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DC-DistADMM: ADMM Algorithm for
Constrained Optimization Over
Directed Graphs

Vivek Khatana

Abstracit—This article reports an algorithm for multiagent
distributed optimization problems with a common decision
variable, local linear equality, and inequality, constraints
and set constraints with convergence rate guarantees. The
algorithm accrues all the benefits of the alternating di-
rection method of multipliers (ADMM) approach. It also
overcomes the limitations of existing methods on convex
optimization problems with linear inequality, equality, and
set constraints by allowing directed communication topolo-
gies. Moreover, the algorithm can be synthesized distribu-
tively. The developed algorithm has: first, a O(1/k) rate
of convergence, where k is the iteration counter, when
individual functions are convex but not-necessarily differ-
entiable, and second, a geometric rate of convergence to
any arbitrary small neighborhood of the optimal solution,
when the objective functions are smooth and restricted
strongly convex at the optimal solution. The efficacy of the
algorithm is evaluated by a comparison with state-of-the-
art constrained optimization algorithms in solving a con-
strained distributed £, -regularized logistic regression prob-
lem, and unconstrained optimization algorithms in solving
a {,-regularized Huber loss minimization problem. Addi-
tionally, a comparison of the algorithm’s performance with
other algorithms in the literature that utilize multiple com-
munication steps is provided.

Index Terms—Alternating direction method of multipliers
(ADMM), constrained optimization, directed graphs, finite-
time consensus, distributed optimization, multiagent net-
works.

[. INTRODUCTION

ONSIDER a group of n agents connected through a di-
C rected graph, G(V, £), where V and £ are the set of vertices
and directed edges, respectively. Each agent can transmit infor-
mation to other agents restricted by the directed graph G(V, £);
an agent ¢ can transmit to agent j if a directed link ¢ — j exists
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in £. The agents focus on solving the following distributed
optimization problem:

minimize f(&) = En: fi(®)
i=1

zeRP

subjectto CiF =¢;, D <d; VieV, Fe[)A
i=1

ey

where © € RP? is a global optimization variable. f; : R? — Ris
the local objective function of agent ¢. X is a convex constraint
set associated with the variables of agent ¢. C;& = ¢; with C; €
R™1 Xp, ¢; € R™ and D;x < d; with D; € Rmsz, d; € R™2
are the local equality and inequality constraints of agent <. Many
problems in various engineering fields, such as wireless systems,
multiagent coordination and control [1], and machine learn-
ing [2] can be posed in the form of problem (1). Unlike a class of
distributed optimization problems that involve global coupling
constraints (see, for example, [3], [4], [5]), in problem (1) agents
seeks to determine a common solution Z that is required to be
known by each agent.

Early works on the distributed optimization problem can be
found in seminal papers [6], [7]. Current approaches for solving
optimization problems can be broadly classified as follows: 1)
primal methods that update the agent estimates of the solution
by utilizing a step-size rule based on the gradient informa-
tion (at the current estimate) of the objective function to steer
towards the optimal solution, and 2) dual-based optimization
methods that employ Lagrange multipliers. For optimization
problems that are unconstrained [with no equality, inequality
and set constraints in problem (1)], examples [8], [9], [10],
[11], [12] (and references therein) take a primal based approach,
whereas [13], [14], [15], [16], [17], [18], [19], [20] take a dual
based approach. The works in [14], [15], [16], [17], [18], [19],
[20] motivated by the advantages of parallelizability and good
convergence results, (see [21]) adopt the alternating direction
method of multipliers (ADMM) dual-based approach; Wei and
Ozdaglar [14] proposed the ADMM-based algorithm for convex
objective functions with an O(1/k) rate of convergence, the
worksin[15] and [16] established linear rate of convergence with
globally strongly convex objective functions, the work in [18]
is based on minimizing a proximal first-order approximation
of smooth and globally strongly convex functions, and Iutzeler
et al. [19] provided a linear rate of convergence for a twice con-
tinuously differentiable and locally strongly convex functions.
In contrast to the dual-based approaches [13], [14], [15], [16],
[17], [18], [19], [20] for unconstrained problems, this article
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provides an algorithm with provable convergence guarantees,
which is not restricted by assumption of bidirectional (or undi-
rected) communication topologies and does not need centralized
information for designing the algorithm.

The works in [22], [23], [24], [25], [26], [27], [28], [29],
[30], [31], [32], [33], [34], [35], and [36] consider constrained
distributed optimization problems similar to (1). For solving
constrained convex optimization problems of the form (1) dis-
tributively, many of the existing state-of-the-art algorithms [22],
[23], [24], [25], [26], [27], 28], [29], [301, [311, [32], [33] utilize
primal algorithms based on projections onto the constraint set
and the (sub)gradient information of the individual objective
functions. Here, the works in [27], [28], [29], [31], [34], [35],
and [36] focused only on set constraints; equality constraints
are considered in [26] and [30] while inequality constraints
are the focus in [22], [23], [24], [25], [26], [32], and [33]. To
establish convergence, the work in [25] assumes the differen-
tiability of the individual objective functions. The assumption
of individual functions being Lipschitz continuous and convex
quadratic over the constraint set is required in [28]. The works
in [29] and [32] require the assumption of the set on which
gradient of the individual functions is zero to be bounded and
a compact optimal solution set, respectively. Twice continuous
differentiability and bounded Hessian matrix for the individual
functions is assumed in [30]. The works in [31] and [33],
require bounded (sub)gradients. In contrast to the assumptions
above in the primal-based approaches in [22], [23], [24], [25],
[26], [27], [28], [29], [30], [31], [32], and [33], the method
reported in this article does not require differentiability nor does
it require bounded (sub)gradients. The works in [22], [23], [24],
[25], [26], [27], [28], [29], [30], [31], [32], [33] established
convergence to an optimal solution; however, unlike the focus of
this article, no convergence rate/iteration complexity estimates
are determined. Moreover, this article is based on ADMM and,
thus, accrues its advantages; ADMM is shown to have a better
empirical performance than the primal (projected) subgradient
methods [13].

The works in [34], [35], and [36] utilized a primal-dual
approach for constrained problems. Here, Yuan et al. [35] re-
quired bounded (sub)gradients to establish an O(k~'/*) rate of
convergence for the objective function residual and Lei et al. [36]
does not establish rate of convergence in the presence of con-
straints. As alluded to earlier, ADMM-based approach (which is
a Lagrangian dual based approach) has several advantages (see
[13]); however, results on distributed constrained optimization
problems using ADMM are sparse. Here, Mota et al. [34],
which considers dual ADMM-like method, does not provide
a convergence rate/iteration complexity analysis.

Note that most existing constrained optimization
schemes [22], [23], [24], [25], [26], [27], [28], [29], [30],
[31], [32], [34], [35], [36] are designed using centralized
information and work under the assumption of bi-directional
(or undirected) communication networks. Moreover, the
algorithms in [22], [23], [25], [26], [27], [28], [33], [35],
and [36] are continuous-time algorithms that pose the need
for further analysis under discretization schemes needed for
implementation. Compared to these our proposed algorithm
is based on discrete-time iterations, which can be easily
implemented in a practical setting. However, unlike some
existing work in the literature [23], [24], in this work, we do
not consider nonlinear inequality constraints and time-varying
graphs. We now summarize the discussion above to delineate
the main contribution of the article as follows.

The main contribution of the article is an ADMM-based
algorithm called directed constrained-distributed alternating di-
rection method of multipliers (DC-DistADMM) that solves
problem (1). The novel features of the algorithm for uncon-
strained and constrained optimization problems are summarized
as follows.

1) With respect to unconstrained optimization problems,
DC-DistADMM is a Lagrangian dual-based algorithm:

a) that accommodates directed graphs allowing for
nonsymmetric communication topologies. This
feature considerably widens the applicability as in
most application scenarios, agents do not have the
same range of communication;

b) that is amenable to distributed synthesis scenarios
and extends the applicability of ADMM method
to applications where a plug and play operation
is required [37], [38] (distributed synthesis is de-
tailed in, [49] Appendix A). The DC-DistADMM
algorithm has column stochastic updates and does
not require the agents to know global network
interconnection information.

2) With respect to the constrained optimization problems,
DC-DistADMM algorithm:

a) is a Lagrangian dual-based algorithm for con-
strained optimization problems that accommo-
dates directed graphs and allows for distributed
synthesis;
to the best of the authors’ knowledge DC-
DistADMM has the best convergence rates in the
constrained optimization literature. Most works
[22], [23], [24], [25], [26], [27], [28], [29], [30],
[31], [32], [33], [34], [36] do not provide conver-
gence rate guarantees while the work in [35] pro-
vides a worse one. The DC-DistADMM algorithm
converges to an optimal solution of problem (1)
under mild assumptions (Theorem 3). The algo-
rithm has a O(1/k) rate of convergence, where k is
the iteration counter, when the individual functions
f; are convex but not-necessarily differentiable. It
has a geometric rate of convergence to any arbitrary
neighborhood of the optimal solution when the ob-
jective functions are smooth and restricted strongly
convex at the optimal solution of problem (1).
DC-DistADMM does not require the individual
functions f; to be differentiable for convergence to
an optimal solution neither bounded subgradients
and globally strongly convex or twice continuously
differentiable is assumed for the derivation of con-
vergence rate estimates unlike existing analysis in
the literature (see [11], [15], [16], [19], [25], [28],
[291, [301, [311, [32], [33], [35], [39D).

