an a priori bound on the dimension of the 
suboptimal problems (no a priori bound is given in 
[5]where the SISO case is considered). 

The paper is organized as follows: In section 2 
we give system and mathematical preliminaries. In 
section 3 we study the mixed problem. In section 4 
conclusions are given. 

3. Preliminaries 

In the first part of this section we give system prelim- 
inaries and in the second part we give mathematical 
preliminaries. It is to be noted that all the assump- 
tions made in this section are valid throughout the 
paper. 

3.1 System Preliminaries 
In this subsection we state theorems, assumptions 
and give notation which will be relevant to the rest 
of the paper. A good reference for this subsection is 
[2]. We denote by nu,  nw,  n, and ny the number 
of control inputs, exogenous inputs, regulated out- 
puts and measured outputs respectively of the plant 
G. We represent by 0, the set of closed loop maps 
of the plant G which are achievable through stabi- 
lizing controllers. H E eTzxnw,  U E el;zxnu and 
V E eyuxnw characterize the Youla parametrization 
of the plant [7]. The following theorem follows from 
Youla Parametrization. 

Theorem 1 0 = {@ E l ~ z x n w  : there exists a Q E 
!yuxn9 with 6 = H - l?QV}. 

If @ is in 0 we say that @ is an achievable closed loop 
map. We now state all the assumptions made (which 
are valid throughout this paper). 

Assumption 1 U has normal rank n, and 
normal rank ny . 

Let A ~ v  denote the set of zeros of U and V in 2) 
where 2) is the open unit disc. 

Assumption 2 U and V have no zeros which lie on 
the unit circle, that is Auv c int(2)). Also. all the 
zeros of U and V which lie inside the unit disc are 
real. 

See [2] for the definitions of au,(Ao) and av, (Ao).  We 
define 

has 

NijX0 := aCJ,(Ao) + av,(Ao) - 1. 

Theorem 2 [2] @ E 
following conditions hold: 

X n w  is in 0 if and only i f  the 

and 
k = O ,  . . . ,  NijX, 

i=n,+1,  . . . ,  n, 

[ t = 0 , 1 , 2 ,  . . .  
FijkAo,G,,,t and Go,pt are matrix sequences an 

(See [2] for  a detailed description of F i j kAo ,  
Ga,,t and GpJpt .) 

3683 



The first set of conditions constitute the zero inter- 
polation conditions whereas the second set consists 
of the rank interpolation conditions. The plant G 
is called square, or equivalently, we have a 1-block 
problem, if the rank interpolation conditions are ab- 
sent (i.e., when nu = n, and ny = n, ). Otherwise, 
the plant is non-square, or equivalently, we have a 
4-block problem. 

and c, := We define b i j k X o  :=< H , F i j k X o  > 
n.. n.. 2 f: Nijx0. cz is the total number of zero 

XoEAuv i = l  j=1 
interpolation conditions. The following problem 

(3) 

is the standard multiple input multiple output Xnw 

problem. In [3] it is shown that this problem for a 
square plant has a solution, possibly nonunique but 
the solution is a finite impulse response matrix se- 
quence. Let 

(4) 

which is the standard 312 problem. The solution to 
this problem is unique and is an infinite impulse re- 
sponse sequence. 

3.2 Mathematical Preliminaries 
In this section we collect all the relevant theorems 
from convex optimization theory. [l] is an excellent 
reference for this subsection. The following is a La- 
grange duality theorem. 

Theorem 3 Let X be a Banach space, R be a convex 
subset of X ,  Y be a finite dimensional space, Z be a 
normed space with positive cone P. Let f : R + R 
be a real valued convex functional, g : X 4 Z be a 
convex mapping, H : X 4 Y be an affine linear map 
and 0 E in t [range(H)] .  Define 

po := i n f ( f ( 2 )  : g ( 2 )  5 0 ,  H ( z )  = 0, 2 E 52) .  (5) 

Suppose there exists 21 E R such that g(x1) < 0 

po = maz{cp(z*,y)  : Z* 2 0, z' E Z * ,  y E Y } ,  (6) 

where ~ ( z ' ,  y):= inf  { f(z)+ < g ( z ) , z *  > + < 
H ( x ) , y  >: 1: E R } and the maximum is  achieved 
for  some z: 2 0 ,  z; E Z', yo E Y .  