3) ADMM-based approaches and more generally La-
grangian dual-based approaches for distributed con-
strained problems involve in each iteration an informa-
tion mixing step among agents and a step that improves
the objective. An important technical contribution of the
article is that it transforms the original problem (1) to an
equivalent problem [see (7)] that allows for carrying out

b

~
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almost complete mixing via any consensus strategy for the
information mixing step to be followed by the objective
improvement step. This reformulation with its advantages
is being employed by other groups including works in
[40], [41], [42], and [43] with consensus strategies other
than the one employed in this article.

4) The total number of communication steps for
DC-DistADMM by the kth iterate is within a factor
of logk of the optimal lower bound in obtaining a
O(1/k) rate of convergence. Empirical data corroborates
that DC-DistADMM, with respect to the computational
performance, outperforms other distributed constrained
and unconstrained optimization approaches.

The authors have introduced a preliminary version [44] of the
method developed here termed as D-DistADMM. The current
work presents a significant generalization, DC-DistADMM,
where a constrained distributed optimization problem is con-
sidered. The constrained optimization problem poses significant
technical challenges over the unconstrained case; here, stronger
and more comprehensive results under less restrictive assump-
tions are established. In contrast to [44] this article provides
the convergence rate guarantees, establishes upper bounds on
the total communication steps required for achieving the con-
vergence rate estimates (remarks 2 and 5), and validation of the
DC-DistADMM algorithm’s applicability using detailed numer-
ical tests and comparison with other state-of-the-art algorithms
is provided.

The rest of this article is organized as follows. In Section II,
the problem under consideration is discussed in detail and some
basic definitions and notations used in the article are presented.
Section III presents the DC-DistADMM algorithm along with
the finite-time e-consensus protocol in detail; and provide sup-
porting analysis for the e-consensus protocol. The convergence
analysis of the proposed algorithm is provided in Section IV. In
Section V, numerical simulations comparing the existing state-
of-the-art methods and DC-D1 st ADMM algorithm in solving: (i)
a /1 regularized distributed logistic regression problem and (ii) a
¢y regularized distributed Huber loss minimization problem, are
provided. The comparison results verify theoretical claims and
provide a discussion on the effectiveness and suitability of the
proposed algorithm. Finally, Section VI concludes this article.

[l. DEFINITIONS, PROBLEM
FORMULATION, AND ASSUMPTIONS

A. Definition, Notations, and Assumptions

In this section, definitions and notations that are used later in
the analysis are presented. Detailed description of most of these
notions can be found in [45], [46], and [47].

Definition 1 (Directed Graph): A directed graph G is a pair
(V,€) where V is a set of vertices (or nodes) and & is a set
of edges, which are ordered subsets of two distinct elements of
V. If an edge from j € V to ¢ € V exists then it is denoted as
(i,4) € €.

Definition 2 (Strongly Connected Graph): A directed graph is
strongly connected if for any pair (7, j), ¢ # j, there is a directed
path from node ¢ to node j.

Definition 3 (Column-Stochastic Matrix): A matrix M =
[m;;] € R™™is called a column-stochastic matrix if 0 < m;; <
land ) ;" ;my; =1foralll <i,j <n.

Definition 4 (Diameter of a Graph): The diameter of a di-
rected graph G(V,€) is the longest shortest directed path be-
tween any two nodes in the graph.

Definition 5 (In-Neighborhood): The set of in-neighbors of
nodet € Viscalled the in-neighborhood of node 7 and is denoted
by N, ={j | (¢,7) € £} not including the node i.

Definition 6 (Out-Neighborhood): The set of out-neighbors
of node 7 € V is called the out-neighborhood of node ¢ and is
denoted by N;" = {j | (j,i) € £} not including the node 1.

Definition 7 (Lipschitz Differentiability): A differentiable
function f:R? — R is called Lipschitz differentiable with
constant L > 0, if the following inequality holds:

IVf(z) =Vl <Lz -yl Vaz,yeR"

Definition 8 (Restricted Strongly Convex Function [48]):
Given, z € R?,C C RP, a differentiable convex function f :
RP — R is called restricted strongly convex with respect to &
on C with parameter o > 0, if the following inequality holds:

(Vf(x) = Vf(@),z—7)>olz—7|* VaecC.
Definition 9 (Diameter of a set): For a norm || - || and a set
K C RP define the diameter of K with respect to the norm || - ||,
diamH.H(K) = SUD, ek ||-T - y“
Definition 10 (Affine hull of a set): The affine hull Aff(X) of
a set X is the set of all affine combinations of elements of X

k k
AH(X) = {201371 ‘ k>0,z; € X,0;, € R,Zez = 1} .
i=1 i=1
Definition 11 (Relative interior of a set): Let X C R™. A
point & € X is in the relative interior of X, if X contains the
intersection of a small enough ball centered at = with the Aff (X)),
that is, there exists r > 0 such that

B, (¢) N Af(X) = {y | y € AB(X), |y — 2] <r} C X.

The set of all relative interior points of X is called its relative
interior denoted by relint(X).

Throughout this article, vectors are assumed to be col-
umn vectors unless stated otherwise. Each agent 7 €V
maintains two local primal variables x¥ € R(m+P) gk ¢
R(™*P) and two dual variables A¥ € R0™+P) )k c R™ at
all iterations k > 0 of the DC-DistADMM algorithm. xk =
[} ah" 2l )T e R R — [T by e
Rn,(nz+p)’ A.k _ [)LlfT )\.IST y .)\ﬁT]T c Rn(7n,+p)’ and Mk —
[k pkt . pE']T € R"™, respectively. D denotes an upper
bound on the diameter of the graph G(V, £). RZ, denotes the
non-negative subspace of R™, ||.|| denotes the 2-norm of the
vector input unless stated otherwise and [.]| denotes the least
integer function or the ceiling function, defined as: given x €
R, [2] = min{m € Z|m > z}, where Z is the set of integers.
Given a set .S, the indicator function of set S is defined as

0 ifzesS
I =
s(2) {+oo otherwise.

B. Problem Formulation

Consider the slack variable s and rewrite the inequality
constraint D;z < d; as

Ts

[D; 1] [5”] —d;, T, = OVieV

where I is the identity matrix of appropriate dimension. Let
x=[z" #]]" € R™+P), Using the notation and the definition
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of the indicator function of RZj, problem (1) can be rewritten as

mi;lei]%)ize 2g;[fz () + Iz, (25))]
subjectto Az =b; VieV, i€ (X )

i=1
whereA; := [C; + D; 1],' b; := ¢; + d;. Problem (2) is recast
by creating local copies x; for all 7 € V), of the global variable x
and imposing the agreement of the solutions of all the agents via
consensus constraint. This leads to an equivalent formulation
of (2) as described as follows:

miilei%)ize Zl[ﬁ(jl) + I]Rg}, (Ts,)]

subject to A7I1 = bZ', T, €X; VieVy
T =T; Yi,5 €V 3)

The constraints z; € X; can be integrated into the objective
function using the indicator functions of the sets X}, as

n
minimize Z filzy)

i=1
subjectto A;xz; =b; VieV
Tj =Ty VZ,j ey (4)

where fi(z;) == fi(i;) +Igrm (%s,) + Zx, (7;) and Ly, is the
indicator function of set X;

Let, C, := {y = [y ...y}]" € R™™*P) such that

lyi =yl <2nm,1 <id,j <n} &)

to be a set of vectors y € R™™*P) such that the norm of the
difference between any two (m + p) dimensional subvectors of
y is less than 7.

Using definition of set C,;, (4) is equivalent to

minimize Z filxs)
i=1
subjectto A;xz; =b; VieV

x=lzjwy...x,]", x=y, yeCo. (6

Problem (6) can be reformulated as

minimize Z fi(xs) +Ze, (y)

i=1
subjectto A;z; =b; VieV
x=[r{zy .. 2], x=y @)

where Z¢, is the indicator function of the set Cy.

C. Standard ADMM Method

Here, a brief review of the standard ADMM method [13]
utilized to solve optimization problems of the following form:

minimige f(z)+g(y)

subjectto Sz + Ty =c 8)

'Without loss of generality here we assume m1 = mo = m.

where S € R™P, T € R™"*4, and ¢ € R" are provided. Con-
sider, the augmented Lagrangian with the Lagrange multiplier
X and positive scalar ~y

Lo(z,y,1) = f(z) +g(y) + 1" (Sz 4+ Ty —c)

Jr%HSerTy—cHz. 9)

The primal and dual variable updates in ADMM are given
as follows: starting with the initial guess (z°,y", A?), at each
iteration

" = argmin Ev(z,yk,kk) (10)

Y™ = argmin £, (2", y, A7) 11
y

AL = Ak (S TRt ), (12)

[lI. PROPOSED DC-DistADMM METHOD

Define F(x) := """ | fi(z;), A:==I® A4;,i=1,...,n,€
R (m+p) where T is n x n identity matrix and @ denote
the matrix Kronecker product, and b := [b] ...b]]T € R"™.
The Lagrangian function £ for problem (7) is given by

L(x,y, 7 1) =F(x) + I, (y) + 2" (x —y)

+p'(Ax —b). (13)
Note that the standard augmented Lagrangian associated with (7)
at any iteration k is
i

Lo(xF,y" 0% k) = L(xF,y% 0% 1h) + §|IX’“ -y*?
v
+§\|Ax—b||2. (14)

Based on ADMM iterations (10) and (12), the primal and dual
updates corresponding to augmented Lagrangian (14) are

x"*1 = argmin {F(x)+ AT (x —y®) + FT(Ax — b)
g g

+ 2l —y*I + 2 Ax = b|* | (1)

Note that the abovementioned x**! update can be obtained in a

decentralized manner by computation at each agent as follows:

ab = argmin { files) + 25 (s — ) + b (Aiws — by)
gl = ob P+ Sl A —blP | viev. ae)
The update for the primal variable y is given as

V’”l = argmin

y

o {Tay () + 2 (1 =)+ L+ )

2
2
}. (17

The ¥**" update in (17) is the projection of x*** + =" on the
set Cp. It can be verified (see [49], Appendix B) that

= argmin {ICO (v)+ %
y

1
xFHL g 4 Dk
v

yitl = {yk“T . .kaT}T € R*(™*P) where
gt = 5 farer s L (18)
: n . i v i

Authorized licensed use limited to: University Of Minnesota Duluth. Downloaded on September 16,2026 at 21:08:39 UTC from IEEE Xplore. Restrictions apply.



KHATANA AND SALAPAKA: DC-DISTADMM: ADMM ALGORITHM FOR CONSTRAINED OPTIMIZATION OVER DIRECTED GRAPHS

5369

is the solution of the update (17). However, obtaining the optimal
solution (the exact average of the local variables) in a distributive
manner over a directed network where each agent only has
access to its own local information is a challenge. Hence, the
exact consensus constraint is relaxed to a requirement of a
nk+1-closeness among the variables of all the agents, i.e., the
solution y**! is allowed us to lie in the set C,,,, and satisfy

yF+t — y* Y| < 2m441,Vi,j € V. The parameter 1y, ; can be
mterpreted] as a specified tolerance on the quality of consensus
among the agent variables and can be chosen appropriately to
find a corresponding near optimal solution of (17). A distributed
finite-time terminated approximate consensus protocol is em-
ployed to find an inexact solution of (17), such that the obtained
solution y**! € C;., 1. The “approximate” consensus protocol
is discussed in detail in the following section (Section III-A).

After the primal variables, each agent updates the dual vari-
ables in the following manner:

M =AF (it =yt Viey (19)

uff“ = b (At — b)) Vie. (20)
Define % " based on the solution y*+

A=k @t gt viev. @D

Next, the e-consensus protocol is described.

A. Finite-Time e-Consensus Protocol

Here, a finite-time “approximate” consensus protocol called
the e-consensus protocol is presented. The protocol was first
proposed in an earlier work [50] by the authors. Consider, a set
of n agents connected via a directed graph G(V, £). Every agent
i has a vector u? € RP. Letu = 2 3" | u? denote the average
of the vectors. The objective is to design a distributed protocol
such that the agents are able to compute an approximate estimate
of u in finite time. This approximate estimate is parametrized
by a tolerance ¢ that can be chosen arbitrarily small to make the
estimate as prec1se as needed To this end, the agents maintain
state variables u¥ € R?,vF € R that undergo the following
update: for k > 0

uf = pauf + > pijul (22)
JENT
ot = piof + Z pijv} (23)
JeNT
1
with = W“fﬂ (24)

7
where w9 = uY, v? = 1foralli € V and N denotes the set of
in- nelghbors of agent ¢. The updates (22)— (24) are based on the
push-sum (or ratio consensus) updates (see [51] or [52]). The
following assumption on the graph G(V, £) and weight matrix
P is made.

Assumption 1: The directed graph G(V,&) is strongly-
connected. Let the weighted adjacency matrix P = [p;;], as
sociated with the digraph G(V, &), be column-stochastic.

Note that P being a column stochastic matrix allows for a
distributed synthesis of the consensus protocol. The variable
wk € RP is an estimate of & with each agent 7 at any iteration
k. It is established in prior work that the vector estimates w’

converge to the average u asymptotically.

Theorem 1: Let Assumption 1 hold. Let {w¥};>¢ be the
sequence generated by (24) at each agent i € V. Then w/
asymptotically converges to o = 1 ) DY u? foralli € V, ie.,

li for all
Jim 2w wh Zz; u,, foralli e V.
Proof: Refer [50], [51] for the proof. O

The e-consensus protocol is a distributed algorithm to deter-
mine when the agent states w’, for all i € V are e-close to each
other and, hence, from Theorern 1, e-close to w. To this end, each
agent maintains a scalar value R; termed as the radius of agent
1. The motivation behind maintaining such a radius variable is
as follows: consider an open ball at iteration & that encloses all
the agent states, w¥, for all i € V, with a minimal radius (the
existence of such a ball can be shown due to bounded nature
of the updates (22)—(24), see [53, Lemma 4.2]). Theorem 1
guarantees that all the agent states w’ converge to a single vector,
which implies that the minimal ball enclosing all the states will
also shrink with iteration k and eventually the radius will become
zero. The radius variable R; is designed to track the radius of
this minimal ball. Starting at an iteration s, the radius R¥(s)

is updated to R (s) as follows: for all k = 0,1,2..., with
RY(s) =0
R (s) = Helﬁaf{Hw”’““ wit + RE(s)} (29)

foralli € V. Denote, B(w; ¥, R (s)) asthe ball of radius R¥(s)
centered at w; ** Ttis established in [50] that, after D number of
iterations of the update (25) the ball B(w;*? RP(s)) encloses
the states w; of all the agents i € V.

Lemma I: Let {w¥};>¢ be the sequence generated by (24) at
each agenti € V. Given, s > 0, let R¥(s) be updated as in (25)
for all £ > 0 and ¢ € V. Under Assumption 1

w; € B(wP**, RP(s)), forall j,i € V.
Proof: See [49], Appendix C for proof. ]

Let, 7" := RP(mD), m =0,1,2,... (26)

where RF(s) follows the update rule (25) for any s > 0.

The next result establishes the fact that the sequence of radii
{]%iD(mD)}mZO, for i € V converges to zero as m — 0.

Theorem 2: Let {wk}i>0, {Er}mzo be the sequences gen-
erated by (24) and (26), respectively. Under Assumption 1

lim Rm—O foralli € V.

m—00
Furthermore, hmm_mR- =0 if and only if lim,,
max; jey [|wg™® — wP| = 0.
Proof: See [49] Appendlfoor proof. ]

Theorem 2 gives a criterion for termination of the consen-
sus iterations (22)—(24) by utilizing the radius updates at each
agent ¢ € V given by (25). In particular, by tracking the radii

PA{;”, m =0,1,2... each agent can determine an estimate of
the radius of the minimal ball enclosing all the agent states
(Lemma 1) distributively. Furthermore, monitoring the value

of the R{",m = 0,1,2... each agent can have the knowledge
of the state of consensus among all the agents. A protocol to
determine -consensus among the agents is givenin Algorithm 1.
Algorithm 1 is initialized with w) = u?,0? =1 and RY = 0

respectively for all 7 € V. Each agent follows rules (22) (24)
and (25) to update its state and radius variables, respectively.

Authorized licensed use limited to: University Of Minnesota Duluth. Downloaded on September 16,2026 at 21:08:39 UTC from IEEE Xplore. Restrictions apply.



5370

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 68, NO. 9, SEPTEMBER 2023

Algorithm 1: Finite-time e-consensus protocol at each
node i € V [50].

Input:
Pre-specified tolerance € > 0;
Diameter upper bound D;
Initialize:
0 0

w) = ud; v) =1; RY = 0;
m:=1

Repeat for £ =0,1,2,...

/+ consensus updates (22)-(24) */
ukJrl — uk+z uk

i T Puth jen; Piity

k k k
Uy = pavl + Z]-EN: Pjivj

E+1 _ 1 k+1
wy = R

/ * radif,ls update (25) */
REF = max {uwl*! — wl| + RS}
JENT
if K = mD — 1 then
Rm—1 = R+,
if 1?2;”—1 < ¢ then
| break ;
else
‘ R’?Jrl =0:
m=m+1;

// e-consensus achieved

end

RF is reset at each iteration of the form k = mD,m = 1,2, ...

to have a value equal to 0. The sequence of radii {ﬁ;ﬂ}mzo is
determined by setting the value }Aﬂ”_l equal to R¥ for all iter-
ations of the form k = mD,m = 1,2,..., i.e, R" ' = R"P
for all m > 1. From Lemma 1, the ball B(w!"?, }AE;-”’l) will

(m=DP This ball is the estimate of the

minimal ball enclosing all agent states wgmfl)p. Therefore, as

a method to detect e-consensus, at every iteration of the form
mD, form=1,2,..., R;”_l is compared to the parameter ¢,

if 1%;”‘1 < ¢ then all the agent states wEmfl)D were e-close to
u (from Theorem 1) and the iterations (22)—(24) are terminated.
Proposition 1 establishes that the e-consensus converges in finite
number of iterations.