Furthermore i f  infimum in (5) is achieved by some 
x o  E R then 

(7)  

and H ( z 1 )  = 0 and suppose po is  finite. Then, 

< g ( x o ) ,  z: > + < H ( z o ) ,  YO >= 0 

and 

20 minimizes  f(z)+ < g ( z ) , z ;  > + < H ( z ) , y o  > . 
(8) 

Proof: See [I] 

the Dual problem. 

Corollary 1 Let X ,  Y,  2, f, H ,  g ,  R be as in Theorem 3. 
Let 20 be the solution to the problem 

We refer to (5) as the Primal problem and (6) as 

minimize f ( x )  
subject to  2 E s1, H ( z )  = 0, g(z) 5 zo 

with (z:, yo) as the dual solution. Let 21 be the solu- 
tion to the problem 

minimize f(z) 
subject t o  z E R, H ( x )  = 0, g ( t )  5 z1 

with (zi, y1) as the dual solution. Then, 

< 21 - zo, z; > 5 f(20) - f (2l)  << 21 - zo, 2; > ' 
(9) 

Proof : See [l] 

4. The Mixed Problem 

In this section we make the statement for the mixed 
problem precise. We solve the mixed problem via a 
related problem called the approximate problem. For 
both the mixed and the approximate problems the 
following notation is relevant: Let N ,  := { 1,. . . , n,} 
and let N,  := (1,. . . , nz}.  Let S be a given subset 
of N,  . S corresponds to those rows of the closed loop 
which have some part constrained in the one norm. 
We denote the cardinality of S by c, . Let Np for p E S 
be a subset of N, . Np characterizes the part of the 
pth row of the closed loop that is constrained in the 
one norm. yp in R for p E S are such that yp >  YO,^. 
7p is the constraint level on the pth row. Let y E R"- 
contain yp for p E S as its elements. 

We define a set r-, c fyzxnw of feasible solutions 
as follows: @ E X n w  is in rr if and only if it satisfies 
the following conditions: 

a )  II @ p q  111 I Yp for all P E s, 
QEN, 

b) E 0 (i.e CP is an achievable closed loop map). 

be a given 

The problem statements for the mixed and the 

Gwen a plant G the mixed problem is the fol- 

@ is said to be feaszble if @ E rr. Let 
subset of N,  x N, .  

approximate problems are now presented. 

lowrng optimization: 
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Given a plant G the approximate problem of 
order 6 is the following optimization: 

(11) 
We will further assume that for all ( p , q )  E N ,  x N, 
the component Qp9 appears in the e1 constraint or 
in the objective function or in both. Note that 
is the set of transfer function pairs whose two norms 
have to be minimized in the problem. The problem 
is set up so that one can include the constraint of a 
complete row in the closed loop map Q or part of a 
row. This way we can easily incorporate constraints 
of the form 11 Q 111 5 1 which is equivalent to each 
row having one norm less than 1. Also, the 312  norm 
of Q can be included in the cost as a special case. 

We also define the following sets which help in 
isolating various cases in the dual formulation: 

- 
N := U i € s ( i ?  N i ) ,  

which is set of indices ( i ,  j )  such that Qij occur in the 
C1 constraint, 

M N  := 37 n T >  
which is the set, of indices (i,j) such that Qpij occurs 
in the !I constraint, and its two norm appears in the 

PI := M\MN,  

which is the set, of indices ( i , j )  such that two norm 
of Q i j  occurs in the objective but it does not appear 
in the l ,  constraint and 

objective, - 

- 
N := N\MN. 

which is the set of indices (i,j) such that Qij occurs 
in the l 1  constraint but its two norin does not appear 
in the objective. With this notation we have, % = 
( M N )  U M and = ( M N )  U N .  We assume that 
&IN U M U N equals N ,  x N,  . This implies that for 
all ( p ,  q )  E N, x N ,  Qpq appears in the constraint 
or in the objective function or in both. 