Proposition 1: Under the Assumption 1, e-consensus is

achieved in finite number of iterations at each agent: € V.
Proof: Note, R* — 0 as m — oo. Thus, givene > 0,i € V
there exists finite %; such that for m >k, , R < e. O

Note, that the radius estimates 1/%;" can be different for some
of the agents. Thus, the detection of e-consensus can happen at
different iterations for some nodes. In order to, have a global
detection, each agent can generate “converged flag” indicating
its own detection. Such a flag signal can then be combined by
means of a distributed one-bit consensus updates (see [50]), thus
allowing the agents to achieve global e-consensus.

contain all estimates w

B. y Variable Updates in DC-DistADMM

The finite-time e-consensus protocol discussed above is uti-
lized to determine an inexact solution to the update (17). At any
iteration k > 0 of the DC-DistADMM algorithm, each agent
7 € V runs an e-consensus protocol with the tolerance € = 741
and the following initialization:
u) =it 4 %k?, vy

7 [

1, and w) = u?. 27)

K3

Algorithm 2: DC-DistADMM Algorithm.

Input:
| choose v > 0, {nk}r>0

Initialize:

29 e RMFP) 0 e RMHP) A0 — 0, , e R(™FP) 1,0
R™,VieV

Repeat for £k =0,1,2,...

for i = 1,2,...n, (In parallel) do

. T
@i = argmin { fi(e:) + A (2 - yb) + 32
T
g2 4+ b (A = b) + 3l A — bl },
7)1 - consensus protocol (:r?Jrl 4 %Ai‘)

)\{ﬂ = AP gy(ah L gkt
it = pf (AT = b)

k+1

end
until a stopping criterion is met

From Proposition 1, there exists finite ;. such that Vi, j € V
P < @29
where 7FHt = 1570 [P 4 ~5F]. The variable Y of

agent ¢ is then set equal to the consensus variable wf’“,

Jwf* = wi || < Mpsr, and [lwl*

ie, y"™ =w!*. Therefore, the obtained vector y*+!' =
. T . . .
[yi 1 yEtU )T € R™™HP) is an inexact solution to the

update (17) (see [49], Appendix E). Furthermore, y**! is

V/nMk+1-close to the exact solution y*+1, ie.,
yr = Fh 4P with ||eF | < Vi (29)
The DC-D1istADMM algorithm is presented in Algorithm 2.

IV. CONVERGENCE RESULTS FOR DC-DistADMM

In this section, convergence result for the proposed
DC-DistADMM algorithm is presented. Let X := A} x --- X
X, "R7 = RT) x --- x R? and2* € R(™*P) denote an op-

> > >

n times
timal solution of problem (1). Throughout the rest of this article,

the following assumptions hold.

Assumption 2: Each X is a closed bounded convex set with
diameter diamy.| (X;) = M.

Note that Assumption 2 can be relaxed if the set of optimal
solutions of the original distributed problem (1) is bounded
(see [54]); in this case, the existence of a bound on the local
variables can be inferred from the bound on optimal solutions.
Here, this route is not taken, as in many multiagent distributed
optimization applications the variables are required to remain
within specified bounds. Assumption 2 is motivated by the
constraint set requirement in many practical applications.

Assumption 3: The function f;,7 € {1,...,n}, is a proper
closed convex function, which is not necessarily differentiable.

Assumption 4: There exists a saddle point (x*,y*, A*, u*) for
the Lagrangian function £ defined in (13), i.e., for all (x,y) €
R™m4P) 5 R 4P) (3, 1) € R*MHP) 5 R™™ | where

L5y h,p) < LKy A5 1) < L(x,y, A% 1").

Note that since (7) is a convex optimization problem, the
existence of dual optimal solutions is guaranteed if a con-
straint qualification condition like Slater’s CQ holds for prob-
lem (7) [47]. Note that the indicator function of a set is a
convex but not differentiable function. For further analysis of
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the DC-DistADMM algorithm consider the following relation:
for 1, 29,23, x4 € RP

(lz1 = zal® = |1 — 23]1?)

DN | =

(21— @) (23 — 24) =

+ 5 (oo = z3* = llz2 = 24]?) . 30)

Under Assumption 3, the first-order optimality and primal fea-
sibility conditions for (7) are

A=A € 0fi(xy), i=1,2,...,n (31)
A€ 0Ze,(y") (32)
xi=y,i=12,...,n (33)

i —b;=0,i=1,2,...,n (34)

where 0f;(z}) and 0Z¢,(y*) are the set of all the subgradi-
ents of f; at z;, and Zg, at y*, respectively. Similarly, for
the DC-DistADMM updates (16), and (17) by the first-order

optimality condition ¢ follows that, forall i € {1,...,n}
= (W AT (@ =) A (AT - 0))
€ ofi(xith) (35)

()Lk-t-l +,}/( k+1 — ) +14 T k+1) c afz( k+1) (36)
B ghHL) Lok € 0T, (75
Leote, (7 (37)

where OZc,(y"t1) is the set of all subgradients of Z¢, at
y**1. The relation (36) results from combining (35) with the
update (19), and in (37) (29) is employed.

Lemma 2: Let {Xk}kzl, {yk}kZI’ {)\k}kzl’ and {/Lk}kZh
be the sequences generated by Algorithm 2. Let {7, }1>1 be the
sequence of tolerances in Algorithm 2. Under Assumptions 1
and 2, there exists Q, independent of k, such that

2| < kQ, forall k.

Proof: See [49], Appendix F for proof. (|
Lemma 3 ( Iteration complexity of the y*+1 update (28)):

Under Assumptions 1 and 2 at iteration k of Algorithm 2,
o) log(AMHODntkvnQ/y) y )
after ¢, := ( 10?041 + o | iterations of
the consensus protocol [updates (22)—(24)] with the initial con-
dition, u? = 2! 4 Ak v) =1, foralli €V and € = ng41

79
it follows that
lyf ™ =g < e Vie V.

Here, M := max;<;<, M, Nr+1 denotes the inaccuracy intro-
duced in solving relaxed version of problem (17), Q is a finite
constant as given in Lemma 2, and 8 > 0, « € (0, 1) are param-
eters of the graph G(V, &) satisfying 8 > - a < (1 — L.
Proof: See [49], Appendix G for proof. (]
Let the sequence of accuracy tolerances {7y, } >1 in Algorithm
2 be such that

v (x

- At

k+1

forall £ > 0,51 < Mk, ank < 00.
k=1
Some examples of sequences that satisfy (38) include

(38)

k

4> 0 i e = pFp € (0,1), i) m = T5

In the following, the global convergence of the proposed
DC-DistADMM algorithm to a solution of problem (7) is es-
tablished.

D) =

Theorem 3 (Convergence of iterates generated by
DC-DistADMM algorithm to an optimal solution): Let
(o1, (v hee1, {4}k, {#*}is1, be the sequences
generated by Algorithm 2. Let the consensus tolerance sequence
{n }x>1 satisfy (38). Under Assumptions 14, (x*, y* A% ;%)
converges to a solution (x*,y*> A% u>) of (7), ie.,
F(x®) =F(x"),y™ € Cp, x> = y™, and Ax™ = b.

Proof: See [49], Appendix H for proof. (|

Next two estimates of rate of convergence for the proposed
DC-DistADMM algorithm are provided.

A. Sublinear Rate of Convergence

Here, the convergence of the proposed DC-DistADMM algo-
rithm for the case when individual functions f; are convex but
not necessarily differentiable is analyzed.

Theorem 4 (Sublinear rate of convergence): Let {x*};>1,
{y*}e>1, {**}r>1, and {p¥}r>1, be the sequences generated
by Algorithm 2. Letn;, = 17, ¢ € (0, 1). Let Assumptions 1-4
hold, then for all k > 1

F(x") ~F(x') = O(1/k), |X* —3"| = O(1/k)
and, ||[AX" —b|| = O(1/k)
where X% := LS Lo tl Gk = 1SR Ll
Proof See Appendlx A. O

Theorem 4 establishes that the objective function evaluated at
the ergodic average of the optimization variables obtained by the
proposed DC-DistADMM algorithm converges to the optimal
value. In particular, the objective function value evaluated at
the ergodic average converges to the optimal value at a rate of
O(1/k).

Remark 1: Let, &F =2 Ly~ k-las and gF = T Lk lys
denote the ergodic averages of the variables 2% and
y¥. Since, ||§ y*| = O(1/k) it implies that for all
i €V,||2¥ — 9% = O(1/k). Furthermore, since, for all
k>0 and 4,5 €V, |y* —ny < [see (28)] it implies

ke 24
that |gF = ) < #5210 I = w3l < £ 1w < <L
Thus, ||§¥ -4 k| =

o(1/ k) Therefore, for all i,j € V

]| = O(1/k) and lim [|&f — &% = 0.

|2k — 2
Thus, in practice, the DC-DistADMM algorithm can be im-
plemented with an additional variable #¥ tracking the ergodic
average of z¥ at each agent i € V) to achieve a consensual
solution at the O(1/k) rate of convergence given in Theorem 4
in a fully distributed manner. Note, that the variable :Ef is
computed locally by each agent without any additional cost of
communication and a minor addition in cost of computation.
Remark 2: By Lemma 3 the total number of communication
iterations performed until iteration k of the DC-DistADMM
algorithm in Theorem 4, is upper bounded by K := Zle ts =
O(k log k). The communication complexity is within a factor of
log k of the optimal lower bound O(k).

B. Geometric rate of Convergence

Here, a geometric rate of convergence for the proposed
DC-DistADMM algorithm under the following assumption is
established. ~

Assumption 5: Each function f; is Lipschitz differentiable
with constant L, and restricted strongly convex with respect to
the optimal solution z* on X; with parameter o; > 0.

Authorized licensed use limited to: University Of Minnesota Duluth. Downloaded on September 16,2026 at 21:08:39 UTC from IEEE Xplore. Restrictions apply.



5372

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 68, NO. 9, SEPTEMBER 2023

Remark 3: Under Assumption 5 problem (1) has a unique
optimal solution. However, Assumption 5 is less restrictive than
the standard global strong convexity assumption and makes the
analysis presented here applicable to a bigger class of func-
tions [55]. For example, the widely used logistic regression
objective function is restricted strongly convex but not globally
strongly convex [56].

Theorem 5 (Geometric rate of convergence): Let {x*};>1,
{y*¥Yis1, {A*} k=1, and {1F } 51, be the sequences generated by
Algorithm 2. Let Assumptions 1,2, 4, and 5hold. Let A := (1 —
$)min{1, vin(AAT)} for any §€ (1,1+ LQLJVQ], where
L := maxi<j<, Ly,,0 = mini<;<, 0;, and Vmin(AAT) is the
minimum eigenvalue of AAT. Let n, = p*, where pc
[ﬁ, 1).Leta! € relint(X; x RT,),Vi € V, k > 0. Then, the
24
%H u* — 1*||? has the following relation: for any K > 0 and
e>0

agent solution residual s, := Z[|x* — x*||? + %Hkk — 2

sk < Y& +0(e)

where Y is a finite constant defined in (66).

Proof: See Appendix B. O

Remark 4: Although, Theorem 5 provides a tight bound on
the requirement of p, in practice the tolerance sequence param-
eter p can be chosen from the interval [%, 1) (see [49], Remark 4
for more details), which does not require the knowledge of
the restricted strong convexity parameter o; of the individual
functions and the optimal solution x*.

Remark 5: By Lemma 3 the total number of communication
iterations performed until iteration k£ of the DC-DistADMM
algorithm in Theorem 5, is upper bounded by K := 215:1 ts =
O(k?). Thus, compared to Theorem 4 the improved rate of con-
vergence leads to an increase in the number of communication
iterations (Remark 2). Moreover, compared to algorithms uti-
lizing multiple communication steps in the literature [12], [57],
[58], [59], [60], [61], [62], [63] the DC-DistADMM algorithm
has the same communication complexity. In particular, methods
in [57], [58], [59] have communication complexity, O(k?), in
getting a geometric rate. Schemes proposed in [12], [60], [61],
[62], [63] have the same, O(k log k), communication complexity
in getting a O(1/k) rate of convergence.

Remark 6: The geometric rate of convergence for
DC-DistADMM algorithm does not follow from the existing
centralized results (see [64], [65]) as problem (7) does not
satisfy the assumptions used in these works. In particular, the
function Z¢,(y) is not differentiable and does not meet the
requirements of being global Lipschitz diffferentiable, twice
continuously differentiable and strongly convex used in [64]
and [65]. Furthermore, unlike [64], [65], the y variable update
in the ADMM scheme of DC-DistADMM algorithm in an
inexact manner is solved via the e-consensus protocol that adds
additional complexities in the analysis. These reasons have
motivated us to present the analysis of the DC-DistADMM
given in Theorem 5.

V. NUMERICAL SIMULATIONS

In this section, three simulation studies are presented for
the proposed DC-DistADMM algorithm. First, a performance
comparison of the DC-DistADMM algorithm with two existing
algorithms in the literature for solving constrained distributed
optimization problems, [30] and [24], in solving a distributed ¢,

TABLE |
ALGORITHM PARAMETERS

ALGORITHM Parameter
DC-DistADMM tolerance 7 = 0.01, 1/k%1, 0.75F, v = 10
CDA1 [30] step-size @ = 0.01
CDA2 [24] step-size a(k) = 1/k2
EXTRAPush [10] step-size o = 0.0009
PushPull [11] step-size o = 0.05

PushDIGing [66]
subgradientPush [8]
FDGD [62]
nearDGD [57]

step-size o = 0.001
step-size o = 0.005
step-size a = 0.01, 8(k) = k/(k + 3)
step-size o = 0.01

regularized logistic regression with a local linear equality and
set (norm-ball) constraints is presented.

Second, a performance comparison of the DC-DistADMM
algorithm is provided for solving an unconstrained ¢; regular-
ized Huber loss minimization problem with the existing state-
of-the art unconstrained distributed optimization algorithms on
directed graphs. The algorithms used for comparison with the
proposed DC-D1istADMM algorithm are the following:

i) EXTRAPush [10];
ii) PushPull [11];

iii) PushDIGing [66];

iv) the subgradientPush [8] algorithm.

Third, a comparison between DC-DistADMM algorithm
and two existing algorithms utilizing multiple communication
steps, [57] and [62] on solving the unconstrained distributed
least squares problem is presented.

A network of 100 agents connected via: (i) an undirected
graph generated using an Erdos—Renyi model [67] with a
connectivity probability of 0.3 in simulation studies one and
three and (ii) a directed graph generated using an Erdos—Renyi
model with a connectivity probability of 0.2 in the simulation
study two is considered. The weight matrices for the various
algorithms are chosen using the equal neighbor model [68].
To provide a comparison, solution residual plots against the
total (computation + communication) iteration counts for all the
algorithms unless stated otherwise are presented. Furthermore, a
comparison based on the CPU time (the amount of time required
by a computer (processor) to execute the instructions) between
DC-DistADMM and the other algorithms is provided.

All the numerical examples in this section are implemented in
MATLAB, and run on a desktop computer with 16 GB RAM and
an Intel Core 17 processor running at 1.90 GHz. The parameters
used in the simulations for all the algorithms are reported in
TableI. In choosing the step-sizes of the algorithms in Table I, we
followed the approach of hand-optimizing the hyperparameters
that produce a good performance for these algorithms while
maintaining the stability of the algorithmic estimates for the
class of problems under consideration.

A. Performance on Constrained Optimization Problem

Consider a ¢, regularized distributed logistic regression with
linear equality constraint and local inequality constraints

minimizez Z log (1 +exp (—yw(agx))) + 0|z,

i=1 j=1

subject to H;x = h;, '« < r;, foralli € V (39)
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nq

where each agent i € V has n; data samples {(ai;, yij)};L;,
with, a;; € R® being the feature vector and y;; € {—1,+1}
is the binary outcome (or class label) of the feature vector a;;.
The objective is to learn the weight vector z € R®® based on
the available data {(a;;,yi;)};2;,i € V such that x is sparse.
The parameter 0 enforces the sparsity in x. Furthermore, the
solution satisfy the linear equality constraints H;x = h;, where
H; € R3990 Denote H :=I® H;,h = [h{,...,h]]". Each
agent ¢ € V also has a local set constraint 2"z < r;. For our
simulation, we generate an instance of problem (39) where each
agent has n; = 10° data samples. Each feature vector a;j € R50
and the “true” weight vector z,. € R0 are generated to have
approximately 40% zero entries. The nonzero entries of a;; and
ZTyue are sampled independently from the standard normal dis-
tribution. The class labels ¥;; are generated using the equation:
Yij = sign(a;ztme + 6;5), where 0;; is a normal random vari-
able with zero mean and variance 0.1. The parameter 6 is set to
0.160ax, Where 0., i the critical value above which the solution
z* = 0 (see [13] section 11.2 for the calculation of 6,,x). The
value of r; in the constraints is chosen as follows: the uncon-
strained version of (39) with a centralized solver and denote the
solution as x;. The constraint r; is setas r; = (1 + &; )z, where
&; is drawn from a uniform distribution on [0, 1]. A value of
v = 10 is used for the Augmented Lagrangian. The entries of
each H; are sampled independently from the standard normal
distribution. The vector h;,¢ € V is calculated as h; = H; T ye.-
To solve (39) using the DC-D1istADMM algorithm, the fast iter-
ative shrinkage thresholding algorithm (FISTA) [69] is used for
the updates (16) at each agent ¢. A proximal residue (difference
between the output of the proximal minimization step and the
base-point of the proximal term) [69] is utilized as a stopping
criterion for FISTA. The FISTA iterations are terminated when
the proximal residue becomes less than 10~%. A fixed accuracy
for FISTA is used at all iterations of DC-D1stADMM algorithm.
For the updates (17), the e-consensus protocol with the tolerance
e setequal to adesired level of inaccuracy 7 in the solution of (17)
is employed.