We define f m  : t;'""'" -+ R and f," : C ; z X n w  -+ R 
by 

(P&= PES 9ENP 

IIQPqII; +6 II QPq 111, 

(p,q)EMNUM (P,9)EMNUN 
which are the objective functions of the mixed and 

the approximate problems respectively. We make the 
follow iiig assumption. 

Asslimptioil 3 The plant is square i.e., n ,  = nu 
and ny = nW. 

We comment at the end of this section orL the non- 
square case. We now solve the approximate problem 
and later we give the relation of the mixed problem 
to the approximate problem. 

4.1 The Approximate Problem 
In this subsection we present results on the approxi- 
mate problem of order 6. The importance of this prob- 
lem comes from its connection to the mixed problem. 
In the rest of the paper Z is given by the following 
where y i j k ~ ~  is defined by the next theorem. 

i , j  ,k , X o  

Theorem 4 There exists cPo E rr such that 

(p,q)€MNuM (p,q)EMNUN 

Therefore, the infimum in (11) is a minimum. More- 
over, the following i s  true: 

CO 
I4 = 

CO 

4 6  + Yp) I Zpq( t )  I (6 + Yp) i f  ( P ,  q )  E N 
if ( P ,  q )  E M N  

and Zp,(t) > (6 + Yp)> 
i f  ( P ,  Q) E M N  

and z p q ( 4  < -(6 + Y p ) ,  
i f  ( P ,  Q) E M N  

and IZP&)l 5 (6 + V p h  

i f  (P1 q)  E M ,  

2Qp,(t) = Zp,(t) - (6 +lip) 

= & q ( t )  + (6 + Yp) 

= 0  

= z P q ( t )  

f o r a l l t = 0 , 1 , 2  ,.... 
In  addition, the optimal Q:, is unique for  all ( p ,  q )  E 

( M N )  U M. 

Proof : The proof follows using the Banach-Alaoglu 
Lemma on weak-star compactness and Theorem 3. H 

The following Lemma establishes an upper bound 
on the dual variable g .  

Lemma 1 Let denote a solution of the stan- 
dard l?, problem (3). f ,"(Qoil)  is the objective of the 
approrimate problem evaluated at a solution of the 
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staridnrd P1 probl~in If (v, yy) is the solution to 
the uppr~oxininte problem as given zn Theorem ,$ then 

< f o r  all p s. 
Yp - V0, l  

1' - 

Proof : Follows from Corollary 1. 
The following lemma relates the primal solution - 

to the dual solution. 

Leiiiiiia 2 Let be a solution to the primal problem 
(11) aiid let Yo. yo, Z:q be solutions to  the dual. Then 
the  followang is true: 

subject. to 
- 
y E P. jj 2 0.  y E R". , apy(t) E 12~ :  v ( T I :  y j  E 

4 6  +qJ I Z p g ( t )  L (6  + q J  

-(6 +Yp) 5 2 @ p , ( t )  - Zpq(t) 5 (6  + V p )  

:VI 

if (p,q,i E it' 

if ( p ,  q )  E M 3 -  
f o r  all t = 0 : 1 , 2  ?. . . ,  L:. 

is unique for all ( p ,  y) E (MN) U Al. 

Thus, we have reduced the approximak problem t.0 
a finite dimensional quadratic optimization problem 
with a priori known dimension. Note that. for t'he 
optimal solution @' the @&'s with ( p .  y )  in LlfA' U iV, 
are always FIR while the @;9's with ( p .  q )  in ,If, a.re 
IIR. 