The results for the following three choices of the sequence
{m b1

i) nr = 0.01;
i) mp = 1/k%1;
iii) n, = 0.75%, where k is the iteration counter are presented
for Algorithm 2.

Note, that sequences (ii) and (iii) satisfy condition (38)
and are utilized to derive explicit rate of convergence for the
DC-DistADMM algorithm in Theorems 4 and 5. Two existing
algorithms [30] and [24] [termed as constrained distributed algo-
rithm 1 (CDA1) and CDAZ2, respectively, for reference] for solv-
ing constrained distributed optimization problems are compared
with the DC-DistADMM algorithm. Fig. 1 shows the plots of
consensus constraint residual (||x* — ¥*|| for DC-DistADMM
algorithm and ||x* — Y7 | 2% /n|| for CDA1 and CDA2) and
the equality constraint residual for the three algorithms with
respect to the total iterations. The DC-DistADMM performs
well as shown in Fig. 1(a). The consensus residual under
DC-DistADMM decreases to a value less than 10~* within 200
iterations for the choice 7, = 0.75*. Note, that the constant 7;,
sequence also have a good performance with a value less than
10~2 within 200 iterations. The plots in Fig. 1(b) demonstrate
the decrease in the equality constraint residual ||HX* — hl|.

k5|2 .
Fig. 2 presents the trajectory of solution residuals H with
respect to the total iterations and the CPU time (secs) for
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Fig. 1. (a) Comparison of consensus constraint residuals against to-
tal iterations (including communication steps) between DC-DistADMM
and constrained optimization algorithms. (b) Comparison of equality
constraint residuals against total iterations between DC-DistADMM and
constrained optimization algorithms. n* = 0.75% gives the best perfor-
mance for the DC-DistADMM algorithm in terms of the equality con-
straint residual. The DC-DistADMM algorithm is second best in terms of
the consensus constraints.

100 10°
DC-Dist ADMM, 75, = 0.01 . DC-DistADMM, 7;; = 0.01
[~-DC-Dist ADMM, 7y, = l/k.l —+-DC-Dist ADMM, 5 = 1/k>!
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Fig. 2. (a) Comparison of solution residuals against total iterations be-

tween DC-DistADMM and constrained optimization algorithms. (b) Com-
parison of solution residuals against CPU time between DC-DistADMM
and constrained optimization algorithms. bc-DistADMM algorithm with
n* = 0.75" has the best decrease in the solution residual.

each algorithm. The proposed DC-DistADMM algorithm out-
performs the other two algorithms. The solution residual for
DC-DistADMM is lesser than CDA1 and CDA?2 for all the
three choices of the tolerance sequence 7, with significant
improvement with the choice 7, = 0.75%. Note that both CDA
and CDA2 cannot handle directed communication topolo-
gies and need centralized synthesis for problem (39) whereas
DC-DistADMM does not.

B. Performance on Unconstrained Optimization Problem

In the second part of the numerical simulation study, a com-
parison of the proposed DC-DistADMM algorithm is presented
with some state-of-the art distributed optimization algorithms
for solving unconstrained optimization problems. Consider the
following ¢, regularized Huber loss minimization problem:

minimize Z D, (x) + 0||x|1 (40)
i=1
where ®;(x) for all 7 is the standard Huber loss given by
YDz —d;|)?, if||Diz—di] <1
<1>7;<x>_{2” 2, i | <
IDiz— dil| — &, if [|Diw — d; > 1.

Each agent i € ) has a measured data vector d; € R'% and
a scaling matrix D; € R'09%25 The objective is to estimate the
unknown signal z € R?5. The entries of the matrices D;,i € V
and the observed data d; are sampled independently from the
standard normal distribution. The true solution vector x* has
70% nonzero entries, which are sampled from a standard normal
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Fig. 3. (a) Comparison of solution residuals against total iter-

ations between DC-DistADMM and unconstrained optimization al-
gorithms. (b) Comparison of solution residuals against CPU time
between DC-DistADMM and unconstrained optimization algorithms.
DC-DistADMM algorithm performs the best in terms of the CPU time
while has acceptable performance with respect to total iterations.
DC-DistADMM has the best decrease in solution residual with respect
to algorithm iterations.

distribution. A value of # = 3 is chosen for the regularization pa-
rameter.Here, FISTA is employed to solve the subproblem (16)
with the same stopping criterion (proximal residue < 10~%) as
in the logistic regression problem. The update (17) is solved
using e-consensus protocol with the tolerance 7, = 1/k%*1. The
progression of the solution residual with respect to the total
iterations and the CPU time is presented in Fig. 3. In Fig. 3(a),
plot of the solution residual with respect to the algorithm iter-
ation k (first curve) for the DC-DistADMM algorithm is also
provided. The rationale for this is to provide a comparison
between DC-D1istADMM and other algorithm both with respect
to algorithm iterations and total iterations. It can be seen that the
proposed DC-DistADMM algorithm has a significantly better
performance compared to other algorithms with respect to the
algorithm iterations. In particular, solution residual decreases
to a value of 10~% in less than 50 algorithm iterations of
DC-DistADMM algorithm whereas the second best method
PushDIGing takes around 100 iterations to reach the same solu-
tion residual. In terms of total iterations the DC-DistADMM al-
gorithm has acceptable performance. The e-consensus protocol
utilized at each iteration of the DC-D1istADMM algorithm incurs
additional consensus related steps, however, the information
mixing steps (22) and (23) have a low computational footprint
and do not significantly increase the overall run time of the
DC-DistADMM algorithm. This is illustrated by the comparison
between the algorithms based on the required CPU time shown
in Fig. 3(b). The residual plots illustrate that DC-D1istADMM
algorithm performs better in terms of the CPU time requirement
compared to the other methods to reach the same level of residual
value.

C. Comparison With Algorithms Utilizing Multiple
Communication Steps

Here, a comparison with two unconstrained distributed opti-
mization algorithms that utilize multiple communication steps,
nearDGD [57] and the algorithm in [62] [referred here as Fast-
DGD (FDGD)] is provided; the reader is directed to [57], [62]
for the motivations for multiple consensus steps. We consider
an unconstrained distributed least squares problem

R >
minimize §;||sz—dl|| . 41)

10 10
o | DC-DistADMM, 7; = 0.01 BN
% ——DC-DistADMM, 7, = 1/k*! % - —
LR ] DC-DistADMM, 7 = 0.01
1| T10° =~ DO-DistADMM, 1 = 0.75¢ I 0® - DCDISADNM, 5 = 1/k-p——1
%% *FDC'D‘ %% - DC-Dist ADMM, 7, = 0.75"
KK |—~—nearDGD KB . FDGD
\——nearDGD
10710 10710
0 10 20 30 40 50 0 1 2 3 4
(a) (b)
Fig. 4. (a) Comparison of solution residuals against total iterations

between DC-DistADMM and algorithms utilizing multiple communication
steps. (b) Comparison of solution residuals against CPU time between
DC-DistADMM and algorithms utilizing multiple communication steps.
i = 0.75F has the best decrease in solution residual with respect to
total iterations. DC-DistADMM with a constant tolerance performs the
best with respect to CPU time.

250
DC-DistADMM, 7;, = 0.01
. —+-DC-DistADMM, 7, = 1/k>!
$200 f{~=-DC-Dist ADMM, 7 = 0.75%
5 —~-FDGD
c ——nearDGD
2150
©
Re}
5 100
1S
1S
Q
© 50
**
0
0 50 100 150 200 250

Algorithm iterations

Fig. 5. Comparison of the number of communication iterations per-
formed by Dc-DistaDMM algorithm for the three choices of 7, and
the FDGD and nearDGD algorithms. Dc-DistADMM with 7, = 0.01 and
i, = 1/k2-! has lesser communication cost compared to the FDGD and
nearDGD algorithms while the FDGD has better communication com-
plexity than DC-DistADMM with 7, = 0.75* as the number of iterations
increase.

Here, each agent i € V has a measured data vector d; € R'%°
and a scaling matrix D; € R09%25 The objective is to esti-
mate the unknown signal x € R?5. The entries of the matrices
D;,i €V and the observed data d; are sampled independently
from a standard normal distribution N (0, 1). The true signal
x* also have entries that are sampled from an independent
identically distributed standard normal distribution. In this case,
the subproblem (16) takes a closed form solution, which can
be readily computed by the first-order optimality condition
of the unconstrained problem. The solution residuals obtained
while solving (41) using the three algorithms are presented
with respect to the total iterations and CPU time in Fig. 4. It
can be seen that the DC-DistADMM algorithm has the fastest
decrease in the solution residual. Fig. 5 presents the number
of communication iterations utilized by the DC-DistADMM
algorithm while solving (41) for the three error sequences and
the FDGD and nearDGD algorithms. The trend suggested by
Lemma 3 can be seen in the plots in Fig. 5, where the number
of communication iterations for the DC-DistADMM algorithm
increase as we tighten the accuracy. Note, the sequence 7, =
1/k*1 with convergence rate guarantees provided by Theorem
4 results in logarithmic increase in the number of communication
iterations and is a suitable choice for getting good performance.
The DC-DistADMM algorithm with tolerance 7, = 0.01 and
ni = 1/k?! has lesser communication cost compared to the
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FDGD and nearDGD algorithms while the FDGD has better
communication complexity than the DC-D1istADMM algorithm
with the tolerance 7, = 0.75% as the number of iterations in-
crease.

Summarizing, the simulation results indicate that with re-
spect to the state-of-the-art constrained optimization problems
DC-DistADMM provides a better performance while encom-
passing a large class of distributed optimization scenarios with
linear equality, inequality, and set constraints. Even with respect
to the state-of-the-art unconstrained optimization frameworks,
DC-DistADMM algorithm provides a better performance with
respect to computations (CPU time) and remains acceptable with
respect to total communication steps.

VI. CONCLUSION

In this article, a novel DC-DistADMM algorithm is pre-
sented to solve constrained multiagent optimization problems
with local linear equality, inequality and set constraints over
general directed graphs. Moreover, the algorithm is suited for
distributed synthesis. The proposed algorithm, to the best of
authors’ knowledge, is the first ADMM-based algorithm to
solve (un)constrained distributed optimization problems over
directed graphs. The DC-D1istADMM algorithm combines tech-
niques used in Lagrangian dual-based optimization methods
along with the ideas in the average consensus literature. In
the DC-DistADMM algorithm, each agent solves a local con-
strained convex optimization problem and utilizes a finite-time
e-consensus algorithm to update its estimate of the optimal solu-
tion. The proposed DC-D1istADMM algorithm enjoys provable
rate of convergence guarantees: (i) a O(1/k) rate of convergence
when the individual functions are convex but not-necessarily
differentiable, (ii) a geometric decrease to arbitrary small neigh-
borhood of the optimal solution when the objective functions
are smooth and restricted strongly convex at the optimal solu-
tion. The proposed DC-DistADMM algorithm eliminates the
optimization step involving a primal variable in the standard
ADMM setup and replaces it with a less computation intensive e-
consensus protocol which makes it more suitable for distributed
multiagent systems. To show the efficacy of the DC-DistADMM
algorithm numerical simulation results comparing the perfor-
mance of the DC-D1stADMM algorithm with the existing state-
of-the-art algorithms in the literature of solving constrained and
unconstrained distributed optimization problems are presented.
A comparison of the DC-Di st ADMM algorithm and two existing
algorithms in the literature utilizing multiple consensus steps
is also provided. Extension of the DC-DistADMM algorithmic
framework to networks with time-delays in communication [70]
between the agents and time-varying connectivity among the
agents [71] is a future work of this article.

APPENDIX A:
PROOF OF THEOREM 4

From (36) we have, fori =1,...,n

dfi(@f ) + AT+ AT (T — ) =0

(2

where df;(zF1) is a subgradient of f; at "', Writing the

?
abovementioned n inequalities compactly

dF(Xk+1) + )\‘k-‘rl + ATﬂkJ’_l + ,y(yk+1 _ yk}) _ 0

where dF (x*t1) is a vector with subgradients df; (=" ™) stacked

together, respectively. Furthermore, using (37) d(y**!) +
=0, where d(y**1) is a subgradient of T, at y**!.
Noticing that F and Z¢, are convex functions and using (21)

we have
F(x") — F(x") + Ze, (7**) = Ze, (v")
< =[x = xR (MY - [yt - R At
S [X* _ Xk:Jrl]T[)\kJrl 4 ATukJrl 4 7(yk+1 _ yk)]
[y - ykﬂ]TXk’Jrl_
Note that Z¢, (¥*1) = Z¢, (y*) = 0. Using (19) and (21)
F(x") - F(x)
< [x" - Xk+1]T[Ak+1 + ATMkJrl + ,y(ykJrl _ yk)]

_ [y* _ §k+1]T[Ak+1 + ,y(yk+1 _ yk+1)]

< [X* _ Xk+1]T[)»k+1 + AT/J,k-H + v(yk“ _ yk)]
* — T— *

_ [y o yk—&-l]T)\'k-i-l k+1 (yk-i-l —y )

_ [X* _ Xk+1]T[Ak+1 + AT/LkJrl + ’y(yk“ _ yk)]

+ e

T —
_ [y* _ y"“‘H]TAkH + PLan (7A‘k+1 +,y(yk+1 - y*))

_ [yk+1 _ Xk—&-l]T)Lk—i-l + ’y[X* o Xk+1]T[yk+1 o yk]

+ [x* . Xk+1]TATMk+1 + ek-&-lT(_)Lk-i—l + ,y(yk+1 . y*))
Therefore, for any A and p, using (34), we have
F(Xk+1) _ F(X*) + )\.T(Xk+1 o yk+1) + ,uT(AXkJrl _ b)
< [Xk_‘—l o )L]T[yk—i-l _ Xk+1] + ,Y[X* _ Xk+1]T[yk+1 _ yk]
+ [N/ _ Mk+1]TA(xk+1 _ b)

+ ek"rlT(_)\’k-i-l + ,y(yk-‘rl o y*))
Using (19) and (20), we get
F(Xk+1) o F(X*) + XT(X]H_l o yk+1) + MT(AXk-&-l _ b)
1 *
< ;[)\ _ )Lk+1]T[)Lk+1 _ )\k} + ’y[X _ Xk+1]T[yk+1 o yk]
1 i
2l = T ]

+ (R (TR ), 42)
Using the identity (30), for any s > 0 we get

1 1
7)\7)\‘54’11—)\‘8“1’17)\5:7 )\‘7)\'82 (43)
7[ 'l ] 2V(H |

e e P )
A =Ty =y = (et -y

S L o R F S o L b S D NCT))
1 E+17T7, k+1 gy L
Sl e wl=5

T e [T e e DR
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Note that from Lemma 2, (19) and (29), under Assump-

tion 2, eFtl’ (—aF L y(FHL — y)) = ek 1Tk
ek'HTyk'H _ Hek‘—‘rIHQ _ €k+1Ty* S ||ek+1H||)\'k‘+1|| _|_

VHe’“HIIIIy’““II + Y] < (6 + 1D)Qy/nngs +

(yn(M +[lz*[]) + 2(k + 1)v/nQ)ne+1 + V/nlly™ |1k

Let M := yn(M + ||z*||) + /n||y*||. From (54), (55), (56),

and (57) for any X, i, and s > 0 we get

F(Xs+1) o F(X*) + )LT(XS—H _ ys+1) 4 MT(AXk+1 _ b)
1 s i * s
< oo (2 =272 = [la = 25F12) + S (Ix" —y°|
2y 2
* s ]‘ S S
—[lx* =y H?) + %(Hu — 18] =l = o)

M 1

Summing from s = 0 to & — 1 and dividing by % gives
kZ

pl(AxTH —b)] <

s+1 ( *) + XT(XS+1 o ys+1)

e A | N V2t I
2k 2vk 2vk

3v/nQ YL o(5+ )W'

+ +
MZ& =0 sikq

k
LetxF := LY " Uxst and g% .= 1 ZS —oySt1 Since, F is

a convex function we have, £ S5 F(x**1) > F(%*). There-
fore

F(R') — F(x') + 2" (& —5%) + 1 (AR" — b)

B et O e e i
- 2 k 2vk 2vk
MC((2 3 1
n {( +Q)+kﬁQ<( +9q) 46)

where ((.) is the Riemann zeta function. Let p = 0,1 =0,
therefore, we get

G G T
I o
&) -F&) < 77 2k
M +3 1+
N ((2+4q) kaC( Q) _ O(1/k).
Define, § = kzé Oy , where y¥**! is as defined

in (18). Since, (x*,y*, k*,u ) is a saddle point we have,
L0y hp) € LEF 000, F(%h) -
~ ~ =k -~
F(x) + 27 (@ —§5) + 275 -y ) + wT (AR = b) >
k
0.LetA = A" 4 Hi’“ A’“H and p = p*. Therefore
X" = ¥*| < F(R") - F(x") + 2" (%" - y")