Furthermore, the optimal @& of the primal (11) 

4.2 Relation between the Approximate and 
the Mixed Problem 

In this section we show how to solve the mixed prob- 
lem using the results of the approximate problem. 
Note that the approximate problem reduces to a finit.e 
dimensional quadratic optimization problem with a 
priori known dimension. 

For the mixed problem (1-block) a similar La- 
grange duality approach can be used to show that 
the problem can be converted to a finite dimensional 
convex problem with some of the optimal a:, being 
possibly FIR and some IIR, as in the approxiniate 
problem (see Theorem 4).  Nonetlieless. even in the 
single input-single-output-case, an a priori bound on 
the dimension of the equivalent quadratic problem 
has proved elusive [5]. In addition, the MIMO prob- 
lem is substantially more complex, for one cannot de- 
termine U priori which of the optimal dual variables 
j$ corresponding to  the t1 constxaint is active (i.e.! 
j$ > 0.) Hence, the U priori determination of which 
(if any) of the otpimal @E,{ is FIR is not possible. This 
can make the solution procedure extremely compli- 
cated arid virtually inf,rar:t,able by trying t,o examine 
all possibilities. 

This difficulty can be circumvented by consider- 
ing the approximate problem. The results in this sec- 
tion show that a suboptimal solution to t,he mixed 
problein can be obtained by solving an approximate 
problem. 'l'lie following theoreni shows that we can 
desigil a coiltroller li' for the mixed proble~n which 
achieves an objective valuc within any given toler- 
iiii(:c of  the optimal valuc by solving a correspoiiding 
approxi i i iak probleiii. 'rlic exist,eiic:e of a solution for 
t . 1 ~  r i i i sc : tI  prolilciii ~ L M I  tIie optimal cDir, being unique 
f o r  ( p ,  q )  E ( A f  N )  U hf ( : i ~ i i  I x i  proved i n  a similar 
I I i i L t  1 1  i c  r ils \vi ts c 101 li) L' r :I 1 ~ K ) X  i I  ink pr0ble111. 
~ril(!or~!lll G 
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6. References 

Proof : It is easy to show that ,U? 5 p:. Note that if 
Q, E ry then 

q w ,  

This implies that, 

(PA)€ ( M w J M  

Taking infimum over rr on both sides in the above 
inequality the theorem follows. 

The next theorem is a result on the convergence 
of the optimal solutions of the approximate problems 
to the solution of the mixed problem. 

Theorem 7 Let Qn be a solution of the approximate 
problem of order i. Then, there exists a subsequence 
{Q,)”*} o f a n  and Q,’ E e : z x n w  such that (a’ is a so- 
lutaon of the mixed problem and 

(ank --+ a’ in the  W ( ( t ~ s X n w ) * r t ~ z X n w )  topology. 

Furthermore, 
-+ a’ in the  W((t2)’. e,) topology V ( p ,  q)  E 

( M N )  U M .  

At this point we would like to comment briefly on 
the nonsquare problem. Note that the result of The- 
orem 6 is valid for the square as well as the nonsquare 
case. Therefore, we would like to obtain a suboptimal 
solution to the nonsquare mixed problem by solving 
the corresponding nonsquare approximate problem 
(as defined in this section) which is more tractable. 
The delay augmentation method as described in [2] 
can be employed to obtain converging lower bounds. 
What is needed is a converging upper bound to p;.  
A simple way to do this is to solve directly the ap- 
proximate problem by truncating (a. This is what 
is called the finite-many-variables (FMV) approach 
[2]. Convergence of the optimal cost of the truncated 
problem to as the number of (untruncated) vari- 
ables increases is easy to establish [a]. 

5.  Conclusions 

In this paper the 3 1 2  performance of the closed loop 
is minimized subject to a t, constraint. It was shown 
that suboptimal solutions within any given tolerance 
of the optimal value can be obtained via a finite di- 
mensional quadratic optimization problem. The di- 
mension of the equivalent quadratic optimization prob- 
lem can be determined a priori. Numerical imple- 
mentation, and tighter bounds on the dimensions of 
the equivalent problems is the subject of future re- 
search. 
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