Therefore,

+ 1T (AR —b) + 4T (G0 - F) + [RF - 5

= 5O

2k
1+ )\0*)\*2 * 012
O L S G P

vk 27k

N M((2 +q) +3v/nQ(¢(1 + q)

k
+ TG -7,
Note that [w*T(3%~5")[ < [2* HIIkZ oly =y =
M k-1 s —s 2 s
paple Hy“ v = B e <
< H | S o ert = WHA HC(QJFQ)
Therefore
* _ 0112 0 _ 1x[|2 * 002
IR — 5% < .S 2 e 2 e
2 k vk 2vk
L (M VAR )2 + q) + 3vQ¢(1 +g)
k
= O(1/k).
Alternatively, let, p = p* + I Aﬁk bH and L = A", we get
|AX" —b|| < F(x") —F(x") + 2" (%" — ")
+ 1T (AR —b) + 2773 ~F) + AR — b
Y= —yO?
- 2k
)\40_}\4* 2 1 _ 02 Mc(1
L P LAl —pl® MO +q)
2vk vk k
~ =~k
+AT -5
* _ 0012 0 _ %2 _ 0112
B N R Sl N S M|
- 2k 2vk vk
M + A DC(2+¢q) +3 14
L VAIRIGE + 0+ 3+ _ g
O
APPENDIX B:

PROOF OF THEOREM 5

From the definition of F and Assumption 5, it follows that
F is Lipschitz differentiable with constant L := maxj<;<p Ly,
forallx € relint(X'), X5 € relint("RZ})) andrestricted strongly
convex with respect to the optimal solution x* on the set X' with
parameter o := min;<;<, 0;. For subgradients dF(x**1) ¢
OF(x**1) and dF(x*) € OF(x*), using (31) and (36) under
Assumption 5

olx" = x| < M - xR (x) — dF(x1)
_ [Xk+1 o X*]T[_)Lk+1 - ,Y(yk+1 - yk) o ATukH
+ 25+ AT
_ [Xk+1 . X*]TW . Akﬂ] . ,Y[XkJrl . X*]T[ykJrl . yk]

+ [XkJrl _ X*]TAT [,U* _ ukJrl]

— [Xk—H _ X*]T[)\.* _ )Lk’+1] + [Xk+1 o X*]TAT[/L* _ Mk+1]
+ 'V[X* Xk+1}T[Xk+l _ Xk]
+ [X* o Xk+1]—r[2)\k o )LkJrl _ )\kfl].
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Using, (43) and (44) we get

< [Xk+1 _ X*]T[)»* _ )»k—H] +’Y[X* _ Xk+1]T[Xk+1 _ Xk:]

+ [Xk+1 o X*}TAT[M* o uk+1] 4 [ykJrl _ y*]T[)\kJrl o )\*]
k+1 xFHTpk — k1 _ k-1

Xk-i—l]T[Xk—&-l k]

_ [y y*]T)\kJrl + [X* _
_ [)»* _ )»k-H]T[Xk-H _ yk+1] + ,Y[X*
*}TAT[,U* o /’Lk+l] o [yk—kl _ y*]T)»k-H

AR k]

— X
+ [Xk+1 —x

+ [)\'* _ )\'k+1}Tek+1 + [X* o Xk+1]T[2)Lk _

* kk+1]T[)\.k+1 o )“k} +7[X* Xk+1]T[Xk+1 _ Xk]

k+1]T[Mk+1 o Mk] o [yk+1 o y*]T)Lk—i-l

+ =W —n

+ [)L* _ )Lk—o—l}Tek—o—l + [X* _ xk+1]T[2kk — kL )kal}

where in the second equality we used (29), and in the last
equality we used (19) and (20). Let tj := 2aF — AFH+1 —
AR Using (30) for = [n* — AFFHTAME =K Tt —
TR — %], and yfxt — xR T[xEHL — xb]

1
k+1_X*H2_|_ Xk||2+7||kk+1_kk|‘2

Ykl
olx 2l

7}\*“2

< |31t -+

Viiwktl  wrg2 0 Lokl ez Lokl eg2
_ L _ —|IaR — _
oy N

1 1
—||nk Lok w2
| + gl =

_ [ykﬂ—y*}TkkH+[A*—kk+1]Tek+1+[x*—xk+1]Ttk.

(47)

Observe from (31), (36), VF(xf*!) - VF(x*) =
CARFL (R kY AT R e AT =
AR AT R AT AR kel ok
y(xF+l — x*), where we used (19) to get a relation
between y**! and y*. Therefore, ~v(x**! —x*) is the
summation of the terms q; := VF(x*) — VF(x**1) and
ry = A — )\k+1 + ATM* _ ATM]C-‘,-l + )Lk—i-l + )Lk—l _ 2)Lk.
Therefore, for any § > 1, we can apply the inequality
lar + 11+ (6 = Dllan]? > (1 = 5)llr]?

X+ (6 = DIVEEM) - VE(x)|?

(1 _ > ”A Ak+1 + ATN* _ ATp,kJrl . tk||2

P2t —

1
> (10 5) IR = 012 v (AAT) = P

2R AT -
ATuk+1 |H
where vin(AAT) > 0. By Lipschitz differentiability of F

§—1)L?
Xk||2+( 5 ) ||Xk+1
2

+ |1t]1? = ATpF — g

—2||tx || ATH" —

Sl - — x|

1-1
> E B [ a2 b v (AT =
o 2||)Lk+1 o )‘*”HATM* _ ATMk+1 _ tk”
= 2ftllllAT " — AT (48)
Similarly, AFFL — AF = o (xFl — yhHl) = o (xFFD - x*) +

y(y* — y**+1). Therefore, \**1 — A¥ is the summation of q :=

y(xF+1 — x*) and ry := y(y* — y**1). Therefore, for any § >
1, we can apply the inequality ||qa + r2||? + (6§ — 1)||q2[|? >
(1 — $)r2|[%, and obtain
IR = AF2 4420 = DM —x7)?
1 .
> (1-3) ho* -yl?

1 *
— (1 _ 5) H)Lk—H _ )Lk _ ,Y(Xk+1 —x )H2

1
Z (1 . 5) [||Ak+1 o )\k”2 +’}/2||Xk+1 . X*”Q

= AF[IlE =]

Therefore, using (60) and (61) we get

7)»k||2

— 2y||akHt (49)

1
%”Xk+1 - XkH2 T 7”)\1#1

2

Jr( )(7+Py>” k+17X*”2

()

me(A

”)Lk-i-l 2 ”2 2” k+1 X*HQ

’
Voin( AB ) k1 2

1—-1/9 N "
- (/) AR — AT — AT R —

+ el AT = ATy ]AEF AR -]

Let A := (l—g)mln{l Vmin(AAT)} and s; := Z[|x" —
x*"[|* + 1 ||)‘]C 212 4 Hﬂkﬂ w*]|?. Therefore, for 6 €

(1,14 L2+7 =], we have

1
O_||Xk+1 B X*||2 + guxkﬂ - ch||2 7”)\k+1 . kk||2

1-1/5 . .
> Aspr = S [k AT - AT

AT 5" — AT AR = AR

—x'[].
(50

Therefore, from (59) and (62), we have

1 1
)“k+1_)\‘* k+1
s < (125 ) o+ (135) 0 e+

—k k k
T =y A+l = <t

1—-1/9 " "
+ L0 ket e AT = AT gy
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+ltwll| ATt = AT AP = aF |l -]

(51
Using (47)

[

(52)

R
I =2l < o (s + T 2R,
—p

(1—-p)?
Let Sq:= ||)\k+1 _ )‘*H ||ek+1H7 Sy 1= ||yk+1 _ y*” H)‘k—H H,

1-1/6
S e ey [ YT

-1/5
ATIuk+1 _ tk||,S5 — 1 ‘1/ )”tk””AT,Uf* _ ATILLkJrl” and
Se = (1 — 1/5)[| AR+ —aF||[|xF*+1 —x*||.  Note S =
[ARFL — a5 |||lek Y| < /nEpk Tt Furthermore, from

Theorem 3, there exist C < oo and S with lim_,.. SF =0
such that So + S3+ S, + S5+ Sg < CS*.  Therefore,
from (63) and using the fact p*+1 < p* vk

1 /1 i 1 .
. < | — = _— .
S"+1—(1+A>S’“+‘f <1+A>p+c(1+A>S

(53)
By repeated substitution for £k = 0, 1,..., K we get

1 K K 1 t
< E K—t
SK—(1+A> s+ v/ Z<1+A>p

t=0

K 1 K—t+1
t
+C ; (1 — A) S

1 K K 1 t
_ K = —t
_(1+A> ot \/H“Z(lJrA) P

t=1
K 1 K—t+1
C o St
EONEEN
K 1 t
SpK S0 + nEZ(1+A> —t

K 1 K—t+1
t
+C;<1+A> St.

Given, € > 0, let K’ be such that S* < ¢ forall k > K’ (Theo-
rem 3 guarantees existence of such K'). Let S := maxg<;<x+ S?,
therefore

K t K’
1 _
SK S pK S0 + \/’TLE E (]_—I—A) pft + CS E plit
t=0

t=1

K
+elC Z pKft-‘rl

t=K'
_ QK41 2
< K <80 L VnEp(l+4)  CS(p p )>
p(1+A)-1 1—p
L(C
€ =
=Tp" +O(e).

(1]
(2]

(3]

[4

—_

[5

—_

[6

[t}

(71

[8

—_—

(91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Saop(1+ A)
hereY := _— 54
where SO+p(1+A)—1 (54)
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